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Abstract

g-Bernstein polynomials.

The main purpose of this paper is to introduce and investigate a class of generalized
Bernoulli polynomials and Euler polynomials based on the g-integers. The
g-analogues of well-known formulas are derived. The g-analogue of the
Srivastava-Pintér addition theorem is obtained. We give new identities involving

1 Introduction

Throughout this paper, we always make use of the following notation: N denotes the set

of natural numbers, Ny denotes the set of nonnegative integers, R denotes the set of real

numbers, C denotes the set of complex numbers.
The g-shifted factorial is defined by

n-1
@qo=1,  (@@u.=][[Q-da), neN,
j=0
@q) =] ](1-4a), lgl<lacC.
j=0

The g-numbers and g-numbers factorial are defined by

a

[a]q = 1

respectively. The g-polynomial coefficient is defined by

n| (@ Dn
k], (@ Dni @Dk

The g-analogue of the function (x + )" is defined by

n

n
w+yi=> [k:| gD Rk e N,
q

k=0

(6] 7{1): [O]q' =1 [n]q‘ = [l]q[2]q Tt [}’l]q,

neN,aeC,
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The g-binomial formula is known as

n-1 n
(1-a))=(@qu=]](1-da)= {Z} gD 1)k at,
0 q

j=0 k=

In the standard approach to the g-calculus, two exponential functions are used

1
W)-Zn, ]‘[(1 i q)k) 0<lgl <Lzl < =

n=0 q
© L1y n 00
) z
E,(2) = Z__Z :1_[(1+(1—q)qkz), 0<l|gl<l,zeC.
=0 [r2]4! k=0

From this form, we easily see that e,(z)E;(—z) = 1. Moreover,

quq(z) = eq(z): DqEq(Z) = Eq(qz);
where D, is defined by

D,f(2) :=M, 0<|ql<1,0#z€eC.
qz—z
The above g-standard notation can be found in [1].

Over 70 years ago, Carlitz extended the classical Bernoulli and Euler numbers and poly-
nomials and introduced the g-Bernoulli and the g-Euler numbers and polynomials (see
[2, 3] and [4]). There are numerous recent investigations on this subject by, among many
other authors, Cenkci et al. [5-7], Choi et al. [8] and [9], Kim et al. [10-13], Ozden and
Simsek [14], Ryoo et al. [15], Simsek [16, 17] and [18], and Luo and Srivastava [19], Srivas-
tava et al. [20], Srivastava [21], Mahmudov [22].

We first give here the definitions of the g-Bernoulli and the g-Euler polynomials of

higher order as follows.

Definition 1 Let g, € C, 0 < |g| < 1. The g-Bernoulli numbers B g ) and polynomials
%E,,q(x, ) in x, y of order « are defined by means of the generating functions:

o o0 t
(eq(t) 1) Z Tl |t| < 27,

n=0

t
(m) eq(tVE, W)-Z%nq(x,y)[ e <o

n=0

Definition 2 Letq,o € C, 0 < |q| < 1. The g-Euler numbers 055,‘2 and polynomials eﬁ,ﬁ‘;(x, y)
in x, y of order « are defined by means of the generating functions:

(eq(t)+1) ZQE " <7,

2\ o
(W) eq(tX)Eq(ty) =;€ (x,) !, It <.

Page2of 11


http://www.advancesindifferenceequations.com/content/2013/1/108

Mahmudov Advances in Difference Equations 2013, 2013:108 Page3of 11
http://www.advancesindifferenceequations.com/content/2013/1/108

It is obvious that

n

B -B00),  Jim D)< By, fim B -

€= 00,0, lim € ~E ey, Jim €)=
; (o) — g ; (@) _ pnla)

Jim. B (x,0) = B (), Jim B)(0,5) = B (),

lim €9(x,0)= EQ®),  lim €9(0,y) = E9(y).

