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In Komatsu’s work (2013), the concept of poly-Cauchy numbers is introduced as an analogue of that of poly-Bernoulli numbers.
Both numbers are extensions of classical Cauchy numbers and Bernoulli numbers, respectively. There are several generalizations of
poly-Cauchy numbers, including poly-Cauchy numbers with a g parameter and shifted poly-Cauchy numbers. In this paper, we give
a further generalization of poly-Cauchy numbers and investigate several arithmetical properties. We also give the corresponding

generalized poly-Bernoulli numbers so that both numbers have some relations.

1. Introduction

Letn > 0, k > 1 be integers. Poly-Cauchy numbers of the first
kind C,ik) are defined by

1 1
C}ik):J ...J (xlxz...xk)(xlxz...xk_1)...
0 0
x @

(1%, -+ x =+ 1) dx,dx, - - dx;,

[1]. The concept of poly-Cauchy numbers is a generalization
of that of the classical Cauchy numbers ¢, = cr(ll) defined by

cn:rx(x—l)-~-(x—n+l)dx (2)
0

(see, e.g., [2, 3]). The generating function of poly-Cauchy
numbers ([1], Theorem 2) is given by

Lif, (In (1 + x)) = ,,Z::')Cn e (3)

where

(9] m

Z Z—k (4)

i _
Lif (2) meom!(m+1)

is the kth polylogarithm factorial function. An explicit for-

mula for C,Sk) ([1], Theorem 1) is given by

=3 [n] S

>0,k>1),
Ll g 20EED O

where [ ;] are the (unsigned) Stirling numbers of the first
kind, arising as coefficients of the rising factorial

3 [,,’;] X" (©6)

m=0

x(x+1)-(x+n-1)=

(see, e.g., [4]). See ([5], A224094-A224101) for the sequences
arising from poly-Cauchy numbers.
The concept of poly-Cauchy numbers is an analogue of

that of poly-Bernoulli numbers B;k) [6] defined by

Lip (1-¢7)
= Z B0 o )
n=0

1-e*

where

Ly (2) = ) % (8)

m=1



is the kth polylogarithm function. When k = 1, B, = B is

the classical Bernoulli number with Bgl) = 1/2, defined by the
generating function

xe @ X
= YB,~—. )
An explicit formula for Bflk) ([6], Theorem 1) is given by

B — (1)2{ }(1) m!

+1)

n>0,k>1), (10)

where {,,} are the Stirling numbers of the second kind,
determined by

{ } m,Z( 1)’( )m i)' ()

(see, e.g., [4]).
There are some kinds of generalizations of poly-Cauchy
numbers. One is the poly-Cauchy number with a q parame-

ter c(k) [7] defined by

1 1
=[] e g
0 0
T r (12)

k
(%1 x—(n—1)q)dx; - - dx;.
Anotbher is the shifted poly-Cauchy number c,(f;) [8] defined by
© 1 1 .
=[] ) - )
0 0
t (13)
() - xp = (n—1))dx, -+ - dxy.
Notice that c(k) can be expressed as
@ n n (_l)n—m
C, .= — 14
. ,;0 [m] (m + a)k a4)

For example, if n = 5 and a = 3, then
CCETFEE T
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(15)

Therefore, such numbers are shifted from the original poly-
Cauchy numbers. Remember that the Hurwitz zeta function
{(s;q) = Y20 1/(q + n)® is a generalization of the famous
Riemann zeta function {(s) = Yo, 1/n° since {(s) = {(s, 1).

In this paper, we give a further generalization of poly-
Cauchy numbers, including both kinds of generalizations,
and show several combinatorial and characteristic properties.
We also give the corresponding poly-Bernoulli numbers so
that both numbers have some relations.
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2. Definitions and Basic Properties

Letn > 0, k > 1 be integers, and let a, g and [;,...,[ be
nonzero real numbers. For simplicity, we write L = (I, ..., 1)
and€ =11 Deﬁnecquby
® h A a
Cn,u,q,L = J;) J;) (xl ”‘xk) (xl cr Xk _CI)
R (16)

() x,—(n—1)q)dx, - dx;.

