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Abstract

Let {Bn(x)} be the Bernoulli polynomials. In the paper we establish some congruences for B (x) (mod p™), where p is an
odd prime and x is a rational p-integer. Such congruences are concerned with the properties of p-regular functions, the congru-
ences for 1(—sp) (mod p) (s =3,5,8,12) and the sum >, _. (mod m)(i)’ where h(d) is the class number of the quadratic field
Q(¥/d) of discriminant d and p-regular functions are those functions f such that f(k) (k =0, 1,...) are rational p-integers and
ZZ:O(’I: )(—l)kf(k) = 0 (mod p") forn=1,2,3,.... We also establish many congruences for Euler numbers.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

The Bernoulli numbers {B,} and Bernoulli polynomials {B, (x)} are defined by

n—1 n
Bo=1, "VBi=0 1=2) and B,x)=Y (") Bix"* (n>0).
0 ];(k) k " ]§<k> k

The Euler numbers {E,} and Euler polynomials {E, (x)} are defined by

n Xt

2e’_ooEt T d 2e _OOE "
o= 2 (Ir1<3) an T = B (<,

which are equivalent to (see [12])

n
2n
Eo=1, Ez-1=0, Z(zr)Ezr=0<n>1)
r=0
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and
" n
— n
E@+) (1) Em=2" (020). (L.1)
r=0
It is well known that [12]
E()—in ") e 1)”"E—i Bpii(x) —2"tB * (12
nX—2nZ - (x— r—n+1 n+1(X) — n+1 > . )
r=0

Let Z and N be the set of integers and the set of positive integers, respectively. Let [x] be the integral part of x and
{x} be the fractional part of x. If m, s € N and p is an odd prime not dividing m, in Section 2 we show that

m p-! p
1) =
=D D Z (k>

k=1
k=sp (mod m)

B, ({%}) —Bp_1<{%]) (mod p) if 2[rm,

| —1 .
. ((_1)[(sl)P/m]Ep_2 ({%}) (=i, ({%})) (mod p) if 24m.

For a discriminant d let 4 (d) be the class number of the quadratic field Q(+/d) (Q is the set of rational numbers). If
p > 3 is a prime of the form 4m + 3, it is well known that (cf. [8])

h(=p) = =2Bp+1),2 (mod p). (1.3)
If p is a prime of the form 4m + 1, according to [5] we have
2h(—4p) = E(p—1),2 (mod p). (1.4)
Let (%) be the Kronecker symbol. For odd primes p, in Section 3 we establish the following congruences:
h(=8p) = E(p-1y,2(3) (mod p);
P 1
h(=3p) = —4 (5) Bz (5 ) (modp)  for p =1 (mod:
p 1
h(—12p) =38 (E) Bp+1y2 - (mod p) for p=7,11, 23 (mod24);

1
h(=5p) = =8Bp+1)2 <§> (mod p) for p = 11, 19 (mod 20).

Form € N let Z,, be the set of rational numbers whose denominator is coprime to m. For a prime p, in [18] the author
introduced the notion of p-regular functions. If f (k) € Z, for any nonnegative integers k and ZZ:O(Z)(_ Dk fk) =

0 (mod p™) for all n € N, then fis called a p-regular function. If fis a p-regular function and k, m, n, t € N, in Section
4 we show that

s k—1-r\ [k
flhep" ™l =Y (=1 (n L :) <r> Frep™ ) (mod p™), (1.5)
r=0

which was announced by the author in [18, (2.4)]. We also show that
f(kpm_l) =(1- kpm_l)f(O) + kpm_lf(l) (mod p'”“) for p > 2. (1.6)

Let p be a prime, x € Z), and let b be a nonnegative integer. Let (7) , be the least nonnegative residue of 7 modulo p
and x" = (x + (—x) )/ p. From [17, Theorem 3.1] we know that f (k) = p(pBy(p—1)15(x) — pXP~ VTP By, _1)15(x))
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is a p-regular function. If p — 14b, in [18] the author showed that f (k) = (By(p—1)+5(x) — p*P=DT0=1B 111 (x"))/
(k(p — 1) + b) is also a p-regular function. Using such results in [17,18] and (1.5), in Section 5 we obtain general
congruences for pBy.ps)1p(X)s PBip(ps)+b,, (Mod p*"), where k, n, s € N, ¢ is Euler’s totient function and y is a
Dirichlet character modulo a positive integer. As a consequence of (1.6), if 2| and p — 11b, we have

Bk(f’([’s)+b = (1 _ kps—l)(l _ pb—l)ﬁ +kps—l Bp_1+b

S-‘rl)-
ko(p®) +b b p—1+0b

(mod p

In Section 6 we establish some congruences for Zzzo(z)(—l)kka(p_1)+b(x) modulo p”*l, where p is an odd
prime, n € N, x € Z,, and b is a nonnegative integer.

Let p be an odd prime and b € {0, 2, 4, .. .}. In Section 7 we show that f (k)= (1— (= 1)P=D/2 pkr=DFbypy 40
is a p-regular function. Using this and (1.5) we give congruences for Egq(pm)+p (mod p™"), where k, m € N. By (1.6)
we have

Erp(pmy+b = (1 = kpmil)(l - (—1)(p71)/2pb)Eb + kpmflEp_l_"_b (mod pm+1).

We also show that f (k) = Eor+p is a 2-regular function and

= L (k=1—r\ [k
Eompeyp = E (=p"r ( ) ( ) Empgyp (mod 27 7%),
r

= n—1-—r
where k, m,n,t € N and o € N is given by 20l < 0o,

2. Congruences for Bk({%}) — By ({3}}) (mod p)

We begin with two useful identities concerning Bernoulli and Euler polynomials. In the case m = 1 the result is well
known. See [12].

Theorem 2.1. Let p,m € N and k,r € Z with k>0. Then

3 x= krj-kl (B"“ <§ * {r ;pD ~ Br (‘%D)

and

3 (e - —’%k ((—1)“’—1’)/"”Ek (% + {%D — CDME ({%m '

x=0
x=r (mod m)

Proof. For any real number 7 and nonnegative integer n it is well known that (cf. [12])
B,(t+ 1) — B,(t) =nt""'(n #0) and E,(t+ 1)+ E, () =21". 2.1)

Hence, for x € Z we have
x+1 r—x—1 X r—x
Bi+1 + — By [ — +
m m m m
x +1 r—x 1 X r—x .
Bisi + — =) =B [ =+ =0 if mix —r,
m m m m m

Biii (x;; Ly m—_1> — By (%) —(k+ 1)(%)k if mlx —r.

m
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Thus

(5152w 12D
5 (2 () w3 52))

-1
k+1 % L
= Tk Z -
x=0
x=r (mod m)

Similarly, if x € Z, by (2.1) we have

e (S - )
(—le—x)/m] (Ek (xn—: 1 + {r r_nx} — %) —E; (% + {r r_nx })) =0 if mfx —r,

(—)r=0/m=1 g, (x 1, ’"__1> —(=1)rImE, (ﬁ) = _(=1))/m .2(1)" if mlx —r.
m m m m

Thus

_ple=p/mp (PP Cpyemg ([

(=Dl=r Ek<m+{ p. }) (-1 Ek<{m}>
p—1
e (L ) o 52
x=0 m m m m

2

_ Z (_1)(x—r)/mxk.

k
m
x=0

x=r (mod m)

This completes the proof. [

Corollary 2.1. Let p be an odd prime and k € {0, 1, ..., p —2}. Letr € Z and m € N with ptm. Then

5 e o (552]) )

and

3

k
CGa=n/m ok M [ p)/m] F=Pl\ _ o \ir/m r
(1) =2 (( plo=r Ek({ - }) 1) Ek({m})) (mod p).

0
od m)
Proof. If x|, x € Z, and x; = x2 (mod p), by [18, Lemma 3.1] and [16, Lemma 3.3] we have

xX=
x=r (m

B, — B —
k+1(x1) k+1(x2) _X1—x - pB, = 0 (mod p) 2.2)
k41 )4

and
Ej(x1) = Ex(x2) (mod p). (2.3)

Thus the result follows from Theorem 2.1. [
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Remark 2.1. Putting k = p — 2 in Corollary 2.1 and then applying Fermat’s little theorem we see that if p is an odd
prime not dividing m, then

$ L (o (|52 - (D) et

and

p—1 1
Z (_1)(x—r)/m_
X

x=1
x=r (mod m)

1 _
= —5 ((_1)[(V—P)/zn]Ep_2 ({ r — p }) _ (_1)[r/m]Ep_2 ({%})) (mod p). (2.5)

Here (2.4) and (2.5) are due to the author’s brother Z.W. Sun. See [20, Theorem 2.1]. Inspired by his work, the author
established Theorem 2.1 and Corollary 2.1 in 1991.

Corollary 2.2. Let p be an odd prime. Letk € {0, 1, ..., p — 2} and m, s € N with ptm. Then

) n2)- 5 e

(s—D)p/m<r<sp/m

and

—Dp/m (s—Dp sp/m SP _ _ r
(—pfe=r/ ]Ek({—m })—(—1)“’/ g (2] =20 Y o modp).

(s—D)p/m<r<sp/m

Proof. It is clear that (see [16, Lemma 3.1, Corollaries 3.1 and 3.3])

p—1
Z xk = Z (sp — rm)k = Z (sp — rm)k
0

= 7 . -
xzspx(mod m) Ogsjrﬁrmq, (s—D)p/m<r<sp/m
=m0 rmedp) 2.6)

(s—=D)p/m<r<sp/m

and

p—1
Yoo (=nmimk = N (1) (sp = rm)f
0

X= reZ
x=sp (mod m) 0<sp—rm<p

= > (=1 (sp — rm)*

(s—l)p/m<r<sp/m

= (—m)k > (=1’ r* (mod p). (2.7)

(s—l)p/m<r<sp/m

Thus applying Corollary 2.1 we obtain the result. [J

Remark 2.2. In the case s = 1, the first part of Corollary 2.2 is due to Lehmer [10, p. 351]. In the case k = p — 2, the
first part of Corollary 2.2 can be deduced from [7, p. 126].



76 Z.-H. Sun/Discrete Mathematics 308 (2008) 71—112

Corollary 2.3. Let p be a prime.

(i) (Karpinski[9,22]) If p = 3 (mod 8), then Z(P QLTS ) —0
(ii) (Karpinski[9,22]) If p = 5 (mod 8), then )" P/6 (5)=
(i) (Berndt[1,22]) If p = 5 (mod 24), then Y"1, 5 12( )=0.

