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1. Introduction

Catalan numbers, C, = (2n”) /(n + 1), form a sequence of integers that occur in the solutions of
many counting problems. The book Enumerative Combinatorics: Volume 2 [30] by Stanley contains a
set of exercises of Chapter 6 which describe 66 different interpretations of the Catalan numbers. A com-
plementary materials of the exercises of Chapter 6 are collected in [31]. The small and large Schroder
numbers are defined by {1, 1, 3, 11, 45, 197, ...} and {1, 2, 6, 22, 90, 394, . . .}, respectively. A survey
regarding those numbers can be found in [32] by Stanley. Like Catalan numbers, Schroder numbers
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occur in various counting problems, often involving recursively defined objects, such as dissections of a
convex polygon, certain polyominoes, various lattice paths, Lukasiewicz words, permutations avoiding
given patterns, and, in particular, plane trees (see, for example [11,23]). Our intention is to consider
the Catalan numbers and Schréder numbers not only as sequences, but also as belonging to infinite
(lower) triangles, called the Riordan arrays, in which they form the first columns. Then, we use the se-
quence characterization of the arrays to extend the Catalan numbers, Schréder numbers, and Motzkin
numbers in a more general setting associate with parameters and to present some expressions and
properties of those numbers.

Riordan arrays are infinite, lower triangular matrices defined by the generating functions of their
columns. They form a group, called the Riordan group (see [27]). Some of the main results on the Riordan
group and its application to combinatorial sums and identities can be found in Sprugnoli [28,29], on
subgroups of the Riordan group in Peart and Woan [21] and Shapiro [24], on some characterizations of
Riordan matrices in Rogers [22], Merlini et al. [18], and He et al. [17], and on many interesting related
results in Cheon etal. [3,4], Gould et al. [12], He [13,14], He et al. [ 15,16], Nkwanta [20], Shapiro [25,26],
and so forth.

More formally, let us consider the set of formal power series (f.p.s.) .# = R[t]; the order of
f@t) e #,f(t) = Z,‘:ozofktk (fe € R), is the minimal number r € N such that f; # 0; #; is the set
of formal power series of order r. It is known that .7 is the set of invertible f.p.s. and .7 is the set
of compositionally invertible f.p.s., that is, the f.p.s. f (t) for which the compositional inverse f(t) exists
such that f(f(t)) = f(f(t)) = t.Letd(t) € o and h(t) € .#1; the pair (d(t), h(t)) defines the
(proper) Riordan array D = (dn,k)n,keN = (d(t), h(t)) having

dy x = [£"1d(E)h(t)* (1)

or, in other words, having d(t)h(¢t)* as the generating function whose coefficients make-up the entries
of column k.

It is immediate to show that the usual row-by-column product of two Riordan arrays is also a
Riordan array:

(d1(t), h1(0)*(d2(0), h2(8)) = (d1(t)d2(h1(t)), ha(h1(t))). (2)
The Riordan array I = (1, t) is everywhere 0 except that it contains all 1’s on the main diagonal; it is

easily seen that acts as anidentity for this product, thatis, (1, t)=(d(t), h(t)) = (d(t), h(t))*(1,t) =
(d(t), h(t)).From these facts, we deduce a formula for the inverse Riordan array:

(1
(d(©), h(D) —( d(i_l(t))’h(t))’ (3)

where h(t) is the compositional inverse of h(t). In this way, the set # of proper Riordan arrays is a
group.

Several subgroups of % are important: (1) the set < of Appell arrays, that is the set of Riordan arrays
D = (d(t), h(t)) for which h(t) = t; it is an invariant subgroup and is isomorphic to the group of
f.p.s.’s of order 0, with the usual product as group operation; (2) the set .# of Lagrange arrays, that is
the set of Riordan arrays D = (d(t), h(t)) for which d(t) = 1; it is also called the associated subgroup;
itis isomorphic with the group of f.p.s.’s of order 1, with composition as group operation. In particular,
a subgroup denoted by % is the set of Bell-type arrays or renewal arrays, that is the Riordan arrays
D = (d(z), h(z)) for which h(z) = zd(z), which was considered in the literature [22]. It is clear that
there exists a semidirect product decomposition for Riordan group %.

. td(t) h(t)
* >~ o X #since (d(t), h(t)) = W t ~ h(t) ).



