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Thus, by our above argument, if a(® - 1, b, p) = 0 (mod 2), then
ad -1, b, p) =u® -1, b, p); and B - 1, b, p) = 1.
If a - 1, b, p) = 1 (mod 2), then
wkd-1,b,p)=20b-1,b, p), and BB - 1, b, p) = 2.

The results of parts (i)-(iii) now follows.
(iv)-(vii) These follow from Theorems 9 and 10.
(viii) This follows from Theorems 11 and 12.
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MIXING PROPERTIES OF MIXED CHEBYSHEV POLYNOMIALS

CLARK KIMBERLING
University of Evansville, Evansville, Indiana 47702

The Chebyshev polynomials of the first kind, defined recursively by

tox) =1, t1(x) =2, t,(x) = 2xt,_;(x) - t,_,(x) for m =2, 3, ...,

or equivalently, by

t,(x) = cos(n cos™?

x) forn =0, 1, ...,
commute with one another under composition; that is

tm(tn(x)) = tn(tm(x))-
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In [1], Adler and Rivlin use this well-known fact to prove that in an appro-

priate measure-theoretic setting the mappings ¢,, ¢,, ... are measure-preserv-

ing and the sequence {tl, t,s ...} is strongly mixing. In another setting,

Johnson and Sklar [2] obtain related results. The purpose of the present note

is to establish results analogous to those in [1] for sequences involving not

only ¢,'s but also the Chebyshev polynomials of the second kind; these are de-
fined recursively by

uy (@) = 1, u, () 2, u, (@) = 2ou, _,(x)y =u,_,@) forn = 2,3, ...,

or equivalently, by

1

sin[(n + 1)cos™ z]

/1 - x?

Concerning compositions of Chebyshev polynomials of both kinds, we have
the following lemma from [3], where a trigonometric proof may be found.

u, (x) = forn =0, 1,

Lemma 1: Let {ty, #;» -..} and {ug, Uy, ...} be the sequences of Chebyshev
polynomials of the first and second kinds, respectively. Put u%_,{x) = 0 and
define

(@) = u, (@)1 - 2% forn =0, 1,

Then for nonnegative m and #n,

(1) tm(tn) = T
(2) ﬁm(tn) = ﬁmn-&-n—-l’
n
D%t mnan for even m
(3) tm(ﬁn) = m=-1
(-1) 2 Uppsm-y £OTr odd m,

am
(‘1)2t0n+an+1) for even m
(4) UpWy,) = m=1
(-1) ? Tppemen For odd m.

We dintroduce some notation:

T = the closed interval [-1, 1]
I’ the closed interval [0, 7]

B = the family of Borel subsets of T
@' = the family of Borel subsets of T’
A = Legesgue measure on B

A' = Lebesgue measure on ®'

Let u be the measure defined on ® by the Lebesgue integral

uB) = » B e®.

Z/_ﬁ__
ﬂ-gvl—xz
Rivlin [4] proves that each %, for n> 1 preserves the measure U; that is, the
inverse mapping t;l, which is an »n-valued mapping (except at *1) from I' onto

I, satisfies
u(£;1(®) = u@), B £ *.

Using the same method of procf, we establish the following lemma.

Lemma 2a: Let %, = u,(x)¥1 - 2®> for n =0, 1, ... . For odd n, the mapping
U, preserves the measure U on ®B.
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Proo4:  Let ¢ be the one-to-one measurable mapping of I onto I' defined by
$(x) =8 = cos™?! ux,

and put v, = ¢{u,(¢"*)). Then, for odd n and

2k + Dr 2k + 37 _
2(7’1'*‘1)ieiz(?’l-ﬁ-l)’k_o’l""’n_l’
we find
il T
-(n + 1)6 ++, 0595———2(n+1)
(n + 1)o - Eﬁi;;lﬁ“ even k
v, (0) =
-(n + 1)6 +'2"7—<—2i—3—ﬂ,odd k
2n + 3 (2n + D
-(n + )8 + 7, ACESY) <8 <.

