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GENERALIZED BERNOULLI NUMBERS AND A
FORMULA OF LUCAS

VICTOR H. MOLL AND CHRISTOPHE VIGNAT

ABSTRACT. An overlooked formula of E. Lucas for the generalized Bernoulli
numbers is proved using generating functions. This is then used to pro-
vide a new proof and a new form of a sum involving classical Bernoulli
numbers studied by K. Dilcher. The value of this sum is then given in
terms of the Meixner-Pollaczek polynomials.

1. INTRODUCTION

The goal of this paper is to provide a unified approach to two topics
that have appeared in the literature. The first one is an expression for the
generalized Bernoulli numbers B,(@p ) defined by the exponential generating

function

0 n p
P _ c
(1.1) > B — <é__1>

n=0

For n € N, the coefficients B,(@p ) are polynomials in p named after Norlund
in [I]. The first few are

(12) B =1, B = ~4p, B = —Lp+ 1p? BY = *(1-p).
In his 1878 paper E. Lucas [4] gave the formula
—1)P=t  pl
1.3 B$>:( n—pHL(] 4 B) . (p— 1+
(p)

for n > p. This is a symbolic formula: to obtain the value of By”, expand
the expression (IL3) and replace 3/ by the ratio B;/j. Here Bj is the classical
Bernoulli number B, = B" in the notation from (@1).

The second topic is an expression established by K. Dilcher [2] for the
sums of products of Bernoulli numbers

2n
(1.4) Sn(n) = Z <2j1, 2j2, - ,2jN>szlej2 o B
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where the sum is taken over all nonnegative integers ji,--- ,jn such that
j1+ -+ jn =n, and where
2n (2n)!
I S J
251, 242, -+ ,2)N (251)! -+ (24n)!

is the multinomial coefficient and By, is the classical Bernoulli number. One
of the main results of [2] is the evaluation

1 g (2n)! R () Boy ok,
(16) v = G T 1;) koon — 2k’

)

where the coefficients b,iN are defined by the recurrence

N+1
(1.7) BN —

)

1 1 (v
—sz(gN) + Zb,(f\_fl Y
with b((]l) =1 and b,(CN) =0 for k <0 and for k > [(N —1)/2].

Lucas’s original proof is recalled in Section 2l This section also contains
an extension of Lucas’s formula for B,(Lp ) to 0 < n < p-—1in terms of the
Stirling numbers of the first kind. A unified proof of the two formulas for
B,(Lp ) based on generating functions is given in Section Bl Another proof of
Lucas’s formula, based on recurrences, is given in Section Ml and Section
contains a proof of

N
(15) Sv(m =3 e () ) B
k=0

that expresses Dilcher’s sum ([L4]) explicitly in terms of the generalized
Bernoulli numbers. Expressing this result in hypergeometric form leads
to a formula for Sy (n) in terms of the Meixner-Pollaczek polynomials

2)) -n A+

1. PN (g d) = (_" me, 1 e 29

(1.9) (23 9) ol e ol 2\ e

It is then established that the recurrence (LT, provided by Dilcher in [2],
is equivalent to the classical three-term relation for this orthogonal family
of polynomials.

2. LUCAS’S THEOREM

In his paper [4], E. Lucas gave an expression for the generalized Bernoulli
numbers Bﬁlp ), for n > p. This section presents an outline of his proof and

an extension of this expression for B,(Lp ) to the case 0 <n<p-—1. A proof
based on generating functions is given in the next section. Lucas’s formula
uses the translation

(2.1) gr= 2o
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coming from umbral calculus. Observe, for example, that

—1)t 3!
B = SL22045) = 65 + 5
_ By B3\ _ ., 1

Observe also that the symbolic substitution (2.1)) should be performed only
after all the terms have been expanded. For example,

2 _ A2 3_@ %__1
(2.2) FA+B) =5 +5 =5 +5 =3
but
2 Bs By _ 1
(2.3) ﬂ(1+ﬁ)7€7<1+T>—24.

)

Theorem 2.1 (Lucas). For n > p, the generalized Bernoulli numbers B,(Lp
are given by

-1t pl
ey B =TV g s ) o149

where, in symbolic notation,

(2.5) gt =—.