T.X. He / Linear Algebra and its Applications 438 (2013) 1467-1484 1469

Table 1
The Catalan triangle C of L-path.
k
n 0 1 2 3 4 5 6
0 1
1 1 1
2 2 2 1
3 5 5 3 1
4 14 14 9 4 1
5 42 42 28 14 5 1

From [22], an infinite lower triangular array [dy kln ken, = (d(t), h(t)) is a Riordan array if and
only if a sequence A = (ap # 0, aj, ap, .. .) exists such that for every n, k € Ny there holds

dn+1,k+1 = aOdn,k + aldn,k—H +---+ andn,na (4)
which is shown to be equivalent to
h(t) = tA(h(t)) (5)

in He and Sprugnoli [17]. Here, A(t) is the generating function of A-sequence. [17,18] also shows that
a unique sequence Z = (zg, z1, 22, . . .) exists such that every element in column 0 can be expressed
as the linear combination

dn+1,0 = ZOdn,O +zidpg 4+ ann,n’ (6)
or equivalently,

di 1

dt) = 7= Z(h(t))

(7)

From Theorem 2.5 of [17], a Riordan array is a Bell-type Riordan arrays; i.e., h(t) = td(t), if and only
if its A-sequence and Z-sequence satisfy A(t) = dg,o + tZ(t). Thus, a sequence characterization of the
numbers of Lukasiewicz path (or abbreviated as L-path) including the Catalan and Motzkin numbers
is obtained by using the characterization of Bell-type Riordan arrays. Here, a L-path is a lattice path
that starts at the origin with steps (1, a) (a < 1) that cannot go below the x-axis. It is known (see, for
example [5]) that the number of L-paths from (0, 0) to (n, k) is the quasi-Catalan number

_k+1 2n —k
T n+1

n,k

), 0<k<n, (8)
n

which is the (n, k)-entry of a Bell-type Riordan array (C(t), tC(t)) shown in Table 1, where

1—4/1—4t

c® = 2t

Formula (7) will be extended to a parametric form in Corollary 3.6.

Since the sum of nth row is nth Catalan number ¢, and the first column of the Catalan triangle is
Catalan number sequence, from the sequence characterization of Bell-type Riordan array (C(t), tC(t)),
we have Z(t) = 1/(1 —t).Thus, therelation A(t) = dg o +tZ(t) = 1+tZ(t) impliesA(t) = 1/(1—¢t).

From Theorems 2.3 and 2.5 of [17], we immediately obtain

Proposition 1.1. Let (d(t), h(t)) be a Bell-type Riordan array satisfying h(t) = td(t), where d(0) # 0.
Denote the compositional inverse of h(t) by h(t). If one of d(t) and h(t), i.e., the A- and Z-sequence char-
acterizations of (d(t), h(t)), is given, then other three among d(t), h(t), A(t), and Z(t) can be determined
uniquely from the relations h(t) = td(t),
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200 d(h(t)) — d(0)
~ h(tyd(h(t))

In particular, for any given d(t), there exist unique h(t), Z(t), and A(t) shown above such that (d(t), td(t))
is a Bell-type triangle.

and A(t) = d(0) + tZ(t).

Proof. One may gives a proof based on the definition of Bell-type Riordan arrays, Theorems 2.1, 2.3,
and 2.5 of [17]. Here, we omitted the details. [

Example 1.1. Let

1— =4

cv = 2

be the generating function of Catalan numbers {c, = (zn”) /(n 4 1)},>0. Considering the Bell-type

Riordan array (d(t), h(t)) := (C(t), tC(t)), the Catalan triangle, we find the compositional inverse of
h(t) :=tC(t) is

h(t) = t(1 —t),

which, from Proposition 1.1, implies the generating functions of A- and Z-sequences of (C(t), tC(t))
are

1 1

Similarly, for Motzkin function

1—t—+/1—2t—3¢t2

2t2

M(t) =

’

the generating function of Motzkin numbers {1, 1, 2, 4, 9, 21, 51, ...}, we can find the Motzkin tri-
angle (M(t), tM(t)) with characterization

Z(t) =1+t A(t)=1+t+¢

by using the compositional inverse of tM(t) as t/(1 + t + t?) and Proposition 1.1. Hence, we may
evaluate the first few entries of the Motzkin triangle shown in the first column of Table 2.
As for the large Schréder numbers {1, 2, 6, 22, 90, . ..}, we have its generating function

—t— /1 —6t+t2
2t ’

Table 2
The Motzkin triangle M.

k

1
G(t) =

n 0 1 2 3 4 5 6
0 1

1 1 1

2 2 2 1

3 4 5 3 1

4 9 12 9 4 1

5 21 30 25 14 5 1

6 51 76 69 44 20 6 1
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Table 3
The Schréder triangle S.
k
n 0 1 2 3 4 5 6
0 1
1 2 1
2 6 4 1
3 22 16 6 1
4 90 68 30 8 1
5 394 304 146 48 10 1

Thus, the Schroder triangle (G(t), tG(t)) has the generating functions of its A- and Z-sequences

2 1+t
Z() = ——, A(t)=—,
O =_—) A ="

respectively, since the compositional inverse of tG(t) is t(1 — t) /(1 + t). Therefore Z = {2, 2, 2, ...}
and A = {1, 2, 2, ...}. We may evaluate the first few entries of the large Schroder triangle as those
shown in the first column of Table 3.

