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The concepts of Bernoulli numbers B;;, Bernoulli polynomials B, (x), and the gen-
eralized Bernoulli numbers By, (a, b) are generalized to the one By, (x;a,b,c) which
is called the generalized Bernoulli polynomials depending on three positive real
parameters. Numerous properties of these polynomials and some relationships
between By, B, (x), Bn(a,b), and By (x;a,b,c) are established.

2000 Mathematics Subject Classification: 11B68, 33E20.

1. Introduction. It is well known that Bernoulli’s numbers and polynomials
play important roles in mathematics. They are main objects in the theory of
special functions [5]. Their definitions can be given as follows.

DEFINITION 1.1. The numbers B,,, 0 < n < oo, are called Bernoulli num-
bers if

b(t) = Z;" .t <2m. (1.1)

DEFINITION 1.2. The functions B, (x), 0 < n < o, are called Bernoulli poly-
nomials if they satisfy

xt *
b(x;t) = ete => B"(X)t", It| <21, x €R. (1.2)

The usual definition of higher-order Bernoulli polynomials is

taeut

(et -

Z (”)t, It] <27, (1.3)

In [2, 4] the second and third authors generalized the concept of Bernoulli
numbers as follows.
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DEFINITION 1.3. Let a,b > 0 and a # b. The generalized Bernoulli numbers
B, (a,b) are defined by

b - L Bulab), 2m
b(tia,b) = 0 = g 18 < np —imal (1.4)

Among other things, some basic properties and relationships between B;,,
B, (x), and By, (a,b) were also studied in [2, 4] initially and originally.

In this note, we first give definitions of the generalized Bernoulli polynomi-
als, which generalize the concepts stated above, and then research their basic
properties and relationships with Bernoulli numbers B,,, Bernoulli polynomials
B, (x), and the generalized Bernoulli numbers B,,(a,b).

2. Definitions and properties of generalized Bernoulli polynomials. It is
easy to see that the following definition is a natural and essential generalization
of the concepts of Bernoulli numbers B,,, Bernoulli polynomials B, (x), and the
generalized Bernoulli numbers By, (a,b).

DEFINITION 2.1. Let a,b,c > 0 and a # b. The generalized Bernoulli poly-
nomials By, (x;a,b,c) for nonnegative integer n are defined by

. _te*t & Bu(xsa,bo) 21T
b(x;ta,b,0) = pi—r = > o 1< iy —map YR

(2.1)

The generalized Bernoulli polynomials B,, (x;a, b, c) have the following prop-
erties which are stated as theorems below.

THEOREM 2.2. Leta,b,c>0anda +# b. Forx € R andn =0,

Bn(x;1,e,e) = By(x), Bn(0;a,b,c) = By(a,b),

2.2
B, (0;1,e,e) = By, B,(x;a,b,1) =B, (a,b), B,(x;1,e,1) = By, (2:2)

B, (x:a,b,c) Z ( )[lnc 1" kB (a,b)x* 7k, (2.3)

[\/]=

B, (x;a,b,c)

™ (Inel"*[Inb - Inalk lBk<ln7a)xX’k, (2.4)
Ina-Inb

b1t
B.(x;a,b,c) = z Z( 1)k J( )( )[lnc]" knalk- J[lna] Bjxx’k.

k=0 j=0
(2.5)
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PROOF. Applying Definition 1.3 to the term t/(b! —a!) and expanding the
exponential function ¢*t at t = 0 yields

text Bi(a,b) > X (lnc)l
bt_at(z kk_ k)(z )

=> ﬁBi(a,b)xk’itk (2.6)

Combining (2.6) and (2.1) and equating their coefficients of ¢ produces for-
mula (2.3).
The following two formulae were provided in [2, 4]:

Ina
_ _ n-1
By(a,b) = (Inb—-Ina) B"(l—naflnh)’ (2.7)
n
Z )"~i(Inb-Ina)~!(Ina)" l(’:)Bi. 2.8)
Substituting (2.7) and (2.8) into (2.3) leads to (2.4) and (2.5).
The formulae in (2.2) are obvious. O

Now we give some results about derivatives and integrals of the generalized
Bernoulli polynomials By, (x;a,b,c) as follows.

THEOREM 2.3. Leta,b,c >0,a + b, n>0, and x € R. For any nonnegative
integer € and real numbers x and B,

3'B, (x;a,b,c)

- ¢ .
oxt - (n_e)!(lnc) By ¢(x;a,b,c), (2.9)
¢ 1
L By(t;a,b,c)dt = m[B,lJrl(B,a,b,c)—Bnﬂ(a,ap,lo,c)], (2.10)

where By(x;a,b,c) =1/(Inb—-1na).

PROOF. Formula (2.9) follows from standard arguments and induction.
Integrating on both sides of (2.9) with respect to variable x for £ = 1 gives
formula (2.10). O

THEOREM 2.4. Leta,b,c>0,a+ b, n=0, and x € R. Then

Bu(x+1;a,b,c) = > (2) (Inc)" *By(x;a,b,c), (2.11)
k=0

Bn(x+1;a,b,c):Bn(x;%,%,c), (2.12)
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and, form = 2,

B (x+1;a,b,c)

=B (x;a,b,c)+m(nc)™ 1xm1

o (2.13)
+ > (T)[(1na)m-’<—(1nb)m—’<+(1nc)m-’<]Bk(x;a,b,c).

