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Abstract

In this paper the authors establish several formulas and results for the D num-
bers D;i) and dgfl), which are analogous to the higher-order Bernoulli numbers. Some

applications of these families of D numbers are also presented.
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1 Introduction

The main purpose of this paper is to prove several formulas and results for the D numbers
Dgi) and dg;), which are (in a sense) analogous to the higher-order Bernoulli numbers. We
also discuss some applications of the various results which are presented here for these D
numbers. With a view to making our presentation as much self-contained as possible, and for
the convenience of (and ready reference by) the interested reader, we have closely followed
and chosen to freely reproduce here some basic definitions and preliminary results from such
recent publications as (for example) [7] (and indeed also from the book [9]). We thus begin
this paper by introducing the Bernoulli polynomials By (x) of order k and degree n, which
may be defined (for any integer k) by means of the following generating function (see, for

example, [2, 4, 8,9, 13, 14, 15]):

(57) e =S B0@Y  (H<m keD) )

t
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where Z denotes the set of integers. In partucular, the numbers BY = B,(f)(()) are the
Bernoulli numbers of order k£ and the numbers B,(Ll) = B,, are referred to as the ordinary

Bernoulli numbers. By using the generating function (1), we can get

d
—B®(x) =nBY, (z),

de "
k _
quk+1)(x) = anf)(x) + (z — k)%B,(f_)l(@
and k
B (3 4 1) = %Br(ﬁ—)l<x) on . BW (),
where

neN (N:={1,2,3,---} =Ny \ {0}).

)

Specifically, the numbers B{" are called the Norlund numbers (see [1, 3, 4]). A generating

function for the numbers BY" ™" is given by (see [9])
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For many interesting applications of the numbers BY” and B{"™". one may refer to [9] (see
also [7]).

The so-called D numbers Dé’:b) of the first kind are defined by means of the following
generating function (see [5, 6, 7, 8, 9, 10]):
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Indeed, by using (1) and (2), and by observing that
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R

we easily find that

[e.e]

n=0
Therefore, we have

k
D) = 4By (5) :

Upon setting £ = 1 and k£ = 2 in this last equation (3), if we note that

1
B (5) = (2" —1)By, and  B(1) = (1 — 2n)Bay,

we have
DY) = (2-2""\By, and DY) =4"(1 — 2n)Ba,.

On the other hand, if we put £ = —1 in (2) and note that

e t2n_1 0 t2n
: _ _1\n—1 o _1\n
sint = E (—1) =) and cost = g (—=1) o)l
n=1 n=0
then it is easily seen that
_ 1 _ 4
D( n_ - d D( 2) _ )
moTopy1 T ik D)(2n+ 1)

The D numbers DS satisfy the following recurrence relation (see [5]):

2n —k+2)(2n — k + 1)D(k_2) ~ 2n(2n —1)(k — 2)D(k:—?)

(k—2)(k—1) an kE—1 mez

p® — (

In light of (4), we can immediately deduce the following known results (see [9]):
—1)"(2n)! (2n omray (—1)m4n
D(2n+1) = —( d D( et ) —_ ' 2
2n 4n n o 2n 2n + 1 (n)

and

—1)"(2n)! (2n + 2 11 1
D(2n+3) _ ( 1 = . .. .
n 2427\ n+41 TR +(2n—|—1)2

£2n 2t \" 2it \" L~ kN (2it)"
_1)»p® _ ' ' Y L kit _ B [ 2 )
E ( ) 2n <2n)| (ezt _ e—zt) (e2zt _ 1) € Z n 2 n!