It is known that Catalan numbers and Motzkin numbers have the generating equations

C(t) =1+ tC(t)> and M(t) = 1+ tM(t) + >M(t)?,

respectively.

This paper will use the sequence characterization of Riordan arrays to give a unify approach to
generalize Catalan numbers and Catalan triangles. In the next section, we will use the sequence char-
acterization of Bell-type Riordan array shown in Proposition 1.1 to define (c, r)-(generalized or para-
metric) Catalan numbers with a parameters ¢ and e, and we call such Bell-type Riordan arrays the
(c, r)-(generalized or parametric) Catalan triangles. The Taylor expansion and some properties of the
generalized Catalan numbers and generalized Catalan triangles will be presented. In addition, we will
give some combinatorial interpretations for the Bell-type Riordan arrays including the generalized
Catalan triangles. Furthermore, a similar argument is used to extend classical Motzkin numbers to a
parametrical Motzkin numbers. In Section 3, we shall discuss the inverse of the generalized Catalan tri-
angles and inverse Motzkin triangles, from which the expressions of the parametric Catalan numbers
and triangles and parametric Motzkin numbers in terms of classical Catalan numbers are given.

2. Generalized Catalan numbers and their Taylor expansion

In this section, we will develop a type of numbers that generates Catalan numbers and Schroder
numbers. We will also give their generating functions and present the matrices related to the numbers.
Let d(t) be the generating function of a type of numbers {dp},>0 defined by

) =1 Z(td(t))’

where Z(t) = ¢ > ;>0 r"t" is an infinite series ¢/(1 — rt) or Z(t) = c¢/(1 — rt), we obtain the
corresponding d(t) as

1— rtde ,(t)

de,t) = ——m—2———
er (D) 1—ct — rtde(f)

or equivalently,

der(t) = 1+ tde r(t)(¢c — 1+ rdc (D)), 9
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Table 4
The (c, 1)-Catalan number triangle C.

k

n 0 1 2 3 3
0 1

1 c 1

2 2 +c 2c 1

3 A +3+¢ 3c¢? +2c 3c 1

4 4634602+ 4¢3 +8c% + 2¢ 6c% + 3c 4¢ 1

which is the generating equation of d. (t). From the above equation we solve

1—(C—r)t—\/l—2(c+r)t+(c_r)2t2

dc,r(t) = ot

(10)

In particular, when (c, r) = (1, 1), (2, 1), and (1, 2), we obtain d; 1 (t) = C(t), the classical Catalan
function, d 1 (t) = G(t), the large Schréder function, and

14+t—+/1—6t+1¢t2
dio(t) = i ,

the small Schréder function, respectively. From Proposition 1.1, the generating function of A-sequence
of (de r(t), tde 1 (t)) iSA(t) =1+ tZ(t) =1+ ct/(1 —1t).

Definition 2.1. For any (c,r) € Z? c,r # 0, we call the coefficients, {cn}n>o0, of d. - (t) defined by
(9) or (10) the generalized Catalan numbers associated with (c, r), or simply, (c, r)-Catalan numbers.
In particular, (c, 1) and (1, r)-Catalan numbers are called the large and small generalized Catalan
numbers, respectively. The corresponding Bell-type Riordan arrays, from which the generalized Catalan
numbers are defined, are called the generalized Catalan triangles, or (c, r)-Catalan triangles.

Remark 2.1. The series inverse of d. 1 (t), c € N, is studied in [2] using a different approach. Constants
c and r in Definition 2.1 can be extended to non-zero real numbers. In that setting, (c, r)-Catalan
numbers become functions, which will be studied in another paper.

From Proposition 1.1, we obtain the following recurrence relations of entries d,  of generalized
Catalan triangle (d¢ (t), tdc -(t)) by using its Z and A-sequences

n—1
dno=c > rdy_1x (11)
k=0

and fork > 1

n—k—1

dn,k = dnfl,kf] +c Z rjdnfl,kJrj- (12)
j=0

Based on (11) and (12), the first few (c, 1), (1, r), and (c, r)-Catalan numbers are shown in the first
column of the (c, 1), (1, r), and (c, r)-Catalan triangle in Tables 4-6, respectively.

(c, r)-Catalan triangles can bring many properties of (c, r)-Catalan numbers and functions. In the
following, we will present an expansion and a combinatorial interpretation of (c, r)-Catalan numbers.