Proof. By Corollary 2.2 and the known fact By, +1 = 0, for m € N with ptm we have

[p/m] [p/m] (p—1)/2
Y (E)= Y e = C (5 — B ([2)))
(p+12 U P m

x=1 p x=1
—2B(pi1))2 ({ }) (mod p) if p=1(mod4),
= 2.8)
—2B(p+1y2 +2Bpi1y2 ({ }) (mod p) if p =3 (mod4).
It is well known that Bz,,(%) = BZn(%) = (1 —=2%""1B,,/2*=1 Thus, if p = 3 (mod 8), by (2.8) we see that
p=3
—(x 3 1 (p-1)/2
dYU=) = —2Bpinp+2Bpinpn |5 ) =570 -2 )B(p+1)/2 = 2B(pi1)2
“\p 4 2r-1
2
=\(1- ; —2) B(p+1),2 =0 (mod p).
As —pr3 <2i153)/4( )< p43, we must have Z(p /4 (x ) = 0. This proves (i).
Now we consider (ii) Forn e {0,1,2,...} andm € N 1t is well known that (cf. [8,12])
m—1 k
By(1—x)=(=1)"B,(x) and Y B, (x - —) = m! "B, (mx). 2.9)
k=0 mn
Thus
1 1 1 1
B B )Y =2=-D/2p —
(p+1)/2 (2 ) + Bp+n2 (2 + 2) w2 |
and so
1 2 1 n—1
B —)=(=)B — ) - (-nPtH/2B — d p). 2.10
(p+1)/2 <2n> <p> (p+1)/2 <n> (=D (p+1)/2 | —,— | (mod p) (2.10)
Since p = 5 (mod 8), taking n = 3 in (2.10) we find
B(p+1)/2(§) = =B(p+1)2(3) + B(p1y2(3) = 0 (mod p). (2.11)

This together with (2.8) and (2.9) yields

[p/61 p p 1
> (;) = —2Bp+12 ({g}) =-2 (g) Bip+ny2 (g) = 0 (mod p).

x=1

As [y p/G]( )I<[£] we have Z[p/6] = 0. This proves (ii).
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Finally we consider (iii). Assume p = 5 (mod 24). By (2.10) and (2.11) we have

Bpin2 () = (%)B(pﬂ)/z(é) + Bpt1)/2(35) = B(pr1)2(3) (mod p).

On the other hand, by (2.9) we have

1 5 1 9
B — ) +B — ) =3"=D/2p -)-B —
<p+1)/2<12>+ <p+1>/2<12> r+0/2\ g w+0/2{ 15
3 1 1
=|—)B —) = (=ntb/2p —
<p> <p+1>/2<4> (=D (/2| g

=0 (mod p).
Thus B(p+l)/2(%) = B(p+1)/2(15—2) = 0 (mod p). Now applying (2.8) we see that

[p/12]

; (%) = ~2Be+np ({1%}) ==2B(p+1)/2 (%) = 0 (mod p).

This yields (iii) and so the corollary is proved. [

Corollary 2.4. Suppose p,q,m € N,n € Z, gcd(p,m) =1and g<m. Forr € Z let A,(m, p) be the least positive
solution of the congruence px = r (modm). Then

Hr:Ay(m, p)<q, reZ, —n<r<p—1—n}|= |:pq+n] — [i]
m m

Proof. Using Theorem 2.1 we see that

{r:Ar(m, p)<q,r € Z, —n<r<p—1—n}|

q p—l-n q p—1
-y Y 1=y 1

x=1 r=—n x=1 s=0
r=px (mod m) s=px+n (mod m)

> (m (=) - (1)
<n£1+{p(x —m1)+n}_{pxm+n}>

R R TR L N OaT)
[

This proves the corollary. [J

Il
M=
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Theorem 2.2. Letm, s € N and let p be an odd prime not dividing m. Then

m = p
—1) =
( )p Z (k)

k=1
k=sp (mod m)

(=DM
= 3 -

(s—1)p/m<k<sp/m

Bp_1 ({%}) — Bp_i ({%}) (mod p) if 2|m,
(vt ({550 ]) - o () i o

Proof. Letr € Z. Since (pj_.l) = (—1)/ (mod p) for j € {0, 1, ..., p — 1} we see that

o (p) ”i 1<p—1> 5 (!
p k=1 k k=1 k\k—1 k=1 k
k=r (mod m) k=r (mod m) k=r (mod m)
=
(=D~ > 7 (mod p) if 2|m,

k=r ($0d m)

—1
(-t ,,Z (—1)(k_’)/m]%(m0dp) if 24m.

k=r (riod m)

Putting this together with (2.4) and (2.5) we see that

(o (75]) o ) e

(—1y }) (g, ({%])) (mod p) if 24m.

_ple=p/mpg (1T
m <( ) p—2 m

Taking » = sp we obtain

p—1
1 (”)
P k=1 k

k=sp (mod m)

By ({%}) —By-1 ({37}) mod p) if 2/m,
1

-1
5 <(_1)[(S—l)p/m]Ep_2 ({%}) _ (_1)[S1!7/m]Ep_2 ({%})) (mod p) if 24m.

On the other hand, putting k = p — 2 in Corollary 2.2 we see that

(2 o (2D X

(s—l)p/m<r<sp/m
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and

(_1)[(s—l)p/m]Ep72 ({%}) — (_1)[Sp/m]Ep72 ({%})

m
=2 Z ) (mod p).

(s—1)p/m<r<sp/m r

Now combining the above we prove the theorem. [J
Corollary 2.5. Let m,n € N and let p be an odd prime not dividing m.
(1) If2|m, then

Bp_l({%})—Bp_lsgg(—D“ ZX_; (:) (mod p).

k=sp (mod m)
(ii) If 2fm, then
2W_2 m{ - P
_e/m g ({%}%. =3 (=1 ! ( > mod p).
(-1 2 ({5 > p g( ) ]; L) (modp)
- kzsp(?nodm)

Proof. Itis well known that pB,_; = p — 1 (mod p). Thus, by (1.2) we have E,_»(0)=2(1 — 21”1)Bp_1/(p -1 =
—(27 —2)/p (mod p). Note that fo:l (f(s) — f(s — 1)) = f(n) — f(0). Then the result follows from Theorem 2.2
and the above immediately. [

Combining Theorem 2.2, Corollary 2.5 with the formulae for str (mod m) ( Z) inthe casesm=3,4,5,6,8,9, 10, 12
(see [14-16,21,19]) we may deduce many useful results, which have been given in [7] and [16].

3. Some congruences for 2 (—3p), h(—5p), h(—8p), h(—=12p) (mod p)

Let {S,} be defined by

n—1
So=1 and S,=1-)_ (Z) 222kl (n>1). 3.1
k=0

Then clearly S, € Z. The first few S, are shown below:

Si=—1, S$=-3, S3=11, S8§4=57, S5=-361, S¢=-—-2763.
Theorem 3.1. Let p be an odd prime. Then

h(=8p) = E(p-1y/2(3) = S(p—1)/2 (mod p).
Proof. From [22, p. 58] we know that

B p—1 8p
h(-8p)=2 2. (3.2)

a
a=1
a=1 (mod 4)
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Thus applying Corollary 2.1 inthe case r = 1, m =4 and k = pT_l we see that

— 2\ (a = (@=1/4, (p—1)/2
— — — — | = _ a— pP—
h(=8p)=2 ) <a)( )_2 > (=D a

a=0 p a=0
a=1 (mod 4) a=1 (mod 4)

- I
_ 40— ((—1)[(11’)/4]E(,,_1)/2 <{TPD B (Z)) (mod p).

Since E2,(0) = 527 (Bant1 — 2" By, 1) = 0 by (1.2), we see that

l—p E»(0) =0 if p=4n+1,
Ep-v2 (1= ()= L i I
Eon—1(3) =2""Ey_1=0 if p=4n—1.

Thus
h(—=8p) = 4P~ V2E,_1yp (1) = E(p_1)2(3) (mod p).

Let S, = 4”En(;11). Now we show that S, = ), for n>0. By (1.1) we have

n n
4—"S;,+Z<Z>4—k5,’{=2.4—" and so S;+Z(Z)4n_k5,/{=2.
k=0 k=0

Thatis, S, = 1 — Y5_(()22"=2=15] . Since §) = Sp = | we see that S}, = S,,. That is,
Sy =4"E,(3). (3.3)

Hence S(p-1),2 = 4(p_1)/2E(p_1)/2(£) = h(—8p) (mod p). This proves the theorem. [
Corollary 3.1. Let p be an odd prime. Then ptS(,—1)2.
Proof. From (3.2) we have 1 < h(—8p) < p. Thus the result follows from Theorem 3.1. [

Remark 3.1. Since S, =4" E,l(%), by (1.2) and the binomial inversion formula we have

S, = Xn: (i’) (=1)""2"E, and Z (’:) S, =2"E,. (3.4)
=0

r=

Theorem 3.2. Let p be a prime greater than 3.

(1) If p=1(mod4), then
—4B(p+1)/2(3) (mod p) if p =1 (mod 12),
4B(p11)2(3) (mod p)  if p =5 (mod 12).
(i) If p = 3 (mod4), then
8B(p+1)/2(75) (mod p) if p=7(mod24),
h(=12p) = { —8B(y11)2(5) (mod p) if p=11(mod12),
8B(p+1)2(75) + 8B(p+1)2 (mod p) if p = 19 (mod 24)

h(=3p) = {

and
—8B(p+1)/2(%) (mod p) if p =11, 19 (mod 20)

h(=5p) = { 1 |
SB(erl)/z(g) +4B(p+1)/2 (mod p) if p = 3,7 (mod 20).
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Proof. We first assume p = 1 (mod4). From [22, p. 40] or [1] we have

[p/3]

h=3p)=23" (5)
x=1

Thus applying (2.8), (2.9), and the quadratic reciprocity law we see that

h(=3p) = 2[1’2/3] <£> = —4Bp+12 ({%}) =—4 (g) Bip+1)/2 (%) (mod p).
x=1

p

This proves (i).
Now let us consider (ii). Assume p = 3 (mod 4). From [22, pp. 3-5] we have

4 f) if p=7, 11,23 (mod?24),

12<x<2 12<P
h(=12p) = p/12<x<2p/
4 <f> if p =19 (mod24).
4p/12<x<5p/12 P

By Corollary 2.2 and the fact By, (x) = B, (1 — x) we find

Z (f) = Z xP-D2 = 5 (B(p+1)/2 ({%}) — Bp+1)2 (é)) (mod p)

p

p/12<x<2p/12 p/12<x<2p/12
and
X (-2 ! P
Z — ) = Z X = -2 Bp+1,2 3)~ Bp+1))2 B (mod p).
4p/12<x<5p/12 p 4p/12<x <5p/12
Thus
5 1 .
=8| Bp+1),2 )~ B2 3 (mod p) if p =7 (mod?24),
1 1 .
h(=12p) = § =8| B(p+1)2 )~ Bp+1))2 5 (mod p) if p =11 (mod12),
1 1 .
=8| Bp+1),2 3)~ B2 T (mod p) if p =19 (mod?24).

