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ABSTRACT
The degenerate Bernoulli numbers £ (1) can be defined by means of the exponential generating function

1 -1
t[(l+ ﬂt)Z —1} L.Carlitz proved an analogue of the Staudt- clausen theorem for these numbers and he

showed that 8, (A1) is polynomials in A of degree < m. As further applications we derive several

identities, recurrences, and congruences involving the Bernoulli numbers, degenerate Bernoulli numbers
and polynomials.
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INTRODUCTION
Carlitz (1956) defined the degenerate Bernoulli numbers /. (1) by means of the generating function

t < t"
; => B (ﬂ)ﬁ (11)
[(1+ At)z —1} e '
We have f3,,(0) = S, the ordinary Bernoulli number In (Carlitz, 1956, 1979) Carlitz proved many

properties of S, (4),including an analogue of the staudt-clausentheorem. He also pointed out that
L., (1) is a polynomials in A with degree < m. we have

fo(2) =1

ﬂl(z)=‘71+2§
ﬁz(l)zé—%s

B ="+ E
,84(1):;—3+%/12—;—2/14

1 5 9
AD==1-=2+=2Andsoon.
Bs(4) 2473 2

Carlitz (1956, 1979) also defined the degenerate Bernoulli polynomials £ (4,x) for A =0
of the generating function.

by means
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L+ At)” = Zﬂ A, X)
[1+ at) -1 (1.2)
Where MJ 1.These are polynomials in A and x with rational coefficients. We often write

B (A) Tor 3, (1,0) , and refer to the polynomial Bn(2) as a degenerate Bernoulli number. The first few
are

Bo(4,x) =1

1 1
A, X)=X—=+—=A1
B.(4, %) >t
1 1
AX) =X —x+=-Z2°
B (4. %) 56
,83(/1,x):x3—§x2+1x—§/1x2+§/1x Lply
2 2 2 2 4 4 And so on.

One combinatorial significance these polynomials have found is in expressing sums of generalized falling
i

factorials (/Jm “specifically, we have

S ] = hlata - .0

o\ A
i=0
For all integers a>0 and m>0 [2 Eq. (5.4)], where

(1.3)

The Bernoulli polynomials Bn(X) may be defined by the generating function,

t X~ t"
(et _1)6 - mZ:OIBm (X) m! (14)

And their values at x=0 are called the Bernoulli numbers and denoted ﬂm.Since
)7 t —

Q+A)* >eas 10 it is evident that Bn(0.%) =, () letting A0 in (1.3) yields the

familiar identity

ZI m+1( ) ﬂm+l]

Expressmg power sums in terms of Bernoulli polynomials.

(15)

A Recurrence Relation of Zn
In (Howard, 1996), For any positive integer m and any positive integer n >1,we have

B —ﬁi (kjﬂkzjm ‘ @.1)

k=0
(1-e™)
Proof: Let n be any positive integer greater than 1.Noticing that 1-¢) is the sum of finite geometric

series, we have
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(1_enX) n-1 ix n-1 o J Xm o n-1 J X
=~ 20200 0 7 — e — —
(1-e%) Jz;‘ JZ;‘ mzo m! ,nz(;]z.; m!

Multiplying both sides by (1- nX) we obtain

X %
(1—e“x) 1- e"x) m=0 =0

From the definition of the Bernoulli numbers we now have

= X" B,n".x -
R ( RS j
m=0 m=0 j=0
By the Cauchy product rule, we get

S X B X
WSS z( S k),]

ankO

iﬂm g{nkz:;[kl(m k)lzlka }

Because a power series expansmn is unlque, we have

RS

nkO

1 m-1 n-1 ] v 1 n-1
z[n (S J+—[n"‘-ﬁmzlj
i=0 n j=0
1 m-1 n-1 ]
(n ﬂkZJ’“kJ+(nm-ﬂm)
n k=0 =0
Therefore

m-1 m n-1
n« i™* | For all m>1
r n(l ") Oﬂkzj j"”" "

j=0
A Recurrence Relation of 5. (4, X)
In this section, we derive the following recurrence relation for £, (4, X)

B (%) =i(:jﬂk (ﬂ)@ 61

Proof:-We know that the degenerate Bernoulli polynomial

t " t"
m(1+/1t) = mzzoﬁm(z,x) -
By (1.1) we get

S (D) e ) = 3 A2

By the Binomial expansion
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0 tm 0 X tm 0