Generating equation (9) can be considered as the zeroth order Taylor expansion of d. (t), i.e., the
generalized Catalan numbers {c;},>0. We now give the nth Taylor expansion of generalized Catalan
numbers using Riordan arrays.
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Table 5
The (1, r)-Catalan number triangle C.
k
n 0 1 2 3 4
0 1
1 1 1
2 r+1 2 1
3 r?+3r+1 2r+3 3 1
4 3+ 6r2 +6r+1 2r 4 8r + 4 3r+6 4 1
Table 6
The (c, r)-Catalan number triangle C.
k
n 0 1 2 3 4
0 1
1 c 1
2 c?4cr 2c 1
3 S 43c%r4or? 3c? 4 2cr 3c 1
4 A 46ccr+6c2r2 +cor® 4 +8ckr+2a? 6¢2+3cr 4c 1

Theorem 2.2. Let cr # 0. Denote by (dn k)n>k>0 the Riordan array of (d¢ ;(t), tdc - (t)) and {c, =
dn,0}n>0 the coefficients of d. (t). Then there holds the following Taylor’s expansion of the generating
function of (c, r)-Catalan numbers, {cn}n>o0,

n—1 ) n+1
der(t) = D diotl +t" D ¥ N(dpk—1 — rdn k) (de.r (0)", (13)
j=0 k=1

where dj o = .

Proof. We prove (13) by using the sequence characterization of Riordan array C . First, we establish
an expression of power of d ,(t),

k
wmm%=1+r0w4mm@+c2wwmy+wwwW“) (14)
j=2
for k > 2.(14) is obvious for k = 2. In deed, from (9), we have

(de.r (£)% = de., (t) (1 4 tde, () (c — 1 + rde . (£))

=1+ tde,r(6)(c — 1+ 1de,1(6)) + £(de,r (6))* (¢ — 1+ 1de,p (6))
=1+t ((c = e, (6) + c(der(6)? + r(der (1))

Assume (14) holds for k — 1. Then

(de.r (D) =der () (der ()

k—1
=dma)+tCc—mwmn»2+c23mmaw+ﬁ+mmﬂoﬁ“)

j=2
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=1+t ((c = e (1) + 1 (der(1))?)

k
+t ((c — (e () + ¢ D (de (D)) + r(dc,r<t>)’<“)

=3

k
=14t (c—nder(®) +c D (der ()Y + r(dc,r(f))k+l) .

=2

Secondly, we prove (13) using mathematical induction. Noting doo = 1,dy0 = ¢,dy,;1 = 1and
dy,x = 0forall k > n, we know (13) holds for n = 1. To prove the induction step, we need to show

i T (Aot jem1 = 1dn—1.) = dnr,0- (15)
k=1
In fact, from the recurrence relations (11) and (12) we obtain
dn—1,0 — rdp—1,1 = (¢ = Ndn—2,0
and
dn—1,k—1 — Idp—1,k = dp—2,k—2 + (¢ — 1)dn—2 k-1

for all k > 2. Thus

n

> P (dnet k—1 — 1dn—1,1)

k=1

n
= (c = Ndp—2,0 + > " (dn—1,k—1 — rdn_14)

k=2
n v n—1 ;
-1 -1
= > "y g2+ =1 D gk
k=2 k=1
n—1 '
—1
=c > " dp_g k-1,
k=1
which implies (15).

Substituting (14) into the (n — 1)th remainder of (13) and noting (15), we obtain

n

>N (dyr ket = rdnz1 1) (der ()
k=1

n k
= Z rk! (dn—1,k—1 — rdn—1,%) |:1 +t <_rdc,r(t) + CZ(dc,r(t))i + r(dc,r(t))l<+l):|

k=1 j=1

n k

=dy_10+t |:_rdn1,0dc,r(t) +c Z Z rk_l (dnfl,kfl - rdnfl,k)(dc,r(t))i
k=1 j=1
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n
+ > M dpo1k-1 — rdn_Lk)(dc,r(r))"“}

k=1

j=1 \k=j

n n
_ dn_]’o Tt |:—Tdn_1,0dc,r(t) + CZ (Z kal (dn_],k—l - Tdn—l,k)) (dc,r(t))j
n+1
+ > Nl e — rdy—1 k—1)(de.r ()
k=2

n
= dnfl,O +t |:—Tdn1’0dc‘r(t) +c z rk_]dnfl,k71 (dc,r(t))k
k=1

n+1
+ Z I’k_] (dnfl,kfz - Tdnl,kl)(dc,r(t))k:|
k=2

n
=dp—10tt {(C — r)dp—1,0dc,(t) + Z rk1 (dn—1k—2
k=2

+(C - r)dn—l,k—l) (dc,r(t))k + rn(dc,r(t))n+l:|

n+1
= dn—],O +t |:(dn,0 - rdn,])dc,r(t) + Z rk_l (dn,k—l - rdn,k)(dc,r(t))k:| ,
k=2

where the last step is due to the following facts coming from the sequence characterization of (c, r)-
Catalan triangle.