Recently, Liu [7] derived the following exponential generating function for D(2" "),

T B 1 " k+1
ZD CVIve (10g(t+\/1+t2)) ' (5)

Some of the important applications of the numbers Déi") and Déi"_l) include (for example)
each of the following known results:

> sint = (=1)"DE
dt = X7 T an
/0 S nz:; @nr1) (6)

e t e -1 n+1D(2n*1)
0

20 (9, — 12
t 2 £=22(2n — 1)(n!)

and
n+1 D(2" 1)

Z 2n—1 on)l (8)

n=0

The D numbers dé’fl) of the second kind may be defined by means of the following gener-

ating function:
k [e'e]
t "
=N gl 9
(log(t—i— V1 +t2)) 7; n (©)

The numbers d,, = 4V are referred to as the ordinary D numbers of the second kind. Some
consequences of the generating function (9) are given below:

1 17 367 195013 1295803
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Indeed, by using the generating function (9), we also find that

iz g 21 _ ( t )’“ log(t + V1 +1%) — mtz
nds, 't =k
n=1 log(t + V1 +t?) [log(t + V142 }

that is, that

Zz dzntQ”—kZdQntZ” kZDQ" ’“—|. (10)

Consequently, we have (see [7, Theorem 4))

k -
k n—k
(2n)lds;) = mDéi g (11)



By applying (11), we obtain

4n
2n+1’

@a)ld™ =1 and  (2n)ld2"T =
and
™ = (2n = 1)(2** = 2)By, and  (20)1d0" Y = 47(n — 1)(2n — 1) B,

We turn now to the central factorial numbers t(n, k) of the first kind, which are usually
defined by (see [11])

x(:v—k%—l)<x+g—2>---<x+g—n+1>zgt(n,k)xk (12)
or, equivalently, by means of the following generating function:
2\ 1" © n
[210g (g—i—\/le%) :k!;t(n,k)%. (13)
By appealing to (12) or (13), we can show that
€n, k) = tn — 2,k —2) — }l(n—2)2 tn —2,k) (14)
and that
t(n,0) =d,0 (n€Ny:=NU{0}) and  t(n,n)=1 (ne€N)
and

t(n,k) =0 (n+k odd) and t(n,k)=0 (k>n or k<O0),

where 9,,, ,, denotes the Kronecker symbol.
Next, by making use of (12), we obtain

(22 — 1) (2* = 3% - [2° — (2n — 1)?] = zn:4”_kt(2n + 1,2k + 1)2?* (15)
and .
(22 —12) (22 = 22) - 2P = (n— 1) =) (2n,2k)z**. (16)

By applying (15) and (16), we find for n € Ny that

t(2n+1,1)—(—i)n~12~32~-(2n—1)2 and  t(2n +2,2) = (—1)"(n!)?
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and

. 11 1
t(2n +2,4) = (—=1)""(n!)? (1+§+§+---+ﬁ) (n € N).

By using (4) and (14), we have

" 4n—k
DY — o 2+ L2kl (n2k20) (17)
(o)
and
4n—k

2n
2k — 1
In Sections 2 and 3 of this paper, we shall state and prove several formulas and results for

the D numbers Dé’:} and dg:b), respectively. Then, in Section 4, we discuss some applications
of these families of D numbers.

t(2n, 2k) (n2k

v

1). (18)

2 Formulas and Results Involving the Numbers Dgfl)
Theorem 1. Let n € N. Then
DM = /O (z2 = 1%)(a® — 3%) - [22 — (2n — 1)?d. (19)

Proof. By applying (15) and (17) and noting that (see [5])

-y _ 1 ® _ N~ (20 pe-) 0
Dy, = 2%k + 1 and Dy, = < (Qj)D2n2jD2j7
we get
e N~ (27 ety e _ 5 (27 penty e [ g 1 1142k 4
2n —Z o) ) -2k P2k o) | 2n—2k 2k (2k + 1)z dx
k=0 k=0 0
1< 2n (2n+1) 2k ' n—k 2k
= > o ) Do oo™ da = > a4 R(2n + 1,2k + 1)a™ do
0 k=0 0 k=0
1
:/ (2% = 1?)(2® = B) - [a® — (2n — 1)7]da,
0
which completes the proof of the assertion (19) of Theorem 1. [



