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1. Introduction

In this paper we use the Jackson g-integral to define an operation of integration with respect to a Markov process which
first arose in non-commutative probability and which we shall call the g-Brownian motion.

The non-commutative g-Brownian motion was introduced in Bozejko and Speicher (1991) who put the formal approach
of Frisch and Bourret (1970) on firm mathematical footing. Stochastic integration with respect to the non-commutative
g-Brownian was developed in Donati-Martin (2003).

According to Bozejko et al. (1997, Corollary 4.5), there exists a unique classical Markov process (B@) te[0,00) With the same
univariate distributions and the same transition operators as the non-commutative g-Brownian motion. Markov process
(B@),~¢ is a martingale which converges in distribution to the Brownian motion as ¢ — 1. With some abuse of terminology

we call (ng)) the g-Brownian motion and we review its basic properties in Section 2.
Our definition of integration with respect to (BE‘D ) uses the orthogonal martingale polynomials and mimics the well-
known properties of the Ito integral. The integral of an instantaneous function f (ng)’ s) of the process is denoted by

t
/ f(ng)7 s)dB(q),
0

where to avoid confusion with the Ito integral with respect to the martingale (Biq)) we use d instead of d.

We define this integral for 0 < q < 1and for polynomials f (x, t) in variable x with coefficients that are bounded for small
enough t. Our definition uses the Jackson integral (Jackson, 1910) which is reviewed in Section 3. This approach naturally
leads to the g-analog of the L,-isometry

t 2 t
E(‘/ F(BY, 5)dB® ):/ E<|f(B§q),s)]2) dgs. (1.1)
0 0

with the Jackson g-integral appearing on the right hand side. In Theorem 4.3 we establish this formula for polynomial f (x, t)
and in Corollary 4.4 we use it to extend the integral to more general functions. Proposition 4.5 shows that the integral is
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well defined for analytic functions f (x) that do not depend on t. In Section 5 we use Corollary 4.4 to exhibit a solution of the
“linear g-equation” dZ = aZdB@.
Our second main result is a version of Ito’s formula which takes the form

t t
F6.0~£0.0) = [ (WG 938 + [ (21 B. s + f (A9F)(BD, 5)dys. (12)
0 0

In Theorem 4.6, this formula is established for polynomial f (x, t) and q € (0, 1). In Remark 4.9 we point out that we expect
this formula to hold in more generality.

As in the Ito formula, the operators Dy s, V“) and Aff) should be interpreted as acting on the appropriate variable of the
function f (x, s), which is then evaluated at x = Bé’” oratx = B(q) The time-variable operator D, f is the g-derivative with
respect to variable s:

_fxs) —f(x.a9)
D _ 13
(D)X, T (1.3)
This expression is well defined for s > 0 which is all that is needed in (1.2) when g € (0, 1).
The operators Vf) and A,(f) act only on the “space variable” x but they depend on the time variable s, and are defined as
the “singular integrals” with respect to two time-dependent probability kernels:

V“)f)(x s) = wvx,s(dy) (1.4)
R
(A9F)(x, 5) = // v —X)f(z $)+ (x—2)f(y,s) + (z —yfx,s)
x=WY—2)z—x)
Probability measures vy (dy) and pu, s(dy, dz) can be expressed in terms of the transition probabilities Ps.(x, dy) of the
Markov process (BEQ))[E[OW) as follows:

vx,s(dy) = Pyg2 ((qx, dy)

Mx,s(dy, dz). (1.5)

and

/va,s(d}/» dz) = qS,S(Xv d)’)vy,s(dz) B qs,s(xv dY)qus.s(qu dz).
Transition probabilities P ;(x, dy) appear in (2.2). The same probability kernel v, ;(dy) appears also in Anshelevich (2013,
Proposition 21).

As g — 1 probability measures vy s(dy) and i, s(dy, dz) converge to degenerated measures. Using the Taylor expansion
one can check that for smooth enough functions (Vf) f)(x, s) converges to df /dx and (Aff) f)(x, s) converges to %82f /9x? as
q — 1,s0(1.2)is a g-analog of the Ito formula. We note that there seems to be some interest in g-analogs of the Ito formula.
In particular, Haven (2009, 2011) discuss formal g-versions of the Ito formula and its applications to financial mathematics.