n—1 n—1
, -
dno — rdny =c¢ D Pdp_1j—r (dn—m +c>r dn—l,j) = (¢ —r)dy—1,0.
j=0 =1

Similarly, there hold

n—1 n—1
j—k+1 j—k
dpg—1 —1dpk =dpq1 k-2 +¢C z r dp—1j—7 (dnl,kl +c Z r dn—1,
j=k—1 =k

=dp_1x—2+ (c—1)dy—1k-1

forn > k > 2and dy x—1 — dpx = 1for k = n + 1, which completes the proof of the theorem. [J

For the case of c = r = 1, the Taylor expansion of d; 1 (t) is given in [10] using a sequence approach.
Remark 2.2. Eq.(13) gives a sequence of identities of d - (t) in terms of n.

Inspired by [5], we give a combinatorial interpretation of the entries d j of (dc r(t), tdc r(t)), the
c-(generalized) Catalan triangle. First, we consider a lattice path that starts at the origin, cannot go
below the x-axis and above y = x, and has a possible steps S, = (1, r) withr < —1, which is called a
Lukasiewicz path (or simply L-path). The numbers of L-paths from (0, 0) to (n, k) is (k+1) (z”n_k)/ (n+
1), which is the entry of the Catalan triangle shown in Table 1. Secondly, we associate a weight to each
step S, of an L-path, which is denoted by @ (S;). The weight of an L-path, is defined as the product of
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weights of its steps. In Theorem 2.2 of [5], by settingag = 1,a; = z; fori > 1,and k = zp — 1 we may
obtain the following result.

Theorem 2.3. (d(t), h(t)) = {dn.k}o<k<n, d(0) = 1, is a Riordan array with sequence characterizations
Z=1(20,21,...,)andA = (1,21, 2z, ..., ) ifand only if d, \ is the sum of weights of weighted L-paths
from the origin to the point (n, k) using the weights

zr, if Sy touches the x-axis,
o(S) = ) (16)
Zr+1, otherwise,

wherer > 0and w(S_1) = 1.

From Theorem 2.3 we obtain a combinatorial interpretation of the entries of the generalized Catalan
triangles.

Corollary 2.4. Let cr # 0. The entry dy i of a (c, r)-Catalan triangle (dc r(t), tdc (t)) is the sum of
weights of weighted L-paths from the origin to the point (n, k) with the weights defined in Theorem 2.3,
where z; = cr! for allj > 0.

Proof. Noting the A-sequence and Z-sequence have the generating functions A(t) = 14 (ct/(1 —rt))
and Z(t) = c¢/(1 — rt), one my use Theorem 2.3 to establish Corollary 2.4. OJ

The entries of a (c, r)-Catalan triangle (d¢ ;(t), td. r(t)) will be given in Corollary 3.6.

The combinatorial interpretations of some special cases of generalized Catalan numbers, i.e., the
first columns of the corresponding generalized Catalan triangle, were studied individually. For instance
[7] presents the first column sequence {d; o} of the generalized Catalan triangle (d4 1 (t), tda 1(t)) are
the numbers of lattice paths from (0, 0) to (n + 1, n 4+ 1) that consist of steps (i, 0) and (0, j) with
i,j > 1 and that stay strictly below the diagonal line y=x except at the endpoints.

Another interesting combinatorial interpretation of (¢, r)-Catalan numbers is related to rooted and
labeled generating tree with the property that any two nodes vy and v, in the same label have exactly
the same number of children in label n for each label n. Those trees can be generated by using the ECO
method, which roots can be traced back to [6] and developed successively in [33,1]. More precisely, by
using the following two conditions we may specify a generating tree: (a) the label of root of the tree is
indicated as « and (b) a set of rules explaining how to derive the labels of all of the children from the
label of a parent is given. Associated with a rooted and labeled generating tree satisfying (a) and (b),
an infinite matrix (dp, k) can be defined by d,, i := the numbers of nodes at level n with label k + c. For
instance, if (a) the root label is (2) and (b) the rule is (k) —> (2) - - - (k) (k+ 1), then the entries of the
corresponding matrix are dg o = 1 because the number of nodes atlevel 0is 1,d; o = 1anddy,; = 1
that representing the numbers of nodes at level 1 with labels 2 and 3 are both 1, similarly, d2 o = 2,
dy1 = 1,and dp » = 1. In addition, the maximum label’s value at each level increases by one from
the previous level, which implies dp, , = 0 for k > n. It can be seen that dp o = [t"]d1,1(t), i.e., {dn.0}
is the sequence of Catalan numbers. Let « € Nand g; € N forallj > 0. From Theorem 3.9 of [19] and
noting Proposition 1.1, (dy k) is a Bell-type Riordan array if and only if it is associated with the rooted
and labeled generating tree satisfying: (a)’ its root is labeled as (c¢) and (b)’ the constructing rule is
(k) — H]’»‘iol_c(k + 1 — j)%. Thus, the (c, r)-Catalan triangle is associated with a generating tree

