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ON THE APPROXIMATION OF ANALYTIC FUNCTIONS BY THE  ¢-BERNSTEIN
POLYNOMIALS IN THE CASE ¢ > 1*

SOFIYA OSTROVSKA

Abstract. Since forq > 1, the g-Bernstein polynomials3,,,, are not positive linear operators @0, 1], the
investigation of their convergence properties turns oliganuch more difficult than that in the caBe< ¢ < 1.
In this paper, new results on the approximation of contirsufaunctions by they-Bernstein polynomials in the case
g > 1 are presented. It is shown thatfife C[0, 1] and admits an analytic continuatigi{z) into {z : |z| < a},
thenB,, 4 (f; 2) — f(z) asn — oo, uniformly on any compact set if : |z| < a}.
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1. Introduction. Letq > 0. For anyn € Z., theqg-integer(n|, is defined by
n],:=1+q+---+q¢" ' (neN), [0],:=0,

and theg-factorial [n],! by

Clearly, forqg =1,

n n
[l =mn, [plt =, [kL (k)
DEerFINITION 1.1.Let f : [0,1] — C. The g-Bernstein polynomials gfare defined by

,qf7 Zf(:z )pnk(% )7”6N7

=0

where

—k—
(1.2) pnuq;z):z[] H (1=¢'2), k=0,1,...n.

Note that forq = 1, we recover the classical Bernstein polynomials.

During the last ten years, theBernstein polynomials have attracted a lot of interest and
have been studied from different angles along with some rgdimations and modifications
by a number of researchers. A comprehensive review of esul§-Bernstein polynomials
together with some open problems and an extensive biblidgyran the subject is given
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in [11]. A two-parametric generalization @fBernstein polynomials, called, ¢g-Bernstein
polynomials, was studied ir8] 21], while an analogue of the Bernstein-Durrmeyer operator
with respect taj-Bernstein polynomials was investigated 8).[The probabilistic aspects of
the theory ofg-Bernstein polynomials were studied ik f].

It is known (cf. [L1] and references therein) that some properties of the clalsBiern-
stein polynomials remain valid for theBernstein polynomials. Among those are the end-
point interpolation property, the shape-preserving proee in the casé < ¢ < 1, and
the representation via divided differences. Just as thesiclal Bernstein polynomials, the
g-Bernstein polynomials reproduce linear functions, areythre degree-reducing on the set
of polynomials. In contrast, the convergence propertiethef;-Bernstein polynomials ba-
sically vary from those of the classical ones. Moreover, the céisesqg < 1 andg > 1in
terms of convergence are not similar to each other. Thisddakmilarity is attributed to the
fact that for0 < ¢ < 1, the g-Bernstein polynomials argositivelinear operators, whereas
for ¢ > 1, the positivity does not hold. Consequently, the convergarig-Bernstein poly-
nomials in the casé < ¢ < 1 has been studied in detail, including the rate of convergenc
Korovkin-type theorem, saturation results, and the prigeof the limitg-Bernstein opera-
tor (see b, 12, 16, 17, 18, 19)), while there are still many open problems related to theeca
q > 1. Currently, there are only two papers, namely,[20], dealing with the case > 1
in a systematic way. In addition, some results on the behaviterates (cf. 2]) and spe-
cific results on the exemplary classes of functions (&8, [L4]) are available. It should be
emphasized that the investigation of the convergence ircéiseq > 1 has revealed some
astonishing phenomena not observed previously farq < 1. For instance (seélfl]), while
the g-Bernstein polynomials of the Cauchy kernfglz) := 1/(z — a), a € C\ [0, 1], uni-
formly approximatef, on any compact set ifiz : |z| < |a|}, the sequencéB,, ,(f.; 2)} is
not even uniformly bounded on any séthaving an accumulation point itz : |z| > |a|}.
The available results show that, even thoughyfor 1 in some cases the approximation with
the ¢-Bernstein polynomials ir’[0, 1] may befasterthan with the classical ones (seH)]
Theorem 6]), there exist analytic functions on [0,1] whosguences of-Bernstein poly-
nomials are divergent. This situation is in no way possible(f < ¢ < 1. The problem
to describe the class of functions @0, 1] which are uniformly approximated by thejr
Bernstein polynomials in the cage> 1 is yet to be solved. It is exactly the unexpected
behavior of the;-Bernstein polynomials with respect to convergence thdtasshe study of
their convergence an interesting and challenging one.

