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1. Introduction

The Stirling numbers of both kinds and the Bernoulli numbers of both kinds are among the most interesting and impor-
tant sequences in mathematics and have numerous applications in combinatorics, number theory, numerical analysis, and
other fields. The Stirling number pair is (S(n, k), s(n, k)), where s(n, k) and S(n, k) are the Stirling numbers of the first and
second kinds. Analogously, the Bernoulli number pair is (By, b,), where B, and b, are the Bernoulli numbers of the first and
second kinds. In this paper, we will make a systematical study on various number pairs analogous to the Stirling number
pair and the Bernoulli number pair.

Let

fo=Y fis
i=0 :

be a formal power series, then the order o(f(t)) of f(t) is the smallest integer k for which the coefficient of tX does
not vanish. As showed in [15, Section 1.12], the series f(t) has a compositional inverse, denoted by f(t) and satisfying
F(F®) = F(f®) =t, if and only if o(f(t)) = 1. We call any series with o(f(t)) =1 a delta series.

Given a delta series f(t) =Y 2, fiti/i! and its compositional inverse g(t) = > git'/i!, Hsu [21,22] introduced the
generalized Stirling number pair (§(n, k), s(n, k)), where §(n, k) and S(n, k) are defined by the following generating functions:
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1 k ~ tn
f(t) ZS(n k)— and H(g(r)) =Zs(n,k)a. (1.1)

n=k n=k

We may call $(n, k) and S, k) the generalized Stirling numbers of the first and second kinds.
Let f(t) =e' —1 and g(t) = log(1 + t), then the pair turns to the classical Stirling number pair (S(n, k), s(n, k)). Let
f® =t/(1—t) and g(t) =t/(1 +t), then the pair turns to

() Go)w)
k—1 k—1)k!
where (z }),—; are the Lah numbers (see [15, Section 3.3]). Various special generalized Stirling number pairs can be found
in Hsu’s papers [21,22]. The readers are also referred to [19,37,39,40] for more results on generalized Stirling number pairs.
Note that the generalized Stirling numbers defined above, say S(n, k), can be viewed as the elements of the exponential
Riordan array (1, f(t)) or of the iteration matrix associated with f(t). The theory of Riordan arrays can be found in the
papers of Shapiro, Sprugnoli, et al. [30,31], and the results on the iteration matrix can be found in Comtet’s book [15, Sec-
tion 3.7]. Close relations between Riordan arrays, iteration matrices, Sheffer sequences, binomial sequences and generalized
Stirling number pairs are demonstrated explicitly in [19,37].

On the other hand, for the delta series f(t) and its compositional inverse g(t) given above, we can define the generalized

higher order Bernoulli number pair (EAS,(,IZ), B,(f)), where 3,(12) and 13,(12) satisfy the following generating functions:

z 00 n z 00 n
<ﬂ> = ZB,&”I—’ and <‘(’i> = ZB,&Z”—‘. (1.2)
f® - go/) =
The numbers IAS,(f) and B,(f) may be called the generalized higher order Bernoulli numbers of the first and second kinds, or more
explicitly, the higher order Bernoulli numbers of the first and second kinds associated with the delta series f(t). Additionally, the
numbers B, := l§,(1]) and Bn = B,ﬁ” may be called the generalized Bernoulli numbers of the first and second kinds.

Within our knowledge, Carlitz [8,9] was the first to seriously consider generalized (higher order) Bernoulli numbers
and he was mainly interested in arithmetic properties of them. Clarke [14] and Adelberg [2] introduced respectively the
universal Bernoulli numbers B, and the higher order universal Bernoulli numbers Bﬁlz). Let the “universal” power series F(t)
be defined by F(t) .=t + Z;’i] c,—ti+1/(i + 1) where cq, ¢y, ... are indeterminates, and let G(t) := F(t) be the compositional
inverse. Then B, and B are defined by

b oy t\* 2ot
m = Bnm and <G(t)> ZBH n!.
n=0 n=0
From the definitions, it is clear that the (higher order) universal Bernoulli numbers are essentially the generalized (higher
order) Bernoulli numbers. For more results on universal Bernoulli numbers, the readers may consult [3,4,34,35].

If f(t)=e'—1 and g(t) =log(1 + 1), then the corresponding Bernoulli number pair is (Bﬁ,z),bﬁ,z)). The B,(f) are just the
classical higher order Bernoulli numbers, which are also called Noérlund polynomials [27, Chapter 6] (see, e.g., [1,11,25] for
various properties). Setting z =1 gives the famous Bernoulli numbers (of the first kind). The b,(f) are called the higher order
Bernoulli numbers of the second kind and the b, := b,(f) are the Bernoulli numbers of the second kind. Some care must be
taken here because the (higher order) Bernoulli numbers of the second kind are frequently defined as b, /n! (or correspond-
ingly, bflz)/n!) (see, e.g., [24, pp. 265-287] and [10,20,25]). Our definition of B,(f) coincides with Roman’s [29, Section 3.2]
and will bring us more convenience.

Now, given two delta series f(t) and g(t) with f(g(t)) = g(f(t)) =t, we have two pairs

(S, k),5(n,k)) and (Eﬁ,z),ﬁff)).

Since there are many studies on generalized Stirling number pairs, in this paper, we give emphasis to generalized higher
order Bernoulli number pairs.

In Section 2, we show that the generalized Stirling numbers and the generalized higher order Bernoulli numbers are
essentially the Bell polynomials and the potential polynomials. Section 3 gives some special generalized Stirling number
pairs and the corresponding generalized higher order Bernoulli number pairs. Sections 4 and 5 are devoted to the expres-
sions and recurrences of the generalized higher order Bernoulli numbers. Sections 6 and 7 present some relations between
the generalized higher order Bernoulli numbers of both kinds and the corresponding generalized Stirling numbers of both
kinds. Finally, in Section 8, we establish the relations between any two generalized higher order Bernoulli numbers. It can
be found that the study of generalized higher order Bernoulli number pairs and generalized Stirling number pairs provides
a unified approach to many sequences in combinatorics. As a consequence, many results obtained before are special cases
of ours.
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2. Bell polynomials and potential polynomials

Essentially, the generalized Stirling numbers and the generalized higher order Bernoulli numbers defined in Section 1
are the Bell polynomials and the potential polynomials, respectively.