By (2.10) we have

1 2 1 5
Bp+1)/2 <E> = (;) Bp+1)/2 (6) — Bp+1))2 <E> (mod p).

Thus, if p = 7 (mod 24), then 7(—12p) = 8(B(p+1)/2(3+) — Bp+1)2(:5)) = 8B(p+1)2(55) (mod p). It is well known
that [7]

1 31—2n -1 1 (21—2n _ 1)(31—271 -1
By, (5) = TBZn and B, <g) = B By,.

Thus

N 1o 1 /(3
Bp+1)/2 (§> = 5(3 P02 _ D) Bpi1yn = 7 ((;) - 1) B(p+1)/2 (mod p)
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1 =P=D/2 _1)@3=r=D/2 ) 1//2 3
Bpnp\g)= > Boenp=5(15) ~1) ;) ~1) Bwsnyzmodp).

If p = 11 (mod 12), then (%) = 1 and s0 B(p+1)2(2) = 0(mod p). Hence h(—12p) = —8B(,41)2(55) (mod p).
If p = 19 (mod 24), then (%) = —1 and 50 B(p+1)2(3) = —B(p+1)/2 (mod p). Thus h(—12p) = 8(B(p+1)/2(15) +

B(p+1y2) (mod p).
Finally we consider #(—5p) (mod p). From [22, p. 40] or [1] we have

h=sp=2 Y (%) .

p/S5<a<2p/5

and

Observe that (%p) = (%) by the quadratic reciprocity law. Thus applying Corollary 2.2 and (2.9) we obtain

h(=5p)=2 Y (E) 2 Y g

p/5<a<2p/5 p p/5<a<2p/5

(_1)(17*1)/2 2
=2 G (oo (1§D - see ({5 )
1 2
—4 (%) <B(p+1)/2 <§> — Bp+1)2 <§>> (mod p).

From (2.9) we see that

4
| 2 K
Bipsny2 +2Bpsn)2 (g) + 2By (g) =Y Bopinn (g) =5"""V2B,
k=0

and so

1 2
Bp+1/2 (g) + Bip+n2 (g) =

Thus
s = = 4(2) (800 (£) + 1 (- (2) Bienr)

1
—8B(p+1),2 <§> (mod p) if p =11, 19 (mod 20),

((%) - 1) B(p+1)/2 (mod p).

N =

1 .
SB(p—H)/Z <§> + 4B(p+1)/2 (mod p) if p = 3,7 (mod 20).
The proof is now complete. [

When d is a negative discriminant, it is known that 1 </ (d) < p. Thus, from Theorem 3.2 we deduce the following
result.

Corollary 3.2. Let p be a prime.

(i) If p = 1(mod4), then B(p+1)/2(%) # 0 (mod p).
(i) If p =7, 11,23 (mod 24), then B(p+1)/2(5) # 0 (mod p).
(iii) Zf p = 11, 19 (mod 20), then B(p1)/2(%) # 0 (mod p).
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Remark 3.2. Forn =0, 1, ... it is well known that ZZ:O(Z)ﬁBk(x) = x"". From this we deduce that if m € N
and a, = m" B, (L), then Y}_o("T1ym" *aj =n + 1.

4. p-Regular functions

For a prime p, in [18] the author introduced the notion of p-regular functions. If f (k) is a complex number congruent
to an algebraic integer modulo p for any given nonnegative interger k£ and ZZ:()(Z Y(—1)¥ f(k) = 0 (mod p™) for all
n € N, then fis called a p-regular function. If fand g are p-regular functions, in [18] the author showed that f - g is
also a p-regular function. Thus we see that p-regular functions form a ring. In the section we discuss further properties
of p-regular functions.

Suppose n € N and k € {0, 1, ..., n}. Let s(n, k) be the unsigned Stirling number of the first kind and S(n, k) be
the Stirling number of the second kind defined by

xx—1)-(x—n+1)= Z(—l)”_ks(n, k)xk

k=0

and
X" =ZS(n,k)x(x— Do (x—k+1).
k=0

For our convenience we also define s(n, k) = S(n, k) = 0 for k > n. For m € N it is well known that

n

3 (’:) (=)™ ™ = n'S(m, n). 4.1

r=0
In particular, taking m = n we have the following Euler’s identity:

n

3 (’:) (=)' =nl. 4.2)

r=0

Lemma 4.1. Let x, d be variables, m,n € N andi € Z with i >0. Then

m m
k

3 (:) (—1)"" <”nj d) ro= % 3 <,> (=1 *s(m, kyd* T | S + j,nm)x.

r=0 j=n—i \k=j

In particular we have

> (e () =1 S I stm, )G+ jom,

r=0 Jj=n—i
Proof. Since

m!(rx+d>:(rx+d)(rx+d—1)-~-(rx+d—m+1)
m

=Y (=" Fsm. k) (rx + d)*

0
£k
(=D Fsm. k)Y (1) (rx)/a*=J
0

k=
m

k= j=0
m

> <k> (=D Ks(m, kyd*=7 | rix,
J

J=0 \k=j
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we have
n m m
dy . 1 k \
S () () - (%) comtsam a1
i m ml =\ iy \J

Now applying (4.1) we obtain the result. [J

Lemma 4.2. Let p be a prime and m,n € N. Then

mls(n,m) ,_. m!S(m,m) ,_.
T S Zp Tp S Zp.
Moreover, if m < n, we have
Is(n, 1S(n, _
PRI o o PSCLID i = 0 mod p)for p>2
n! n!

and

e () a2
n—m

n!

Proof. It is well known that

o8]

(e =" x"
—_— = S(n,m)—.
m! r;ﬂ (n m)n!

Thus, applying the multinomial theorem we see that

oo r\™M o) ' n
X m! 1
(ex_l)m:<zﬁ> -2 )R wra s | ol R
e r
< nem [ S - 1:K2: no r.
k14+2kr+--+nk,=n
and so
n!
S(n,m) = .
( ) Z DR 121k g1 pthn g
kitko k=m0 TR ot
ki+2ko+---+nk,=n
Hence
| ) F—1x kr
m!S(n,m) ,_. (ki + ko + -+ kp)! p
S AL> (%)
n! kilky!- - k! r!
ky+ko+---+ky=m 12 " r=1

ki +2ky+---+nky,=n

From [18, pp. 196,197] we also have

n!
s(n,m) = Z
1kife 12k s ) - pkin ey )
ki+ko+---+ky=m 1 2 n
ky+2ky+---+nk,=n

and

Ky

mls(n,m) . 3 <k1+kz+---+kn>!li[ P!

a7 ki lkal - k! r )
kytky Ak =m r=l
ki4+2ky+---4nk,=n

r

n

=0

(") =1y,

(4.3)

(4.4)
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It is known that (k; + -+ - + k,)!/ (k1! - - k,") € Z. For r € N we know that if p*||r! (that is p*|r! but p““)[r!), then
o= Z?il[ﬁK[%l Thus p"~!/r, p"~'/r! € Z,. For p > 2 we see that p"~!/r = p"~!/r! = 0 (mod p) for r > 1.

Hence the result follows from the above. For p = 2 we see that 2" ~! /r = 0 (mod 2) for r > 2. Thus

Is(n, ki + ko)! m
—ms("' ™) nm = 3 (b + ko)t ;(Tk f) =< )(mod2).
" kitho=m L2 n—m
ki+2ko=n
Summarizing the above we prove the lemma. [J
From Lemma 4.1 we have the following identities, which are generalizations of Euler’s identity.
Theorem 4.1. Let x, d be variables and m,n € N,

(1) Ifm<n, then

r=0 r m m!

In particular, when m = n we have

" /n por (TXHAN
2 () (7))

(i) Ifm<n + 1, then

2”: <n> 1y (rx +d> nbiom _ 1L (n(n + Dx’" _om(m — 1~ 2d)xm_l> '
—0 r m m! 2 2
In particular, when m = n + 1 we have
" /n rx +d —1
—\r n+1 2

Proof. Observe that s(m, m) =1 and S(n, n) = 1. Putting i =n — m in Lemma 4.1 we obtain (i). By (4.3) and (4.4)
we have

sm,n—1)=Sm,n—1)=nn—-1)/2 forn=2,3,4,....

Thus applying Lemma 4.1 we see that if m <n + 1, then

£ () ()
r=0 r m

| m m k ) .
:n_‘ Z Z( .>(—1)m_kS(m,k)d"" Sm+1—m+ j,n)x’
M e =y N
n!

!

= n_‘ (_n(n + l)xm + (dm — —m(m _ 1)> xm1> .
m! 2 2

This yields (ii) and so the theorem is proved. [J

" k
=— | St +1,mx" + Z ( 1>(—l)m_ks(m,k)dk_(m_l)xm_l
m—
k=m—1
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Corollary 4.1. Let p be an odd prime,m € Z andd € {0, 1, ..., p — 1}. Then mP = m (mod p) and
l d
mP — I [km+d 1
= - d p).
Z [ j| +m ]; X (mod p)

Proof. From Theorem 4.1(i) we have

P

k=0

()R ) ()

k=1

As YV 11,1 = 0 (mod p), we see that

(mp+d): (mp+d)mp+d—1)---(mp+d—p+1)

p p!
_mp (mp+D---mp+d)((m—-Dp+d+D---(m—-Dp+p—1
P (p—D!
d 1 p—1 1
=m 1+mpZE+(m—1)p Z z
k=1 k=d+1

4 4
Em(l—i-mpZ%—(m—l)pZ%)
k=1 k=1
d 1 )
=m 1+p2% (mod p?).
k=1

Let i be the least nonnegative residue of km + d modulo p. Fork € {1,2, ..., p — 1} we see that
P (p—D-—-(p—k+1) _(=DK!
<k>=pp k'p = . p(modpz).
Thus,

p—1
<p> 1y (km+d)
k=1 k p
P (km+d)Y(km+d—1)---(km+4+d—p+1)
k p!
k=1

-1 1
p 1 p—

km+d —ry,
—. k d—
2T (p—1>'n(m+ )
B 17&rk

p-! km+d—rk i [km+d

1 2
T (mod p~).
k=1 k=

Now putting all the above together we obtain the result. [
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Remark 4.1. In the case d = 0, Corollary 4.1 was first found by Lerch [11]. For a different proof of Lerch’s result,
see [18].