q—1- ol " q—1- nq n

Here Bffl)(x) and E (%) denote the classical Bernoulli and Euler polynomials of order «
which are defined by

t \* = ¢ 2 \* = ¢
tx _ (@) ()~ tx _ (@) ()~
(et—1> e —ZBK (x)n! and (et+1> e —ZEn (x)n!.

n=0 n=0

In fact, Definitions 1 and 2 define two different types %E,‘Z(x,O) and %5,‘2(0, y) of the
q-Bernoulli polynomials and two different types @%(x,O) and (’ES’,’;(O, y) of the g-Euler
polynomials. Both polynomials %;‘)”;(x, 0) and %L",‘;(o, ) (035,‘2(96, 0) and Q‘E%(O, )) coincide
with the classical higher-order Bernoulli polynomials (Euler polynomials) in the limiting
caseqg— 1"

For the g-Bernoulli numbers 98, , and the g-Euler numbers €&, ; of order #, we have

Brg = Bng(0,0) =B (0,0,  €,,=6¢,,(0,0) =€ (0,0),

respectively. Note that the g-Bernoulli numbers 5, ; are defined and studied in [23].
The aim of the present paper is to obtain some results for the above newly defined
q-Bernoulli and g-Euler polynomials. It should be mentioned that g-Bernoulli and g-Euler
polynomials in our definitions are polynomials of x and y, and when y = 0, they are polyno-
mials of x, but in other definitions they are functions of g*. First advantage of this approach
is that forg — 17, %E,Df;(x, y) (Qifff;(x, y)) becomes the classical Bernoulli %E,a)(x +9) (Euler
¢W(x + ¥)) polynomial, and we may obtain the g-analogues of well-known results, for ex-
ample, those of Srivastava and Pintér [24], Cheon [25], etc. The second advantage is that we
find the relation between g-Bernstein polynomials and Phillips g-Bernoulli polynomials
and derive the formulas involving the g-Stirling numbers of the second kind, g-Bernoulli

polynomials and Phillips g-Bernstein polynomials.

2 Preliminaries and lemmas
In this section we provide some basic formulas for the g-Bernoulli and g-Euler polynomi-
als in order to obtain the main results of this paper in the next section. The following result

is a g-analogue of the addition theorem for the classical Bernoulli and Euler polynomials.

Lemma 3 (Addition theorems) For all x,y € C, we have

n n

o n o n— o n o n—
%i,;my):z[k] B+ )37, e;,;u,y):Z[k} e+ )ik,
q q

k=0 k=0
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o - n n—K)(n—Kk— (4 1—, - n o n—
B () = [k] g ORI, 0)y = Y [k} B0, )x", ()
k=0 q k=0 q
g n — —K— o — = n o —
foﬁ‘;(x,y) = Z |:k:| gk 1)/26,2';(& 0)y"* = Z |:k:| Giy,;(O,y)x” K, (2)
k=0 q k=0 q

In particular, setting x = 0 and y = 0 in (1) and (2), we get the following formulas for
q-Bernoulli and g-Euler polynomials, respectively

o - n o) n— o - n n—k)(n—-k— o) -,
%51,;(96,0) = Z [k} %z,q)x k’ %qu;(o,y) = [k} q( k) (n—k 1)/2(3;(’;}/ k, (3)
q k= q

0
n
n &), - (3 n n—k)(n—k— o) n—k
o =3 | € €0,) = qURUADR k(g
k k
k=0 q k=0 q

Setting y =1 and x =1 in (1) and (2), we get

" n o " n o
%5:2(96’ 1) = Z |:kj| q(n—k)(n—k—l)/2%§(yq)(x, 0), %5:2(1,)/) = %;(]q)((),y), (5)
q q

k=0
" |n » ” " | n "
CHICSIEDY [ k} g PRI, 0), €0 (1,y) = [ } €0,9).  (6)
k=0 q 0
Clearly, (5) and (6) are g-analogues of
“(n\ @ » “(n\ @
BOx+1)=) (k) BO), EYx+1)=) (k> E& (),

k=0

respectively.