The exponential partial Bell polynomials [15, pp. 133 and 134] are the polynomials

Bnk=Bnr(x1,%2,...)

in an infinite number of variables x1, X2, ..., defined by the series expansion:
(& )\ & t"
i ZX’"E :ZBH,W, k=0,1,2,....
m=1 n=k

Their exact expression is

n! x1\/x2\
By r(x1,%2,...) = Z W(1‘> (5 tre, (2.1)

o (n,k)

where the summation takes place over the set o(n,k) of all partitions of n into k parts, that is, over all integers
€1,€2,€3,... 2 0, such that ¢1 +2c2 +3c3 +---=n and ¢; + ¢z +¢3 +--- = k. Thus, the generalized Stirling numbers,
say S(n, k), are equal to B, k(f1, f2,...).

Let f(t):=) 2, fit'/i! be a generic delta series. For each complex number z, define the potential polynomials P,(lz) by

00 (n © i z
@t _ -
n=1 i=1
Denote P((,z) :=1, then according to [15, p. 141, Theorem B], we have

PE = PO (1, foreoos i) = > @iBuk(frs f2.- ). (22)

k=0
By the definition of the potential polynomials, it can be found that

. -z
~o [T St t fimn 0N o 2 f3
= [n!](f(r)) [n' +Z i+nni) = \apan 23
where [t"/n!]H(t) =n![t"]1H(t) and [t"]H(t) is the coefficient of t" in the power series H(t).

3. Some special number pairs

In this section, we give some special number pairs. Each of the pairs is related to a delta series f(t) and its compositional
inverse f(t). For clarity, these pairs are listed in Table 1.

As showed in Section 1, the classical Stirling number pair (S(n, k), s(n, k)) and the classical higher order Bernoulli number
pair (B(Z) b,(f)) construct an example. They correspond to the delta series e! —1 and log(1 +t), and are given by entries (A1)
and (A2) of Table 1.

In [12], Carlitz defined the degenerate Stirling numbers of the second kind S(n, k|A) and the higher order degenerate

Bernoulli numbers of the first kind ﬁ,ff) (1), by means of

((1 Y —1 ZS(n k|A)—

n=k

<7) N
(1417 —1 = n!

respectively. These give us entry (B1). The compositional inverse of (14 At)1/* — 1 is ((14t)* — 1)/, from which we can
obtain entry (B2). It is obvious that when A — 0, (B1) and (B2) will reduce to (A1) and (A2), respectively.

Entries (E1), (E2), (F1), (F2), (G1) and (G2) are in fact special cases of (B1) and (B2). However, they are of particular
interest.

and
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Table 1
Several generalized higher order Bernoulli number pairs and the corresponding generalized Stirling number pairs.
f@ f® S(n, k) or $(n, k) B® or b
(A1) et —1 S(n, k) B®
(A2) log(1 +1) s(n, k) b?
(B1) A+20% —1 S, kIn) B2 0
A —
(B2) G-t s kin) =" S(m,kI$) a? =" (1)
(c1) tet (R)kn=* (=2)"
(€2) (tet)=1 (=)= hnn* 2(z—n)*1
(D1) 2sinh & T,k = (BN (=% BY (%)
(D2) 2 arcsinh{ ¢, k) = (=) B™ () =2 gli=d(n_z)
if z#n;

By if z=n, n is even;
0 ifz=n, nis odd

(E1) s Ln k= (-0 D@ =B (-1)

(E2) . (—DprkEzho @n = (—1)"BP(=1)

(F1) t—t? (G Vil TR (2 = (=4"B” (3)

(F2) gt e ) —zn =D =" @
(G1) 2t + 12 (L= C2h 7@l

(G2) VIFi-1 DB O ) D=l 221 = 3160 (2)

With some computation, we can verify entries (E1) and (E2), which are the A = —1 case of (B1) and (B2). Note that
the generalized Stirling number pair is now (L(n, k), (—1)"¥L(n, k)), where L(n, k) = (" ])% are the Lah numbers. The
corresponding generalized higher order Bernoulli number pair is ((—1)"(2)n, (2)n), wWhere (z), are the falling factorials
[15, p. 6, Eq. (4f)] defined by (z)o=1 and (z),=z(z—1)---(z—n+1) forn>1.

Entry (F1) can be obtained directly. Note that (z), are the rising factorials [15, p. 6, Eq. (4g)] defined by (z)g =
1 and (z2)p =2(z+ 1)---(z+n —1) for n > 1. To obtain entry (F2), we may use the Lagrange inversion formula
[15, Section 3.8, Theorems A and B]:

Lemma 3.1 (The Lagrange inversion formula). Let f(t) be a delta series and f(t) be the corresponding compositional inverse, then for
any formal power series ® (t) we have

o(f ) q>(0)+2 t"1¢(t)(f(t))

Equivalently, for positive integer n we have

[elo (o) = 1o o 12) G

Particularly, if @ (t) = t¥, where k is a nonnegative integer, then (3.1) reduces to

el =K (12) 32)
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By appealing to (3.1) and (3.2), we derive for n >k > 1 that

n _ — k a1 _ L
§(n,k)=[t_]l<1_ “‘“) _“_’E[tn—k]<t r) _ @ 1)!<2n k 1)7

n! | k! 2 T k!'n t T k=1!\ n-1

and for n > 1 that

- ¢n 2t z z z [(2n—z—1
b(z) = | — _— = —7n' tn_l 1 —t z=1-n = —7]1‘ .
! nl J\1—1—4t n (a0 n n—1

Thus, entry (F2) is obtained (see also [15, Exercise 3.21(2)]). As a by-product, we have

1/\_1) 1 2n
—bhV = — =Cp,
n " n+1<n) !

where C, are the famous Catalan numbers [18, p. 203].