PROOF. By the definition of the generalized Bernoulli polynomials, we have

tex+ht = B (x+1:a,b,c
b at = z ”(T')tn’ (2.14)
n=0 :
texrbtpext
bl—at  bi—at C
B B, (x;a,b, c) (lnc)
(s et Z 2.15)
n=0 : k=0

Sio (}) ine)"*Bi(x;a,b,c)
n!

=> t".
n=0
Combining (2.14) and (2.15) and equating their coefficients of t" leads to for-

mula (2.11).
Similarly, since

bt—at  (b/c)t—(a/c)t

(x+1)t xt 0
tc tc Z B, (x; a/c b/c, c) , (2.16)

n=0

equating the coefficients of t" in (2.14) and (2.16) leads to formula (2.12).
Straightforward computation gives

tC(x+l)t 3 xt+ tCXt(at_bt +Ct)

bt —at bt —at

_ i (Inc)"x™ i
!

S Bn(x;a,b,c) Z [(Ina)! - (nb)! + (nc)’
P e

=0

S

_ i ne)"x™ i

n
|

(Z)[(lna)” — (nb)" ' +(ne)" 1By (x;a,b c)]t
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=By(x;a,b,c) +[1+Bi(x;a,b,c) +Bo(x;a,b,c)(Ina-Inb+Inc)]|t

+ > [nno)™ 'x" ' +By(x;a,b,c)] %n,

n=2 )
© n-1 n tn
+> { > ( )[(1na)"-"—(1nb)"-"+(1nc)"-4]3£(x;a,b,c)}
_ ‘g n!
n=2  £=0
(2.17)
Equating (2.1) and (2.17) yields (2.13). O
COROLLARY 2.5. Forn=>1,b >0, and x € R,
Bn(x+1;1,b,b) = B,(x;1,b,b) +n(Inb)" 1x"1. (2.18)

REMARK 2.6. Taking b = e in (2.18), the following well-known result is de-
duced:

Bo(x+1)=B,(x)+nx"1, n>1. (2.19)
Similarly, from (2.9), it follows that
B (t) = iB;_1(1), Bo(t) =1. (2.20)

Actually, the Bernoulli polynomials B;(t), i € N, are uniquely determined by
formulae (2.19) and (2.20), see [1, identities 23.1.5 and 23.1.6] or [5].

THEOREM 2.7. Leta,b,c>0,a+ b, n >0, and x € R. Then

Bn(1-x;a,b,c) =(71)"Bn( % % c)

(2.21)
:Bn<_x;gagll>,
c’'c’c
Xo(n
Bu(x+y;a,b,c) = > (k>(lnc)"‘kBk(x;a,b,c)y”"<
o (2.22)
=y (n>(lnc)"kBk(y;a,b,c)x"k
Koo \K
PROOF. From Definition 2.1, it follows that
(1-x)t b
tc Z B,(1-x;a,b, c) (2.23)
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Meanwhile, we have

tc(l*X)t _ tc’Xt _ i Bn(—x;a/C,b/C,C) tn
bt—at (b/o)—(a/c)t =, n! ’

(2.24)
e S e/bela)

bt—al ~ (c/a)t—(c/b)" n!

n=0

Therefore, formula (2.21) follows from equating series expansions in (2.23)
and (2.24).
Similarly, we have

0

fobeemt B Z Bn(x+y;a,b,c)tn
bt—at 0 n! ’
ne
(x+y)t xt
tc _ tc ot

bt—at ~ bt—at

< Bn(x;a,b,¢) ., \[ < ¥i(Inc)t ;
- (z n! t )(Z il t)

n=0 i=0
(2.25)

n

- go (k% <:>yn-k(lnc)n—k3k(x;a,b,c)) %

tet eyt
bl—at  bl—at c

= ZZ:O (k;) <:>xn—k(h’lC)n—kBk(y;a,h’c)) %

t

Hence, formula (2.22) follows from equating series expansions in (2.25). The
proof is complete. |

THEOREM 2.8. Letm and n be natural numbers. Then, for any positive num-
ber b, the following identity holds:

O 1
jn: [Bn+ (m+1;1,b,b) — By (O;I,b,b)]
J; (n+1)(Inp)n " !
(2.26)
1

= W[Bn+l(m+1;1,b,b)—Bn+1(1;l,b,b)].

PROOEF. Rewriting formula (2.18) yields

ol W[Bn(x+1;1,b,b)—Bn(x;1,b,b)], (2.27)
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which implies

1
T n+1)(nb)"

m

J [Bn+1(j+1;1,b,b) = Bny1(j;1,b,b)]. (2.28)
Summing up on both sides of (2.28) from 0 to m or from 1 to m with respect
to j easily leads to formula (2.26). O

REMARK 2.9. The calculation of values of 23":1 j" is an interesting problem
that has been investigated in many works, see, for example, [3].

REMARK 2.10. It follows from the identities (2.3) and (2.7), combined with
[1, identity 23.1.7], that

(2.29)

Bn(x;a,b,c) = Inb—Ina)" 'B, (M>

Ina—-Inb

REMARK 2.11. Atlast, it is pointed out that the Bernoulli and Euler numbers
and the Bernoulli and Euler polynomials can be further generalized to more
general results in this manner. These conclusions will be published in some
subsequent papers.
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