Theorem 2. Let n € N. Then
D= — (1—2n) — (2 D)
2n 2]{? 2n—2k*

Proof. By using (5), (18) and (13), we have

$2n o on $2n > n4n—k $2n
330 (o) P = 2 P g+ o e

n=0 k=0

k
t Lt = d 2n
+y — Y a4k (on, 2k
T V1t 2log (t+V1+12) 2 2kzdt{ ( ) (2n>!}

k
B t +§: t d
VI+E log (t+V1+82) <= (2k) - (2k)dt
t

N log (t + V1 +12) ZO (2k:)!

dnth
" log (t+\/1+t2 Z ’

which, in view of (11), yields

- 2n (2n) 1 (2n—1)
E D 2 'd n — =—D .
om0 <2k’) n=2k ( TL) 2 1—2n 2n

This completes the proof of the assertion (20) of Theorem 2.

Theorem 3. Let n € N. Then

1
DEY (1 _ 9 / (2% — 20) - [2? — (20 — 2)7du.
0

(20)

(21)



Proof. By using (16), (18) and (20), we have

/0 22(2% = 2) - [? — (2n — 2)2de

SIS

= 2/ 42?(42® — 2%) -+ - [42® — (2n — 2)%]dx
0
on+1 o 2% — 4k
=2 / Zt(Qn, 2k)x*" do = kz:; ST 1t(2n, 2k)

n 2n1

B (5e-1) pen L ~ k [(2n pe
Z ok 1 1B = ; 2k +1 <2k) a2k
1 2n\ . (n) 1~ 1 /20 o
=_— Dy, — — D
2n £~ (2k> T on =2k + 1 (2k) =2k

1 on-1) L = (20 n@n) (o)
=——  pPv_ - DP™. D
2n(1 —2n) " 2n kz:% (Qk:) =2k 2k

1 en-1) 1 @1 1 (2n—1)
2n(1 —2n) " 2n 2" 1—2n 2"
which completes the proof of the assertion (21) of Theorem 3. O]

3 Formulas and Results Involving the Numbers d;];)

Theorem 4. Let n,k € N. Then
k(k+ 1D)d¥™ = (2n — k)(2n — k — 1)d) + (2n — k — 2)2d,. (22)
Proof. By making use of (9), we find that

o

k
Kt 1
2 — k)(2n — k — 1)dF k-2 = —_
;( e 1 dt? \ log (¢ + v1+t2)

k+1

_ k(k+1) 1 o N 1 kt (23
142 \log (t+ V1 + %) log (t + V1 +¢%) (1+ 2)3/2

On the other hand, we also have

k
> d 1
o — k — 2)d® k=3 _
Z( ) 2n—2 dt lOg (t+ /1+t2)

n=1

L . k41
:_\/1—|-t2 <log(t—|—\/1+t2)> '



Therefore, we get

00 k+1
d kt 1
m—k—2 2d(k) thfka - _
;( ) 2n—2 dt /1 T 2 log (t + A /1 + t2)

k+2 k+1
(k4 1)t 1 B 1 k
L2 \log (t+v1+2) log (t + /1 +¢2) (14 12)3/2°

that is,
k2
S ey k(D 1
2n — k — 2)2dsy) ¥ F 2 =
;( ) 2n—2 1+t2 log (t+ /1+t2)
. S
- - (24)
log (t + 1+ 12) (14 12)3/2
Now, by using (23) and (24), we obtain
> (@n— k)20 — k- 1)dy) 22 1y " (20 — k- 2)%d5,) 12 h
n=0 n=1

k+2 0o
1 (k+2) 2n—k—2
=k(k+1 =k(k+1 E d " . 25

Finally, by comparing the coefficients of t>*~%=2 on both sides of (25), we are led easily to
(22). This completes the proof of Theorem 4. O

Remark 5. Upon setting & = 2n — 2 in Theorem 4, if we make use of (11), we immediately
obtain the following result:

@n)ld3™ = 47B,,  (n € Ny). (26)

A generalization of the above result (26) and other analogous results can be found in the
recent work by Liu [7, Corollary 1 and Theorem 4].