In a similar way, entries (G1) and (G2) can be verified. Note that the generalized Stirling numbers given by (G1) and
(G2) can be found in [15, Exercise 3.7].

Entry (C1) can be obtained directly, and entry (C2) can be verified by means of the Lagrange inversion formula. Note that
S, k) = ()k"~* in (C1) are the idempotent numbers (see [15, p. 135, Theorem B]), and |$(n, k)| = (Z:})n”*k in (C2) are the
numbers of planted forests with k components on the vertex set [n] (see [33, Section 5.3]).

Finally, let us verify entries (D1) and (D2). The generalized Stirling numbers T (n, k) and t(n, k) are called central factorial
numbers, which were studied systematically by Butzer and his cooperators [6,7]. As evaluated by Mathematical Reviews,
“the central factorial numbers are at least as important as Stirling’s numbers, if judged by their performance in expansions”.
To obtain the explicit expression of T(n, k), note that sinht = (e —e™*)/2, then

i A L il I T
T(n,k):[m]H(ZSlnh§> :[E]E(ez—e 2)

—k
_Tl! n—k t —ke (MY (b k
—al () =R (-5).

where Bﬁ,z) (x) are the higher order Bernoulli polynomials defined by (for details, see [26, Section 2.8] and [32, Section 1.6])

t z oo (Z) tn
(et—1> =Y "B 00— (It] < 27).
n=0 ’

Similarly, we have é,(f) = Bf,z) (z/2). By means of the Lagrange inversion formula, we can also find that

n—1 n
t(n, k) = <k - 1)3,(1'?,((5).

To obtain lA),(f), more computation is required. According to the Lagrange inversion formula and the expansion

cosht 1 iZZ”BZH

2n—1
= Sinht t any ¢ (0<ltl <)

n=1

of the hyperbolic cotangent [38], for n > 1 we obtain

n z s ENZ ioh BN T
Bgz)z[f_}< t ) =(n_1)![t“—1](£(25mh2> )<Zsmh2>
n! |\ 2 arcsinh 5 de t t
"1 7 /2sinh 5\ 1 t 1
_Z_(n—l)!_( ¢ ) (Ecomi_?>

_ tn_] T > (n—2) n—=z ti s szt2j71
_Z_(n—l)!_<ZBi < 2 )F>(]§ @)

i=0

i tn71 1 =2 l (n—z) (M — z t171
Z_(n—1)!_§2:(,0 (z) i ( 2 ) AT

1

_Z t" ad B(n72+‘1) n—z lB(n,Z) n—=z B(niz) n—z t,
=l 2B ) B ) BT ) )
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Therefore, b(z) 0 and

-z _pf{n—z
b(Z) B(n z+1) _B(n 2) _B(n 2)
n 2 )t o n 2

for n > 2. Since (see [29, Eq. (4.2.7)])
B () = (1 —g)sﬁ‘%an( )B“’) X (@#0),

then for n > 2, we have h? = n_—_ZZBﬁlnfz)("z;Z) if z#n and b = B, if z=n. Making use of the facts that Bgz)(g) =0 and
Bn =0 when n=3,5,7,..., we can obtain the final result.

In the following sections, we will study the properties of the generalized higher order Bernoulli numbers and the rela-
tions between the generalized higher order Bernoulli numbers and the corresponding generalized Stirling numbers. We will
also apply the general results obtained later to the special number pairs given in this section. All of these general results

have dual forms by the substitutions E’ﬁ,z) = Bﬁ,z), S (n,k) = 5(n, k) and f, = g,. However, for simplicity, most of the dual
results will not be presented explicitly.

4. Expressions and recurrences

Theorem 4.1. For integer n > 1, we have the expression

@ z fa f3\“ farr \™
0 3 I I N R 1)

k=0 o (n,k)

—Z
€1,€2,...s Cn

—Z _ (_Z)C1+C2+“'+Cn
€1,€2,...,Cn cilep!--cp!
Proof. By appealing to Egs. (2.2) and (2.3), we have

By Z( 2B nk<2f; 3]:3 )=Z<—z)kf;k8n,k<%%..)

k=0

(- Z)kf1 ‘n! (f2\( 3\ farr \™
ZZ cilcy!- <2') <?> "'<<n+1)!) ’

k=0 o (n,k)

where ( ) are the multinomial coefficients defined by

which is just (4.1). O

For example, the classical Bernoulli numbers B, satisfy

n
k 1
_ |§ E _1\k
B =n! =D (c1,c2,...,cn>2!C13!52---(n—i—l)!cn

k=0 o (n,k)

and the Bernoulli numbers of the second kind b, satisfy

1

k
b, =n! 1)n—k - -
" HZZ( ) <c1 cz,...,cn>2513f2~-(n+1)fn

k=0 o (n,k)

Based on Theorem 4.1, the following special values of the generalized higher order Bernoulli numbers can be obtained
without difficulty:

2 2
é(()z) _1. égz) f2 5@ _ fizzz n < f5 f3 )

T2t 7 Tagt e A

é;z) -Cf 3—}—(—&—{-@)2 +<_f_23+f2_f3_£>z.
8]

8ff  2f} af = 2f2  4h

Setting f, =1 and f, = (—=1)"1(n — 1)! respectively, we can obtain some values of the classical higher order Bernoulli
numbers of both kinds (see Liu and Srivastava’s paper [25]).
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From the special values, it can be seen that l?,(.,z)

Aot (fONT_ o~ fix1 O
2B n!_<f1t> _(1+Z(1+1)f11'>

n=0

are polynomials in z. In fact, we have
-z N\
Sl
PN (+Dfi)
Let

_ - f1+] f!
Fo= Z (i+1)f1 i’

then deg, F(t)/ > j, which indicates that

=[5 o I
j=0 j=0

Therefore, 3,(12) are indeed polynomials in z of degree not greater than n. Moreover, since

el o1 ()

then we have deg, B”’ =n and [2"1B? = (- fo/(2f1))" when f, #0.
We now determine the general coefficients of E,(f). Let o(n, k) = [z"]ﬁ,(,z) for 0 <k <n and define the associated Stirling
numbers A(n, k) related to the delta series f(t) by

(f(t) ~ fut)* Z An, k) (42)

n=2k

then the next theorem can be established.

