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1. INTRODUCTION AND RESULTS

Let  be a complex number with |z| < 2. The Bernoulli numbers B,,(n =0,1,2,---) are
defined by the coefficients in the expansion of (see [1], [3] and [4])

n

T > T
= B,—, < 2. 1
e —1 nz:% n! =] T (1)

By (1), we have By =1,B; = —%,5’2 = %,~~~, and B,, =0 for odd n > 3. For even n > 2, we
have (see [2])

n—1
1 n+1
B, = — E B,,. 2
n+1m_0< m > (2)

The main purpose of this paper is to prove some new identities involving Bernoulli num-
bers. That is, we shall prove the following main conclusion.

Theorem 1: Let n > 1,k > 0 be any integers, then
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Taking k = 0,1,2 in Theorem 1, we may immediately deduce the following Corollary 1:
Corollary 1: Let n > 1 be any integers, then
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(b) " 2n+1 229 _ 2+l
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Theorem 2: Let n > 0,k > 0 be any integers, then
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Taking k = 0,1,2 in Theorem 2(a) and k£ =1,2,3 in Theorem 2(b), we may immediately

deduce the following Corollary 2:
Corollary 2: Let n > 0 be any integer, then
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2. SOME LEMMAS

Lemma 1: (see [3, p. 260])
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Proof:

Take the real part of this expansion. O
Lemma 2:

(a) >, . " tsinx
‘ = """ lf<1
nz:%(smn:r) 1—2tcosx + t2 g

(b) i 1—tcosx

sna)tt = ————— " |t| < 1.
n:O(COb nz) 1—2tcoszx + t2 g
Proof:
i(cos nx + isinne)t" = i(eizt)” - — = !
= = 1— et 1—tcosz —itsinx
1—tcosz itsinx
= , |t < 1.
1—2tcosx+t2 1—2tcosz + t2
Take the real and imaginary parts. O
Lemma 3:
> sinx
51 Dot = ——— [t| < 1.
nz:%sm(n—i— )z 1—2tcoszx + t2 g
Proof:
Z sin(n + 1):L’tn — Im (Z ei(nJrl)ztn) —Im (eiz Z(ezzt)n>
n=0 n=0 n=0
_ tsinzcosw +sinz(l —tcosx) sin
a 1 —2tcosz + t2 T 1—2tcosz +t2°
Lemma 4:
sin(m + 1)x

sin x

Z cos(m — 2j)x =
Jj=0
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Proof:
L . . n o . 1— 6(72iz)(m+1)
i(m—2j)z _ imz —2iz\j _ Sima i
Z € € Z(E ) € 1— 672233
7=0 Jj=0

1 — o(—2im)(m+1) (ei(erl)z _ efi(erl)z)/Qi
g —e—iz (e — e—ix) /2
sin(m + 1)x

sinx

_ 6i(7n+1)a:

Take the real part of this equation. O
3. PROOF OF THE THEOREMS

Proof of Theorem 1: By Lemmas 1 and 4, since cos(m —2i)z = Y. (—1)"

n=0
(m — 2i)2" é:;! and sin(m + 1)z = Y07 (—=1)"(m + 1)2”“%7 we have
(=1)"(m — 20)*"
i=0 n=0 (QTL)'
1 - n 2n B2TL 2n—1 - n 2n+1 $2n+1
n=1 n=0
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(Sivre- s (S v o
- "~ (2n 1\ 2—2% z?"
=> (-1 1)t =By . 26
Sevrmey S () e B 20
Comparing the coefficient of 22" on both sides of (26), we get
—1)" & wom  (DPm A1) I on + 1 2 - 2% ,
( )' Z(m_22)2 — ( ) ( ? . 3 P2 1.e.
(2n)! — (2n +1)! “\ 2 (m+1)2
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2 (" Vet = G o

Set m = 2k in (27) we immediately obtain (3). Set m = 2k +1 in (27), we immediately obtain
4). 0O
Proof of Theorem 2: By Lemma 4, we have

L _ ! > cos(m — 2i)a. (28)
=0

sinz  sin(m+ 1)z
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By
e} :L,2n 0 ZZZ2n+1
cos(m — 2i)z = Y _(=1)"(m — 23)*" Ol sin(m + )z =Y _(=1)"(m + 1)+ IR
n=0 : n=0

(28) and Lemma 1, we have

TR g (<m—+1 e+ (D@ 2im 1 el f"2"1>

;;(—1) (m — 2i) G
;(—1)”(2 2”)an(2n),
= (Z(—l)”(2—22”)(m+ 1)t an ) ZZ m — 2i)%" (:;;'

n=0 —0 n= .
=303 (57) Som 20 e om0 B )

and comparing the coefficient of 2" on both sides of (29), we get
" /2 U . . .
> (5) ot = 20 (2= ) n 4 ) By = (2 2B G0
3=0 i=0

Set m = 2k + 1 in (30) we immediately obtain (11). Set m = 2k in (30) and bring the term
with 4 = k to the other side of the equation, to immediately obtain (12). 0O
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