Lemma 4 We have

DgaB(x,9) = [n],BY, ,(®,9),  DyyB(x,9) = [n],B (% 0),

Dya€(x,9) = [, (6,9),  Dgy€(x,9) = [n], €%, (x,qy).

Lemma 5 (Difference equations) We have

BE(L,9) - BE(0,3) = [1],B57(0,3), ?)
€ (1,y) + €(0,y) = 2¢1(0,y), (8)
B (x,0) - BE (x,~1) = [1],BL) (x,-1),

¢ (x,0) + €@ (x,-1) = 2¢ V(x, -1).

From (7) and (5), (8) and (6), we obtain the following formulas.

Lemma 6 We have

1 " n+l
B (0,y) = BE(0,9), 9
na O = Ay 2| k| kq(0:) ©)
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& 0,y) = %[Z m €(0,5) + €0, y)}. (10)
q

k=0

Putting o =1 in (9) and (10) and noting that
%(0)( ) @(0) (0 )/) qn n- 1/2yn
n
we arrive at the following expansions:

1 L ln+1
AT B10(0,),
Yy qn(n—l)/Z [Vl + l]q kXO: |: k :| k,q( y)
= q

1 "\ n
y'= 27 [Z |:k} € q(0,9) + Q‘fn,q(O,y):|,
k=0 q
which are g-analogues of the following familiar expansions:
1 (n+1 1| (n
y=— By v =5 | Do\ B +EG) | (11)
n+l pars k 2 o k

respectively.

Lemma 7 (Recurrence relationships) The polynomials ‘Bn q(x, 0) and 6 (x, 0) satisfy the
following difference relationships:

k X ’ k X ’
ZH nf%}f;(x,m-z” m'B ) (x,-1)
-0 U g /14

j=0 j=0
k-1 k-1
=[k]q2[ . } m B (x, 1), (12)
j=0 q

(@) 1 k k 1 k=i (@)
Beal?) 2| | ! B
= U,

k-1 k— k—j-1
=[k1q2[ '1} <$—1) 57(0,9), 13)
o L/ a

j=0 J=0
“ Tk
zzzH m € (x,-1), (14)
o L/ 1q
k k-,
(1 k| (1 7
e;;(;,y)i[.] (1), <o
j=0 / q
k k—j
k| /1 T e
zzzu <Z_1> ¢ (0,9). (15)
j=0 q q
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3 Explicit relationship between the g-Bernoulli and g-Euler polynomials
In this section we investigate some explicit relationships between the g-Bernoulli and
q-Euler polynomials. Here some g-analogues of known results are given. We also obtain
new formulas and some of their special cases below. These formulas are some extensions
of the formulas of Srivastava and Pintér, Cheon and others.

We present natural g-extensions of the main results in the papers [24] and [26], see
Theorems 8 and 13.

Theorem 8 For n € Ny, the following relationships hold true:

n k
1 n k
(@) - keyr (@)
B, (xy) = T E |:ki| |:m By, (x,0) + E |:}j| ml‘B (x,—l)
q a

k=0 j=0
k-1
k=11 e
+[k]q2[ ; } i ”(x,—l)}en_k,qm,my),
j=0 q

B (x,9) = L (| & B(0,) Xk: ki (L k_j%(w(o )
nq x,Y) = o k m kq »yY) + . ] m - g Y
k=0 q =0 q q

J

k-1, k-1-j
NI [kj 1} <% _1) B0, y)i| v, 0).
q

j=0 q

Proof Using the following identity:

t o
<m> eq(tx)E,(ty)