Theorem 4.2. We have

n
BY = Z o(n,k)z*

k=0

and

o k) =(-1) Zn G, kA®M+ . J), (43)

(+)‘

where s(j, k) are the classical Stirling numbers of the first kind and A(n, j) are the associated Stirling numbers defined in (4.2).

Proof. Based on the generating functions of f?,(,z) and A(n, j), it can be found that

- EJ) N )
R U AVIG) nt J\1+ 4:(f 0 - fi0)

-2 -1 (”j:_ 1)(f(r) — fat) fy e

n!

15
YRR = N
=) Z(‘E) Z+j—1); ZN"J)T
j=0 n=2j
1 f<z>
=3(5) e i

j=0
Because (see [15, p. 213, Eq. (5f)])

j
2)j =Y (=) *s(j. k2",

k=0
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we have
BY = Xn:<_l>j”—!/\(n +j j)Xj:(—l)j_ks(j k)z
pard fi) i+ j)! pars
n n . !
=Z(<—1)"fof @ ij),su,k)A(nH,j))zk.
k=0 j=k ’

This completes the proof. O

Similarly, let t(n, k) = [zk]l;,(f) for 0 <k < n and define the associated Stirling numbers a(n, k) related to the delta series
g(t) by

oo

1 I P
E(g(t) — glt)< = Z a(n,k)ﬁ.
’ n=2k :
Then
~ n n n -
b,(—lz) = Z ‘C(Tl, k)Zk = Z((—l)k Zg;] ms(jv k)a(n + j’ j))Zk. (44)
k=0 k=0 j=k 1)

When f(t) =e' — 1 and g(t) =log(1 +t), the above results (4.3) and (4.4) will reduce to the ones due to Liu and Srivastava
[25, Theorems 1 and 3].
Next, let us establish some recurrence relations for the generalized higher order Bernoulli numbers E,(f).

Theorem 4.3. For n > 0, we have

n
~ n A~
@-mfBP =2y (})LH+4BK+”. (4.5)
k=0

Proof. Differentiate with respect to t the generating function of f?,(f) and then identify the corresponding coefficients. O

Theorem 4.4. For integersn >0 and | > k > 1, we have

n -1
Z(";’l>§(n+l_]’,z)é§.") =f{<(”:l> (;{) Sm41—k,1—k). (4.6)

j=0

Proof. Consider the equation
FON'( AN (fo\T*
<7¥>(ﬁ8)‘<7¥> ' (4.7)

fm)’ DS, S 3mLh e
)= NSy =2V
(e) = 7 230052 g

n=0

Since

then by extracting the coefficients of t"/n!, we obtain from (4.7) that

i(n)§(n—j+l,l)é(k)_§(n+l—k,l—k)
i —j+l i — 1
/A G A T

which is equivalent to (4.6). O

)

j=0

Corollary 4.5. For integersn > 0 and | > 1, we have

n

I 4 A I .
Z(nj)S(n—i—l—j,l)Bj:f1$S(n+l—1,l—1). (4.8)
=0
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For integersn > 1 and | > 1, we have

n+l ~
Z( + >5( n+l—j, l)Bg.l):O, (4.9)
o
n

n+1

< )an ]B]—O (4.10)
i

Proof. The substitution k = 1 in (4.6) gives (4.8). Since S(n, 0) = 8n,0, then the substitution k =1 in (4.6) gives (4.9). Setting
further [ =1 in (4.9) and taking into account that Sm,1)= fn, we finally obtain (4.10). O

5. Applications of the results in Section 4

Example 5.1. For entries (A1) and (A2), Theorem 4.3 gives

( n)B(Z) _ZZ< ) (ZJrl)’ ( n)b(z) _ZZ( 1)n k (ZJrl)’

k=

and Theorem 4.4 gives

-1
Z(”j)smﬂ—u)s“‘) (n:l)<ll<> St+1—k,I—k), (5.1)

j=0

"+l n+0\ /N

Z( ; )s(n+l—j,1)b§")=< ) ><k> sm+1—k1—k), (5.2)
j=0

where n >0 and [ > k > 1. The following are special cases of (5.1) and (5.2). For integers n > 0 and [ > 1, we have

n
I I
Z(”j )5(n+1—j,1)3,:$5(n+1—1,1—1),

j=0

1+l

Z( , )s(n+l j.hbj= s(n+l 1,1—1). (5.3)
— J

j=0

For integers n > 1 and [ > 1, we have

n

1
) :<”+ >5(n+1 inBY =0, ("J.r >s(n+1—j,z)b§.’>:o
° ] : J
=0 =0

n

Z(T)Bf:o, Z<nfl>( D" = j)tb; =0. (5:4)
j=0

j=0

Identity (5.3) was given by Agoh and Dilcher [5, Theorem 5.1]. The first identity of (5.4) is a well-known recurrence of
Bernoulli numbers (for example, see [18, p. 284, Eq. (6.79)] and [24, p. 233, Eq. (7)]). Similar results can be obtained for
entries (B1) and (B2); however, we chose not to present them here.