with root (c) and satisfying the rule (k) —> (k + 1)1‘[11.‘:117”‘ (k+1 —j)f/rH.

In the beginning of this section, the sequence characteristic of the Catalan triangle, a Bell-type
Riordan array, is presented by Z(t) = c¢/(1 — rt). We now extend it to a more general form as follows,
using which a type of parametric Motzkin numbers and Motzkin triangles are defined. Denote

1= (re)™
Z(t) = R (17)
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Table 7
The (c, r)-Motzkin number triangle M.
k
n 0 1 2 3 4
0 1
1 c 1
2 24 2c 1
3 A +3c%r 3¢? + 2cr 3c 1
4 c* 4+ 6c3r 4 2c%r? 4c% + 8c%r 6¢® + 3cr 4c 1

where n € Ny. If n = 0, we have the generating function of the Z-sequence of Catalan triangle, which
has been discussed. If n = 1, then Z(t) = c, and the corresponding triangle is the parametric Pascal
triangle (1/(1 — ct), t/(1 — ct)) with parameter c. We now consider the case of n = 2, Z(t) =

c(1 4+ rt). Then the generating function of A-sequence for Bell-type Riordan array (ac,r(t), tac,r(t)) is
A(t) = 1+ ct(1 4 rt), where d. ,(t) satisfies

1

de,(t) = —————,
T — Z(tde s (1))
or equivalently,

der(t) = 14 ctde () (1 4 rtde ,(1)). (18)

Thus

1—ct— /1 —2ct +c(c — 4ne?

der(D) = 2crt?

(19)
for ce # 0. Therefore, we have reason to establish the following definition.

Definition 2.5. The lower triangle (Elc,r(t), tac’r(t)) with cr # 0is called the (c, r)-Motzkin triangle,

where d. ,(t) presented in (19) is called (c, r)-Motzkin function. The coefficients of ac,r(t) are called
(c, r)-Motzkin numbers or simply generalized Motzkin numbers.

From Definition 2.5, when (c,r) = (1, 1), am (t) = M(t), the generating function of classical
Motzkin numbers. The first four rows of the generalized Motzkin triangle is shown in Table 7, in which
the first column gives first four generalized Motzkin numbers.

3. The inverses of Bell-type Riordan arrays

It is well-known that the inverse of a Riordan array D := (d(t), h(t)) isD~' = (1/d(h(1)). h(1)),
where h(t) is the compositional inverse of h(t), i.e., h(h(t)) = h(h(t)) = t. From Theorems 4.1 and
4.2 of [17], we have

Theorem 3.1 [17]. The A- and Z-sequences, denoted by A*- and Z*, respectively, of the inverse Riordan
array D' are

A*(y) = 1 and Z*(y) = M7 (20)

A(t) d(0)t
respectively, wherey = t/A(t) = h(t).

From the proofs of Theorems 2.1, 2.3, 4.1, and 4.3 of [17], we also have the following corollary.
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Corollary 3.2. The A- and Z-sequences of (d(t), h(t)) and its inverse (1/(d(f_1(t))), h(t)) are

o= L g 4B©) —d0)

h(t)’ h(t)d(h(t))
A*(t) = Lt 75(t) = d© —d©® 21
TR’ © d(0)h() 21)
In particular, for Appell arrays (d(t), t), we have
B _d@ —do) ., v 4(0) —d()
Alt) =1, Z(t) = BT A*() =1, Z*(t) = o
For Lagrange arrays,
t f) = L Ry —
At) = " Z(t) =0, A*(t) = D Z5(t) = 0.
For Bell-type arrays, there hold h(t) = td(t), h(t) = t/d(h(t)), and
Ao = dho), 20 = =L
Ao = d(t)’ o= td(0)d(t) (22)

Proof. (22) is straightforward from Theorems 4.1 and 4.2 of [17]. Others are obvious from Theorem
3.1 and the definition of various subgroups. []

From Corollary 3.2, we may obtain the following formula to evaluate the entries of Bell-type Riordan
arrays.