2. g-Brownian motion

With ng) = 0, the univariate distribution of B.? is a q—Gaussian distribution

V1 < ) g
va(d || 1+ ||1 dy, 2.1
Yeq(dy) = - 4t_(1_q)y 1+ - ( )dy (2.1)

supported on the interval |y| < 24/t/+/T — q. Here, parameter ¢ is the variance. (We note that there are several other
distributions that are also called g-Gaussian, see the introduction to Diaz and Pariguan, 2009.)

The transition probabilities P ; (x, dy) are non-homogeneous and, as noted in Bryc and Wesotowski (2014), are well de-
fined for all x € R. The explicit form will not be needed in this paper, but for completeness we note that for |x| < 2./s/
JT—gqands < t transition probability P ; (x, dy) has density supported on the interval |y| < 2+/t/+/T — q which can be
written as an infinite product

N l—[ (t —sq") (1—¢"") (t( +¢? — (1 — @y*q")
27/4t — (1 — q)y2 (t —5q%)? — (1 — @)g*(t +sq*)xy + (1 — q)(sy* + tx*)q

With Béq) = 0, we have y;.,4(dy) = Py (0, dy) and the separable version of the process satisfies |BEQ)| < 24/t/\/T—=q for
all t > 0 almost surely. Formulas (2.1) and (2.2) are taken from Bryc and Wesotowski (2005, Section 4.1), but they are well
known, see Bozejko et al. (1997, Theorem 4.6) and Anshelevich (2013), Bryc et al. (2005) and Szabtowski (2012). We note
that for |x| > 2./s/+/1 — q transition probability P (x, dy) has an additional discrete component; for ¢ = 0 this discrete
component is explicitly written out in Biane (1998, Section 5.3).

As g — 1, the transition probabilities Ps ¢ (x; dy) converge in variation norm to the (Gaussian) transition probabilities
of the Wiener process. This can be deduced from the convergence of densities established in the appendix of Ismail and
Stanton (1988).

P (x, dy) = 2 dy. (2.2)
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Our definition of the integral relies on the so called continuous g-Hermite polynomials {h,(x; t) : n = 0, 1, ... }. These
are monic polynomials in variable x that are defined by the three step recurrence

Xy (X; t) = hpyq(x; £) + t[n]h,_1(x; ), (2.3)

where [n] = [n]y = 14+q+-- -4q" 1, ho(x; t) = 1, hy(x; t) = x.(These are renormalized monic versions of the “standard”
continuous g-Hermite polynomials as given in Ismail, 2005, Section 13.1 or in Koekoek and Swarttouw, 1998, Section 3.26.)

Polynomials {h,(x; t)} play a special role because they are orthogonal martingale polynomials for (B@). The orthogonal-
ity is

o8 O 7100 = Bl (24)
where [n]! = [n]y! = [1]4[2]4 . . . [n]q. The martingale property

ha(x; ) = / ha (y; ©)Ps ¢ (x, dy) (2.5)
holds for all real x and s < t. When q = 1 recursion (2.3) becomes the recursion for the Hermite polynomials, which are the

martingale orthogonal polynomials for the Brownian motion (Schoutens, 2000).
It is easy to check from (2.3) that

ha(x; £) = t"2h, (x/V/t; 1). (2.6)
From (2.6) it is clear that if |x| < 24/t/+/T — q then
Iha(x; 0| < Cut"/? 2.7)

for some constant C,. Explicit sharp bound with C, = (1 — q)~™/? ZZ:O[Q] can be deduced from Ismail (2005, (13.1.10)).

3. The Jackson g-integral

For reader’s convenience we review basic facts about the Jackson integral (Jackson, 1910). In addition to introducing the
notation, we explicitly spell out the “technical” assumptions that suffice for our purposes. In particular, since we will in-
tegrate functions defined on [0, co) only, we assume that g € (0, 1). We follow Kac and Cheung (2002) quite closely, but
essentially the same material can be found in numerous other sources such as Ismail (2005, Section 11.4).

Suppose a : [0, o0) — R is bounded in a neighborhood of 0, and let b : [0, c©0) — R be such that

b(t) — b(0)| < Ct° (3.1)

for some C < oo and § > 0in a neighborhood of 0.

Definition 3.1. Fort > 0 and q € (0, 1), the Jackson g-integral of a(s) with respect to b(s) is defined as

o0

t
/ a(s)dgb(s) = Z a(q“t) (b(g"t) — b(g**'n)). (3.2)
0

k=0

When b(t) = t, formula (3.2) takes the following form that goes back to Jackson (1910)

t [ee]
/ as)dys = (1 — q)t Z q“a(g®t). (3.3)
0

k=0

Recalling (1.3), it is clear that (3.2) is fot a(s)(Dq,sb) (s)dgs.