Proof. Lucas’s argument begins with the identity
(2.6) pBPY = (p—n)BY) — pnBY,

which follows directly from the identity for generating functions

o b () e () ()

Shifting n to n — 1 it follows that

(2.8) pBPHY = (p—n+1)BP | — p(n - 1)BY,,
Now multiplying (2:6]) by n(p + 1) and ([Z.8) by (p —n + 1) leads to
pp+DBI = (p=n+1)p-n)BY — (p—n+1)p+p+1)nBT,

+p(p+ Dn(n— 1)BY,
and then, by the same methods, he produces
(p+2)(p+pBF™ = (p—n+2)(p—n+1)(p—n)BY
— (-m)p-n+1)p+p+1+p+2nBY,

+ -n+2)pE+1)+plp+2)+@E+1)pE+2)nn-1)B

— pp+V)(p+2)n(n—1)(n - 2)BY,

and then, stating ‘and so on’, concludes the proof. O

)

n—2
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The following alternate proof of Lucas’s theorem using generating func-

tions requires an expression for B,(Lp ) in the range 0 < n < p— 1, of the kind

given in (24]). This cannot be obtained directly from (24]). The Stirling

(p)

numbers of the first kind s, are used to produce an equivalent formulation

of BT(L ). These numbers are defined by the generating function
(2.9) 2z=1)(z=2)---(z—(p—1)) Zsk ZF

Then (24) may be written as

W G a1 S )
k=1

1 Bn p+k

= —(p_l)!n(n—l) (n—(p—1)) Zsk kin p:—k

Observe that the index n varies in the range 0 < n < p — 1, therefore the
prefactor n(n —1)---(n — (p — 1)) always vanishes. On the other hand, all
the summands are finite, except when k = p—n. Performing the translation
from (—3)* to By /k for this specific index gives

5@
n(n=1)1x (1)(2) (o= 1) (1) = G-

1
(p— !
This gives:

—

Theorem 2.2. The generalized Bernoulli numbers BT(Lp), with0<n<p-—1
are given by

) 5P
p) — _pP~n
(2.10) B = (p_l).
n
In fact, this is a classical result. It is, for example, a direct consequence
of the identity

(2.11) (z—=1)(z=2)---(z—p) :Z (i;)zeBI(Sl)

=0

which appears (unnumbered) in [5, p.149].

3. THE PROOF VIA GENERATING FUNCTION

The expressions for the generalized Bernoulli numbers given in ([2:4]) and
([2.10) are now used to compute the generating function

(3.1) G(z)=> B,@Z—T;
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and to show that it coincides with the generating function of the generalized
Bernoulli numbers (I.1]).

Split the sum as G(z) = G1(z) + G2(z), where

p—1 0o

z" N
(32) Gi(z)=>_ B,@m and Ga(z) = Bgmm‘
n=0 n=p
Observe that
= N (_1)17—1 n! n—p+1 _ ﬁ
D B e AU B e Rt b
(_1)p—1 > n! AL
= 1+ 1+ n=p-_
P )
—1)r-1 p
= S 1 Ae)
P k=1
with
= By ptk _
3.3 = n—pt n—p
(3.3) fe(2) é(n—p)!(n—erk)z
The (k — 1)-st antiderivative of fi(z), denoted by gi(z), is
B [oe} Bn—p—l—k n—p+k—1
gk(2) = nz:; (n—p+l<:)!z
> B
— -1 l 0
= 2 ZFZ
=k
_ l[ 5 _k_lﬁ ,
zler—1 e !
therefore
a\" o1 d\" 11
o = () =) -
A S G VU
B dz e —1 2k
This gives
PN
GQ(Z) = _( — 1)' Zskp (_1)kfk(z)
P T k=1
2 - (p) w(d kot 1 2P P ) (k—1)!
= — 1 el _
(p_l)';sk Y <d2'> [ez—l} (p—l)'kzlsk P
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On the other hand,

p—1 n

z

Gi(z) = Engmm
n=0 :

n=0
= s, (p—1—n)lz"
_ p—
(p 1)' n=0
1 P
= 5T S sk — 1)1k
p fe—

This sum cancels the second term in the expression for Ga(z). Hence

(3.4) G(2) = Gr(2) + Gal2) = ——— é;#%4%<dyA[ =

(p—1)! dz er —1
Using (2.9)) this gives

(3.5) G(2) :—(;__Z)f;! <(p—1)+%> <1+d%> [ezl_ll

The next lemma simplifies this expression. Its proof by induction is ele-
mentary, so it is omitted.

