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1. INTRODUCTION AND STATEMENT OF RESULTS

This paper is concerned with the estimation of the L; norm of the difference
between a function of bounded variation and an associated Bernstein
polynomial, and with the analogous problem for a Lebesgue integrable
function of bounded variation inside (0, 1). A real-valued function defined
in the open interval (0, 1) is said to be of bounded variation inside (0, 1)
if it is of bounded variation in every closed subinterval of (0, 1). The class
of these functions will be denoted by BV*. To formulate some of the results,
we state the following lemma, which is a simple consequence of the well-
known canonical representation of a function of bounded variation.

LemMA 1. A function f is in BV* if and only if it can be represented as
f=fi —f;, where f, and f, are nondecreasing real-valued functions on (0, 1).
Moreover, if € BV*, the functions f; and f; can be so chosen that, for
0 < x <y < 1, the total variation of f on [x, y1 is the sum of the total varia-

tions of f; and f, on [x, y]:
f=h—f, Var,/ = vargfi + varg,a/fs . (1)

If fis finite in the closed interval [0, 1], the associated Bernstein polynomial
of order n, denoted by B, f, is defined by

Bof () = 3 F(ifn) pus0), 2
i=0
where
pait®) = () 1 — 2. 3)
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348 HOEFFDING

For f Lebesgue integrable on (0, 1), we shall use the modified Bernstein
polynomials P, f(x) = d/dx B, F(x), where F(x) = fﬁ f(y) dy. Explicitly
(see Lorentz [1, Chap. II)),

(i4+1) /(n41)

Pof(x) = 2 1 [ F)dy pa) )
For fe BV*, let
I = [ 0= ] ) 5)

If f is represented in the form (1), we have J(f) = J(f) + J(fo). If fis
nondecreasing,

) = [ 0= 0P @) = [ f@x = DxA - ©

THEOREM 1. If f is a Lebesgue integrable function of bounded variation
inside (0, 1). then

[[1 Pt ) = fl s < GO0, M)

where
C, = 22(n + Hr3(n 4 1)1 < (2/e)ti2n-1/2, (8)

Equality holds in (7) if and only if f is constant in each of the intervals (0, a)
and (a, 1), wherea = (n + )t ora =1 — }(n + 1)~

THEOREM 2. Let f be a step function with finitely many steps in every
closed subinterval of (0, 1), and such that the functions f, and f, in the represen-
tation (1) are Lebesgue integrable. Then

lim 7 | Puf(s) — £GOl d = QI IO, ©)

irrespective of whether J(f) is finite or infinite.

Theorem 1 shows that the finiteness of J(f) is a sufficient condition for the
L, norm of the approximation error to be of order n~1/2. Theorem 2 implies
that the latter is guaranteed only if J(f) is finite when no restrictions beyond
fe BV* are imposed. It also shows that the upper bound in (7), with the
numerical constant (2/e)*/* reduced to (2/w)'/2, is asymptotically attained
for every fixed step function of the specified type.

If f is nondecreasing, the condition J(f) << oo is stronger, but not much
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stronger than square integrability of f Explicitly (see [2, Appendix]), if f
is nondecreasmg, J(f) < oo implies L, f3(x)dx < oo (but not conversely),
and _[ofz(x){log(l + | f(x))P® dx < oo for some & > 0 implies J(f) < co.

If £'is nondecreasing and square integrable, we have for n > 2,

[ 1 Puf ) = £ dx < Clrttog m ] Fwa) a0

where C is an absolute constant. The proof of (10) is sketched at the end
of Section 2.

If fis convex, (10) is true with log n removed (as can be shown by means
of Jensen’s inequality).

Concerning the Bernstein polynomials (2), Theorem 1 immediately implies
the following. If F is the difference of two convex, absolutely continuous
functions on [0, 1] and if J(F) is finite, then vary ,)(B.F — F) = O(n~1/%).
(I am indebted to Professor G. G. Lorentz for this observation.) We also
have the following analogs of Theorems 1 and 2.

THEOREM 3. Let f be of bounded variation in [0, 1]. Then

[[1B.7(0 = 50l dx < Cul(H) + 0+ D vargo(F), (1D
where C,, is given by (8).

THEOREM 4. Let f be a step function of bounded variation in [0, 1] with
finitely many steps in every closed sub-interval of (0, 1). Then (9) holds, with
P, replaced by B, .