We will also need the g-integration by parts formula (Jackson, 1910, Section 5). This formula is derived in Kac and Cheung
(2002, page 83) under the assumption of differentiability of functions a(t), b(t). Ismail (2005, Theorem 11.4.1) gives a g-
integration by parts formula under more general assumptions, but since the conclusion is stated in a different form than
what we need, we give a short proof.

Proposition 3.2. For any pair of functions a, b that satisfy bound (3.1) near t = 0 we have
t t
/ a(s)dgb(s) = a(t)b(t) — a(0)b(0) —f b(gs)dqa(s). (3.4)
0 0

Proof. Under our assumptions on a, b, the series defining f()[ a(s)dqb(s) and fot b(gs)dga(s) converge, so we can pass to the
limit as N — oo in the telescoping sum identity

N N
> a(@"t) (b(g"t) — b(@" ') + Y b@" o) (a(@"t) — a(@*'0)) = a(t)b(t) — a(@ T ')b(" ). O

n=0 n=0
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We also note the g-anti-differentiation formula, which is a special case a(s) = 1 of formula (3.4)

t
b(t) — b(0) = / (Dysb)(5)d,s. (35)
0

4. Integration of polynomials with respect to (Biq))

Our definition is designed to imply the relation

t
h B(Q), s)dB? =
/0 n(Bs".s) TERT

and relies on expansion into polynomials {h,(x; t)}.
Let g € (0, 1) and suppose that f (x, t) = Zd a, (t)x™ is a polynomial of degree d in variable x with coefficients a, (t)

=0
that depend on t > 0. Then, for t > 0, we can erand f into the g-Hermite polynomials (2.3),

(Y ) (4.1)

4\ bt
Foen =30 T i (42)

m=0

Lemma 4.1. If all the coefficients a,,(t) of the polynomial f (x, t) are bounded in a neighborhood of 0 then the coefficients by, (t)
in expansion (4.2) are bounded in the same neighborhood of 0. If all the coefficients a,(t) satisfy estimate (3.1) then coefficients
by, (t) satisfy estimate (3.1).

Proof. Since ho, ..., hy—1 are monic, they span the polynomials of degree m — 1 so that by orthogonality (2.4) we have
[ ¥ hym(x, t)yr,q(dx) = 0forj < m. For the same reason, [ x™hm(X, t)yr.q(dx) = [ h2,(x, t)yeq(dx) = t™[m]!. Thus the
coefficients are

1 1 ¢ )
bn®) = f & O (x: 6)y1q(dX) = t—mj:Zmaj(t) / K (% £)75.g(d0)

1< 4
= 2 Zaj(f)/x’hm(X/«ft; 1) ¥rq(dx),
j=m

where in the last line we used (2.6). Since random variable Biq) /+/t has the same distribution as B(q), changing the variable
of integration to y = x/+/t we get

d
bu(®) = YO [ Yo Dyg(@)
j=m

d
= imlan(® + Y G [ i Dygta)

Jj=m+1
Thus by, (0) = [m!]a,(0) and for 0 < t < 1 we get [by(t) — by (0)| < [m]'|am(t) — an(0)] + C/t. O
Definition 4.2. Let f(x, t) be a polynomial in variable x with coefficients bounded in a neighborhood of t = 0, with

expansion (4.2). We define the dB integral as the sum of the Jackson g-integrals with respect to random functions
hiy1 (B 5) as follows:

d

t t
/ f(BY,5)dB@ = Zﬁ / bin(s)dghm1(BE; s). (4.3)
0 m=0 - JO

Since |B§q)| < 24/t//T—qforall t > 0 almost surely, from Lemma 4.1 and inequality (2.7) we see that the Jackson
g-integrals on the right hand side of (4.3) are well defined.
As a special case we get the following formula for the integrals of the deterministic functions.

Example 4.1. For non-random integrands, we have
t t
/ f(5)dB? = / f(5)d4B.
0 0

Indeed, since hy = 1 the expansion (4.2) is f (s)ho(x; s) and since h;(x; s) = x, we get dgh, (ng); s) = qugq).
By computing the fourth moments one can check that the distribution of random variable fot f (s)qus(q) in general is
not y,2 .
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When the coefficients of f (x, t) satisfy estimate (3.1), we can use (3.4) to write the dB? integral as

t d " d 1 t
/ FBY, 5)8B@ =Z[m fi] M1 (B 1) — Zm / Mg 1 (BRY; 45)dgbm (s). (44)
0 m=0 - Jo

m=0
Taking b,,(t) = 0 or 1 we get formula (4.1).
Formula (4.4) leads to a couple of explicit examples.