Theorem 4.2. Let p be a prime. Let f be a p-regular function. Suppose m,n € N and d,t € Z with d,t>0.
Then

(n) (—l)rf(pm_lrt + d) = 0 (mod p™").
r=0 r

Moreover, if Ay = p_kzlr(zo(f)(—l)’f(r), then

n n
> ( ) (=D f(p" rt +d)

r=0 \r

P A, (mod prtl) ifp>2orm=1,

n
2mngn 3 (M) Ay (mod 2Ty if p =2 and m>2.

’
r=0

Proof. Since fis a p-regular function, we have Ay € Z, for k>0. Set

r

n
ao=Ag and ai:(—l)iZs(r,i)%A, fori=1,2,....n.
r=i ’

Asp"/rle Z,and A, € Z, wehave ag, ..., a, € Z,. From [18, p. 197] we have

n
fk)y =" aik'(mod p"*') for k=0,1,2,... .
i=0

Thus applying (4.1) and (4.2) we see that

(") oy D=5 (") S e 4y
Y )Jevrera= Y () ey Yaci+a

r=0 \TI r=0 i=0

no/n
( ) (=) (@pt"r" 4 by_17" " -+ byr + bp)
r=0 \T

=a,(—)"n! = (=1)"s(n, n)p—r:An - (=0)"n!
n!

= p"t" A, (mod p"*1),

where by, by, ..., b,—1 € Z,. Thus the result is true for m = 1.
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Now assume m > 2. By the binomial inversion formula we have f (k) = Zfzo(f) (=p)* A. Thus

n n |
Z( )(—D’f(p’"‘ ri)
.

r=0

m—1

ptTrt pm—lrt
- (j)(—l)’ Z( ) )(—p)kAk

=

r=0 k=0
pm_lnl n m—1
t
- (—p)"MZ(")(—l)f(” r)
k=0 r=0 ' k
pm_lnl n' k . .
= D P A 15 DD st HSG m (M7 (by Lemma 4.1)
k=n :

j=n

pmfl X
sk, it _i SG,mn! ., RN
=Y p" (—1)%2( i =l L et ST =gy
k=n J-

j—n

m—1

pmont k—n
—1 k, !
=A tn mn + E ( p)l’l( 1) A ( ) k‘s;( n)n pk—n _p(m—l)ntn
k=n+1 ’

k k—i . . .
by EVTE DIy SGmnt

—n o om—1,j
Kl I (P70

Jj=n+1
By Lemma 4.2, for j, k, n € N we have

S(j,n)n!

sk, DIV
—pk J B

T €Z, and

plIT" ez,

Hence, by the above, Lemma 4.2 and the fact im — 1)(n + 1) + n>mn + 1 we obtain

n n |
Z( )(—D’f(p’"‘ ri)
.

r=0

m—1
P nt
s(tk,m)n!
_ pmntn A, E : ( k') pk nAk

k=n+1
P A, (mod p™Mitly if p>2,
— m—1
- mn ¢n 2 " n __ymnn & n mn+1 : _
2mmgn M Ap=2""" Y A,y (mod?2 ) if p=2.
k=n \k—n r=0 \

Thus the result holds for d = 0.
Now suppose g(r) = f(r + d). By the previous argument,

n

n r n n+1
> (r) (—=1)"g(r) = p" A, (mod p"*1).

r=0



Z.-H. Sun/Discrete Mathematics 308 (2008) 71—112 89

Thus g is also a p-regular function. Note that

n n

3 (:l) D G dy =Y (':) (1) g(p" ).

r=0 r=>0

By the above we see that the result is also true for d > 0. The proof is now complete. [
Theorem 4.3. Let p be a prime, k,m,n,t € Nandd € {0, 1,2, ...}. Let f be a p-regular function. Then
n—1
k—1—r k
fhep" ™t d)y =) (=)' ( ) ( ) frip™ " 4+ d) (mod p™™).
= n—1-—r r
Moreover, setting As = p_sZ‘;:O(i)(— )" f(r) we then have

! k—1—r\ [k
k m—1 _ —1 n—l—r m—1
fkep™™ +d) ;:O( ) <n_1_r) (r>f(rtp +d)

k
pmn ( ) (—t)nAn (mod pmn-i-l) ifp >2orm=1,
n

k no/n
- ( )H)" = ( )Aw (mod 2""*1) if p=2 and m>2.
n r

r=0
Proof. From [17, Lemma 2.1] we know that for any function F,

n—1 k—1— k k k r
F(k)=Z<—1>"—1—f< r)( >F<r>+2< )(—1)*Z(r><—1>SF<s>, @.5)
=0 n—1- r r=n N s=0 \§

r

where the second sum vanishes when k < n.
Now taking F (k) = f (ktp™ =" + d) we obtain

! k—1—r\ [k
m—1 _ _1\h—1-r m—1
fktp™ ™" +d) = E (=D ( )(r)f("tp +d)

= n—1-—r

k k r
+3 <r> Y (:) (—1)* F(stp™ ™+ d).
r=n s=0

By Theorem 4.2 we have

k

k r
5 (e 52(0) s s
s=0

r=n

k n
= (1)’ ( ) 3 (”) (—1)° Flstp™™ +d)
n $—=0 S

k
( ) P (—1)" A, (mod pmtT) if p>2orm=1,
n

k no/n
( )2mn(_”n = < )Ar+n (mod 2™ +1) if p=2 and m>2.
n r=0 \7

Now combining the above we prove the theorem. [J

Putting n =1, 2, 3 and d = 0 in Theorem 4.3 we deduce the following result.
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Corollary 4.2. Let p be a prime, k,m,t € N. Let f be a p-regular function. Then
(i) [18, Corollary 2.1] f(kp™™") = £(0) (mod p™).

(i) fktp™™ 1) =kftp™") — (k — 1) £(0) (mod p>™).
(iii) We have

k(k —1 k—1(k—2
fkep™h = %f(zrp’"”) —k(k=2) fep™ ") + %ﬂm (mod p*™).
(iv) We have
Flp) = { f©O) —k(f(0) = f(1))p" " (mod p™*1) if p>2orm=1,
P L) =2 2k(f(2) — 4 (1) 4+ 3£(0)) (mod 2™tV if p=2 and m>2.

Theorem 4.4. Let p be a prime and let f be a p-regular function. Let n € N.

(i) Ford,x € Zyandm € {0, 1, ..., n — 1} we have
" /n p [(kx+d n—m
Y ) £(k) = 0 (mod p"~™).
= k m

(i) We have
. n k n—1 n
Z( )(—1) flk=1)=—f(p"" = 1) (mod p").
k=1 k

Proof. From [18, Theorem 2.1] we know that there are ag, ai, ..., @¢,—m—1 € Z such that
Fk) = anm 1K™ "+t ak+ap(mod p"") fork=0,1,2,... .

Thus applying Lemma 4.1 and (4.1) we have

" /n kx +d " /n kx +d\"T0
Z<k><—1)"( )f(k)z Z(J(—l)"( ) > aik
k=0 mn k=0 mn i=0
n—m—1 n
n kx +d\ .
= aiZ( )(-1)"( )k’ =0 (mod p"~™).
. k m
i=0 k=0
This proves (i).
Now we consider (ii). By [18, Theorem 2.1] there are ag, a1, ..., a,—1 € Zp, such that sla,/p* € Z, (s=0,1,...
n—1)and
fk) = an_1k"' 4+ +ark +ap(mod p") fork=0,1,2,... .
Note that p*~!/s! € Z, fors € N. We then have a; = --- = a,—1 = 0 (mod p). Let

an_1tk =" aitk— 1)+ ag=by_1 kK" - brk + bo.
Then clearly b) = --- = b,—1 = 0 (mod p) and

fk=1)=by_ (k" '+ +bk+by(mod p") fork=1,2,3,....
Thus

P =D =by (Y T by p" T+ by = bo (mod p™).

El



Z.-H. Sun/Discrete Mathematics 308 (2008) 71—112 91

Hence, applying (4.1) we have

n

> (Z) D -1 =)" (Z) (=D Batk"™" 4 - 4 bik + bo)
k=1

k=1

n

n—1 n
n . n
=Y by, <k> (=D + Doy (k) (—D¥
i=1 k=0 k=1

= —bo=—f(p""" = 1) (mod p").
So the theorem is proved. [
5. Congruences for p By, pm)4p(x) and p By, (pm)4p,, (mod p™")

For given prime p and ¢ € Z, we recall that (¢) , denotes the least nonnegative residue of # modulo p.

Theorem 5.1. Let p be aprime,andk, m,n,t,b € Zwithm,n>1andk,b,t>0.Letx € Z) andx’:(x—l—(—x)p)/p.
Then

PB gy 16®) — PO By ()
n—1

_ Z(_l)n—l—r <
r=0

k
o(b, n, p) ( ) (=" p"" =1 (mod p™) if p>2o0r m=1,
n

k—1-—r k m
n—1-— r) (r) (PByip(pmy+5(x) — prow HbBrtw(p’”Hb(x/))

0 (mod 2™™) ifp=2and m>2,
where
1 ifp=2andne{l, 2,4,6,...}
o(b,n, p)= orif p>2,p—1lb and p — 1|n,

0 otherwise.

Proof. From [17, Theorem 3.1] we know that

n

n
> ( k) (=D Byt 45 @) — PXPTOT B 1y (x))) = p" TS, n, p) (mod p™).
k=0

Set £(k) = p(PBi(p-1)+5() = PFP"VH B, 1y 15 (x). Then Y7o () (=DF f(k) = 3(b,n, p)p" (mod p"*1).
Thus fis a p-regular function. Hence appealing to Theorem 4.3 we have

= k—1—r\ [k
m—1y _ _\n—1-r m—1
Fltp™=h =3 (=1) <n—1— ><r>f(rtp )

r=0 r

k
" ( ) (—1)"(b, n, p) (mod p™+1) if p>2orm=1,

n
k no/n
2'""( )(—t)" 2( )5(b,n+r, 2) (mod 2™y if p=2 and m>2.
n r=0 \r
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Note that

1 ifn+refl,24,6,...},

5(b,n+r,2)={0 ifn+ref357,...}

We then have

> <’r’> S(b,n+r,2)
r=0

8(b,1,2) +6(b,2,2)=1+1=0(mod2) if n=1,

= Z ( ) 2"=1 = (0 (mod 2) if n>1.
r=0 r
2|n+r
Thus
f(ktp’" h wir (k—=1—=r\ (k\ fGtp™h
S () () e

_ {pm" (n) (=0)"*6(b, n, p) (mod p™") if p>2orm=1,
0 (mod 2™") if p=2and m>2.
This is the result. [

Corollary 5.1. Let p be a prime, and k,m,b € Z with k,m>1 and b>0. Let x € Z, and x =+ (—x)p)/p.
Suppose p >2 orm > 1. Then

PBkopm+b\*) = pBy(x) — pth(x’) (mod p™)  otherwise.