The upper bound in (I11) can not be replaced by Cn1/2J(f) with C an
absolute constant, as the following example shows. Let f(x) =25 if
0<x<a, <l, f(x) =c (b) if a, <x <1, where a, =o(n™). By a
simple calculation,

[ 1Buf = flds = b=l 4 o), J() =16 =l @+ o)

Hence n'/? j'z | Bof — f| dx/J(f) ~ (na,)1/% — oo,

2. PROOF OF THEOREM 1

The modified Bernstein polynomial defined by (4) may be written in the
form

Puf® = [ Kl DI, (12)
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where
Kn(xi y) = (n + 1)pn,[(n+1)y](x) (13)

and [u] denotes the largest integer << . We note that

f K, (6, y)dy — 1, f Ko, ) dx = 1. (14)
(1] 0
Let
1
Ha(xw) = [ Ku(x, ) dy. (15)

A simple calculation shows that for x, u € [0, 1),
H,(x, u) = 8,(4) Gy t(nrnuls1(X) + (1 — 8,(«)) G ftnin (), (16)

where

S) = (n+ Du—[(n- 1)ul, a7

Gor) = Y pus(x) = n fo Poasa@dt,  k=1l.,n  (18)
i=k

and Gn,o(x) = 1, Gn,n+1(x) =0.
Let x € (0, 1) be a continuity point of /. We have, from (12) and (14),

Puf®) — 100 = [ Kl D) = S0 dy
— [ K [ G iy + [ Ko [ dr ay
— [ [ Kamydvdr + [ [ Kty dv df
Since [y Kn(x, y)dy = 1 — H,(x, u), we have

Pf®) — ) = —[ (1 — e ) ) + | HewdfG. (9)

Hence

[L1pae = s s < [ 71— )] a5 e
- [ [ Ml ) de

— [ Doy i (20)
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where
D)= | 1 (1 — H, 0 ) dx + | 0 H,(x, u) dx. Q1)
Therefore,
[ 1 Paf0) = £ dx < €I, (22)
where
Co = sup wA(1 — ) D). 23)

From (15) and (14), it is easily seen that

D, =2 " H,(x, u) dx. (24)
0
We now show that
Dn(u) = 2”(1 - u)pn.[(n+l)u](u)' (25)

For k<(n+VDu<k-+1 (k=0,1,.,n), we have [(n | 1) u] = k,
1 —38,(u)y=k-+1— (n+4 1)u, and, by (16) and (18),

Ho(x, ) = Gppa(x) + (K +1 — (n 4+ 1) 1) pp i{x).
Hence it is sufficient to show that the function

£0) = [ Guan@dx + (k41— 0+ D) [ pra s — ull = 1) pr.al®)

is identically zero.
It is easy to verify the identities

u(l — 1) plo,pu) = (k — mu) py,u(u),

upn(U) = npp () — npp_y 1 (u).
Hence

£ = Grn@) — (14 1) [ pus dr - (41— (0 + D) prst®)
— (1 = 20) P — (1l — 1) Pl
= Gaa@) = (14 1) [ poal) d + upy ),

8" W) = npu1,x@) — (n + 1) pr (W) + pup(@) -+ uph (u).
Thus g"(1) = 0, and since g(0) = g'(0) = 0, identity (25) is proved.
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For [(n + 1) u] = k fixed, u?2(1 — w)'/? p, 1(u) = (}) uF+1/3(1 — y)n-*+1/2
attains its maximum at u = (k +- })/(n -+ 1). Hence, by (25),

w21 — u) 12 D(u) = 2ul(1 — u)/? p,, (1)

<2 (Z) (k + HF2n — k + Pkt (n + 1)1

— k),  say. (26)
Now

ealk + 1) _ n—k (k+ PP —k— P FR)

calk)  k+1 (k+ DM —k+ PR Fin—k — 1)

where
FO) = (k + 8437 (k + 1) (k + ).

It is readily seen that

L 1og Fk) = logk + 3) — log(k + 1) — (k + 1)

is positive for k == 0. Hence F(k) is strictly increasing. Therefore

Jmax cn(k) = ca(0) = colm) = 212(n + P12 + 1=t (27)

Also, the left-hand side of (26) is equal to ¢,(0) if and only if u = i(n + 1)
oru=1—4n-+ 1)-* Thus C,, as defined by (23), is equal to the expres-
sions in (27). By (20), equality in (22) can hold only if f takes two values
and the saltus is at (n + 1)~ or 1 — (n + 1)~L. A direct calculation shows
that equality does hold in this case.

The inequality in (8) is easily verified, completing the proof.

We now indicate the proof of inequality (10). It has been shown that
D, (u) < (2/e)r2 n—21%22(1 — u)*/2, Hence, if fis nondecreasing,

[ D) d | )] < Qo) it | Al — e df ).

Integration by parts and application of Schwarz’s inequality show that the
right side does not exceed

Cn—1/2 (log 1 : 5)1/2 (Jlfz(u) a’u)l/2

for 0 <<e << 1/3. If we set € = (n + 1), the remaining contribution to
f(l, D, (u) | df (u)] is of smaller order of magnitude, and (10) follows from (20).
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3. PROOF OF THEOREM 2

For convenience of notation, the proof will be given for a step function f
with finitely many steps in every interval (0, 8) with 8 < 1. For the general
case, the proof requires only trivial modifications. It is irrelevant how f is
defined at its points of discontinuity, and we may assume that

f(x) = bj if a_; <X < a, j = I, 2,..., )
. (28)
0= a, << a, < v, hm a; = 1.

Fiadeel
Let
L(x,u) = H,(x,u) — 1 if 0<u<<x<l,

. (29)
L(x, u) = H,(x, u) if 0<x<u<l,

and let m be a fixed positive integer. By (19), if x €(0, 1) is a continuity
point of f;

P~ f0) = ¥ L )b —b)+ [ L) d@.