Lemma 3.1. Forn > 1, the identity

(=" d d d 1 1
. N n-1+=) 1+ =
(36) nl \" + dz ) \" + dz + dz) e —1 (e#r —1)nt!
holds.

Replacing in ([B.5]) produces
N G A VA VL S SR A
B0 O it e\ 1)
which is the generating function of the generalized Bernoulli numbers. This

proves both Lucas’s formula for BY) with n > p and the expression (2.10])
for0<p<n-—1.

4. LucAs’S FORMULA VIA RECURRENCES
The numbers Bﬁlp ) satisfy the recurrence
(4.1) pBY*Y = (p —n)BY — pnBY,.
(p)

Lucas’s formula for B;’ is now established by showing that the numbers
defined by (2.4]) satisfy the same recurrence.
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Start with
—1)P1p! . pd
(p—n)BY —pnBY, = (p—n) (p(— 1))!(n —p)!ﬂ LI+
k=0

(—1)P~1n!
p—1Dln—p-—1)!

p—1
pn P 1k +8),
( =0

and write it as

—n » _ n (») — (_1)P—1n! nelop | p—1 - p—1
T (T
(p—l)!(n—p_l)! 14

(= n! vl T

=P o pkH(“m
=0

= pBFY.

To conclude the result, it suffices to check that the initial conditions
match. This is clear, since

n! B

(4.2) B = A =np" = n#‘ = B,.

" (n—1)!
This establishes Lucas’s formula for the generalized Bernoulli numbers.
5. A NEW PROOF OF DILCHER’S FORMULA

This section analyzes the sum

2n
6.0 Swi=), <2j1, s, - ,2jN> Pai o B

using Lucas’s expression for the generalized Bernoulli numbers Bﬁlp ). An
alternative formulation is presented.

Proposition 5.1. The sum Sy(n) is given by

N
(2n)! ok N B(N_k)
2n — k)! k 2n—k

(5.2) Sn(n) = (
k=0

for 2n > N.

Proof. The umbral method [7] shows that the sum Sy (n) is given by
1

(5.3) Sn(n) = o5 (aBr+--+ enBy)™"

with €; = £1. Introduce the notation

(5.4) VM) = (=B — - = Bar+ Bargr + - + By) ™"
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where there are M minus signs and N — M plus signs. Thus,

(5.5) Sx(n) = 55 Z( )Y(MN_

The next step uses the famous umbral identity

(5.6) f(=B) = f(B)+ f'(0)
(see Section 2 of [3] for details) to obtain

M,N M—1,N M—1,N—1
(5.7) Y2(n )= Y2(n ) Y2(n 1 .

This may be written as

(5.8) Q2n )+ 2n Qg{[ 11 )

where Qé\/f = Yj(M’PJrj ) and P = N — 2n. Then (5.8]) is easily solved to
produce

M
(M) _ MY (2n)! o)
Since the initial condition is
(5.10) g;) k= Y2(7(L)]\IQ "= Bég—_lf)v
it follows that
M
(M,N) MY (2n)! (N—k)
11 Y. = -—~ B .
(5 ) 2n kzzo < k > (2n _ k’)' 2n—k

Replacing in (5.5]) yields

SN(”) = 2LNMEJ\;:0< >Y2n
- Mg::o ( > sz: (A/Q it
N N
= e () ()

Now use the basic identity

(5.12) A;N::O <A,f> @) - A;i:k (f) (J\]D -2 <JZ>

to obtain the result. O

Lucas’s identity for generalized Bernoulli numbers is now used to obtain
a second expression for the sum Sy(n).
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Proposition 5.2. For 2n > N, the sum SN(n) is given by

2n — N f+1
(5.13)  Sn(n) = (275%)52 o Z <g+ >2(N 1) 4( 0 =

Proof. Using the Pochhammer symbol

(5.14) (B+1)p- F(ﬁﬂ))=(6+1)---(5+p—1)