Example 4.2. Noting that x = hy, x> = hy(x; t) + t, and h3(x; t) = x> — (2 + q)xt, we get the following g-analogs of the
formulas that are well known for the Ito integrals.

t 1
/ BOgB® = — ((Biq))z _ t) ,
0 1+¢

t 1 2 t
/ (ng))de(q) — 5 (B (q))3 — ta > tBEq) +/ qung).
0 A+ +qg+q?) A+ +qg+q?) 0

We remark that a similar definition could be introduced for a wider class of the g-Meixner processes from Bryc and
Wesotowski (2014, 2005), compare Schoutens (1998, Theorem 7).

4.1. The L,-isometry
Our first main result is the g-analog of the Ito isometry.

Theorem 4.3. If 0 < q < 1andf (x, t) is a polynomial in x with coefficients bounded in a neighborhood of t = 0 then (1.1) holds.
Proof. With (4.2), by orthogonality (2.4) for the g-Hermite polynomials, we have

E((rB2.9)°) = Z “”.

So the right hand side of (1.1) is

d

d 1 t ) " 1 t 5 et
Z)[ml‘fo bin($)"dg() = meo b ($)dy (577 (45)

m=0

On the other hand, expanding the right hand side of (4.3) we get

t 2 d 1 0 )
(@) ()] _ s k
E((/O (B2, 5)0B ) ) =2 [m+11![n+u!k,}z:0bm(" Dba(d't)

m,n=0
X E (B B 60 = hosn B 15 60 (i BY: t6) = b B t0'*)) ).
Since h, (B(q) t) is a martingale in the natural filtration, for j < k we have
E (i1 BY: ) = hiny1 (B0 e ) BY. B, ) = 0.
Similarly,
E (1 (B0 1) — hoa (B0 e IBY, B, ) = 0

forj > k. So the only contributing terms are j = k and

t 2 d 1 00
@ (q) _ s k k
E((/o f(BY, s)dB ) ) = MZ:O T ;bm(q )ba(g*t)

X E (1 B0: 00 = o B3 004D (Ims1 B t0°) = B (B t6°1)))

Noting that

E (o B 66) = husr B3 604D ) (s (B 6°) = i1 (B 1041 ) = 0
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for m # n, we see that

t 2
E (([ f(Bg‘”,s)dB(‘”) )
0

2
—— ],2 Z b (a“0)E ((hmH(Bﬁqi, (") — s (BLl: ) )

3

2 keyemAl (Sk(mA1) (k1) (m1)
m+1],2;bn(qt)t (q q ).

Here we used the fact that for s < t, by another application of the martingale property and (2.4), we have

E ((hk(s““ £) — he(B9; )) ) —E (h,%(Bi‘”; t)) E (2(BY; 5)) = [KI!(t* — s).

This shows that the right hand side of (4.3) matches (4.5). O

Suppose that for every t > 0 the function f (x, t) as a function of x is square integrable with respect to y;,4(dx) so that we
have an L, (y;.4(dx))-convergent expansion

ba(®),
fex.6) = (46)
%

Corollary 4.4. If each of the coefficients b, (t) in (4.6) is bounded in a neighborhood of 0 and the series

- 1 ‘ 2 n
X;M]‘fo b;(s)s"dys

converges, then the sequence of random variables

bk (s)
— h(B?; 5)dB@ 47
f § ) (47)

converges in mean square as n — oo.

When the mean-square limit (4.7) exists, it is natural to denote it as

t
/ f(BY, 5)dB?. (4.8)
0
We remark that the verification of the assumptions of Corollary 4.4 may not be easy. In Section 5 we consider function
o]
-1
fxo=[]0-0-agd*+rq™)
k=0

and we rely on explicit expansion (4.6) to show that the integral (4.8) is well defined for t < 1/(1 — q). The following result
deals with analytic functions that do not depend on variable t.

Proposition 4.5. Supposef(x) = Y -, axx* with infinite radius of convergence. Then fot £ (B9)dB@ iswell defined forall t > 0.

Proof. Since the support of y;.4(dx) is compact and f is bounded on compacts, it is clear that we can expand f (x) into (4.6).
We will show that the coefficients b, (t) of the expansion are bounded in a neighborhood of 0. (The proof shows also that
b, (t) satisfy estimate (3.1); the latter is not needed here, but this property is assumed in Theorem 4.6.)