In this paper, we present new results on the approximatiapBgrnstein polynomials in
the case; > 1, which are concerned with the approximation of functionsohtare analytic
at 0.

2. Statement of results. The results of the present paper are related to the apprexima
tion of functions which are continuous d@, 1] and possess an analytic continuation into a
disk{z : |z] < a}, a > 0, by theirg-Bernstein polynomials in the cage> 1. From here on
we assume that > 1 is fixed.

The key role in our considerations is played by the followasgimate.

THEOREM2.1. Let f(x) be bounded off), 1] and admit an analytic continuatiofi(z)
into a closed disKz : |z| < p}, p > 0. If

anq(f; Z) = chnzka

then the following estimate holds,
C

(2.1) [

A
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whereC' = CYy ,,, is independent of both andn.

REMARK 2.2. In [L3] and [14] the estimateZ.1) was proven forf (x) = In(x + a) and
fa(z) = 1/(x + a) with the help of explicit formulae for the coefficients,. Here, we prove
the estimate regardless of a specific function.

The next assertion constitutes the main result of the paper.

THEOREM 2.3. If f(x) is bounded on0, 1] and admits an analytic continuatiofy z)
into a disk{z : |z| < a}, a > 0, then

Bn,q(ﬁz) — f(Z) as n — oo

uniformly on any compact sé&f C {z : |z| < a}.
COROLLARY 2.4. [10] If f admits an analytic continuation as an entire functipfx),
then

Bg(f;2) — f(2) as n— o0

uniformly on any compact set {b.

REMARK 2.5. Itis worth pointing out that fob < a < 1, the statement of Theoret3
does not depend on the valuesfobutside of|0, a] as long asf is bounded o0, 1], while
the polynomialsB,, ,(f; z) certainly do.

EXAMPLE 2.6. In general, a function satisfying the conditions of diteen 2.3 may not
be uniformly approximated by itg-Bernstein polynomials on any interval withm, 1] as the
following simple example reveals. Let

{0 for x€][0,1/q],
f(I)—{ z—1/q for ze€(1/q1].

Obviously, By, 4(f; z) = 2™ and it is clear thai3,, ,(f;x) does not approximat¢ on any
interval outsidg0, 1/¢].

Theoren®.3generalizes some previously known results on the apprdiomaf analytic
functions by thei-Bernstein polynomials. It has to be mentioned that, wititedase: > 1
can be treated by the methods usedlif] [the casd) < a < 1 requires a different approach
similar to the one given in Theorefhl

3. Proofs of the theorems.We use the representation of théBernstein polynomials
given in [10, formulae (6) and (7)],

Bnalfi2) = Zn:A’“"f [O; ﬁ% o [f% 2~
k=0 q

wheref [zo; x1; . . . ; %] denotes the divided difference 6f
Flool = flao), Sl = V=T
£ oo s ] = fleas. .k —f[:zco;...;:zck_l]7
T — o

and )\, are given by

k—1 .
Aon = An = 1, /\;M:H( —@), k=2,...,n.

=1 [n]q
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REMARK 3.1. It was shown in](] that A\x,,, & = 0,1,...,n, are eigenvalues of the
g-Bernstein operatoB,, ,. Forg = 1, we obtain the eigenvalues of the Bernstein operator,
whose eigenstructure together with applications was stuih [2] and [7]. Some results of
[2] were extended to the-Bernstein polynomials inl[d].

If fis an analytic function, then (cf., e.99,[§ 2.7, p. 44]) the divided differences ¢f
can be expressed as

1 f(§)d¢
3.1 TO;T1;.. .5 :—_7{ ,
(3.1) Flwo; K] 27t Jp (C— o) ... (C — xg)
where/ is a contour encirclingy, . . ., z; andf is assumed to be analytic on and witkin

For a functionf(z) analytic in{z : |z| < r}, we use the standard notation,

M(rs f) = max | (=)

j2l<r

In the sequel, we need the following lemma provenlif |
LEMMA 3.2.Letqg > 1,0# p & {¢"™}°_,. Then

T (- 2) -1 (-55).