Example 5.2. For entry (C1), applying Theorems 4.3 and 4.4, we have

Z( n"- ’<< )(n—i—l—k)(z—H)"
2 (”.)t"—f (kY =~k
J

j=0

It is obvious that these two equations can be derived immediately from the binomial identity. For entry (C2), Theorem 4.3
gives
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(z—m"=(z+ 1)2 (Z)(k —n—1"kz4+1-kk1,

k=0

and Theorem 4.4 gives

n
. P
3 (';) (41— NG =R = S =k

j=0
where n > 0 and [ > k > 1. These two equations can also be obtained from the Abel identities [28, Section 1.5, Egs. (13)
and (20)].
Example 5.3. For entries (D1) and (D2), Theorem 4.3 yields

z "om\ 1 z+1
(2) _ (z+1)
e (3)=2 2 (1) (55)
k=0

2|n—k

(n—2) n—k (n—k)'(z+1) (k_z_])<k—z—1>
o ( ) Z(l) <>(”2—")4"-k(z+1—k>3" 2 )

2|n I<

and

For entry (D1), Theorem 4.4 gives

! ! N/
Z nt Tn+1-j.)BP(5) = nt T+1—k1—k).
= J 2 k k

Since T(n, k) = (k)B( “ %), then the above identity turns into

Xn: M\ gto (kg (LY _ ga-n (k=1
£\ 2Pz 70 )

which is a well-known property of the higher order Bernoulli polynomials. For entry (D2), Theorem 4.4 gives

n . -1
n+l\ k . G-l (] —k n+1\ /I
= —i.nB. ER —kI—
E (j)k—ij_l J.DB; 3 e Mk tn+1-k1-k),

j=0

where n >0, | >k >n+ 1. Replacing t(n, k) by (;_ 1)8(“)

n—k

ig(”‘“—k) Ll_k :i n #B(nﬂ—j) n+l—j gU—k j—k
nl—k" 2 S\ == " 2 )7\ )

Example 5.4. For entries (E1) and (E2), we can obtain from Theorems 4.3 and 4.4 the following two identities:

(z B 1) = D" *n—k+ 1)(‘”r 1),
n pard k

B (O )

where the first one can be verified by the Vandermonde convolution formula.

( ), we have

Example 5.5. For entry (F1), Theorem 4.3 gives a trivial result, because now the coefficients f; are all zero for i > 3.
Additionally, Theorem 4.4 yields

ECLIO-()
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which is the Vandermonde convolution formula. For entry (F2), we can obtain from Theorems 4.3 and 4.4 the next two
identities:

z—n{2n—z—1 B 2n +2n: 2n—2k\ (2k—z—2\z+1
n n—1 “ \n n—k k—1 k

k=1
1 [2n+1 I—k 2n+1—k _2”: 2j—k—1\/2n+1-2j k
2n+1\ n @n+1-kl n _j—l ji—1 n+l—j Jj@n+1-2j)’

where n > 1 and [ > k > 1. It can be verified that applying Theorems 4.3 and 4.4 (and, in fact, most of the results in
Sections 6 and 8) to entries (G1) and (G2) gives us the same results.

6. Relations between Bernoulli numbers and corresponding Stirling numbers

We now present some relations between the generalized higher order Bernoulli numbers of both kinds and the corre-
sponding generalized Stirling numbers of both kinds.

Theorem 6.1. For integers n and k with 0 < n < k, the following relations hold:

A Sk, k —n) ok oA
Bl = gk S g ”k_nb,({’ © (6.1)
n

k

n n
k—1 n N
1 3 i —n—1 (+1-k)
= (k—l) ZO< i >gi+]5(k—1 —ik=1-n=g" §<i>gi+lbnn_i : (6.2)
i= i=

n

Proof. According to the Lagrange inversion formula, we have

n k —k
0= (Fig) =nre1(77) =mati e 63

Thus, combining the generating function of $(n, k) with (6.3) gives

B(k) fkk(k n)! [tk] Z 33, k—n)—— {(S(k(kk_ign)
Jj=k—n 4

Combining the generating function of B,(f) with (6.3) gives

) k Ok at\"* Lk
) _ gk n( & N _ pn—k)
Bu”=nify k—n[t ]< t ) &1 2@t &1 k—nb

Now, let us define

k—n oo
(@) = Zaiti.
i=0

Differentiating the above series and identifying the coefficients of ti~1 yield

- k—n i g(t) k—n—1 )
a; = m[t ](T) g (t)a

where g’(t) is the formal derivative of g(t). Hence

() k—n—1
Bg")=n!f1’<[t“]<gt ) g0, (6.4)

from which we can obtain (6.2). O

In fact, Egs. (6.3) and (6.4) were proposed by Adelberg [2, Proposition 2.1], who also pointed out the duality between
the generalized higher order Bernoulli numbers of both kinds. However, the relations between the generalized higher order
Bernoulli numbers and the generalized Stirling numbers have not been given.
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Theorem 6.2. For integers n > 1 and k > 1, the following relations hold:

Sl Stk ko
B(M=J£i%l=gﬂ___ﬁ“> (6.5)
Y n+k
k  n+k—1 -1 n
g n+k—1 A kf
= n 2 ( l. )fn+k_,-s<z,k—1)=nik2 fais1B{' Y (6.6)
( k ) i=0 i=0
n .
_ (20 4k n+k+]) ko o
=g ) (=1’ ———by . 6.7
: ;( )<n—j)( ikt (67)

Proof. Of course, following a similar way to the proof of Theorem 6.1 gives us Egs. (6.5) and (6.6). However, there exists a
more straightforward proof. Replacing k by n+k in Theorem 6.1, multiplying each term by a factor gik/(n+k), and applying

the substitutions E,(.,Z) = B,(,Z), S(n, k) = $(n, k) and f, = g,, we can also obtain the final results. From the proof, it can be
found that Theorems 6.1 and 6.2 are actually dual.

Next, let us verify Eq. (6.7). In [15, p. 142, Theorem C], it is shown that for any complex number z, the potential
polynomials satisfy

oy n PN n+z Z—l—j—]) )
Pp P =Y (-1 (n_j)( i) (6.8)

j=0

thus we have

" AN _m, kK 8O\
B [ Kf(t)) [+k](f()) f’<n+k[t]<7>
o k g(t) —n—k
—& n—|—k[ ](glf)
. _ 2n+k Tl+k+j—1 ~ (=)
B T s

from which Eq. (6.7) can be obtained. O

Combining (6.1) with (6.5) and taking into account the duality, we can see for n > 0 that

N kK ~m— A
B},k):g]—"mb,g” b plo — f1 B(n B (k>nork<—1).

