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Abstract

Recently, some interesting and new identities are introduced in the work of Kim et al. (2012). From these identities, we derive some new and
interesting integral formulae for Bernoulli and Genocchi polynomials.

1. Introduction

As it is well known, the Bernoulli polynomials are defined by generating functions as follows:
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(see [1-5]) with the usual convention about replacing B"(x) by B, (x). In the special case, x = 0, B,(0) = B, are called the nth Bernoulli numbers.

The Genocchi polynomials are also defined by

2t = t"
= =" =G, (1) = (1.2)
e +1 = n!

(see [1, 6-10]) with the usual convention about replacing G"(x) by G,(x). In the special case, x = 0, G,(0) = G,, are called the nth Genocchi
numbers.

From (1.1), we note that
n n n—1
B, (x) = leo Bx (1.3)
1

(see [1-5]). Thus, by (1.3), we get

d n-1 n .
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1=0

(see [2]). From (1.2), we note that

Gix"™. (1.5)
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From (1.5), we can derive the following equation:

o n- n-1-1 _
Z Gix =nG,_; (x). (1.6)
1=0

iGn (x)=n
dx l

By the definition of Bernoulli and Genocchi numbers, we get the following recurrence formulae:
By=1, B,(1)-B,=6,,, G,=0, G,(1)+G,=25,,, (1.7)
where 8, I8 the Kronecker symbol (see [2]). From (1.4), (1.6), and (1.7), we note that

1 8 1
JB,,(x)dx=& (n>0), JGn(x)dx=—% (n>1). (1.8)
0 n+1 o n+1

From the identities of Bernoulli and Genocchi polynomials, we derive some new and interesting integral formulae of an arithmetical nature on the
Bernoulli and Genocchi polynomials.

2. Integral Formula of Bernoulli and Genocchi Polynomials

2te™ L1 ( ¢ ) 2te™
e +1 t\et—1/\e+1

From (1.1) and (1.2), we note that
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By comparing the coefficients on the both sides of (2.1), we obtain the following theorem.

Theorem 2.1. For n € Z,, one has

o fn+l B
B,(x)= Y G (x)By1

(2.2)
=0 T#n \ 1 ntl
From (1.1) and (1.2), also notes that
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By comparing the coefficients on the both sides of (2.3), we obtain the following theorem.
Theorem 2.2. For n € N, one has
L h Gl+l
G, (x)=-2) B, (x). (2.4)
= 1 I+1
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Let one take the definite integral from 0 to 1 on both sides of Theorem 2.1. For n > 2,

i fn+l \ G n B. .G
0=-2 Ml n+1 1 =-B,G,-2 n-1~1+2 ) )
1; I I+1n+1 2 Z I I+1)(1+2) (2.3)
I#n l#n 1
Therefore, by (2.3), we obtain the following theorem.
Theorem 2.3. For n € N with n > 2, one has
S B B, Gy
B,=2 —_—. 2.6
l; ;] A+ (I+2) (2:6)
I1#n-1

3. p-Adic Integral on 7 Associated with Bernoulli and Genocchi Numbers

Let p be a fixed odd prime number. Throughout this section, Z , Q,, and C,, will denote the ring of p-adic integers, the field of p-adic rational
numbers, and the completion of algebraic closure of Q,, respectively. Let v  be the normalized exponential valuation of C » with
Ipl, = p P = 1/p. Let UD(Z ») be the space of uniformly differentiable functions on Z . For f € UD(Z,,), the bosonic p-adic integral on Z, is
defined by

10)=[ Fedue = tim 377 () (1)

N Lux
» P

(see [2, 5, 11]). From (3.1), we can derive the following integral equation:

n-1
I(f)=I1(f)+>.f (@) meN), (3.2)
i=0
where f,(x) = f(x +n)and f'(i) = (df(x))/dx)l,.; (see [2]). Let us take f(y) = ¢'**). Then we have
J ey (y) = ZB (3.3)
ZP
(see [2, 5]). From (3.3), we have
j (x+n)'du(y) = B, (x), J y'du(y) =B, (34)
ZP ZP
(see [2, 5]). Thus, by (3.2) and (3.4), we get
n-1
J (x +n)"du (x) = J XMdp (x) +my ", (3.5)
ZP ZP i=0
(see [2]). From (3.5), we have
n-1
B, (n)-B,=mYi"" (neZz,) (3.6)
i=0
(see [2]). The fermionic p-adic integral on Z » s defined by Kim as follows [2, 8, 9]:
L (f) = J RCITIEE thoop— Z £ (<17 (3.7)
From (3.7), we obtain the following integral equation:
Ly (f,) = D" (f) +22( D" () (3.8)
(see [2]), where f,(x) = f(x + n). Thus, by (3.8), we have
n-1
J (x+n)"du_, (x) = (—1)"J. x"du_y (x) + 22(—1)"_1_11’" (3.9)
Z, Z, 1=0
(see [2]). Let us take f(y) = ™ _Then we have
H(x+y) ZteXt S
tJ e du_, ZG (x) (3.10)
ZP
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From (3.10), we have
G, ., (x) G
nd _ —n+l )J nd n+l
J, (e () = 2 e ()=
Thus, by (3.9) and (3.11), we get
n-1
Gt ) _ gy (G, 2y () ).
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Let us consider the following p-adic integral on 7 ;:
n I n n
K, = J B, (x)du(x) = Z "‘IJ xdu(x) = Z B,_;B;.
Zyp 1=0 Zp 1=0 \ 1

From Theorem 2.1 and (3.13), one has

wlfn+l1\B k[ k
K=Y =ik Ger | Haut)

k=0 k n+ 15\ z,
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Therefore, by (3.13) and (3.14), we obtain the following theorem.

Theorem 3.1. For n € Z,, one has

+1
Z": B = "Z z k\ B,..1BGi
o2 n+1 ’
=0 k=0 1=0 l
k+n
Now, one sets
n Gl+1

K, = JZ B, (x)dp_, (x) =) l BT

By Theorem 2.1, one gets

K= ) e G J Xdp_y (x)
k=0 k n+ 15\ z,
k#n
'f i n+l k By1-1Gi-iGit.
= i3 ;] (m+D)(I+1)
k#n
Therefore, by (3.16) and (3.17), we obtain the following theorem.
Theorem 3.2. For n € Z,, one has
i le+1 _ ril i n+l k\ B,.14GiiGa
n— .
1=0 1 I+1 11210 1=0 k 1 (T’l + 1) (Z + 1)
n

From Theorem 2.2, one has
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") G j k
-2 x"du_y (x
z; l l+lz Btk z, Hoy (%)
(3.20)
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Therefore, by (3.19) and (3.20), we obtain the following theorem.
Theorem 3.3. For n € Z,, one has
Zn: GG _ 22": S\ [ ") BiriGuiGin (3.21)
= I+1 Sa\ k I+1)(k+1)
Now, one sets
[ n
K, = J G, (x)du(x) =) G, B, (3.22)
Zy =0 \ I
By Theorem 2.2, one gets
nidfn\fn-1\G
K,=-2 l +’+iB,,_,_kBk. (3.23)
I=1k=0 \ [ k
Therefore, by (3.22) and (3.23), we obtain the following corollary.
Corollary 3.4. For n € Z,, one has
n n nl 4 n-1 G, B B
D G,.B=-2) ) % (3.24)
1=0 I=1 k=0 \ [ k +
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