=k

Proof of Theoren®2.1 Without loss of generality, we assume that {¢=*}2°, (we
may increase slightly if necessary).
(i) First, letd < p < 1. We setj := min{k : ¢~ % < p}. Clearly, fork < n — j, we have

[k]q

e~ —J
ol =, TP
whence by virtue of%.1), we obtain
1 [k]q} 1 f(€)d¢
62 slo i = on |
nly" " Il ) 2w jéCI—p ¢+ (1= ) - (1= )
Notice that for|(| = pandl = 0,1, ...,n — j, we have
[1q ‘ [1q [tlq
1— > (1 - =1- :
‘ Clnlg| ~ plnlq plnlq

sincelde < p = |(|. Therefore, fork < n — j, we obtain

[n]q
=) (-l = 0 m) - (-3t
1

[n —j]q>
> (11— 1= .
- < p[n]q> ( plnlq
By Lemmas3.2, asn — oo, we have

(1-5m) (- ) — T (-5 ) #o

s=j
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whence for{| = p,

(o) (- ) -

for all n. Applying (3.2), we obtain

<L 2mpM(pi f) _ Co
=2 O phtl e

|Crn| < ‘f [O;ﬁ;...;%}

with Cy = Opyf_’q.
Now we have to estimate the coefficients for k > n — j, thatis, to consider the case
JLIFES p. We use the following formula (seé,[Chap. 4§ 7, p. 121)]),

[n]q

f[l‘o;xl;...;l'k]zz(x f(wk)

Therefore,

By the Residue Theorem,

n—j

1 F(Q)d¢ 1 F(Q)dC
2 fc—pc(c— C) (6 ) 27Tij§c—p<k+1 (1-r) - (1-4)

s=0 [n]q [n]q ¢nlq

To estimate the last integral, we det=n — ¢, 0 <t < j — 1, and consider (with¢| = p)

(o) o ) - )

by virtue of Lemma3.2
Let

Clearly,C3 = C,,,. We derive

1
<
27

(3.3)

n—j
s=0
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To estimatey " PRED i 7+1,We first consider
[y sla=1 [sla—ls—1glsla—ls+1y [sly—[n—t|"
[n] [n]q [n]q [n]q [n]q

- [n]p=t (g —1)""
(- -9 =) (¢ — )
(" =) *
¢ (1= 3) . (1= gttt — 1) (1 - —Z=)

qn t—s
-2 n(n—
- 1 g (=t
- qj q52 . q(s-l—l)m-i-(n—t)

00 —2
1 —(t°— n°—s —(n—s n(n—s
_ (1_ __) L ED/2 =) 2=(n=5)/2 < o gn(n—s).

IN
e

whereCs = C,, 4. Sinces > n — j + 1, it follows that

09 < i < L
p’ﬂ
Setting
M := max )|,
z€[0,1] ()]
we obtain
Cs —t _ Cejp~t _ Cejp™ C
(3.4) Z =M Z o SCGJ oS Gii S 6;711 = _l:’
s i P P P P p
s=n—j+1 =
with C7 = Cq,f.

Finally, juxtaposing 8.3 and @3.4), we obtain the required estimate.
(ii) The casep > 1 is much easier. Indeed, using.{) and Lemma3.2, we write

L Vﬂq] 1 F(Q)d¢
Cng T ey T < —
% }f[ [n]q [n]q 27 ?{g_p Cht1 (1_ﬁ)"'(1_%)
<L.W,.@

o Cyphtl k7

and the proof is completdl

Proof of Theoren2.3. To prove the theorem, we need the following modificationldf [
Lemma 1].

Letq > 1andf : [0,1] — C be a bounded function, such thae C[0,a], 0 < a < 1.
Then
(3.5) lim By, q (f;q~™) = f(¢"™) for all ¢~™ € [0,a].

n—oo

Indeed, we write

B, \q f7 Z f < > pn,nfk(Q;Z)
k=0

q
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and observe that
Prn—k (G3¢7™) =0 for m <k,
and
nlln(}opnv"*k (q;qu) =0 for m >k,
while

lim pnp-m (¢7") = 1.
n—oo
Sincef is continuous ag~ ", the statement follows.
Let K C {z: |z] < a} be a compact set. ChooBe< 1 < p < a in such a way that
K C {z:]z| < n}. Theorem2.1limplies that for|z| < 7, we have

C

" C
Bug(f;2)| <) =" < ——.

That is, the sequendgB,, ,(f; z)} is uniformly bounded in{z : |z| < n}. In addition, by
(3.5 the sequence converges to the functfgranalytic in{z : |z| < n} on the set{¢~™}
having an accumulation point ifx : |z| < n}. By the Vitali Theorem (see, e.g1%, Chap. V,
Sec. 5.2]), the sequence convergeg tin any compact set i : |z| < n}, and in particular
onK. [l
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