As in the proof of Lemma 4.1, we have

bu(©) = £ [ £00a 5 O = €7 [ i )Yty
k=0

Since on the support of y;.4(dy) the series in the integrand converges absolutely and is dominated by a constant that does
not depend on y, we can switch the order of summation and integration so that

o0
bu(t) = ¢ St [ D pia(@)

= Yt [ s 1y g,

k=n

where in the last line we used the orthogonality of h,(y; 1) and y* for k < n.
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Choose R > 0 such that R? > 4t/(1 — q). Expressing the coefficients a, by the contour integrals we get

ba(t) = — r*“/zif @, rk/th ¥ DY y14(dy)
T 2 S per 244 ns DY ety

1 e tk/2—n/2 k/2
— h 1 dy)d
=i SO / o DY preg (dy)dz.

Since |y| < 2/4/1 — q on the support of y1.4(dy), from (2.4) we get

2 k 2 k
‘/hn(v; 1)y"y1;q(dy)‘ < (ﬁ) /Ihn(y; Dly1q(dy) < («/ﬁ) [n]!.

Summing the resulting geometric series under the dz-integral, we get

(Rﬁ)n RE\E'

This shows that b, (t) is bounded in any neighborhood of t = 0.
Next, we use (3.3) and inequality (4.9) to prove the convergence of the series.

1 =D N e ik
; W/o by (s)s"dgs = Z BT ;bn(q t)q

n=0

<Ci 4t n(1—q)2n:q’<(n+l):C§: " ]_q
- < Rz(l _ q) — R2(1 1-— qn—H

n=l n=0

o0 4t n
<C _ 00,
= ;(RZ(]—q)) B

with constant C = tR*(1 — q) max; |f (2)|*/(RV1 — q — 2+/1)2.
We now apply Corollary 4.4 to infer that fot f (Bﬁq))dB(q) is well defined. Since R was arbitrary, the conclusion holds for all
t>0. O

Ibn ()] = max ax|f () VIn (4.9)

4.2. The g-Ito formula
Our second main result is the g-version of the Ito formula.

Theorem 4.6. Let 0 < q < 1. Suppose f (x, t) is a polynomial in x with coefficients that satisfy estimate (3.1) in a neighborhood
of t = 0. Then (1.2) holds.

4.3. Proof of Theorem 4.6

By linearity, it is enough to consider a single term in (4.4). We first consider the constant term, f(x, t) = b(t). Then
Vif = 0 as the expression f(x, s) — f(y, s) under the integral in the definition (1.4) vanishes. Similarly, Ayf = 0, as the
expression (z — x)f (v, s) + (x — y)f (z, s) + (y — 2)f (x, s) in the definition (1.5) vanishes. So (1.2) in this case reduces to the
g-integral identity b(t) — b(0) = fot(chq,sb)(s)dqs which was already recalled in (3.5).

Now we consider a non-constant term of degree m + 1. We write (4.4) as

t t
b(t) 1 (B t) = [m + 1], / b(s)hm(BY; s)dB@ + / N1 (B 5) (D sb) (5)dgs. (4.10)
0 0
We first note the following identity.

Lemma 4.7. For a fixed s > 0, we have V)Es) (hmy1(x; 8)) = [m 4+ 1]y (x; 5).
Proof. This is a special case of Bryc and Wesotowski (2014, Lemma 2.3), appliedtot =0 =0. O

Thus, noting that V,SS) acts only on variable x, we have

t
b(O) s (BY; 1) = / V) (b($) 106 )
0

t
B0+ / s 1 (B9 5) (Dq 5b) (). (4.11)
x=Bg 0
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Next, we consider the second term on the right hand side of (4.10). Using the g-product identity

Dq,s(b($)h(s)) = b(s)Dg,s(h(s)) + h(gs)Dg,s(b(s)), (4.12)
we write

hmy1(x; q5)(Dg,sb) (s) = Dy.s (b(S)hmi1(X, 5)) — b($)Dg,s(hnt1(X, 5)).
This recovers the second term in (1.2): (4.11) becomes

t t
b(O) 1 (B ) = / VO (bt 5)| B + / Dys DS hmar ()| ds
0 0

q
x=Bgs

x:Bsq

t
+ / DY (b(s)hm1(x; 5))
0

dgs, (4.13)

x=B;§)

where D,(f) is a linear operator on polynomials in variable x, whose action on monomials x* = >