The following four relations also deserve empha51s.
Ak Sk, k —n) ~(k §(k, k—n)
BY = fi—— =gl —

() (%)
B _ Stn+k, k) Alg_k) _ s(m+k, k)
km+ky k (n+k
) g1("¢)
Now, replacing the numbers f%,(.fk) and B,(,_j) in (6.7) by (6.10) and doing some transformations, we can finally obtain the
Schlémilch formula (see [15, Section 5.7, Theorem A] and [22, Section 2, Eq. (14)]):

n—k .
N _ B jn+]—1)< 2n—k>_n] _
smw)_%;(1)< : ke Sn—k+j,j), (6.11)

0<n<k), (6.9)

(n,k=0). (6.10)

n+j—k k

where n >k > 1. In [22, Section 2], Hsu proved that the Schlémilch formula (6.11) is equivalent to the Lagrange inversion
formula (3.2), i.e., they are deducible from each other. Since (6.11) is equivalent to (6.7), then (6.7) is also equivalent to the
Lagrange inversion formula.

Additionally, define Fj(k) = S +k, k)/f{‘ and Gp(k) = (=1)"s(k, k — n)/g’l‘, then F,(k) and G,(k) are polynomials in k.
By the fundamental theorem of algebra, relations (6.1) and (6.5) hold for all k € Z. Thus, replacing k by —k in (6.1) and
combining with (6.5), we obtain

Fn(k) = Gp(—k), forallkeZ,
which coincides with the classical result (e.g., see [1, pp. 12-13] and [16, Proposition 1.2]).
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Theorem 6.3. For any complex number z and integersn > 1 and k > 0, we have

~ i— 1\ ~(_pi
ngz) Z( 1)](“+j)<z+§ >B,(1 kj) (6.12)

j=0
n . N —1
o ifn+z\[(z+i—1\/n+k A o
=) DS k’<n_ )( ! >< " ]> S(n+kj, kj) (6.13)
j=0 ] J
B n+z\(z+j—1\ ki ratkj)
= 1)/ — 2 14
& ]ZO( )< 1)( j )n+kjb” (6:14)

Proof. According to the property (6.8) of the potential polynomials, we have
g _ [ (L[] FOFN
! n! ]\ f@) n! f{<tk
Z( N n+z\[(z+j—-1 o\’
B n—j j k)

j=0

which yields identity (6.12). Next, by means of (6.5), identities (6.13) and (6.14) can also be established. Moreover, replacing
k by k —n in Eq. (6.7), applying the substitutions b = lA?,(f) and g = f1, and then using Eq. (6.1), we can obtain the k=1
case of (6.12). O

The substitution z=1 in Theorem 6.3 leads us to the corollary below.

Corollary 6.4. For integersn > 1 and k > 0, we have
N —1
A () TR AYIE ) jp—ki (M1 M+ki\" o -
By Z( 1)( Bn Z( DA ) U ) Stk

n+1\ ki 2@k
= 1)/ b . 6.15
& Z( . (H—l)n—i—k; ! (615)

7. Applications of the results in Section 6

Example 7.1. Applying Theorem 6.1 to entries (A1) and (A2), we have

gk _ stk,k—n)  k b0k

no- (k;]) Tk_nom
_Li(—l)i., k—1 Ke1—ik—1 )_Zn:(_l)i" ) 140
() ANV b = By )P
n / i=0 o
b(k) _ s(ka k _n) _ k (n—k)
o (k—l) Tk_pom
n
_L” k-l Sk—1—-1i,k—1-— _n ”B(n+1—k)
- (k_]) Z i ( b = Z i n—i ’
n /=0 i=0

where 0 < n < k. Next, using Theorem 6.2, we have
b _Stkk) ko atb
B = = b,
(“Ik) n+k

1 nik 1 n+l<—l . k 1 n (1-k)
:(n+k) Z < i )S(l’k_l):mz:(i)Bi

i=0 i=0
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n .
=Z(—1)1<2n+{<)<n+k,+1)+bz(1_j),
= n—j J n+k+]
ph _ s(n+k, k) _ k gk
n (nl+k) n+k "

1 n+k—1

— Z( -1)n+l< 1- l<n+k ) ( I_-l)_ Z( 1)11 l (] —k)

mtky
( k ) i=0
n o
2n+k\ n+k k i
=Z(—1)’< +>< * .+J>7,B,§ i
- n—j j n+k+j
j=0
where n, k > 1. Finally, using Theorem 6.3, we have

n .
@ _ 31yl n+2z\(z4+j—1\ -k
B = (_1)]<n—j)< J )B'E' ’

j=0

n . ~ —1
_ Z(_”](Z J_r ‘j) (z * j N 1) (" +nk]> S +kj, kj)

j=o

n-+ z+j—1 ki itk
_§ 1)/ b
= )<n )( j )n+kj !

()] e

N\ -1
—Z( DTN s
Sy ("“.) (”’:_ 1)—” B,
n—j j n+kj

j=0

and

where n > 1 and k > 0. When z =1, identity (7.1) reduces to

n i\ 1
n+1\ /n+kj L
Bﬁk>=2<—1>’(,-+1)( 0 ) S(n+kj, kj),
j=0

which can be found in [23, p. 60]. Setting further k =1 in the above identity yields

n ' 1 ~ —1
By = Z(—DJC;I])(";’) S+, ),
=0

(7.1)

which is a known result also (see [17, p. 49, Eq. (17)], [18, p. 317, Exercise 78] and [24, p. 219]). Additionally, setting k = 1
in (7.1) gives us a result due to Todorov [36, p. 665, Eq. (3)]. As Example 5.1, by applying the theorems to entries (B1)
and (B2), we can obtain similar results involving the higher order degenerate Bernoulli numbers and the degenerate Stirling

numbers. The readers may consult the paper of Cenkci and Howard [13].