Theorem 6. Let n,k € N andn = k+ 1. Then

k
(2k)1(2n — 2k — DS =" (20 — 1= 2j)lo(n, k, j)dan—s, (27)
j=0
where
o(n,k,j)= Z (2n — 25 — 1)*'(2n — 25 — 3)*2 .. (2n — 2k — 1)?Vk—d+1,

v1, Uk —j+1€Np
(vi+-top_jr1=])



Proof. We prove the assertion (27) of Theorem 6 by using the principle of mathematical
induction. Indeed, when k = 1, (27) is true by virtue of (22). Suppose now that (27) is true
for some natural number & € N\ {1}. Then, by the superposition of (22), we have

(2k + 1)(2k + 2)d2F

n

= (2n — 2k — 1)(2n — 2k — 2)dCFY + (2n — 2k — 3)2d0F)

oM — 2% — 1)(2n — 2% — 2) & . .

Jj=0
k

2n — 2k — 3)? . .
( ) I Z(Qn—?)—zy)!a(n— Lk, j)dan—o—2;
=

(2k)1(2n — 2k — 3

k
1 . ‘
T (2k)!(2n — 2k — 3)! > (20 —1-2))lo(n,k, j)dans;
! 2

k+1

2n — 2k — 3)?
(2n — 2k — 3) i Z(zn —2—=2j)lo(n—1,k,5 — 1)day_s;. (28)
=

(2k)1(2n — 2k — 3

In light of this last result (28), and by noting that
o(n,k+1,0) = o(n, k,0),

on,k+1,k+1)=(2n—2k —3)0(n— 1,k k)

and
J(nak+ ]-7.]) - 0(”7 k?]) + (27’L— 2k —3)20'(7’L— 17k7j - 1)7

10



we find that

k
(2k +2)!(2n — 2k — 3)ldS )
k
Z (2n — 1 —=2j)lo(n, k, j)don—2;

7=0
k+1
+(2n =2k —3)2) (2n—1-2j)lo(n— 1k, j — 1)day_s
j=1

= (2n — Dlo(n, k,0)dy, + (2n — 2k — 3)*(2n — 3 — 2k)lo(n — 1, k, k)dan_ok_2
+3 (@n—1-=2j)[o(n,k,j) + (2n — 2k — 3)*0(n — 1.k, j — 1)] dans;
= (277, — 1)'0’(n k +1 O)dgn + (271 —3— 2]{7)'0'(71, k + 1, k + 1)d2n72k72

k
_|_Z 2n —1—=2j)lo(n,k+ 1, j)doy—2;
7j=1

k+1

= Z(Zn —1- 2j>‘0'(n,k + 17j)d2n72j7
=0

which shows that (27) is also true for the natural number & + 1. Thus, by the principle of
mathematical induction, (27) holds true for all £ € N. This completes the proof of Theorem

6. ]
Remark 7. Upon setting k = 1,2,3 in (27), we can immediately deduce

205 = (2n — 1)(2n — 2)dan + (20 — 3)%dan_o,

A4S = (2n — 1)(2n — 2)(2n — 3)(2n — 4)da,
+(2n —3)(2n — 4)[(2n — 3)* + (2n — 5)*]dap—2 + (2n — 5)*day_s

and

61dS) = (2n — 1)(2n — 2)(2n — 3)(2n — 4)(2n — 5)(2n — 6)day,
+(2n —3)(2n — 4)(2n — 5)(2n — 6)[(2n — 3)* + (2n — 5)*
+ (2n — 7)*]dan—2 + (2n — 5)(2n — 6)[(2n — 5)*
+(2n = 5)*2n —T7)> 4+ (2n — 7)Y dan—s + (2n — 7)%day—s.