An open subinterval of [0, W/2]or [7/2, 7] having length & is the image under
v, of n + 1 subintervals of I' (on the horizontal axis in Figure 1) in case n
is odd, where each of these subintervals has length 2/(n+1). It follows that
the mapping v, preserves the measure A'. Now, if -1 < g < » < 1, then

b ¢(a)
[ [,
a V1 - x? o (B)
so that w(B) = %X'(¢(B)) for B € §. Consequently (omitting parentheses),
— 2 — 1 2 1, -1 2 - 2,
w(E (BY) = A (GutBY = (G 0 THB) = AT (vRteB) = AT (9B) = u(B).

v, (8) v, (8)

. T b

m
™ n
2 2
zl L
] 0
, ; , , 47
Fig. 1. v, preserves Moon [0, T]. Fig. 2. v, preserves A' on |0, = |

For even 7, the result is not so simple, since in this case v, fails to
preserve A' on all of I’'. However, one may prove the following lemma with an
argument similar to that just given.

Lemma 2b: Let %, (x) = u, @)Vl - x? form = 0, 1, ... . TFor even n, the map-
ping 7, preserves the restriction of the measure U to the family of Borel sets

al 1]. (See Figure 2.)

of the closed interval cos_l-——w—f,
n+ 1
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Turning now to orthogonality of Chebyshev polynomials of both kinds, let

L?(Z, B, u) denote the set of square y-integrable functions f which are u-
measurable on ®B:

1
/fz(sc)du(oc) < o,
-1

For f and g in L°(T, B, W, let {f, g)> denote the inner product

5 (1
T | F@g@dulx),
-1
and let ||f|| denote the norm <f, fO¥.

Lemma 3: tvet {¢,, £y, ...} and {uy, #;, ...} be the sequences of Chebyshev
polynomials of the first and second kinds, respectively. Put

Up(x) = u, @)Vl - 2% for n = 0, 1,

Then for nonnegative m and =,

0 m# n
(5) tms tpo = 1 m=mn¢#0

2 m n =20
6) Gl Tn> = { O min

0 m + n odd
(7N {Ups try = bim + 1)

m + n even
mlm+ 1% - n?]

Proof: Equations (5) and (6) are well known. Proof of (7) follows from

™ ki3
/sin(m + 1)0 cos nd do = %/ [sin(m + 1 - n)8 + sin(m + 1 + n)0]1d0,
0 0

where cos 8 = x.
Lemma 3 shows that the sequences

1 - =
{T_to, tis tys } and {uy, %, Uy, ...}
V2

are orthonormal over I, a well~known fact. It is well known, a fortiori, that
these are complete orthonormal sets in the space L2 (I, B, B); i.e., for each
f in L°(T, ®, ) and € > 0, there exists a finite linear combination

s, (x) = Z aktk(m)
k=0

such that H f-sn H < ¢ [and similarly for the %, (x)'s].

Now let {F,} = 1{F,, Fy, F,, ...} denote the sequence
1 — _
7—;503 Urs Tos Uss
and let {G,} = {GU, Gys Gy ...} denote the sequence

{Uy, tys Uys tgs eunle

These are orthonormal sequences by Lemma 3. For f in L2(I, ®, W), we define
the F-Chebyshev series for f to be the series
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Y HiF @),
k=0

where the coefficients fy, fy, ... aregiven by fi, =<f, F,>. Similarly, the
G-Chebyshev ‘series for given g in L2(I, ®, y) is defined by

Z 9 Gr (@) 5
k=0

where g, =g, G;» for k =0, 1,

Lemma 4: 1f n is an odd positive integer and ¢ > 0, then there exists a sum
of the form

m
Sp () = Z Toges 189041 (E)
k=0

such that H Ty = 8n H < eg. If n is an even nonnegative integer and e > O,
then there exists a sum of the form

m
8y (%) = E Aox tok
k=0

such that | %, - snll < e.