Proof. Putting n = =1 in Theorem 5.1 we see that
PBropmy16®) — PO By my b (x) = pB(x) — p” By(x') (mod p™).

Ifp=m=2,k=1andb =0, then kaq,(pm)H,(x) =2By(x) =2(x% —x + %) = 3 (mod 4). Otherwise, we have
ko(p™) +b>m + 1 and so p*?P")+0 By my 1, (x") = 0 (mod p™). Thus the result follows from the above.

In the case p > 2, Corollary 5.1 has been proved by the author in [17].
Let y be a primitive Dirichlet character of conductor m. The generalized Bernoulli number B, , is defined by

((r)t
S 3,

Let y be the trivial character. It is well known that (see [23])

1 o ,
Bisy=75 Bug=Bu(n#D and By =m"""Y" 0B, ().
r=1

If y is nontrivial and n € N, then clearly > /", x(r) = 0 and so

B, (Z)-B
()= B g,
n

. n(5)-n
ny -l m )
+ m ; x(r) .

L/ m"= 1Z/((r)

When p is a prime with ptm, by [17, Lemma 2.3] we have (Bn(%) — By)/n € Z,. Thus B, ,/n is congruent to an
algebraic integer modulo p.
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Lemma 5.1. Let p be a prime and let b be a nonnegative integer.

(i) [18, Theorem 3.2,251If p — ltb, x € Z,, and x" = (x + (=x),)/ P, then f (k) = (Bk(p—1)+b(x) — pkp=D+b=1
Bi(p—1)+b(x"))/(k(p — 1) + b) is a p-regular function.
(ii) [18, (3.1), Theorem 3.1 and Remark 3.1] If a,b € N and pta, then f(k) = (1 — pFP=D+b=1y(gk(p=D+b _
D) Bi(p—1y+5/(k(p — 1) + b) is a p-regular function.
(iii) [26, Theorem 4.2, 24, p. 216, 6, 18, Lemma 8.1(a)] If b, m € N, ptm and y is a nontrivial primitive Dirichlet
character of conductor m, then f (k)= —y(p) pk(”_l)"‘b_l)Bk(p,])+b,x/(k(p —1)+0b) is a p-regular function.
(iv) [18, Lemma 8.1(b)] If m € N, ptm and y is a nontrivial Dirichlet character of conductor m, thenf (k) = (1 —
X(p)pk(p_l)+b_1)ka(p_lH_h’X is a p-regular function.

From Lemma 5.1 and Theorem 4.3 we deduce the following theorem.
Theorem 5.2. Let p be a prime, k,n,s,t € Nandb € {0,1,2,...}.
() If p— Wb, x € Z) and x" = (x + (—x),)/p, then

B kip~ N (p—1)+b—1 B

kip ! (p—1)+6 ) — kip " (p=1)+p &)

tp’ N (p—1D+b

-S40

STl (p—1D+b—1
% Brtpx—l(p—l)+b(x) — prr p= b Brtp"’l(P—l)-‘rb(x/) (mod pxn)
rtps~H(p—1)+b '

(i) Ifa,b € N and pfa, then
(1— pkzps-l(p—1)+b—1)(akrpf—'(p—1)+b —-1 B{ctpl“‘(pfl)er
ktp*~" (p—1D +b

n—1
k—1-r\ (k -
= —nter 1 — prtr'~ (p=D+b-1
;( ) (n_l_r>(r)< p )

. ( S Db 1) Brips—1p-1)b (mod p™).
rtpT(p— 1) +b

(iii) Ifb, m € N, ptm and y is a nontrivial primitive Dirichlet character of conductor m, then

. kip* Y (p—1)+b—1
(1 — y(p)pkr =D+ )Bips=1 (p—1)+b.y
kip* Y (p—1)+b

— s—1 _ _

= n—1l-r k—1—r kY (1= X(p)p”p (p=D+b I)BrlpA Y(p=1)+b.y sn

=> (D (mod p*™).
n—1-—r r rtps~ Y (p— 1) +b

(iv) If m € N, ptm and y is a nontrivial Dirichlet character of conductor m, then

ktp* =l (p—1)+b—1
(1= x(p)p*'” (= )katp"’l(p—l)-i-b,X

—1- k s—10,_ _
_Z( D ( )(r)u—x(p)p”f’ PO DB, et (p—ty b, (mOd P,

—1—-r
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Remark 5.1. Theorem 5.2 can be viewed as generalizations of some congruences in [18]. In the case n = 1, Theorem
5.2(i) was given by Eie and Ong [4], and independently by the author in [18, p. 204]. In the case s =t = 1, Theorem
5.2(i) was announced by the author in [17] and proved in [18], and Theorem 5.2(iii) (in the case p — 1tb) and
Theorem 5.2(iv) were also given in [18]. When n = 1, Theorem 5.2(iii) was given in [23, p. 141].

Combining Lemma 5.1 and Corollary 4.2(iv) we obtain the following result.

Theorem 5.3. Let p be an odd prime, k,s € Nand b € {0, 1,2, ...}.

(i) If p— Wb, x € Zp and x" = (x + (—x) )/ p, then

Bio(ps . B — pP By (x B,_
kp(ps)+b(X) _ -k p(x) — p p(x") L1 Be 1+5(x)

x+1).
ko(ps) +b b p—1+b

(mod p

(ii) Ifb,m € N, ptm and y is a nontrivial primitive Dirichlet character of conductor m, then

B By . Bp_14b, 7
ZROWITDL — (1 — kpshy(1 — x(p)Pb_l)—Z% +kps_l%
p—

= S-‘rl).
ko(p®) +b

(mod p

(iii) Ifm € N, ptm and y is a nontrivial Dirichlet character of conductor m, then
(=2 P DBy any
=1 —kp* DU = x(P)p" DBy, +kp T A = 2(P) " PB, 14y, (mod p*tT).
Corollary 5.2. Let p be an odd prime and k, s, b € N with 2|b and p — 11b. Then

B 5 B B,
kQD(P )+b _ (1 _ kpS—l)(l _ pb—l)_h +kps—l

ko(p*) +b b p—1+b

Theorem 5.4. Let p be a prime, a,n € N and pfa.

(1) There are integers by, by, . .., b,—1 such that
Bi(p—
(1 — pkP=D=hy@gkr=h l)ﬁ = by K"V o 4 bk + by (mod p")  fork=1,2,3,... .
(1) If p>2orn>2,then
n — 420"
”) k k(p—1)—1\, k(p—1) Byp-1y _ 1—a” n
(=D — )(a -1 = (mod p").
> (x P k(p— 1) P P

k=1
Proof. Suppose b € N. From Lemma 5.1(ii) we know that

Br(p—1)+b

1 o k(p=D+b—1\,, k(p—D+b
fy=0-p )(a l)k(p—l)—i—b

is a p-regular function. Hence taking b = p — 1 and applying [18, Theorem 2.1] we know that there exist integers
ap, dai, . .., a,—1 such that

(+D)(p=D=1) (o G+ D=1 _ 1) Bk+1)(p—1)
k+Dp-1

=ay,_ k" '+ 4+ atk +ap (mod p*) fork=0,1,2,...

(I=p
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That is,

- - Br(p-1)
1- pk(P D=1y (@kp=1 _ 1) =220
k(p—1)

=ap_1(k—1D" "+ +ak—1)+ap(modp") fork=1,273,...
On setting
an—1(k— D" pag(k— 1) +ag = by K" -+ bik + by

we obtain (i).
Now we consider (ii). Suppose p > 2 or n > 2. Since f (k) is a p-regular function, by Theorem 4.4(ii) we have

n

n YT b Dy B—1)y(p—1)+b
Z( )(_l)k(l_p(k Dp=D+b=1y(,k=D(p=D+b _ 1) (k=D (p—D+

k k—D(p—-1)+b

k=1
n— n— B n—1__ — b
= (1 — p@" ' =Dp=DHb=1y (" =D(p=D+b _ | (" =D(p=h+ mod p).
d=p )( )(pn—l—l)(p—l)+b( P
Substituting b by p — 1 + b we see that for b >0,
" Br(p—1)+b
_ k(1 = pkp=Db=1y k(p=D+b _ 1y _Pkp=Dib
];(k)( ra-r A k-1 10
n 7 B n
= (1 = pPWFb=ly(@")+b _ 1)@ (164 oM. (5.1)

o(p") +b

By Corollary 5.1 we have pB,,» = p — 1 (mod p"). Thus taking b = 0 in (5.1) and noting that ¢(p") >n + 1 we
obtain

n

N o kpep  k(p—=D—1y, k(p—1) _ Bi(p-1)
l;(k)( DE = PP N DD

=—(1- pw(p")—l)(aqo(p”) _ I)qu(p")
p(p")

a®?) 1 pB a®P —q

2"

p" p—1 p"
This completes the proof of the theorem. [

=—(1 = p?"7h (mod p").

6. Congruences for ZZ=0(Z)(_1)kPBk(p—1)+b (x) (mod p™t1)
Fora € N and b € Z we define y(a|b) = 1 or 0 according as a|b or atb.
Lemma 6.1. Let p be an odd prime and n € N. Then
n
n
> (D) =-up—1m modp).

s=1
s=n+1 (mod p—1)

Proof. Letng € {1,2,..., p— 1} be such that n = ng (mod p — 1). Since Glaisher (see [3]) it is well known that
n

Z (Z) % (nso) (mod p) for r € Z.

s=0 s=0
s=r (mod p—1) s=r (mod p—1)
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From [14] we know that

> (- X ()

s=0 s=0
s=r (mod p—1) s=n—r (mod p—1)
Thus
n n no
> = 2 O= X ()
s s/ s
s=0 s=0 s=0
s=n+1 (mod p—1) s=—1 (mod p—1) s=p—2 (mod p—1)
p—1l=—-1(modp) ifngp=p-—1,
= { 1 (mod p) if no=p—2,
0 (mod p) if no<p—2.
Hence
n n
n n
> (D= X (0)-up—tin+1=—2p 1) mod p.
s=1 s=0
s=n+1 (mod p—1) s=n+1 (mod p—1)