2 t eg(£)+1 t «
_eq(ﬁ)uf‘f(Zmy)' 2 '<eq(t)—1) €q(£),

we have
ad " 1 %) o oo "
iB(Ol) ) = — @ 0’ SB ’0
nX:O: nvq(x )’) [Vl]q' 2 nX:O: n,q( le) n q[ ,,X:(; mn[ ] 1 Z nq(x )—[ ]
1 o
+50 Eng(Omy) Zgg(a x
n=0 [ ] [ ]q'
- 11 +[2
It is clear that
o0 tn
¢,,(0, my) %gx)(x’
HXO: nq ). [ ] Xzo: q [”]q!
Ry % o o
-2 3 k—n%}(,;(x,O)@n_k’q(O, my)——.
n=0 k=0 [n]q
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On the other hand,

n=0 n]q n=0 1:0
1> |:n] @ n—-k n—k m
=32 B 0) Y |7 | E(0,my)
2 n=0 k=0 k ! j=0 J q [l’l]q!
1 - -n ¢ n < ] ke (@)
:EZm j Qf,q(o,my)z / m %kq(x,O)[ ] .
n=0 j=0 q k=0 q
Therefore
> B ) Tl
n=0
1 o n " k A ‘ o
= 5 Z Z |:ki| kT [%Za;(x, 0) + m Z |:]i| m/%l(,i‘l) (x, O)i| @,,_k,q(o, my) TR
n=0 k=0 q j=0 q q
It remains to use the formula (12). O

Next we discuss some special cases of Theorem 8.

Corollary 9 For n € Ng, m € N, the relationship

k=0 j=0

1 & Tkl
B qx,y) = S Z |:Zi|q |:mk53k,q(x, 0) + Z |:j:|qm“3,,q(x, -1)
k-1
+ [kl Y [k ]’ 1} /™ (x 1%,} €1kq(0,m),
q

j=0

n k k—j

1 n k 1 /
B,,4(x,y) = T > |:kj| |:mk43k,q(0,y) + Z |:]:| <Z - 1) %8,,(0,)
k=0 L"1q j=0 a q
k=1 k-1-j
-1 o 1 ,
+[klg Y [k . } gD (— - 1) y] €t (71, 0)
o L7 1 " 1

holds true between the q-Bernoulli polynomials and q-Euler polynomials.

Corollary 10 ([26]) For n € Ny, m € N, the following relationship holds true:

Byx+y) =} (Z) (Bk(y) ¥ 'gy“)fsnk(x),

k=0

n

Bn(x+y) = 2’1”” Z <Z) [kak(x) + kak<x—1 + %)

k=0

+km (1 + m(x - 1))k_11|En_k(my).
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Corollary 11 For n € Ny, the following relationship holds true:

n

%n,q(xry) = Z |:Z] (%k,q(ory) + q%(kil)(kiz) %)fkl> en—k,q(xr 0) (16)
q

k=0

Corollary 12 For n € Ny, the following relationship holds true:

“ n- 1

Bug@®,0)= > | | BrgCpigl, 0) + (%Lq + —)en_l,q(x, 0), (17)
| k] 2
(k#1)
- —n- 1

B0 = 3 |7 | Brarsa0)+ (Bia+ 5 )€l a8)
(=

The formulas (16)-(18) are the g-extension of Cheon’s main result [25]. Notice that B, ;, =

—ﬁ, see [23], and the extra term becomes zero for g — 1.

Theorem 13 For n € Ny, the relationships

- n 1 kel k +1 1 kel ( )
(@) _ R ) ~ 1 ‘a—l
Cialen)= 2 |:k:| m" 1k +1], |: 2 |: J :| (m >q Gia (0
q q

k=0 j=0

MTee1] 10 &Y
[ (), - e |mgomon
o L7 1 1
n " 1 k+1 K+l
€@ (x,y) = |2 Je @ (x, -1
na ) Z[k:|qm”[k+l]q|: ;[ j ] " D)
= q

k+1 k+1 ‘
_ Z |: :| Wl’@,(f’;) (x,~1) — ikt @fi)lvq(x, 0)] B_k,4(0,my)
q

hold true between the q-Bernoulli polynomials and q-Euler polynomials.