Example 7.2. Let us consider entries (C1) and (C2). Now, Theorem 6.1 gives

_(k—n—l)Z< )(k—l DG 4+ 1)

k(k —m)"1 = Z <T;>(i + Dk —n—1",
i=0

where 0 <n < k. Theorem 6.2 gives

(7.2)

(7.3)
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l n
kn_nj—kZ()(n—l-i-])(k—l)‘
2n+k\ Mm+k+j\ ki )
— Tl] K n—
Z( D (n—1>< j )n+k+](n+]) (7.4)
and
k+nm" 1= (7)(11 — i+ )" k+i— 1!
i=0
- _if2n+k\ Mm+k+j i
— _1\n—]J 5
_jzzo( K (n—j>< J >n+k+j’ (7.5)

where n, k > 1. Moreover, for integers n > 1 and k > 0, Theorem 6.3 yields

. n i n+z Z—i—j—]).n
S ()

=0
z(kz —n)™! Z( - 1<ntj>(z+§_])j(l<j+n)"_1.
j=0

It is not difficult to verify that (7.2) and (7.5) can be derived from the Abel identity [28, p. 18, Eq. (13)], while (7.3) and (7.4)
can be derived from the binomial identity.

Example 7.3. We present the results related to entry (D1). Theorem 6.1 gives

iNilk—n—1) g i k—i—1
#()- £ (e (1)

i even

where 0 <n <k — 1. Theorems 6.2 and 6.3 give

B(_k) _Iﬁ _ k . n 1 iB(l_.k) 1—k
! 2) n+k & \i/\2) " 2

_ 2”:(_1)1- <2n+k> (n+k+j>LB<n+j)<M> (7.7)
< n—j i Jatktpm+p " 2 '
and
(kz) kz j n—+z Z+j—l> (—@(_ﬂ)
i (5) =S () ()
j=0

respectively, where n > 1 and k > 0. Note that Egs. (7.6) and (7.7) coincide with the first two identities of Example 5.3.

Example 7.4. Apply Theorems 6.1-6.3 to entries (E1) and (E2). For 0 < n <k, we have

! " . _
<<> =Y (" - ") (i+1).
n P n—i

For n > 1 and k > 0, we have

n+k—1 k i(1—k )

( . )—n+ki§(—1)< l. )(n—z+1)
_X":(_l)n_j(2n+k><n+k+j><n+j—1) k
- n—j j n n+k+j

j=0
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kz . _ifn+z\(z+j—-1\/n+kj—1
- _1)J
(-2 G0

j=0

and

Example 7.5. Let us consider entries (F1) and (F2) (entries (G1) and (G2) give the same results). Combining Theorem 6.1
with entry (F1), we obtain

k+n—1 _Z": 20\ (k+n—1-2i\ k—1-n
n =\ n—i k+n—1-2i
i=0
where 0 <n < k. Since now f; =0 for i > 3, then combining Theorem 6.1 with entry (F2) gives us trivial results. Applying
Eq. (6.7) of Theorem 6.2 to (F1) yields

< ) Z( 1)n](2n+l<>(n+k+j><2n+j—1) i
n—j j n—1 n+k+j’

and applying Eq. (6.6) of Theorem 6.2 to (F2) yields

n+k—1 _i 2i4+k—2)\(2n—2i\ k-1
n = i n—i Ji+k—1

where n, k > 1. Finally, from Theorem 6.3, we obtain

e )

j=0

<2n—kz— ) Z( 1y 1(n+z)<z+]—1><2n+k]'—1>j’
n—1 n n—1

where n>1 and k > 0.
Because b( 1)/n! are just the Catalan numbers C, = #(zn”), by setting z= —1/k in Theorem 6.3, we can establish an
identity involving the Catalan numbers:

1 () F\ k j 2n +kj — kj
Cn_n—i—l(n) (+1)< +1> Z( R (])( n—1 >I<j—l’

where n>1 and k > 2.

8. Relations between any two Bernoulli numbers

In this section, we study the relations between any two generalized higher order Bernoulli numbers. Given three delta
series f(t), h(t) and I(t) with h((t)) = I(h(t)) =¢, define BY and B by

fit (Z) hqt z ad 5(2) t"
B Salig [ =
<f(r> Z 0 () =2A7
Define further 7% and . (n, k) by

Lt NoL
<l(f(t))) Z o and p I(f®)) Z (n, k)—

Then the next theorem holds.

Theorem 8.1. For nonnegative integers n and k, if 0 < k < n, then

k—

1 i L
B — m (S p k= J) sk fi S .
o _;)(1)(’“) b ()(hl) ;;(") Tm—k. j—kp;" (8.1)
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if0<n <k, then

o502 e

j=0

Proof. Let I(f(t)) =x, then f(t) =h(x). From the generating function of B,(,Z), we have

A e
prt T hix) \h(x) hqx j:OJ j! hy j=O] J!

fat (k)X] AEE (k)XJ k
(hl) Z TR 24 j!
1

Jj=k
_y (f )ﬁ(k)f.’(hflt)k ! (f1> i B xi
oo/ T < G+l gt
S (FY a0t S went | (fi ,<°° AR, & m
:'=0(E) g ﬁzy" W(E>t§m§%’“m

=~ .

-1 (k) (k 1) I (k)

‘ h1 J!n! G+ k)kn‘ '
j=0n=0

Equating the coefficients of t" in the first and last members gives us the desired result. O

Remark 8.2. Using the conventions y(z) =0 forn <0 and Z] «a(j) =0 for 0 <n <k, we can see that relation (8.1) holds
for all nonnegative integers n and k.

When I(t) =log(1 + ¢t), Theorem 8.1 reduces to a result due to Cenkci and Howard [13, Theorem 3.1]. Moreover, setting
k=1 in (8.1) yields a corollary between any two generalized Bernoulli numbers.