This proves the lemma. [

Proposition 6.1. Let p be an odd prime,n € N and x € Z,. Let b be a nonnegative integer. Then

n + )
Z <Z> -1 (ka(p1>+b(x) — pkP= ¥ <%>>

k=0
> ()P~ Gt )
= Z (x + j)b—npan ( > + pnA(b, n, p) (mod pn+1)’
=0 p(p—1)
JE),
where
(n—=bT —n if p—1lband p — 1|n,
A(bn p)_ (n_b)T l.fp—ljfbandp—ﬂn’
o b—n if p—1lband p —1|n+1,
0 otherwise
and
T = ,,Z (x + )P — (x4 )P
Jj=0 p
JE),
Proof. Let
n
" - X+ (—x)
=2 (k) 1 <pB"(p—1>+b(x) o A T <Tp)) '
k=0

From [17, p.157] we know that

n(p—1)+b P

Sp = Z p" By
r=0

-1 n

n k(p—1+b k()b
(k)(_l)k< p >(x+])k(p D+b—r

n r

Jj= k=0

J#E(=x)p
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By [18, p.199] we know that for any functions f'and g we have

> () D s

k=0
=>(5) (ZO (") s +s>> ZO (5) vren. 6.1
1= J=

s=0
Now taking f (k) = (*?~ V%) and g (k) = a*P=D**=" (a # 0) in (6.1) we obtain

’i (”) (—1)k (k(p D+ b) K p=D+b—r
k r

k=0

_ X”: <n) (g (n - s> 1y ((i +5)(p—1 +b)> 2‘: (s) 1yl aip-1r4-r
s NS/ N\ i r izo N
" gy ip—1 ~)+b
:Z<”)ab’(1—al")sz<n : S)(—l)‘ (l(p St )
5=0 N3 i=0 ~ !

r

Thus applying the above and Lemma 4.1 we have

n(p—D+b p—1 "
Se= D B ) Z( ><x+j)”—’<1—(x+j>"—1)f
=0 j=0 s=0 S
A,
n—s .
n—s (i(p—D+s(p—1+b
() (T
i=0 !
p—1 o1\ S n(p—D+b
n\ [(1—x+j)P , b
— < ) (#) Z pr+bBr . (x +])b r
j=0  s=0 \% p r=n—s
J#E(=X)p
N /n—s fi(p—D+s(p—1)+b
XZ( . >(_1),<(P )+s(p—1) )
=\ r
Since pB, € Z,, and so p"*SB, = 0 (mod p"*!) for r >n — 5 + 2, by Theorem 4.1 we have
n(p—1)+b n—s .
b n—s (i(p—D+s(p—1)+>b
> G+’ ’p*“BrZ( . )(—nl( ;
r=n—s i=0 !
n—s .
b (n— n—s (i(p—D+s(p—1)+0>
=@+ )" ‘”p"Bn_sZ( ,- )(—D’( o
i=0
n—s
~(n— - (ilp—D+s(p—D+b
b—(i—s+1) Jntl p =S\ i (H
+ o+ ) p n_m;( l. )( ) s

— (X + j)b—(n—s)pan_s . (1 _ p)n—s + (x + j)b—(n—s+l)pn+an_s+1
X(@$(p—=1)+b+@m—s)(p—-2)/2)1-p)"*
=@+ N0 = p) P By + (o + NPTV — ) p" Byt (mod p).
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Thus,
S oy (-
s= & RO weraspn
j=0 s=0
j#(_xh)
+ A+ DTN — ) p T By g)
p—1 n 1 A S
N ny (1= + )P x+
= (x + ) ”(1—p>"p"Z(s)< p’ .1_;> By
j=0 s=0
A, '
S oy (-
> Q(f) R RV sy
j=0 s=0
J#E(=x))
p—1 p—1 n n
= Y G+NTA=p) "B+ DL Y (s)
j=0 i—0 —0
jaéj(*X)p j;é](fx)p p—ﬁn—s—l—l
- +j)P—1 ) b—n+s—1 n n+1
ol R — (x 4+ HP" 57 m — b) p" (mod p"t,
where
G+ )P =+ )
Xj =

p(p—1

In the last step we use the facts

B,0)=_ (") "By and pBy=—(p— 1k) (mod p) (k>1).

s=0

For a € Z, using Lemma 6.1 and Fermat’s little theorem we see that

n n
ny (”) s
a’ = a+yp—1n+1
YZ(:) (s> ; ) 2(p—ln+1)
s=n-+1(mod p—1) s=n+1(mod p—1)
n

a"t! Z (Z)—i—x(p—lln—i—l)

s=1
s=n+1 (mod p—1)

= —y(p—1ma™ + y(p — ln+ 1)
—a™!' = —a(mod p) if p—1|n,

= { 1 (mod p) if p—1n+1,
0 (mod p) if p—lfnand p — lin + 1.
‘We also note that (see [18, (5.1)])
p—1 p—1
Y. @+’ =) " =—y(p—1]b) (mod p). (6:2)
j=0 r=1

JE(=x),
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Thus

p—1 n =1\
Z (n) (1 —(x+ j)P ) (x +j)b—n+s—1(n —b)p"
=0

N
Jj s=0 p
jE=x), p=lin=s+l

p—1 n p—1\°
= p"(n— i\ m (1=t DT
LI YT DY (S)< .
j=0 s=0
J#(=x), s=n+1 (mod p—1)
p—1
prn—0b) Y (x4 )P+ HP = 1)/p(mod p"tT if p—1jn,
Jj=
J#E(=X),
= p=1
pP'in—b) Y (x4’ =—y(p—1b)n—b)p" (mod p"*) if p—1ln+1,
j=
J#E(=x),
0 (mod p"*1) if p—Yn and p — ln + 1.

On the other hand, for r € Z,, we have B, (t) — B, € Z,, (cf. [17, Lemma 2.3]) and so

np" (mod p"ty if p — 1|n,
—np)p"By(x;) = —np"t'B E{
(=np)p" Bu(x)) P " 0 (mod p"*1) if p—1n.

Thus applying (6.2) we get

p—1
> @A N (—np)p" Bulx))
j=0
J#E(=x))
p—1
>+ NP np" = —np"y(p — 1|b) (mod p"+Yy if p —1|n,

_] j=0
JEx),

0 (mod p"*1) if p— ln.

Hence, by the above and the fact (1 — p)" = 1 — np (mod p?) we obtain

p—1 p—1
Y G ANITA=p) P Bax)) = > (x+ )PP Bulxj)
j=0 j=0
JE(=x), JE(=x),
p—1
= > @+ N (=np)p"Bulx))
j=0
JE=x),

B {—np" (mod p"*1) if p—1|b and p — 1|n,
~ 1 0(mod p"th) if p—14b or p — 14n.

99
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Now combining the above we see that

p—1
Si— Y (x4 )P Balx))
j=0
J#E(=X)p

—np" + (n — b)p"T (mod p"*1) if p—1|b and p — 1|n,

| P"(n=b)T (mod prth if p—1tb and p — 1n,

| p"(b —n) (mod pth) if p—1band p—1jn+1,
0 (mod p"*1) otherwise.

This is the result. [

Remark 6.1. When p =2,b>1 and n >2, setting 4(b, n, p) = b — n we can show that the result of Proposition 6.1
is also true.

Theorem 6.1. Let p be a prime greater than 3,x € Z,,n € N,n # 0,1 (mod p — 1) and b € {0, 1,2, ...}. Let ng be
givenbyn =ng(mod p — 1) andng € {2,3, ..., p —2}. Set

) - x4 (—x)
=2 (’IZ) -1 (ka<P1)+h(x) — PP Bty <—p>> '

k=0 P
Then
S 2)b
(:—0 . pz(()) +%) p"(mod p™tYy if p—1lband p—1|n+1,
Sn =
S,
:—0 . p’:l(()J - p" (mod p"*1) ifp—lborp—1lm+1.

Proof. Since p — 1fn we know that B, /n € Z,.Fort € Z,,by [17, Lemma 2.3] we have (B, (t) — B,)/n € Z,. Thus

B, (t B,(t) — B B
o) _ B =By B,
n

n n
Asn #£0, 1 (mod p — 1), by [18, Corollary 3.1] we have

By(t) _ By (1) — p"7 B, (¢ + (=1),)/p) _ By ()
no no I

(mod p).

Setxj=((x+j)’ —(x+))/(p(p—1)).Thenx; € Z,.Thus B,(x;)/n € Z, and B,(x;)/n = By,(x;)/no (mod p).
From Proposition 6.1 and the above we see that

-1
S 5 b
== Y+ DB+ (b —my(p = 1b)y(p — 1l + 1)
pn
j=0
j?é<_x>p
p—1
o Buo (X))
=n Y (x+j) ‘;1—0’ + (b —n)z(p — 1b)x(p — 1ln + 1) (mod p)
Jj=0
JE=x),
and so
Sig = oy By ()
JwEne 2 G )T (b= noyz(p = HD)(p — 1+ 1) (mod p)
Jj=0

j#<_x)p
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Thus
Sn n S”O
—=— (=2 = b=—no)zp—1b)x(p—1n+1))+®B—=nyp—1by(p—1n+1)
p ng \ p"°
n Sn() n
=—-—2+b(l——)x(p—1by(p—1n+1)
ng p"o no
— n Sn() n .
= b (14 5) 10 = 1p — i+ 1) (mod ).

This proves the theorem. [J

Theorem 6.2. Let p be an odd prime, x € Z,,b,n € Zwithn>1and b>0.If pln and p — ln, then

n

- X + (—x)
Z (l/:) (_l)k (ka(pl)er(x) - Pk(p 1)+ka(p—])+b <Tp))

k=0

{bp” (mod p"tYy if p—1|band p —1|n + 1,
O(mod p™*Yy  ifp—Wborp—ln+1.

101

Proof. As p — l4n and pln, forr € Z, we see that B, (t)/n € Z, and so B, (t) =nB,(t)/n = 0 (mod p). Thus the

result follows from Proposition 6.1. [

Theorem 6.3. Let p be an odd prime,n € N and b € {0,2,4,...}. If p(p — 1)|n, then

{p"‘l —2p" (mod p"*Yy if p —1|b,

n
n
_1 k 1_ k(p—l)+b—l B _ =
Z(k)( )y —=p )PBirp—1)+b 0 (mod p*1) if p— b,

k=0
Proof. From Proposition 6.1 we see that

n p—1 :p .
n _ _ h— J5 =
Z < ) (_1)1{(1 _ pk(P 1)+b l)ka(p—1)+b = Z ]b npan <—) _ prn (mOd pn—&-l)’
k=0 k j=1 p(p—1

where

=l pi4b b
T:Z;.

j=1 P

For p >3 andm € N, from [18, (5.1)] we have

2 3

p—1
. p p
D" = pBy+ omBpy + - om(m = 1)By (mod p).
j=1

If m >4 is even, then B;,_1 =0and pB,,_, € Z,. Thus

p—1
> j"=pB, (modp?) form=246,....
j=1

(6.3)
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Hence

B, ..,—pB

P2p=140 7 PP (10d p) if p>3and b>0,
p

B, —(p—1

r= P == i) if p>3and b=0,

P

2%+b _ b 3B, —2

T=2”E(—1)b=1z 2" % (mod3) if p=3.