Proof The proof is based on the following identities:

2 \* B 2 \* el(£)-1 t t
(—eq(t) " 1) eq(tx)E4(ty) = (r(t) " 1> E, (ty) - , . @)~ 1eq(zmx>,

2\ B 2\ e(£)-1 t t
(—eq(t) " 1) eq(tx)E4(ty) = (r(f) N 1) eq(tx) - , . eq(ﬁ) - 1Eq(

and is similar to that of Theorem 8. O

Next we discuss some special cases of Theorem 13.
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Corollary 14 For n € Ny, m € N, the relationship

“|\n m™" kst . )
Qn,q(x,y)= Z|:kj|qm|:22|: j :|qm’(x—1);

k=0 j=0
k+1
k+1 .
- Z |: ] j| mjéj,q(x) -1)- mkﬂ €k+l,q(xr 0):| Sank,q(of le)
j=0 q

holds true between the q-Bernoulli polynomials and q-Euler polynomials.

Corollary 15 ([26]) For n € Ny, m € N, the following relationships hold true:

En(x +J’) = Z 2 (n) (J’k+1 _Ek+1(y))Bn—k(x)’

= k+1\k

" (n\ mkrt 1—m\t 1-m
E,(x+y)= Z( )—[2(x+ ) —Ek+1<x+ )

o k] k+1 m m

- Ek+l(x)i|Bn—k(my)-

Corollary 16 For n € Ny, the following relationship holds true:

“\n 2 1
Cug2)=) [k] e, KDY — €1114(0,9)) Brroiq (1, 0).
k=0 q

Corollary 17 For n € Ny, the following relationships hold true:

" | n 2
en,q(x; 0) = - Z |:k:| mekﬂ,q%n—k,q(x: 0);
k=0

"\ n 2
en,q(ory) == Z |:k:| mekﬂ,q%n—k,q(od’)'

These formulas are g-analogues of the formula of Srivastava and Pintér [24].

4 g-Stirling numbers and g-Bernoulli polynomials

In this section, we aim to derive several formulas involving the g-Bernoulli polynomials,
the g-Euler polynomials of order «, the g-Stirling numbers of the second kind and the
q-Bernstein polynomials.

Theorem 18 Each of the following relationships holds true for the Stirling numbers Sy(n, k)
of the second kind:

=0 \/ k=0

n n—j
mx\ . n R )
%E:i‘;(x,y)=2( .)1!2[,{} m "B (0,9)S(n — k. ),
q
n n—j
" mx\ . n R .
) -3 ( ]. )ﬂ 5 H €0, 5,01 ko)
q

j=0 k=0
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The familiar g-Stirling numbers S(, k) of the second kind are defined by

k o0
R sutmb
£ m=0

where k € N. Next we give the relationship between g-Bernstein basis defined by Phillips
[27] and g-Bernoulli polynomials

bui(g %) = [ﬂ 1 -ay
q

Theorem 19 We have
Vlk q’ - kZ [ } qu m k)%iqk)mq( _x)' (19)

Proof The proof follows from the following identities:

xktk ~ xktk oo (l_x)Ztn B o] " xk(l—x)Z*kt”
[k—]q!eq(t)Eq(—xt) =W ; T ; |:k:| o
o0 t}’l
= ; bui(q; x)W
and
i “e)-1F ¢
Eck—]q!eq(t)Eq(—xt) _x eq[k]q! o OB
=kaSz,q(m /< i ‘ Z% @, x) &
m=0 mlg! Py [n],!
k B "
2;(;)[ :|qu(;(141 KB, x)) ot .

Finally, in their limit case when g — 17, this last result (19) would reduce to the following
formula for the classical Bernoulli polynomials Bg,k) () and the Bernstein basis b, ¢ (x) =

(Z)xk(l — x)"k;

n

buslx) =t Y (;) S2m,K)BY,, (1~ x).

m=0
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