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A survey on the theory of multiple Bernoulli
polynomials and multiple L-functions of root systems

By

Yasushi KOMORI} Kohji MATSUMOTO**and Hirofumi TSUMURA™**

§1. Introduction

In [36], Witten found that a certain series of Dirichlet type appear in two dimen-
sional quantum gauge theories with connected compact semisimple Lie groups. Moti-
vated by this observation, Zagier [37] defined the Witten zeta-functions as

1
(1.1) Cw(s;9) :gm
for s € C, where the summation runs over all finite dimensional irreducible representa-
tions ¢ of a given semisimple Lie algebra g. It is known that a semisimple Lie algebra is
a direct sum of simple Lie algebras and simple Lie algebras of rank r are associated to an
irreducible root system of type X, where X = A, B, ..., G (see Section 4 for the details).
In the case where g is of type Ai, the series reduces to the Riemann zeta-function

(1.2) (o)=Y~

ns’
n=1

It is well known that the notion of “zeta-functions” plays an important tool in various
areas of modern mathematics.
When s is an even positive integer, then their values are crucial (if s is an odd

integer, those with appropriate characters play the same role); mathematically, they
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give the volumes of certain moduli spaces of flat connections, and physically, the 0-th
orders of the partition functions of two dimensional quantum gauge theories. Assume
that s is an even positive integer 2k. Witten and Zagier showed that their values are
in Qrl2+126 where A denotes the set of all positive roots. Euler already evaluated
them in the A; case. The As case was first studied by Tornheim [33] and Mordell [29]
independently, and further considered by several authors [7,31,34]. In [32], Szenes
gave a certain algorithm for the computation in general cases, from the viewpoint of
hyperplane arrangements. Gunnells and Sczech also gave another general algorithm and
the explicit forms in the Az case as an application [6].

This article is a survey on a new approach to this problem proposed in [11,12,15-18,
22,28] and is an extended and updated version of the informal articles [13,14]. We will
introduce generalizations of Bernoulli polynomials and zeta-functions associated with
root systems, which include the Riemann zeta-function, the Euler-Zagier zeta-functions
and the Witten zeta-functions. Furthermore we will develop a theory similar to that of
the classical Riemann zeta-function.

Acknowledgment: The authors would like to thank the referee for critical reading
of the manuscript and useful comments.

§2. A Review of Classical Theory

Before stating our results, first we recall the classical theory of the Riemann zeta-
function and Bernoulli numbers.

The following is a well-known formula for the Riemann zeta-function and Bernoulli
numbers: For k € Z>1,

(273)2F
2.1 2((2k) = —B
where the definition of By is given by, for t € C with |t| < 2,
t =tk
(2.2) el :ZB,%.
Using this formula, we obtain for k£ € Z>1,
27i)2k
2.3 2 + (~1)2C(2k) = — By 2T
(2.3 C(2k) + (~1)™C(2K) = ~Bu G
Z,R_Z')Qk:—i—l
2.4 D+ 1) + (—1)2HC(2h 4 1) = —Byppa DT
(2.0 C2k+1) + (1) (2 +1) = B (o =0
Hence we have the following important relations: For k € Z>,
27i)k
(2.5) CR) + (~1)¢(k) = — B2

Kl
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that is, value-relations can be written in terms of Bernoulli numbers.
These relations are generalized to the case of Lerch zeta-functions and periodic
Bernoulli functions. Let (s, y) be the Lerch zeta-function defined by

(2.6) plsy) =S °

Then a formula for Lerch zeta-functions implies that for k € Z>, and y € R,

)k

Y

(2mi
|

(2.7) (k) + (=1 ek, —y) = = Br({y})

that is, functional relations as functions in y can be written in terms of periodic Bernoulli
functions, which are defined by

tet{y} e tk

(2.8) — = B({y}) 7,
et —1 k!
k=0

and {y} =y — [y] is the fractional part of y.
Once we obtain the notion of periodic Bernoulli functions, we can calculate special
values of Dirichlet L-functions L(s, x) in terms of them. For a primitive character x of

conductor f and k € Zso satisfying (—1)*x(—1) = 1, we have
o~ X(n) (=1 (2mi)

(29) Lk =3 A =g

(X)Bk,Y7

n=1

where g(x) is the Gauss sum, Y is the complex conjugate of x, and

f
(2.10) Biy ="' x(a)Bi(a/f).

Our aim is to find a good class of multiple zeta-functions which generalizes the theory
above. First we will introduce zeta- and L-functions associated with semisimple Lie
algebras, which are corresponding to simply-connected Lie groups. Moreover besides
those, we will study zeta-functions associated with Lie groups that may not be simply-
connected.

8§3. An Overview of Our Results

Based on the observation given in the previous section, we will construct multiple
generalizations of Bernoulli polynomials and multiple zeta- and L-functions associated
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with arbitrary root systems. Before introducing the general theory, we give two sim-
ple theorems without using the terminology of root systems. For s1,s2,53 € C with
Rs1, Rso, Rsg > 2 and y1,y2 € R, we consider the convergent series

00 e2mi(my1+nyz)
3.1 81,852,583, Y1, Y2; A2) = :
(3.1) C2(s1, 52, 83, Y1, Y23 A2) mzn::1 mein® (m + n)

Theorem A.  For ki, ko, ks € Z>a,

(3.2)  Colku, ko, kg, y1, y2; A2) + (1) Gk, ks, ko, —y1 + Y2, yo; Ao)
+ (=)™ Ca(ks, ko, k1, y1, y1 — yo; Ao) + (1) 1F3 G (s, b,y ko, —y1 + yo, —y1; A2)