If p>3andb=k(p — 1) for some k € N, by [17, Corollary 4.2] we have
PBy=pByp—1y=kpB,_; — (k = D)(p — 1) (mod p*) (6.4)
and
PB,_ 11 =PBusiyp-1) =+ 1)pB, | —k(p — 1) (mod o).
Thus

PBp_1yp —PBy _PBy i —(p—1D
p p

T

(mod p).

If p >3 and p — 14b, by Kummer’s congruences we have

B, B B
pf—lljrbb - 7” (mod p) and so B,_14p = (b— 1)7” (mod p).
Thus
B, .p—pBy, b—1 B
= Pop 1t " PPy By — By = ——~ (mod p).
p b b

Summarizing the above we have

B, —(p—1
P plp(p )(modp) if p—11b,

T = (6.5)
B
—7'5 (mod p) if p— 11b.

As p(p — 1)|n, from Corollary 5.1 we have pB,,(x) = p — 1 (mod p?) forx € Z,. Note that j" = 1 (mod p?) for
j=1,2,..., p— 1. Combining the above we obtain

n
n _ —
> <k> (=D = p* P By oty
k=0

= jP =
oty (L7 iy
ot p(p—1)

<
L

i’p" ' (p = 1) = bTp" (mod p"*).

~.
I
—_
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From (6.3) and (6.4) we see that

b b
pBbE—-po1—(——1>(p—1)(modp2) if p>3, b>0and p—1|b,
p—

p—1 1

—1
’JZ jb = | PBy (mod p?) if p>3and p— b,
i=1 p — 1 (mod p?) if p>3and b=0,

3b
1+(1+3)b/252+752+6b(mod9) if p=3.
That is,

_ b .
= ——(pB,_; —(p— 1)+ p—1(modp?) if p—1|b,
Z]b ={p—1
j=1 pB, (mod p?) if p— 14b.

Hence
" n
(k) DA = p P pBy iy
k=0
p—1
=p"'(p—1)_j"—bTp"
j=1
P b(pB, = (p— 1)+ (p— 1) = p"'b(pB,_; — (p— 1)
_ | === pt = 2p" (mod pth it p—10b,
B
p"'p—1)pB, —bp"- (—71’) = p"*'By =0 (mod p"*1) if p— 14b.

This completes the proof. [

Theorem 6.4. Let p be a prime greater than 3,x € Z,,n € N,n # 0,1 (mod p — 1) and b € {0, 1,2, ...}. Let ny be
givenbyn =no(modp — 1) andng € {2,3,..., p —2}. Let

_ x4+ (—x)
F®) = pBiip-1ysp () = PP By, <Tp> '

Then fork =0, 1,2, ... we have

n—1 no no K
k—1— k 2 -1 k
fy=> (—1)””< | r)( >f(r)+—n Lo ()¢ )f(s)< )(—p)"
I n—1-— r no n

r p"o

Db [k k
+7(p—1n+ Dy(p — 1|b) (—(’”; ) ( )—( ))(—p)" (mod p"*1).
n n+1

Proof. From [17, Theorem 3.1] we have

> () V4 r0 = P p = Himy(p — 11b) (mod p™) - for m € N.
k=0
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Thus applying [17, Lemma 2.1], Theorem 6.1, and the above we see that

n—1
neir (k—=1—=1\ [k
f(k)—g(—l) (n—l—r)(r)f(r)
k

k r - N
=3 (r) Y () =nre

r=n

n n+1

— k n n s k n+1 n+1 K
=(n><—1> > (7)o f(s)+<n+1>(—1) ;( ) )(—1> f@)

(

k
+ (n N 1) (=" p"y(p — 1In + Dy(p — 1]b) (mod p"*1).

s =

no n0Y (1)
>(_1)npn (1_ Lo (D)D) | 1 +2b
no

0 5 = 1in+ Dylp - llb))

This yields the result. [
Corollary 6.1. Letk,n € N.

(1) Ifn =2 (mod4), then

n—1
(5—5%VBy = Z(—n"—l—’ (k -1= r) <k> (5—=5")By +3n (k) 5" (mod 5" 1)
r n

n—1—r
r=0

and

n—1-—r

n—1
k—1-— k k
5= 5" Byp =) (- ( r) ( ) (5 =5 Bysa—n ( )5" (mod 5"*1),
= r n

(i1) Ifn =3 (mod4), then

(5—54")B4k=’§(—1)”_1_’ k=1l=r) (k (5—5")Ba + K ) s (mod 5”1
- n—1—r r " n+1

r=0

and

n—1
k—1-— k k
(5= 5" Bya =) (-1 ( r) ( ) (5= 5" Bysa+n (n> 5" (mod 5"*1).

n—1-—r r
r=0
7. Congruences for Euler numbers

We recall that the Euler numbers {E,} are given by
=, [ 2n
Eo=1, Ep _1=0 and Z{)(zr)Ezrz()(nZl).
r=

The first few Euler numbers are shown below:
Eo=1, E,=-1, E4 =5, Eg=-61, Eg=1385 Ej9=—50521,
E1p =2702765, Ej4=-—199360981, Es=19391512145.
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By (1.2) and (2.9) we have

E»y, =2°"E, <l> =22 2 <an+1 (§> — Bont1 <l>>
2 2n+1 4 4
Hdn+1 1 1
=t <—an+1 <Z> — Bopyi (Z)) .
That is,

1
BZn—i—l (‘)
E2 — _421’l+1 4 .

" 2n+ 1

(7.1)

Lemma 7.1. Let p be an odd prime and b € {0, 2,4, ...}. Then f(k) = (1 — (—1)(1’_1)/zpk(P’l)H’)Ek(p_l)H, isa
p-regular function.

Proof. Asp >2and2|bweseethat p—1tb+1.Forx € Z,,from Lemma5.1(i) we know that F (k)= (B (p—1)+b+1(x)—
prPO B 1y4pr1(x)/(k(p — 1) + b+ 1) is a p-regular function, where x" = (x + (—x) ,)/p. Itis clear that

1 1 1/1 p—1\ 1
4+< 4>p ;(Z+T>_Z 1fp=l(mod4),

1 /1 1\ 3
P _<Z+3p4 >=Z if p=3(mod4).

Thus, using (2.9) we see that

1 1
1 1 1
P _
Bi(p—1)+b+1 Tp = Bi(p—1)+b+1 ({Z}) =(=DP V2B 1y <4_1> .

Hence

1
. . Br(p—1)+b+1 (Z)
) = (1 — (—=1)P=D/2 Hk(p=D+
gk)y=(1—(=1 p )k(p—l)+b+l

_ 4_(k(p—l)+b+l)(1 _ (_1)(P—1)/2pk(p—l)+b)Ek(p71)+h

is a p-regular function. For n € N we see that

Z (Z) (_1)k(_4k(p—1)+b+l) — _4b+1(1 _ 4[)—1)1’! = 0 (mOd pl’l)
k=0

Namely, —4%(P=D+b+1 is 3 p-regular function. Hence, using [18, Theorem 2.3] we see that f (k) = —4K(P=D+b+1 g ()
is also a p-regular function. This proves the lemma.

From Lemma 7.1 and Theorem 4.3 we have:

Theorem 7.1. Let p be an odd prime, k,m,n,t € Nand b € {0,2,4,...}. Then
— m—1._
(1 — (=1)P=D/2 pkir™ = (p 1)+b)Ektp

n—1
= Z(_l)nflfr <
r=0

Puttingn = 1,2,3 and f = 1 in Theorem 7.1 we obtain the following result.

m=l(p—1)+b
k—1—r

k _ m—1,
n—l—r) (r>(1—(—1)<l’ D prr PN E, ety (mod p).
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Corollary 7.1. Let p be an odd prime, k,m € N and b € {0,2,4,...}. Then
(i) [2. p. 131] Exg(pmyp = (1 = (=P~ D/2pb) B, (mod p™).

(i) Exgp(pmy+h = kEppmy+b — (k — (1 — (=DP™D/2pbYE, (mod p>™).
(iii) We have

k(k—1) _ m
Erppm+b = — Eappmy+b — k(k —2)(1 — (=)= D2 p0@™Fby oy
(k — 1)(k —2) _
- (~1)P=D2pby By (mod p*™).

From Lemma 7.1 and Corollary 4.2(iv) we have:
Theorem 7.2. Let p be an odd prime, k,m € N and b € {0,2,4,...}. Then
Erppmyss = (1= kp" (1 = (=D)P" V2 p"YEy + kp" "' E 115 (mod p™ ).

Corollary 7.2. Let p be an odd prime and k, m € N. Then

kp"~'E,_1 (mod p™*1) if p=1(mod4),

E my =
k@) {Z—i-kpm_l(Epl —2)(mod p"t!y if p =3 (mod4).
From [18, Theorem 2.1] and Lemma 7.1 we have:

Theorem 7.3. Let p be an odd prime,n € N and b € {0, 2,4, ...}. Then there are integers ay, ay, . .., a,—1 such that
(1= (=P V2P0 By )4 = an1k" ™' + - + ark + ag (mod p")
foreveryk =0,1,2,.... Moreover, if p>n, then ag, ay, .. ., a,—1 (mod p") are uniquely determined.

As examples, we have

(14 3%)Eyx = —12k + 2 (mod 3°), (7.2)
(1 = 5*)Eg = —750k> + 1375k% — 620k (mod 5°), (7.3)
(1 — 5%F2)Eqrin = 1000k + 1500k> + 540k + 24 (mod 5°). (7.4)

Theorem 7.4. Letn € N and b € {0,2, 4, ...}. Suppose a, € N and 2%~ <n <2% . Then

n

> <Z> (=" Egjsp = 0 (mod 22" %),

k=0
Proof. We first prove the result in the case b = 0. Taking x = 0 in (1.2) we find
n+1

n n )
Z ( > (_1)n7rEr = m(Bn+l - 2n+an+1)-
r=0 r

Thus applying the binomial inversion formula we have

B n 2m+1(1 _2m+1)
=3 (1) T e

m=0 m
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Using this we see that

n n) n 2k n 2% 2m+1(1_2m+1)
> (—1)n_kE2k=ZZ< )(—D”"‘( )—Bm+1
k—0<k izom=o \K m m+1
2n
2m+l(1 _ 2m+1) n B 2k
=Z—+1 Bui1 Y ()(—D”( )
m=0 m m/2<k<n k m

2n n
2m+1(1 _ 2m+1) n B 2k
=) Bwt1) ( )(—1)" "( )
m=1 m+1 k=0 k m

By Lemma 4.1 we have

n

2k (A . ‘
> (Z) (=1 (m ) = Y D s, S Gy -2

k=0 j=n

; m! ]!