Corollary 3.3. Let (dp k)n=k=0 = (d(t), td(t)) beaBell-type Riordan array. Thenits inverse is (d;‘, WIn=k=0
= (1/d(i_1(t))), h(t)), where h(t) is the compositional inverse of h(t). Their entries satisfy

k+1 Ao\ " k1
= I(7) = wort, @)
* k+1 n—k h(t) -t _ k+1 n—k * n+1
= [t ](t ) = [ eor (24)

where A(t) and A*(t) are defined in Theorem 3.1.

Proof. From the definition of d, i, we have

dn e = [£"1d(6) (h(£)* = [T ](h(E)*!

- —n—1
— k+1 [tn—k] (h(t)) ,
n41 t

where the last step is an application of Lagrange inversion formula (see, for example, [8b] in [8]), which
gives the first formula of (23). The rightmost formula of (23) yields from the first formula of (21) in
Corollary 3.2. (24) can be proved similarly. O
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Remark 3.1. The first formula of (23) is given in [19] without a proof.
Proposition 3.4. Let (d(t), h(t)) be a Bell-type Riordan array satisfying h(t) = td(t), where d(0) # 0.

If one of d(t), h(t), the A*- and Z*-sequence characterizations of D™ is given, then other three can be
determined uniquely from the relations h(t) = td(t) and

a0 —d® - A* () = L tZ*(¢). (25)

2O = 0o d(0)

In addition, there hold the following relationships for evaluating d(t) or h(t) if one of them is given:

n _ 1 n E(t) - _ 1 n n+1
Plaw= ](t) - L aor,

nii _1 n—1 —n
[t]h(t)—n[t | @oy™. (26)

Proof. The first equation has been proved in Corollary 3.2. Comparing two expressions of A* and Z*
shown in (22), we immediately obtain the second equation of (25). The first formula of (26) can be
considered as the case of k = 0 of (23). To prove it directly, we only need to note

h
[ a) = [0 = [ neo

and use the Lagrange inversion formula and the first formula of (21) in Corollary 3.2. Similarly, we have
the second formula of (26). O

We now use the generating function A(t) to find the expressions of (c, r)-Catalan numbers and the
entries of (c, r)-Catalan triangles.

Corollary 3.5. For the (c, r)-generalized Catalan number [t"] d. ,(t) defined by (9), there holds

("] der(®) = (Z"j_ I )cn_jr"f' (c—rY, 27)

j=0

where ¢j = (3.]')/(1' + 1) is the jth Catalan number. In particular,

[ dea 0= (Z”j_ ])cn-j(c -1
_ i(znn _j)Cj(C —

and

[("]d1r(0) = i (an— j)cnjr"—ia —ry

2n—j : :
= ( ,])cjrf(l —n".
j=oN
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Proof. Consider Bell-type Riordan array (dc - (t), h(t)) = (d¢ r(t), tdc -(t)), where d. . (t) is defined
by (9), and find the compositional inverse of h(t) as

t —rt?

MO =T e—nr

Thus the corresponding sequence characteristic function

h(t) 1—rt

By using the above expression off_t(t) and the first formula of (26), (27) can be proved as follows.

. 1o 14 (c—ne\"™!
P0er) = 4 10 )
1

1—rt
n+1 ;
n+1\(n+ . )
— n] Z Z( )( . ])(C _ r)n+1—l<r]tn—k+]+1
k=0j>0 J

1 1 AW )
. z(’?* N e
n+1j20 j+1 j
n 1 X
A e
j_oJ‘i‘l J
n 2n—i ) .
R
i—on— ]+1 n
" 1 2n —j\[2n — 2j : :
( n. J)( n ‘J>rnj(c_r),
F n—j+1 ] n—j
o2n—i . )
( n‘ ])Cn_jrnj(c—r)f.
J

Substituting r = 1 into the rightmost equation, we obtain the special case, the (¢, 1)-Catalan numbers.
Similarly, we have the expressions of (1, r)-Catalan numbers. O

Iy
o

|
M-

Il
o

]

If (c, r) = (2, 1),(27) gives the well-known expression of large Schréder numbers (see, for example

(9D
5 (2n—j .
[t"]doq(t) = Z( . )Cn—ja j=o.
j=o\ J
Similarly, the small Schroder numbers have expression
n . jyn—j 2n _] .
["]di2(0) = 3 (=1)2 j e izo
j=0

A similar argument can be used to derive a formula of the entries dj, i of the (c, r)-Catalan triangle,
i.e., the entries dp, x of (dc r(t), td. (t)) for c, r € N (Hence cr # 0), which can be considered as the
parametric extension of the numbers of L-paths shown in (8).
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Corollary 3.6. For the generalized Catalan triangle (dy x)n>k>0 = (dc,r(t), tdc (t)), where d ,(t) is

defined by (9), there holds

n—k :
k+1 2n —k—j\ p_i_i ‘
Gpig = D s T (e — 1Y,
T - 1+1()( n ) €=

or equivalently,

doi = (k+1) Z [[znn_]]]]kk( j ])Cn_jrnkj(c i

wherec; = (¥)/(+1)ist e jth Catalan number, [€]o = 1, falling factorial an k= —1)---
here ¢ 3] (j+ 1) is thejth I ber, [ €] falling f land [€] Le—1)

k+1) forallk > 1.