Then, c,(l ) .1 Can be expressed in terms of the Stirling numbers

of the first kind [, ].

Theorem 1. Let a be a positive real number. Then,

CII [n] (-a)" e
c = n=0,k>1). (17)
ekt mZ::o Ml (m+a)

Remark 2. If a = € = 1, then Cnlq(l ) = c,(f; is the

poly-Cauchy number with a g parameter ([ ], Theorem 1). If

q = ¢ =1, then c(k> L) = c,ﬁ’;) is the shifted poly-Cauchy

number ([8], 'Iheorem 2)

Proof. By
x(x=1)(x-n+1)= i [::l] D" (18)
m=0
we have

*) i S
W= | ]

O3 [n]evr

(19)
O

For an integer k and a positive real number a, define the

extended polylogarithm factorial function Lif, (z; a) by
[ee] Zm
Lif, (z;a) = _ 20

k mzz:o m!l(m + a)k (20)

[8]. When a = 1, Lifi(z;1) = Lifi(z) is the polylogarithm

factorial function [1]. The generating function of the number

c® ;. (q#0) is given by using the extended polylogarithm

n a,qs
factorial function Lif; (a; 2).

Theorem 3. One has

¢In(1 S "
¢ Lif, (M;a) = Zc(k) X (21)
q n!
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Remark 4. If a = € = 1, then Theorem 3 is reduced to
Theorem 2 in [7]. If ¢ = ¢ = 1, then Theorem 3 is reduced
to Theorem 3 in [8].

Proof. Since

(In(1 + x))™

=y [ S

by Theorem 1 we have

(22)

[e's) n 0 n _ "—m€m+a n
® Lx_zzz["]_( 9) X
O D pl m (m+a)k n!
i (-q) """ 3 [n] (-9x)"
m

m=0 (m+ d)k n=m n!

= ¢ Z( ~) gm( yr N a0)7 (53

* (m+a)* m!

_eaoo 1 (Eln(1+qx)>m
m=om!(m + a)k q

¢In (1
= ¢°Lif, (M;a)
q

O

The generating function of the number c, )

written in the form of iterated integrals.

gl Can be

Corollary 5. Let a and q be real numbers witha > 0 and q # 0.
For k =1, one has

a .x a—1
( £q ) J <ln(1 +qx)> ( +qx)€/q_ldx
In(1+ gx) 0 q
(24)
v X
= n,a,q,L nl

For k > 1, one has
_ta
In(1+ gx)

Lx (1 +qx)16111(1 +gx) Jox”. (1+gx) 1?1(1 + qx)Jox
k

In (1 “ "
( 1’1( +QX)) (1+q )f/q dx cdx = Z r(lk;qu_
q

(25)
Remark 6. If a = ¢ = 1, then Corollary 5 is reduced to

Corollary 1in [7].If g = € = 1, then Corollary 5 is reduced to
Corollary 1in [8].

3
Proof. Fork =1,
[ee] Zm 1 (o] ZWH'Q
Lif, (z;a) = ) ——— = —
1(=5a) mZ::om! (m+a) z“mZOm' (m+ a)
1 z 00 _m+a-1 1 z
——aJ =—Jzalezdz
z = m! z% Jo
(26)

=ia<( D (a- 1!

a—1
z i (a-1D! 4
te izzo(_l) mz )

Note that the last equation holds only if a is an integer. For
k > 1, we have

(o) m+a

1 z
Lif, (za) = — Yy —
k z° ,,,Z::(, ml(m + a)*

+a-1
Zma

= ia J ———dz (27)
2% Jo j=om!(m + a)