=0 Gj ($)h;j(x; s) is defined by

DY (x") = — Z a;(s)Dq;s (hj(x; 5)) .
=0

It remains to identify Df) with A,(f). To do so we use the approach from Bryc and Wesotowski (2014). We fix s > 0 and
introduce an auxiliary linear operator A that acts on polynomials p(x) in variable x by the formula

A(p(x)) = D¥ (xp(x)) — XD (p(x)) . (4.14)
Lemma 4.8.
A (h(x; 5)) = [m]ghn-1(x; gs). (4.15)

Proof. By definition, A (h,;(x; 5)) = D,(f) (Xhm(x; 8)) — xD,(f) (hm(x; 5)), and we evaluate each term separately. From recursion
(2.3) we get

DY (xhn(x; 5)) = —Dys (hms1(x; 5)) — s[MgDys (hm—1(x; 5)) . (4.16)
Next, we have
xDY) (hy(x; 5))

—XDg,s (hm(x; 5)) = —Dg,s (Xhm(X; 5))
—Dg,s (hmy1(x; 5) + s[mlhm_1(x; 5))
= —Dgs (hmy1(x; ) — [MlgDy s (Shim—1(x; 5)) .
Since Dy s(s) = 1, applying (4.12) we get
DY (i (%3 9)) = = Dyss (hm1 (X 5)) — S[M1gDqs (hm—1(x; 5)) — [Mghm—1(x; g5).
To end the proof, we subtract this from (4.16). O

Using martingale property (2.5) and Lemma 4.7, we rewrite (4.15) as

Ahn(x; ) = / (Mo 1 (v 5)Pys.s(x, )

/ / fim 25 s) '“(V D oy (d2)Pss(x, ).

So by linearity, for any polynomlal pin variable X we have
p(@) —p®y)
Ap)(x) = // ﬁﬂx,s(d% dz).

Since (4.14) gives DY (x") = A(x" ') + xD (x"~1) and DY (x) = —Dqs(h1(x; s)) = 0 this determines DY on monomials:

n—1 2= k— n —k—
D =y et = [ (Z & )ux,s(dy, d2).

k=0

By the geometric sum formula, the integrand is

—y" X =2y 4+ (y — 02" + (2 — yK"
2 Z—y - Z—xx—-yu—-2

This shows that D,(f) = Aff) on polynomials. With this identification, (4.13) concludes the proof of Theorem 4.6.
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Remark 4.9. Operators V,ﬁs) and A,(f) are well defined on functions with bounded second derivatives in variable x, so we
expect that (1.2) holds in more generality.

For an analytic function f (x) one can use contour integration to verify that each term in (1.2) can be approximated uni-
formly on compacts by the same expression applied to a polynomial. Thus formula (1.2) for polynomials yields

t t
FBP)=f0) + f (VOF) B, 5)dB? + f (A9F)(BY, 5)d,s.
0 0

5. A g-analogue of the stochastic exponential

In this section we consider a more general function f (x, t) for which the mean-square limit (4.8) is applicable. Our goal
is to exhibit a solution to the “differential equation” dZ = aZdB® which we interpret in integral form as

t
Zi=c+ a/ Z,dB@ (5.1)
0
with deterministic parameters a, ¢ € R. In view of the fact that we can integrate only instantaneous functions of B<q)
seek a solution in this form, and we seek the series expansion. The solution parallels the development in Ito theory and rehes
on the identity (4.1) which is a special case of our definition (4.4). Thus, as a mean-square expansion the solution of (5.1) is

> q"h, (B t) o -1
Zi=c) —2t>’_¢ (1 — (1 - q)ag*B?@ + a*t 2") ) 5.2
; ; il 111 (1— q)aq"B; q (5.2)

Formal calculations give

t o a*h +1(B(Q)' t)
c+a| ZdB?=c+ca) ———"1" =17,
/0 : ; [n + 1],! '

asho(x; t) = 1.

Note that the product expression on the right hand side of (5.2) is well defined for all t, as with probability one |B(q)| <
24/t/+/T = q. However, the solution of (5.1) “lives” only on the finite interval 0 < t < a~2(1—q)~ . This is because for 0 <
q < 1the product ]_[il(l — ¢') converges, so the series

Zntn+l (1 _ q)n 2ntn+l
3 = Y =
[T -4

j=2

converges when (1 — q)a’*t < 1 and hence Corollary 4.4 can be applied only to this range of t. This is the same range of t
where (Z;) is a martingale (Szabtowski, 2012, Corollary 4).
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