Proof. From (23) in Corollary 3.3, we obtain

k+1 k+1p 14+ (c—r)t 1
d =7tnkAt n+1=7tn k S
nk= 1" AW©) n+1[ W

k+1 1 AW )
=t Z( " )("ﬂ)rf(c—r)"’”
n+1j20 k+j+1 ]
n—k
k+1 .
Z ¢t n. nt fc—r)n ki
o k+i+1\k+] J
n—k .
k+1 2n —k — : ;
e
i—on— j+1 n

n—k

_ Jlk 1 2n —j\[/2n — 2j n—k—j . N
(k—i—l)z n—]]kn—j~|—l( j )(n—j)r (c—rY,

which implies (29). O

It can be found that

(de.r(0), tde r(£)) ! :( 1—nt t(1 —rt) )

1+ (-t 14+ (c—nt
Let (x(t), ¢ (t)) and (B(t), ¥ (t)) be a pair of inverse matrices i.e.,

(a(t), p(O)=(B(), ¥ () = (1,1).

(28)

(29)

(-

(30)

We denote (x(t), ¢ (t)) and itsinverse by (dp k) and (a,,’k), respectively. Then a pair of inverse matrices

(dn,k) and (dy ) can be used to generalize the combinatorial sum inversion
n n _
fo= Z dn k8k < &n = Z dn, kfx
k=0 k=0

or equivalently,

F(t) = a(t)G(@ (1) < G(t) = BF(Y (D)),

31)
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where F(t) and G(t) are the generating functions of sequences {f,} and {g,}, respectively. It is known
that

(dni) ™" = (d(®), h(D) ™" = (d"(0), h(t) = (dn), (32)

where h(t) is the compositional inverse of h(t) and

d*(t) = (33)

1
d(h(t))’

As an example, for the Pascal triangle (d(t), h(t)) = (1/(1 —¢),t/(1 —t)) = ((Z)) from (33) there

holds
T 1
(om0 = (m’ 1%) N ((‘”"_k@)’

which yields the well known sum inversion

= Z (T)gk < & = Z(_l)n_k(n)/k-
k=0 ¢ k=0 k

Another example can be found in Catalan matrix (C(t), tC(t)) = (dn «)» where
1—4/1—4t
(0=

and the entries of the Catalan matrix are (see, for example [5])

k+1/2n—k
k+1
nk—[t]tC(t)+ n+1( . ) 0<k<n.

It is easy to find
-1 b
(C(O), tC(t) ™ = (1 —t,t(1 — 1) = (dy ),
where the matrix entries are

k+1

ds = [ (1 — T = (=) "( k), 0<k<n
n—

Thus we have the sum inversion

_Zk+1(2nn—k)gk©gn Z( - k(k—i—])f

n+1

Therefore, from (30), we have the sum inversion (need d, y and c_in,k.)
A similar argument can also be applied to give an expression of generalized Motzkin numbers in
terms of Classical Catalan numbers.
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Corollary 3.7. For the generalized Catalan number [t"] ac,r(t) defined by (19), there holds
~ n n . .
[tn] dc,r(t) = Z( . )ancjrﬂ—]’ (34)
—\2j—n
j=0
where ¢; = Gj)/(j ~+ 1) is the jth Catalan number. In particular, for the Motzkin number M,

- ! n
M, = [tn] di (t) = 2(2 )Cn—jo
j=oNd =1
Proof. From Corollary 3.3 and noting the generating function of A-sequence of Motzkin triangle

(de.r (b), tde (1)) is A(t) = 1 + ct(1 + rt), we have

("] de.r(D) = 1]["](A(t>>"+1= L1 (1 4 (1 + ™

n+ +1
= [t"] E cktk(l + ro)*
n+1 =0

n+1 k
n] Zz(n+ 1)( ) k thﬂ
n+1 k=0 j=0 J
n+1 3
1 Z(n+1.)(n .—J)Cn—jrj
+1j=0 n—j J
n .
()
= n—]+] n—jJ\n—j
- 1 n —2j Gy
].Zon—j—i—l 2j—n n—j
n . .
(" s
s 2j—n

completing the proof. OJ

=

=
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