11



Theorem 8. Let n,k € N and n = k. Then

k—1

(26 = 1}(2n = 205" = 3 (20 =2 = 29)7(n, ks )y o (29)
7=0
where
Tk )= Y (2n-25—2)" (20 —2j — 4)%2 - (20 — 2k)* .

v1, v jENp
(V1 +vg—;=7)

Proof. We prove the assertion (29) of Theorem 8 by using the principle of mathematical
induction. In fact, when £ = 1 and k = 2, (29) is true by (22). Suppose now that (29) is
true for some natural number k£ € N\ {1}. Then, by the superposition of (22), we have

2% (2k + 1)dSF+?)
— (20— 2K)(2n — 2k — 1)dZY 4 (20 — 2k — 2)2d2),

(2n — 2k)(2n — 2k — 1) <= . .
_ (2n — 2 — 2j)!7(n, kuy)dgz)ij
(2k — 1)l(2n — 2k)! 2

7=0
k—1
(2n — 2k — 2)? | )
= i 2k = 2 2T = Lk )y
7=0
1 k—1
= —2—2j)! (2)
(2k—1)(2n_2k_212 " D0k, 5)ds, s
7=0
k
2n — 2k — 2)
+(2k£1)(n—2k—2122n_2_23 'T(n_lkj )dgn)fQj‘ (30)
7=1

By using (30), and noting that
T(n,k+1,0) = 7(n, k,0),

T(n,k+1,k) = (2n — 2k —2)*r(n — 1,k, k — 1)
and
T(?’L,]{}+ 17]) = T(nakaj) + (271—2]{?—2)27'(71— 17k:7j - 1)7

12



we find that

(2k + 1)!(2n — 2k — 2)1dF )
k—

H

(2n — 2 = 2j)ir(n. k, j)ds. o,

=0

.

k
—1—271—21{:—222271—2—2] lr(n —1,k,j — )dgz)72j
j=1

= (2n — 2)!7(n, k,0)d?) + (2n — 2k — 2)%(2n — 2 — 2k)Ir(n — 1, k. k — 1)d)_,,

e
—

+> 20 =2 - 29)! [r(n, k,§) + (2n — 2k — 2)*r(n — 1, k,j — 1)] d5)

2n—2j
1

<.
Il

= (2n — r(n, k+ 1,0)d2) + (2n — 2 = 2k) 7 (n k + 1, k)d2 ,,

e
—

+> 20 =2 - 2)! [r(n, k, §) + (2n — 2k — 2)*r(n — 1, k,j — 1)] d5)

2n—2j
1

<.
Il

k
Z o —2—2))r(n, k+1,)ds) 2>
7=0

which shows that (29) holds true also for the natural number k+1. This evidently completes
the proof of Theorem 8 by the principle of mathematical induction on k € N. O]

Remark 9. By setting k = 2,3,4 in (29), we can immediately deduce

3dSY = (2n — 2)(2n — 3)dY) + (2n — 4)%d)

2n—2»

51dY) = (2n — 2)(2n — 3)(2n — 4)(2n — 5)dS
+(2n —4)(2n — 5)[(2n — 4)? + (2n — 6)%)dS2_, + (2n — 6)*d)_,
and

71 = (2n — 2)(2n — 3)(2n — 4)(2n — 5)(2n — 6)(2n — 7)dS?)
+(2n —4)(2n —5)(2n — 6)(2n — T)[(2n — 4)% + (2n — 6)* + (2n — 8)7]d)_,
+(2n = 6)(2n — T)[(2n — 6)* + (2n — 6)%(2n — 8)? + (2n — 8)Yd)_,
+(2n — 8)%dS)

2n—6"

4 A Set of Applications
We first give the following application of the results presented in the preceding sections

13



Theorem 10. Let k € Z. Then
2 [sint - ”Dé% g
— L . 31
[ () =St @
n=0
Proof. By using (5), we find that

0o . k+1
DY i E—— ( o ) .
— o 2n)! VT =22 \og(iz + V1 — 22)

Therefore, we have

e gt ( i )k“ "
(2n +1)! o V1—22 \log(ix + V1 — 2?)