Proog: Suppose that n is an odd positive integer. It suffices, by the Riesz-
Fischer Theorem (see [5], p. 127) to show that the sequence T,,,; = {t,, ﬁ2k+1>

satisfies
2
Z Toker < &
k=0
This is clearly the case, since, by (7),
. _ 8 k+1
2k+1 o :
T 1k + 2)? - n?]

Similarly, for even nonnegative n and Tor = <ﬁn, t2k>, we have
4 n+1
T (n+ 1)2 - 4k

Theorem 1: The orthonormal sequences {F,} and {G,} for n = 0,1, ... are com~
plete in L2(I, ®, 1).

Proof: We deal first with {F,}. Suppose f e L?(I,®, 1) and € > 0. Since

1
d—C4s T1s Tos voo
{/Eo 1 2 }

is a complete orthonormal sequence in L%*(1, =, u) , we choose odd m and numbers
Ags Ays +oes Ay satisfying

Tox =

< g/2.

u f ‘kzr:;) Ay

By Lemma 4, there exist sums 8y, = CpyUy + Cp iy + oo cqu

Eqk such that
I ayt, - akskH < ¢/m for k =1, 3, 5, ..., m.

Let @ = max{qk:k =1, 3, 5, ..., m} and put
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_ & if @ is odd
97 19+ 1 if q is even.
Put Crp = 0 for q, <p < gq;s k=1, 3,5, ..., m«. Next, let
a;ey; T a,Cy; + o0+ ancy; for Jg=1,3,5, ...,¢q
b; = 1{ay for even j < m
0 for even § > m.

Then,
” f- (boto + b1ﬁ1 +eeet bqﬂq) ” i“ r- boto‘ ‘thl'bztz ~Qglg= .- _amtm”

+Ha1t1 = ay e uy et clqi‘—q)”

+llagty - ayley,m +o 4 Gaqﬁq)ll +eoe

+ Hamtm - a(e, Uy +e-e+ cmqﬂq)H < e

This proves completeness of the sequence {F,}. The proof for {G,} is quite
similar.

We wish to use all the foregoing results to prove that the sequences of
mappings {F,;'}, {G:*}, and {%,'}, when applied to any B in @, increasingly
homogenize or mix B throughout I. This vague description is made precise for
a u-preserving sequence of mappings {t,}by the notion that {1,} is a strongly
mixing sequence with respect to u if

. -1 _ AU B)
(8) lim u[ (1, 4) N B} = N6
for all A and B in ®.

Theotem 2: The sequence of mappings {Fl, Fo, ...} is strongly mixing in
I7(I, ®, W) with respect to the measure 1i.

Proo4: To establish (8), it suffices to prove

9) Lin <F(Fa) s 9> = 5<Fs 1><g, 1D

for all f and g in L2(I, B, Y), since (9) is merely a restatement of (8) in
case f is the characteristic function of A and g is the characteristic func-
tion of B. [That is, f(z) = 1 for x € 4 and f(x) = 0 for x ¢ A; similarly for
g and B.] First, assume f and g are terms of the sequence {F¢, F1,...}. Then
for some § > 0 and k > 0, with n > 1, Lemmas 1 and 3 show that

<f(Fn), Q> <FJ(Fn)3 Fk>

<tjn > Fk>

{to V2, B>
(-l)j/z <tjn+js Fk>
<ﬁjn+n—1’ Ek>

d-1
(_1) z <ﬁjn+j+n’ Fk> j Odd, n odd

even, n even, jJ # 0
=0
even, n odd, j # 0

L, S, S, &,

odd, n even

1 0 # k= gn, J even, n even
V2 " 0 = j.= 3 '

= (-1)‘7._1 k=( + Dn, J even, n odd
(-1) * k=(+Dn+J, Jodd, n odd

0 otherwise
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Thus,
%im(f(Fn), g>=0 for j >0,

and in this case (9) clearly holds. If j = 0, then (9) is satisfied by
<F(F,), g> =1 for all n > 1.