1 ‘ a-1
=— | z" Lif,_,(z;a)dz.
Z“,[o w1 (#5a)
Hence,
1 (%1 (7 1 (%1 (% .-
AR Y S Y
K )z“ozo zJo z 7 (28)

k

Putting z = £In(1 + gx)/q and multiplying by £°, we get the
result. O

3. Poly-Cauchy Numbers of the Second Kind

In [1], the concept of poly-Cauchy numbers of the second
kind is also introduced. The poly-Cauchy numbers of the

second kind Eflk) are defined by

1 1
k
E:I)ZJ J (_xlxz...xk)(_xlxz...xk_1)...
0 0
k (29)
(—x1%y x — 1+ 1) dx;dx, - - dxy,

and the generating function is given by
00 _® X"
Lif, (~In (1 + x)) = Zoc — (30)

Then, the poly-Cauchy numbers of the second kind ¢ ‘(k)
can also be expressed in terms of the Stirling numbers of
the first kind ([1], Theorem 4). See ([5], A219247, A224102-
A224107, A224109) for the sequences arising from poly-
Cauchy numbers of the second kind.

Proposition 7. One has

axe [ n

(m+ 1) 1)



Let a be a positive real number. Similar to generalized
poly-Cauchy numbers of the first kind ¢ define the poly-

naqL’

Cauchy numbers of the second kind ¢ n=>0,k>1)by

) ) A L
—
Cragr = (-1) L L (=xp

(=xp - x=(n—1)q)dx, - - dx;.
(32)

nuL

5" (31— a)

Then, similar to Theoreml q ; can also be expressed in
terms of the Stirling numbers of the first kind [} ].

Theorem 8. One has

n memﬂz
2
CpaqL = (= 1)2[ ](m+a) n=0,k>1). (33)
Theorem 9. The generating function of the number ¢ Coa q L is

given by

¢In(1+ < "
€“Lifk(—¥;a)=26(f‘) % (34)

where

P — (35)

Lif, (z;a) =

m—om!l(m + a)
Remark 10. If a = ¢ = 1, then Theorem 8 is reduced to
Theorem 3 in [7] and Theorem 9 is reduced to Theorem 4 in
[7]. If ¢ = € = 1, then Theorem 8 is reduced to Theorem 5 in
[8] and Theorem 9 is reduced to Theorem 6 in [8].
The generating function of the number ¢’

Cragql AN be
written in the form of iterated integrals.

Corollary 11. Let a be a positive real number. For k = 1, one
has

£q “* (In(1 + gx) >“_1 —e/g-1
(ln(1+qx)> Jo ( q (1+4) dx

n
Ny X
CnaqL
n=0

(36)

For k > 1, one has

(w0 )

Jox (1+gx) 1(111(1 +gx) Jox“' (1+gx) 1?1(1 +gx) J-ox

In(1 o "
(M> (1+gx) /1 dx dx = Aflk;qu—.
q n=0

(37)
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Remark 12. When a = q = k = € = 1 in the first identity, we
have the generating function of the classical Cauchy numbers
of the second kind:

x N
1+x)In(1+x) - ZC”_" (38)

In addition, there are relations between both kinds of
poly-Cauchy numbersif g = 1. For simplicity, we write cffa))L =

e de® - b

nalL an naL Cn,a,l,L‘

Theorem 13. Let k be an integer and a a positive real number.
Forn > 1, one has

(k) o

(_1)nCn,a,L _ i < - 1) m,a,L
nl 2 \m=1) m’
(39)
TR
Ly (o)
D) n! mzzl -1/ m

Remark 14. If a = € = 1, then Theorem 13 is reduced to
Theorem 7 in [1].