J=n

Thus,

) (—=1)"*Ey

n +1 _ +1 m . . )
= Z 2"’(1—12”')Bm+1 Z(_l)m_j]!s(m'v J)2m_j . n!S('J‘,n)zj_n pjtn-m
m=1 m + j=n m. J!
2n +1 +1 m . . .
= 2”1(1—;12"1)3'”“ Z(_l)m_jj!s(m‘, J)zm_j . n!S(],n)zj_n pjbnem
m m!
m=n j=n

It is well known that 2By € Z,. Suppose 22+ | 4+ 1. We then have

1 2" By 2Bn+1
ym—ordy (m+1) ’ m+1 2—orda(m+1) (g 4 1)

On the other hand, by Lemma 4.2 we have WZ'"’JI € 7, and MZJ " e 7,. Hence, if n < j <m <2n, then

+1 +1 : . .
2m (1_2m )Bm_H'(_1)m*j]!S(m’])2m*J.n!S(]"n)ZJ*".2]+"*m

m+1 m! J!

= O (mod 2j+n—0rd2(m+l)).
When n < j <m <2n, we also have m + 1 < 2(n + 1) <2%*! and so ordy (m + 1) <oy, thus j +n —ordy(m + 1) > j +
n — o, =2n — o,. Therefore, by the above we obtain ZZ:O(Z)(_l)kEZk = 0 (mod 22"~%). So the result holds for

b=0.
From [18, (2.5)] we know that for any function f,

n m k+n k+
Z(") (—1>kf<k+m)=z<m) (—D"Z( ") (—1) £ (). (1.5)
izo \K o \k r

r=0
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Thus,
" b/2 l_? K1 g
Z( )(—1>"E2k+b=z<2>(—1)k2( )(—1)’E2r. (7.6)
o \K k=0 \ k =0 N T

As o1 =0 or og + 1, we see that 2(s + 1) — a1 =25 — oy and hence 2r — o, > 25 — o5 for v > 5. As the result holds
for b = 0 we have

k+n

k+n

Z < ) (_l)rEZV =0 (mod 22(k+n)_ak+n)'
r

r=0

Since 2(k + n) — a1, >2n — o,, we must have Zfig(kf”)(—l)’ E>, = 0 (mod 2%"~%). Hence applying (7.6) we
obtain

" /n
Z ( ) (=¥ Egkqp = 0 (mod 22" ~%).
k=0 k

This proves the theorem. [J

Corollary 7.3. Letn € Nandb € {0,2,4,...}. Then

LI 2(mod4)  ifn=1,
—D*E =
Z<k>( ) Exier {O(modZ”“) ifn>1

k=0

and thus f (k) = Eak+p is a 2-regular function.

Proof. Suppose o, € N and 2%~ <n <2% . By Theorem 7.4 we have

n

n
2 < k) (=1)" Egiep = 0 (mod 2" 77),

k=0

If o, >n, then 27! <2%~1<n. Forn>3wehave2" ! > n, thus o, < n and hence 2n —o,, >n+ 1. Therefore, forn >3
we have ZZ:O(Z)(—I)kEZkH; =0(mod2"t"). AsEy— Ey=1—(—=1)=2and Eg—2E;+ E4=1—-2(—=1)+5=8,
applying (7.6) and the above we see that Ej, — Epyp = Eg — E2 =2 (mod 8) and Ej, — 2Ep42 4+ Epysa = 0 (mod 8).
So the result follows. [

Theorem 7.5. Supposek,m,n,t € Nandb € {0,2,4,...}. Fors € N let og € N be given by 2% =1 < < 2% and let
e =273 o) (=1) Ea. Then

! k—1—r

Eyngryp = ) (=17 (

r=0

k k
) < > Eynpryp + 2" ( > (—1)"e, (mod 21—ty
r n

n—1-—r

Moreover, for m >2 we have

n—1
k—1—r k
Eymgp= Y (="' ( ) <r> Eomriip

= n—1—r

k —1
+2m ( ) (=" (en + neng1 + %@wz) (mod 2" 2%,
n

Proof. Fors € Nset Ag =277 _((7)(—=1)"Eo4p. Since oy <s, by Theorem 7.4 we have A; € Z5 and 2°~* | A;y.
Asogy1 <oy + 1 wehaves + 1 — oy =5 — o and hence r — o =5 — o for r >s. Therefore 2° — o] A, for r >s.
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As 1 + apy1 =043 we see thatn + 3 — a3 >n + 2 — o4 and thus P |A, for r >n 4 3. By (7.6) we have

b2 /b
A, = Z (2) (—D*2k e .

k=0 \ k
Since 22~ %+ e, for r >n + 3, 227 %+1(2¢, 1 and 272 %+1(22¢, 5, we see that A, = e, (mod 272~ %n+1),
From Corollary 7.3 and the proof of Theorem 4.2 we know that
n

> (!

) (=1 Eypm-ty14p

r=0 r
szlnt _
—1) s(r, !
= A" 2"+ Z (=2)" (=1 A, Mzr*” .p(m=Dnn
r=n+1 r!
=n+

r —7 . . N
(D" s, DJ ey SGomnl o
+ Z +2 : TZ 2"
j=n+1
By Lemma 4.2, for n + 1 < j <r we have
L) ! - S(J, ' g [ n
SN e S g g S (mod?2).
r! j! r! r—n
As 21— %t |A, for r >n + 1, by the above we obtain
" /n
> ( ) (=1)" Egmpiqp = 2™ Apt" = 2™ 1" e, (mod 2" T+ 1 =11 (1.7)
r=0 r
and so
n n
(r) (=1) Egmyiyp = 0 (mod 2"+ =%n) (7.8)
r=0

Forr>zn+1wehavemr +r —a,>2mmn+1)+n+1—oyy12mn+n+2 — o,41. Thus, if r >n + 1, by (7.8) we
have

" r
> <S> (—=1)* Egmgr1p = 0 (mod 21201, (7.9)
s=0

By (4.5) we have

S (k=1=r\ [k Kk (T )
Eygryp =y (—1) ) Eyrisp+ Y ( DY () =D By
— n—1—r r = \r o\

Hence, applying (7.9) we obtain

S (k=1=r\ (k
Epmirp — Z(—l) <r> Eymyeyp

- n—1—r

k n
B <n> D" (?) (=1)° Engrp (mod 2727201, (7.10)
s=0
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In view of (7.7), we get

n—1
k—1—r k k
Eyngp =Y (=" ( ) < ) Eomyssp + ( ) (—=1)" - 2" ", (mod 2" 1=ty
n

e n—1—r r

Now assume m >2. Then (m — 1)(n + 1) + n>mn + 1. From the above we see that

n

>("

) (=D Eompiqp

r=0 r
2m=lpy _
=2"" A"+ ) (2 1y, CD st ”f(r, I e g =Dy
r=n+1 r
2m=lpy n n+2 n
Y e ( )Ar Ezmntn2< )4
r—n — r—n
r=n+1 r=n

n
= nh (e,, +ne,q1 + <2> en+2) (mod 212"y,

This together with (7.10) yields the remaining result. Hence the proof is complete. [l
As 2" e, and n + 1 — oy, 41 >n — o, by Theorem 7.5 we have:

Corollary 7.4. Letk,m,n,t € Nandb € {0,2,4,...}. Let o € N be given by 2*~' <n <2*. Then

“— n—1l—r k=1—r k mn+n—o.
Eompeyp = Z(—l) Eompp (mod 2 ).

— n—1—r r

Corollary 7.5. Letk,m € Nandb € {0,2,4,...}. Then

Eompsp = 2"k + Ep, (mod 2" 1),
Proof. Observe that e; = 1 and ey = 2. For m >2, taking n =t = 1 in Theorem 7.5 we obtain

Eomgyp = Ep +2"(—k)(e1 + €2) = 2"k + Ej, (mod 2" 1),
So the result holds for m >2. Now taking m = 2 and b = 0, 2 in the congruence we see that E4; = 1 + 4k (mod 8)
and E4o = —1 + 4k (mod8). Hence Eyx = (—1)* (mod4) and so Exqp = (—D¥P2 = (—1)P/? 4 2k =
Ep, 4 2k (mod 4). So the result is also true for m = 1. This completes the proof. [
Remark 7.1. Corollary 7.5 is equivalent to the following Stern’s result (see [13]):

2"M|Ey, — En, < 2" In1 — na.

Putting n =2, ¢t = 1 in Theorem 7.5 and noting that e; =2, e3 = 10, e4 = 104 we obtain the following result.

Corollary 7.6. Letk,m € N,m>=2and b € {0,2,4,...}. Then

Eynjs = kEonyp — (k — 1)Ep 4+ 22" k(k — 1) (mod 2%"+2).
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Taking m =2 and b = 0, 2 in Corollary 7.6 we get:

Corollary 7.7. Fork € N we have

_{4k+1(m0d64) ifk =0, 1(mod4),
¥ 14k +33(mod64) if k =2, 3 (mod 4)

and

4k — 1 (mod64) ifk=0,1(mod4),

E =
2 {4k —33(mod64) ifk =2,3(mod4).

Corollary 7.8. Letk,m € Nym>2andb € {0,2,4,...}. Let 0y =0 or 1 according as 4k — 3 or 4|k — 3. Then

k
Eompyp = (2) Eyni1 4y — k(k — 2)Epnyp + ( ) Ep + 2315, (mod 2312,

Proof. Observe that e3 =10, e4 =104, e5 = 1816 and (];) = 0y (mod 2). Taking n =3 and ¢t = 1 in Theorem 7.5 we
obtain the result. [

Taking m =2, b =0, 2 in Corollary 7.8 and noting that Eg = 105 (mod 256), E19 = —89 (mod 256) we deduce:
Corollary 7.9. Let k € N and o =0 or 1 according to 4k — 3 or 4|k — 3. Then
Esr = 48k% — 44k + 1 + 1285, (mod 256) and Esrin = 16k> — 76k — 1 + 1283, (mod 256).

Remark 7.2. Let {S,} be given by (3.1). From Remark 3.1 we know that (—=D*S;is a 2-regular function and hence
fk)=(— 1)k+b Sk+p 18 also a 2-regular function, where b € {0, 1, 2, .. .}. Thus, by Corollary 4.2, form >2, k> 1 and
b>0 we have Syn-1;, = Sp(mod 2™) and Syu-1;,, = Sp — 2'"_2k(Sh+2 + 4Sp+1 + 3Sp) (mod amtly,
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