Corollary 8.3. For positive integer n, we have

n

~ R n a . A

Bn:yn—l—}{—lzyﬂ(n—],]—])ﬂj. (8.3)
j=1

Example 8.1. We now expand the classical higher order Bernoulli numbers B,Sk) in terms of the higher order degenerate
Bernoulli numbers /3,5’“ ).
Take f(t) — e —1 and h(t) - (1 + A0)V* — 1, then BY — B? are the classical higher order Bernoulli numbers

and Béz) — ﬂ,sz) (1) are the higher order degenerate Bernoulli numbers. Additionally, we have I(t) — ((1 + Hr — 1)/ and
I(f(t)) — (" —1)/x. Then

£y n (z)f
(l(f(t))> <eM ) Z”
1 k1 /eM—-1 e "
o) =4 (% )=zx St

n=k

These indicate that ;9,1(2) — Al B,(.,Z) and ﬁA(n, k) — A"kS(n, k), where S(n, k) are the classical Stirling numbers of the second
kind. Hence, for 0 < k <n, Eq. (8.1) gives

n

k—1 ~ —1
k) _ n—j (k ]) (k) J n—j s k)
By = ]=ZO (J)A B, "B () + (() > (k> MIsm—k, j—kBP o), (8.4)

j=k
and for 0 <n <k, Eq. (8.2) gives
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n
n : —q
=3 ()i ®5)

j=0

Moreover, Corollary 8.3 yields an expression for the classical Bernoulli numbers:

n
n .
(1 —A”)Bn:Z—,A”*JS(n—l,j—l)ﬁj(x), (8.6)
=7
where n is a positive integer and §;(A) are the degenerate Bernoulli numbers.
Cenkci and Howard showed in [13, Corollary 3.2] how to expand ﬁ,g,k)()») in terms of B,(.,k). In fact, take f(t) —
(1 +r)V* =1 and h(t) — €' — 1, then I(t) — log(1 + t) and I(f(t)) — log(1 + At)/A. Thus, we have BY — P 1),

,§}f) — B,(f), )7”(2) — A”bf,z) and 7 (n,k) — A" *s(n, k), where bﬁ,z) are the higher order Bernoulli numbers of the second
kind and s(n, k) are the classical Stirling numbers of the first kind. According to Theorem 8.1, for 0 < k <n we have

k—1 ) n N —1 )
Y=Y (?)x“*fb;":j“lsj.’” + (Z) > (f{) AIs(n—k, j— kB, (8.7)
j=k

j=0

and for 0 < n < k we have

n
(k) M\, n—jp k=) pk)
n (A)=§ (J,)A” Jb,H. B (8.8)

j=0
Moreover, Corollary 8.3 gives us an expression for the degenerate Bernoulli numbers:
" n
Bu) =A"bp+ Y =A"Isn—1,j—1)Bj,
— J
j=1

which coincides with the one given by Howard [20, Section 7). O

Corollary 8.4. For integers n > 1 and k > 1, the following relation holds between the generalized higher order Bernoulli numbers of
both kinds:

k-1 n ~N —1
Z M\ ck—jpk=jplo | (T Z 7Y . ; B

(j) A (k> <I<) Sn—k.j=IoB;" =0. (89)
j=0 j=k

For integer n > 1, the following relation holds between the generalized Bernoulli numbers of both kinds:

n
N 1. N
Bn=—1 =S(n—1,j—1bj. (8.10)
&1 = J

Proof. In Theorem 8.1, take f(t) — t and h(t) — f(t), then I(t) — g(t) and I(f(t)) — g(t). Now, we have B,(f) — 81,0,
P 5 BY, 9P 5 5P F k) — $(n,k) and f; — 1, hy — f;. Thus, Theorem 8.1 gives

k—1 n |
n —jirk—1) 5 n A . ~
Z(j)fi‘ ’b,i’ij”Bﬁ-k)+(k)§ (,’() s~k j—lBP =0 (1 <k<ny;

j=0 j=k

= (n k—j 7 (k—j) 7 (k
Z(.)fl"b,ﬁ,‘j’)Bj.):o (1<n<k).
=0 M

According to Remark 8.2, we can obtain (8.9). Next, setting k =1 in (8.9), we have

n
. 1. , .
fibp +n E 75(”—1,]_1)31':0,
j=1

which is the dual case of (8.10). O
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Example 8.2. For the classical higher order Bernoulli numbers of both kinds, we can derive from Egs. (8.9) and (8.10) the
following results:

k-1 n 1
N\ (k—j) pk) n J . ky _
2 <j>b”*f Byt (k) 2 (k) s—k j—kB;" =0,
j=0 j=k
k=1 n\ g & j -1
(k—j) ¢ (k) . ky _
' (j)sn_j bj +<k)z<k> S(n—k, j—lbj’ =0,
j=0 j=k
and
n n
1 1 1 1
D 7SM=1j=Dbj=—-By Y =sti—1,j—DBj=—-b,
j=1 Y n iz J n

where n and k are positive integers.

Example 8.3. For entries (C1) and (C2), from Eq. (8.9), we have

> (Na-wa-wrw= {7 T
J n ifk=n,

j=0 -
S (”.)(k — iyt =0,
i=0 J

where n and k are positive integers. The first equation can be verified by the binomial identity. The second equation can be
verified by expanding (k — j)"~! by the binomial identity and then using the explicit expression of the Stirling numbers of
the second kind.

Example 8.4. Let us consider entries (F1) and (F2) (or (G1) and (G2)). For positive integers n and k, Eq. (8.9) gives

" k+j—1\/2n—k—j—1 j—k_
() e

=~
Z":<Ic+n—2j—1><2j—k—1>k_<k+n—1>
= n—j -1 )i n '

Setting k = 1, the above identities will reduce to the following ones involving the Catalan numbers:

n+1 N s n .
2n—j\j—1 n—2j
C":Z<n—1) n’ 1:2:<n—j Cj-1.

j=2 j=1

where n > 1. Combining these two identities will further give us a double summation:
n j . . .
n—2j—1\/2j—i—1\i
[9) 3 (i |
— £ n—j =1 /]
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