We have shown so far that (9) holds if f and g are both terms of the sequence
{Fy, F;, ...}. We continue now as in Rivlin [4, p. 171]: Suppose f and g are
any functions in L2(I, B, u) and let £ > 0. By Theorem 1, there exist finite
linear combinations u and v of the mappings F, such that

(10) | F-ull<e? and [ g-o|<e?.
We write

c

FED s g> = KFy 1><g, D
[KFED) = ulF)s g = 0> + <0y F(F) - w(EB)> +<uFn), g = v)] +

@, 93 - Jaw 15w D]+ [ 3 100 1 -k <o, 1)

(71 + [K] + [L].
Since F, is measure perserving,
V@ = u@E) |l = | F-ull and [uEo] = [full .

(See, for example, [&4,p. 169].) Thus, the Schwarz inequality with (10) shows
that ]Jf < je for some constant § > 0. For large enough 7, |K| < ¢ since the
theorem is already proved for u and v. Now

L= 2<F - u, 15<g = v, 1> =<g, 1><F - u, 1> =<F, 1><g - v, DI,

so that |L| < 2¢ for some constant £ > 0, again by the Schwarz inequality and
(10). Thus |[C| < (1+j+Q)e for large enough n, and this proves the theorem.

Is the sequence {G;, G,, ...} strongly mixing, too? This question is
presumptuous, since "strongly mixing" has been defined only for measure-pre-
serving (on I) mappings. However, while no single G, is measure-preserving on
all of I, Lemma 2b shows (, to be measure-preserving on

- nm
[cos™ 2 1]
and since "strongly mixing" involves lim, we are led to the following defini-
] 7N+
tion:
A sequence of mappings {1,}, not necessarily measure-preserving on T,
is limit-strongly mixing if (8) holds for all f and g in L?(7, ®, 1).

One may now prove the following two theorems, using Lemma 2b and a modifica-
tion of the proof of Theorem 2.

Theorem 3: The sequence {Gl, Gz,...} is limit-strongly mixing in L2(I, B, W)
with respect to the measure yu.

Theroem 4:  The sequence {%,, Uu,, ...} is limit-strongly mixing in L (I, B, 1)
with respect to the measure .

Finally, we note that the mapping F,, for n > 1, is strongly mixing and,
therefore, ergodic in the sense given in [4, p. 169]. 1In the limiting sense
of Theorems 3 and 4 above, the same properties hold for the mappings G, and %,
for n > 1.
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#RHWE

ON THE CONVERGENCE OF ITERATED EXPONENTIATION—I

MICHAEL CREUTZ and R. M. STERNHEIMER*
Brookhaven National Laboratory, Upton, NY 11973

We have investigated the properties of the function f(x) = xz*  with an
infinite number of x's in the region 0<x< e'/®. We have also defined a class
of functions F,(x) which are a generalization of f(x), and which exhibit the
property of '"dual convergence,'" i.e., convergence to different values of F, (x)
as n =+ o, depending upon whether n is even or odd.

An elementary exercise is to find a positive x satisfying

(1) x”:s =2

when an infinite number of expomentiations is understood {1], [2]. 'The stan-
dard solution is to note that the exponent of the first x must be 2, and thus
z = V2. 1Indeed, the sequence f, defined by

) fo=d
' fn+1 = 2f"/2

does converge to 2 as n goes to infinity. Now consider the problem

2" 1
3 x = =
(3) X 3

By analogy, one might assume that

_(l>3_i_
T=\3) T 27

is the solution; however, this is too naive because the sequence f, defined by

(4) fo=? p
fuer = (35)”

does not converge.
The purpose of this article is to discuss some criteria for convergence

of sequences of the form

*This article was authored under contract EY-76-C-02-0016 with the U.S.
Department of Energy. Accordingly, the U.S. Government retains a nonexclusive,
royalty-free license to publish or reproduce the published form of this arti-
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