n=0
:/75 1 | .isine k+1d(sin9):/g sin 6 kHd@,
o cosf \log(isinf + cos®) 0 0

which obviously completes the proof of Theorem 10. m

Remark 11. Setting k = 0 in (31), we immediately obtain (6). Moreover, if we set k = —1
and k = —2 in (31) and note that

1)(2n)! /20 s (—1)7d"
D(2n+1) _ ( d D( n+2) _ 12
2n 4n n an 2n n+1 (TL) )

we get
f’: 1 2n\
—(2n+1)4r\n /) 2
3ot - 4n
T dt=Y
A s ¢ n=0 (2n+1)2(n)

The sum on the right-hand side of this last result can be expressed as a Clausenian hyper-

geometric series as follows:
F 1 1 1' 3 3 . 1
3472 9 y Ly Ly 9 9 9 ) .

Moreover, by using a computer algebra system, the integral on the left-hand side can be
found to be twice the Catalan constant G which is defined by (see, for details, [14, p. 43 et

seq..])

and

1 1 o ’I’L
= —/ K(r)dk = Z = 0.91596 55941 77219 015 -
2.Jo

n=

14



where K(k) is the complete elliptic integral of the first kind, given by

(J5] < 1).

B / dt

0 V1 —kK2sin?t
In fact, the above observation can be verified analytically by setting 7 = tan (%) and d7 =
1 sec? (L) dt in the following known result [13, p. 110, Equation 2.3(37)]:

2
1
arctan 7
/ dr = G.
0

T

Theorem 12. Let k € Z. Then
™ . k 00 n (2n—k)
2 (sint (=) kD,
— tdt = i ) 32
/0 ( t ) o8 nzzo(zn—k)(znﬂ)! (32)

Proof. By using (9) and (11), we find that

N (CDMEDSTY N, e ) o ’
Z 2n = k‘)(;n)' = Z(—l) dy) = ool =] -
— ! = og(ix + V1 — x?)

Therefore, we have

0 (_1)n+1kD§2n7k) 1 Zm i
i d
nz% (2n = k)(2n +1)! /0 (1og(m+m)) v

s

2 1sint i ) 7 (sint\"
- / - d(sint) = / —— | costdt,
o \log(isint + cost) 0 t

which evidently completes the proof of Theorem 12. O]

Remark 13. By setting £ =1 and & = —1 in (32), we have

n+1 D(Q” 1)

sint
dt =2
/ Z 2n—1 2n+1).

2 > 1 2n
tcott dt = _
/0 «© ;4"(2n+1)2<n)

1 . 00
arcsin 7 1 2n
dr = E —
/0 T ! — 4r (2n—|—1)2(n)

by setting sint = 7 and cost dt = d7. The sum on the right-hand side of this last result can
be expressed in a closed form via a Clausenian hypergeometric series as follows:

and

or, equivalently,

o0

/1arcsimd Z 1 2n o 111331 T g
T = _—_— == qQl'9 | —, —, —, —, — = — InZz.
0 T 4 (2n+ 1)\ n 2 \272727 27 2
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Theorem 14. Let k € Z. Then

= "+1k 2\"
D(Zn—k) _ [z 33
Z% o — 2n T ) ( )

provided that each member of (33) exists.

Proof. By applying (9) and (11), we obtain

D(2n*k) 2n 1 nd(k’) 2n
% o — 2n T ;( ) on L

. k

B ( i ) B 1

~ \log(iz + /1 — 22 = 20\ o,
&l ) Zo (2n+11)4n ( )xz

Therefore, we get

i n+1k D(QTL k) 1 B <z>k
2 - 2n 00 " - .

This completes the proof of Theorem 14. m

Remark 15. Upon setting k£ = 1 in (33), we immediately obtain (8). If, on the other hand,
we put kK = —2 in (33) and note that

pema — CU™M
2n om+1 77

then we find that

io: An(nl)? w?
“—~ (2n+2)! 8

This last identity follows also from a known power-series expansion for the function (arcsin x)?.
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