A)— —| — A, X)—
S AW A e S A G
By the Cauchy product rule

-5 B

k=0 \ K

This is new recurrence relation.
Properties of Degenerate Bernoulli Polynomial

In this section, some of well-known properties of Degenerate Bernoulli polynomials are derived from the

generating function (1.2)
Property 1:

puen) -3 g Y]

Proof: Now put X — X+ YV in (1.2)

t - t"
— (L4 )Y = A, X+Yy)—
@y g 2 Pn Xy

t o0 m
— A+ )" A+ )Y = A X+Yy)—
g A @A =2 ()
By the equation (1.2)

> (A (4 )" =Y B (X +Y)
m=0 m! m=0 m!
By the help of Binomial expansion

(1+ Aty = i(%) £

m=0 m m!
Therefore
SaEE S Lo s xept
et miZla) m = m!

By the Cauchy product rule

['s} tn s} tn o0 n
(Eo 5 5]
= n)\s= o n = nl
n n
C, = Z(Jak.bnk

Where k=0
putoxen =3 ||

k=0 \ K

Here y=1 then,

(4.1)
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Bl x+1) = Z[jﬂ * x)@j

m-k (4.2)
Property 2:
ﬁm (21 X) = ﬂilﬁm (ﬂw X) (4.3)
Proof: By the generating function of degenerate Bernoulli polynomials

@1+ A" &

t
sy -1~ 2P0

Differentiate above equation with respect to x

.1+ /1t)"X >
[(L+ At)" — mz P4

ﬂ-Zﬁ (4, X)—. 2,3 (/LX)H

Equating the coefficients

B (A, X) = 1.3, (A, X)
B (A,X) = %ﬁm (1, X) Where pa=1

P (A X) = 27 B, (A, X)

Property 3:
L a1-x)=(1) B (4.%) (4.4)
Proof:- By equation (1.2)
t.(1+ /?ut)"X x

ik ki S A, X)—
ey 1 2P X)

X —)1— X in above equation
Put
t.(L+ A & tm
i bl A1—X)—
g 2 X)

t.(1+ At)” (1+ﬂt) e
[+ At)" —1] n;)ﬂ (1= X)_

t.@+At)“ L+ At) ™

L+ ) [— (At i) *] = m
t.(1+At)™ = t"

o] &P 9
t(1+/1t)“‘x 2 g

A+ A -1 = 2 (A0
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o0

m t" & m
> 1) B0 =300
Equating the coefficients

L (a1-x)=1)" B (.x)

Property 4:

By (A x+1) = B, (A, X) = n@

- (4.5)
Proof: By equation (1.2)
R A e
[@+ At) — n= (4.6)
X = X+1 in above equation
Put
H(x+1) 0
w DWACES 1) —
[@+ At)” - = “.7

Subtracting (4.7)-(4.6)
t(L+ A0 t(1+ﬂ,t)“x >

tn o0 n
(- [y g~ & 2 A

t.(L+ At)™ = Z_)[ﬂn (4 x+1) = B, (4, X)]%

By the Binomial expansion

Z{ J Z[ﬂ (4 x+1)— B, (4 x)]—
>

X t: —i[ﬁuxw xe x)]—
—>n—1|nLHs

[ x|

Ms

ot DA D AT

Multiply and d|V|de by

0 _X_ tn - tn

;_; N nl (n 1)| é[ﬂn(ﬂ“’x"'l)_ﬂn(/l,x)]—l

iﬁ t" n(n-1 i[ﬂ(ﬂt D4 x)]_

Al (n=! 7=

Equating the coefficients

By (A x+1) = B, (4, %) = n@

1l
o

n
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Property 4:

X 1 & 1
(Ijm TmilA ( )ﬂ (4 X)(ZJW (4.8)

Proof: By equation (4.2)

B.(A,x+1) = Z(Jﬂk(/i,x)(

(ol
Jrax() (penG)

Box+D) — () = S mjﬂk(z x)[ j

k=0 \ K

3

B. (A, x+1)=k=l(

=

But we know that by (4.5)

:Bn (ﬂ” X+1) _ﬂn (ﬂ,, X) = n(%j

). -HoRael
(/1 i KO\ A (4.9)

m-—->m+1
Now put

(m +1)Gjm - kznj;(mjjﬁk (A, X)Gjmuk

X 1 & 1
(z)m “mal e XHW

Now put x=0 in equation (4.9), then

S eall] -

k=0 \.k m+1-k (4.10)

By definition
Bn(1.0) = B,(4)

Therefore

i[mjﬂk (ﬂ)( ﬂj ~0
k=0 m-+1-k (4.11)
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