Proof. We will prove the second identity. The first one is
proved similarly and omitted. By using the identity (see, e.g.,

[4], Chapter 6)
S

GI-L

and Theorems 1 and 8, we have

H_" n-1\ 1
RS'Zm—lE

m=1
m m (_l)m—i€i+u
X;[l] G +a)
(41)
D EDT (a1 [m
_;(Ha)k,; m! (m—l)[l]
( 1) €1+a (_ )i B
Z(z+a) n! [i]_LHS
O

4. Some Expressions of Poly-Cauchy Numbers
with Negative Indices

It is known that poly-Bernoulli numbers satisfy the duality

theorem Bﬁ:k) = B]((_”) for n,k > 0 ([6], Theorem 2) because
of the symmetric formula

>y

n=0k=0

k) x y ex+y

Wkl eEre - “42)
However, the corresponding duality theorem does not hold
for poly-Cauchy numbers for any real number a, by the
following results.
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Proposition 15. Suppose that € = 1. Then, for nonnegative ~ Remark 18. Ifa = q = 1, by
integers n and k and a real number a # 0, one has

$5 00 2 g S - io »
Z Cn,a,q,LEﬁ ( + qx) £ - ] +1

n=0k=0
(43)
§§en ot
L = . . -

& naqL 1 (1+ qx)ey/q [4], the above identities become
Remark 16. If a = € = 1, then Proposition 15 is reduced to 0 _ (k)
Proposition 1 in [7]. If g = € = 1, then Proposition 15 is 11 = G
reduced to Proposition 3 in [8]. k

=) (=D)"j!

Proof. We will prove the first identity. The second identity is pars

proved similarly. By Theorem 3, we have

- (47)
o) x@ﬂ—%%ﬂ)ﬁﬂk

0 0
> Cnaal g Tl

n=0k=0
A( K " n+1] |k+1
(0 X y il = Z( Y [j+1 j+1)e
$(5e)!
© o k Proof. By Proposition 15 together with
¢1In(1 y Frop g
_quz(m+'a) ( n( +qx)) '
k=0 m=0 " g k
y_ 1)/ o) k
© 1 /In(1 +gx) \" & ((m +a) y)F Mzz{’f}y_,
- Z m! q Z k! J i K
m=0 k=0 (48)
—Iln(1 j 00 A
i ii In(1+4)\" v M -y m %
m=0m! q I n=J ’
o 1/[¢ " y)
G N _ W ¢’/q
=e m_Om!< p ln(l+qx)> =e (1+qx) . [4], we have
(44)
00 00 0 X )/k
] ;;Cn%qﬁﬁ
By using Proposition 15, we have explicit expressions of g 1/q _ay
poly-Cauchy numbers with negative indices. For simplicity, = ((1 +gx) ) (1+qx) e
(k) _ (k) A(=k) _ A(=k) —
we write ¢, - opand ¢ manL L€ =1
A L g o = exp ((ey -1)(In(1+ qx))l/q)
Theorem 17. For nonnegative integers n, k, and a real number
a#0, one has x(1+ qx)l/qe“y
n A i1 (e - 1)’ (In(1 + gx))’
n-\ jt (" =1) (In(1 +4x)) (49)
2280 O] T
i=0j=0 A=0v=0 ’ :
. iy 1/9 ay
o [ﬂ di(—q) 7, x (1+gx) e

(49 —Oo—jle“yook.—k +ax)
-85S () (3) XL Ut e

i=0j=01=0v=0 ( )n
Sy —gx

B S e
X[J'][V]akq]' Z;] n
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T
|
- >
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S
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—
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S|
ISy
=3
=

- ZZZZ

n=0k=0i=0j=0

2 [”;A]ZB] O

55533
3691 el e

n—j-v X
x(-q)"" n,i,

(51)
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Similarly, by

I oo _
EVED) [”] ( ZT) (52)

PRt

(o) n A n
n n\[n-A7A )L:| ey X
=Y (-1
AN K ae
we get
s3ee
S inl k!
(1+gx) <14 gay
= exp ((ey -1)(In(1+ qx))fl/q)
x(1+ qx)_l/qe“y
_§ 2 =) (ln+ )
P !
x (1 +qx) 9™
_ OO.]' a S k yk 1/q9
—Z—jeyz j}ﬁ(1+qx)
j=0 k=j
& [n] (~9x)"
X,,z}[]] n!
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5. Poly-Bernoulli Numbers Corresponding to
Poly-Cauchy Numbers

In this section, we will consider the corresponding general-
ized poly-Bernoulli numbers to the generalized poly-Cauchy
numbers discussed in the previous sections. Let k be an
integer and a a positive real number. An explicit form of poly-

Bernoulli number B;k) is given by

B® = i {;’1} L_m’:" (54)

m=0 (m + 1)

([6], Theorem 1). In ([1], Theorem 8), one expression of Bﬁlk)

in terms of poly-Cauchy numbers c,(,k) is given.