IRNCES)
Lucas’s formula (2.4) is stated in the form
p—1 |
(r) — (=P n n—p+1
(5.15) BY = i p? Bt e

Using Proposition [B.1] and By(L) = 0, so that Bé?z)_ N = 0 since 2n > N, it

follows that

= _ <N> (—1)N=k=1 (2n — )
(

Snn) = ZO 2n— k N—k:—l)!(2n—N)!B2n_N+l(ﬁ+1)N_k_l
(

m 3 N -1 N—k—1
e Ea () G

that reduces to the stated form. O

To obtain a hypergeometric form of the sum Sy (n), observe that

(5.16) M=M= ()
and (2)y = (£ + 1)! give

N\ _ A=N)
(5.17) (—1)£<€ N 1) =N O

and the following result follows from Proposition
Proposition 5.3. The hypergeometric form of the sum Sy(n) is given by

(5.18) SN(n):(%ngn))ﬁ% N+19l-N N,y (1_N,2 1+5'2>.

The final form of the sum Sy (n) involves the Meixner-Pollaczek polyno-
mials defined by
1- 6_2Z¢> .

2\
Choosing A = 1 and ¢ = 7/2 gives the next result.

22, .,
(519) PT(L)\) ($7¢) — ( 2\') ezn¢)2F1 < n A —+ 1

Theorem 5.1. The sum Sy(n) is given by

(2n)! 1 2n-N+1 p(1)
@n— Ny @)i1P TPy (Zﬁ’ )

(5.20) Sn(n) =
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Some examples are presented next.

Example 5.4. The Meizner-Pollaczek polynomial

(5.21) Y (m; g) — 2% 1
gilves
Sin) = o * (1A (25 - 1)
- G D=2 [y Bas]
4 2n 2n — 2

= (2n—1)(n — 1)Ba, + in(2n — 1) By, o,
which coincides with [2 eq. (2.6)].

Example 5.5. The Meizner-Pollaczek of degree 3 is

ON A 3
(5.22) P <x,2>—3( 2z + x7)

that produces
2n)!

_ 2n3 . 23
S3(n) = DI )B 3 (28 +15%)

= —1(2n—1)(n —1)(2n — 3) By, — 3(2n)(2n — 1)(2n — 3)Bap o,
which coincides with [2 eq. (2.7)].

The next step is to establish a correspondence between the Dilcher coef-
ficients b,(CN) in (LO) and the coefficients p,(gn) in

(5.23) (z;7/2) = Zp

the Meixner-Pollaczek polynomials. In particular, it is shown that the re-
currence (L7) is a consequence of the classical three terms recurrence for
orthogonal polynomials.

Theorem 5.2. The coefficients b deﬁned in (LO) and the coefficients

p,(C ") are related by

b/(fN) _ (—D)NI7R v

(524) 2N—1 pN—l—Qk;‘

The recurrence relation (7)) is equivalent to the three-terms recurrence
(5.25)  (n+ P (2:5) —20P0 (1 5) + (n+ DPY, (w5 ) =0,

satisfied by the Meixner-Pollaczek polynomials.
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Proof. The Meixner-Pollaczek polynomials are orthogonal, hence they sat-
isfy a three-terms recurrence. The specific form for this family in (5.25])
appears in [0, Chapter 18]. In terms of its coefficients p,(fn) this is expressed
as

(5.26) (n+ 1)p™ = 2p™ 4 (n+ 1)p" Y = 0.

Comparing the two expressions for Sy (n) in (LO) and (5.20) gives (5.24).
This is equivalent to

(N=1) _ gN—1,N—1+4£;(N)

.2 =2 .

(5.27) Py ) b%(N_l_g)

Replacing in (5.26]) and simplifying yields (L7)). O

Theorem 2 in [2], stated below, may be proven along the same lines of
the proof of Theorem Details are omitted.
Theorem 5.3. If2n < N — 1, then
n (2n)'(N —2n — 1)' N—1
(5:28) Sw(n) = (1) ST PN2n1

= (=DM @r)(N —2n — 1)),

n
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