.
[P0 — Wl = a4 Ry, 181SL GO)

where
4, = | 0'" glln(x, )iy — by) | dx, (31)
Ro= [ [ 710Gl dx ] dfl. (32)

From (16) and (18) we obtain by straightforward calculation,
1
f (x — w2 d,H,(x,u) < 3u(l —u)ni, O0<u<l.
0

Hence, if 0 < x < 4,

Hy(x,w) < (u—x)7° F (u— yP d,Ha(y, u) <3u(l —u)u — x)*n .
0

For u < x < 1, we have the same upper bound for 1 — H,(x, u), so that

| 1,(x, w)| < 3u(l —u)u — x)2n 0<x, u<l. (33)
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From (32) and (33), we have

Ry < 3 — @)t | (1= 1) | 1)

The last integral is finite since f; and f; in (1) are Lebesgue integrable. Hence
R, = O(n™) and

[ Par) = 1l dx = o + 00, (34)

Leta; ; < x < (a;_; + a;)/2. Then, by (33), I,(x,a;) = O(n V) ifi #j— 1,
uniformly in x for i = 1,..., m. Hence

8

L(x, a)(biy — b)) = (Hy(x, ;1) — 1)(b; — b;_y) + O(nY)

i

I

a;4 + a;

if a4, <x< 5 , (35)

for j = 1,..., m, uniformly for x € (0, a,,). (For j = 1, the first term on the

right is zero.)
In a similar way, it is seen that

Y. L(x, a)(bisy — b)) = Hu(x, a))(b;sy — by) + O(n™?)
ia
;1 + a

if 5 <x <a;, (36)
for j = 1,..., m, uniformly for x € (0, a,,).

It follows that

m (a;11+e;)/2
Ay =Y Ib;—biy | (1 — Hy(x, 4;0) dx
{J=2 @41
+ Y Ib — bl | Hy(x, @) dx + O(n™).  (37)
j—1 (aj_y+aj;)/2

Another application of (33) shows that if the upper limits of integration
in the first sum in (37) are replaced by 1 and the lower limits in the second
sum by:O, then a term of order »1 is added. Hence

m—1 1 aj
A=Y Ibja— by || (1= Hxa)ds+ [ Hixa)dx
J=1 aj 0

b — b | [ Hulox, @) dx -+ O, (%)
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With (34), (21), and (24), we thus have

a

[P = 1) ds = T Dufa) b = b

+ D) | byuss — b | + O(n™h). (39)
For u € (0, 1) fixed, we have by (25) and Stirling’s formula
D,(u) = (2fm)"* n72 2t 31 — w4 o(n=/?).

Inserting this expression in (39) and recalling (28), we obtain

[ 71 Pur) = f00l dx = @impr et [ TR — 52 o)

A [ = 9 ] o)

@m

(40)

If J(f) = oo, the first integral on the right side of (40) may be made as
large as we please by choosing m sufficiently large, and (9) is proved in this
case.

Let J(f) < oo. Given a positive €, choose 7 ==r7(e)e(0, 1) so that
ﬁ, xV¥(1 — x)12 | d f(u)| < e and so that 7 is not a point of discontinuity
qff. Let f;(x)~=f(x) if 0 <x<m, A(x)=f(n) if n <x <1, and let
Jo(x) = f(x) — fy(x). Then

Jf)y=Jf) +JIf2  Jf) <e

and ﬁj P.f—f| dx differs from [y | P,f, —f; | dx by at most [ | P fo—fa | dx.
Since f; has finitely many steps, (40) with f = £; implies

1 . N 2812

i 1/2 — = (=

lim 2 [ | Pufy—filde = (Z)" I,
By Theorem 1,

nl/2 f : | Pofo — fol dx < 2[)12 J(fy) < (2]e) /2.

Since € is arbitrary, these facts imply (9). The proof is complete.
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4. PROOF OF THEOREMS 3 AND 4
Since a function of bounded variation can be represented in the form (1),

and [|B,f— fldx < D [ | B.f; — fi | dx, we may assume in the proof
of Theorem 3 that fis a nondecreasing function. By (4),

Puf@ = ¥ copni cni= 0 [ )y
Since f'is nondecreasing,

i i+ 1 I g1 i+ 1
f(n+1)<c"’i<f(n+l)’ f(n+1)</(7)<f(n+l)’
i=20,.,n

Hence | ¢, ; — f(i/n)] < f((i + D/(n + 1)) — f(i/(n 4+ 1)) and therefore

~ : cnz—f(%)

[1Puf@) = Bufldx < 3 |

Pni(X) dx

<LV e
= varp,(f)(n + 1)~ (41)

Inequality (11) now follows from
[ 1Bur 0 = 70l dx < [[ | Pt — 09l di + [ Buf ) = PufCol ds

and Theorem 1.
The conditions of Theorem 4 imply those of Theorem 2, and Theorem 4

follows from (9) and (41).
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