Proposition 19. One has

sz{ Hl_ll}c(") (n>1).  (55)

I=1m=1

On the contrary, in ([9], Theorem 2.2), one expression of

™ in terms of B,(f) is given.

Cn
Proposition 20. One has

Bl e e

I=1m=1

As a counterpart of a generalized poly-Cauchy number,
we will define a generalized poly-Bernoulli number B(k; by

7L, (e(1 - "
elize Dol $pn L @)

where Li;(z;a) is the generalized polylogarithm function
defined by

0 m

z
Ly (z50) = ) —, (58)
2+ af
so that Li;(z; 0) = Lix(2).
Then, BS,],{;,L can be expressed explicitly in terms of the

Stirling numbers of the second kind. Note that Bflki (LoD)
BW,

n

7
Proposition 21. One has
n _1 n-m !eﬂ’l"’ﬂ
ij‘;L—Z{”}()—mk (n=0). (59
m=0 m (m + a)
Proof. By
t m [es)
-1 n
AN {”} e (60)
m! S M) on!
we have
v & i (e(1-e™)”
Sl e -e) S mra-1)f

a = (E(l - e_t))m

=¢ P

m=0 (m+a)
& Loy & {n} (—t)"
= m+a)lE M nl

$(§ fof ey

= (m+a)

(61)

Comparing the coeflicients on both sides, we get the result.

O
BTy, w0 () _ k)
For simplicity, we write ¢, 1, = ¢, || and ¢ Coa, L Cral L

Ifa = ¢ = 1, then our results below are reduced to those
previous ones.

Theorem 22. Forn > 0, one has

B =3 Y {7 e

j=lm=1

=33 S n] 7] e

j=1lm=1

(62)

Proof. For the first identity,

S5 m i} 121

j=lm=j
j 1 (—1 j—i pita
U
oL (i+a)
n (_1)i€i+a

. k
-1 (i+a)

(1)z+an
Z Grar 2

1 (i+a)

i



e (il

o) (7

Z( b W( 1)%! {”} - LHS.

( 1) €l+tl n
Z

(1+a)

“ (i + a)f !
(63)
For the second identity,
ws=3.3 S ][]
j=lm=1 J
y j { }( 1)] ijpita
i=0 (l+fl)
n (_l)n—m n
=mz=1 m! [m]
n m j {]} (_1)jfii!€i+a
X;O[J]ZO o (i+a)f
Ny DT 64
_ m; D [m] (64)
n (—l)ii!€i+u n - ][m:| {]}
Xizo (i+a)k j=i( D jlt
- ()" [n
:mzz:o m! [m]
" (_l)mm!€m+a _1 m
(m+a)k
non] (=) e
= ——— =LHS.
,;0 [m] (m + a)F
Note that [f] =0 (m>1)and [7] =0 (j > m), and
m_ mej [m] [jl _ |1 (i=m);
;( b [J'Hi}_{o (i #m). (65)
O
Similarly, concerning
A(k) ~ €m+a
nuL ( 1) Z[ ](m+a) (”ZO) (66)

as a generalization of poly-Cauchy numbers of the second
kind Eflk), we have the following.
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Theorem 23. One has

Bou= Cory Yo [T}
j=lm=1

(67)

n o n 1 n @
n

SRR IS
]:lmzlm

Remark 24. If a = € = 1, these results are reduced to the
identities in Theorems 3.2 and 3.1 in [9], respectively.
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