+ (=) TR Gy (ko ks, ki, —ya, y1 — Y23 Ag) + (—1)FrHRetRa o (B ko ks, —yo, —y1; A2)
(27Ti)k1+k2+k3

= (=1)3P(ky, ko, k A
(—=1)°P(k1, k2, k3,1, y2; A2) T glkal

where P(ky, ko, ks, y1,y2; A2) is a multiple periodic Bernoulli function (defined later).
In particular, we have

) = 1(_ )3 1 (2mi)2T2+2 B 76
6 3780 212121 2835
This should be compared with (2.7) and

(33) C2(272727070;A2

1 1(2mi)? w2
3.4 2) = (-1l ="
(3.4) (@)= 51z 0t =%
For s1, 89, 83 € C with Rsq, Rso, Rs3 > 2 and primitive Dirichlet characters x1, x2, X3,

consider the convergent series

x1(m)xz2(n)xs(m +n)
(3.5) La(s1, 52,53, X1, X2, X3; A2) = Z m51n32 mtn)
m,n=1
Theorem B. For k € Z>2 and a primitive Dirichlet character x of conductor

f such that (—1)Fx(~1) =1,

-1 3k+3 211 3
(3.6) Lo(k, kK, x; X, x; A2) = ( )6 ((klfl)c 9(X)> By k. kxxx(A2),
where B, iy ks.x1.x2.xs (A2) 15 a multiple generalized Bernoulli number (defined later).
In particular, for the quadratic character of conductor 5, namely p5(1) = p5(4) =1 and
p5(2) = p5(3) = —1, we have

(=1)6+3 / (274)? 3 28 112\/_ 6
T La(2.2.2 L Ay) = —F :
(3 7) 2( y 4y 4y 05, P55 P5; 2) 6 2[52 \/g 125 1171875
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This should be compared with

(—1)F* (2mi)*

Lk, x) = B~
()% (2m)2 —4 45,
L(2 — 2_F _
(2,5) 2 2152 V5 5 125 "

Theorems A and B are special cases of our main theorems. In the following sections,

we will formulate those theorems.

Remark.  Tornheim [33] already showed that for a,b,c € N, (3(a, b, ¢,0,0; A3) can
be expressed as a polynomial in Riemann zeta values with Q-coefficients if a + b + ¢
is odd. On the other hand, it seems difficult to treat the case when a + b + ¢ is even.
Actually, in [7], it is stated that only the following four cases can be evaluated in terms
of Riemann zeta values: (a,b,c¢) = (1,1,N —2), (N —j—1,1), (N/3,N/3,N/3) and
(N/3,N/3—1,N/3+1), where N € Z>3 is even and j € Z>,. Hence, for example, it is
unknown whether the case (2p, 2q, 2r) can be evaluated, except for the case p = ¢ =r.
Especially, as for the double zeta value (2(a,0,b,0,0; A3) where a + b is even, it is
unknown whether it can be evaluated in terms of Riemann zeta values if a +b > 8,
except for the case a =b or a =1 (see [1, Section 4]).

§4. Root Systems

Now we start to describe our general theory. First, for reader’s convenience, we
give the definition and several examples of root systems.

§4.1. Definitions

Let V be an r dimensional real vector space equipped with the inner product (-, -).
A root system A C V is a set of vectors (roots) satisfying

1. Al <ocand 0 € A,

2. 0,A=A forall o € A,

3. (@V,B) € Z for all o, € A,

4. a,ca € A for c e R = ¢ = +£1,

where o, denotes the reflection with respect to the hyperplane H, orthogonal to o and
a¥ = 2a/{a, a) (coroot). A root system A is called irreducible if it cannot be partitioned
into the union of two proper subsets such that each root in one set is orthogonal to each
root in the other.
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Let W be the Weyl group (the group generated by all o). Let {aq,..., .} be
the set of all fundamental roots (a basis by which any o« € A can be written as a =
crop + -+ o € Ay ¢ € Z with all ¢; > 0 or all ¢; < 0). Let Ay be the set
of all positive roots (all roots a = cia1 + -+ + ¢y € A, ¢; € Z with all ¢; > 0),
p=1 Daca, @ Let Q = @i_; Za; be the root lattice, Let P = P;_; ZA; (the weight
lattice) and Py = @;_, Z>o\;, where {\1,..., A} is the dual basis of {a,...,a)}.

§4.2. Examples

Since we mainly treat coroots in this paper, we give examples of root systems in
terms of coroots. Note that if A is a root system, then AY = {aV | a € A} is also a
root system.

There is only one root system of rank 1, that is, of type A; and there are four root
systems of rank 2, that is, of type A; X Ay, Az, Cy (or Bsy) and G5 (roots in the shaded
region are positive):

A1 Al X A1 AQ 02 (OI‘ Bg) GQ
Vv
ey ay oy
Ly

( 3\
VaRY; v
of,0) + Qg

VoV VoV v VoV v
ag, Qg ap,0q + Qg g, + 205
MY =f{ai}  {aY,08)
+ U 1>m2 v v APNY v v v
o + ay oy, 0 + 204 oy + 3o

20y + 3oy
8 5. Zeta-Functions of Root Systems

8§5.1. Witten Zeta-Functions

As prototypes of zeta-functions of root systems, we give the definition of Witten

zeta-functions.

Definition 5.1 (Witten zeta-functions [36,37]).  For a complex simple Lie alge-
bra g with the root system A,

: -5 __ S 1
(5.1) Gw(5:) = %j(dlmw> = K(4) A; 1;[ @A

where the summation runs over all finite dimensional irreducible representations ¢ on

the second member of the above and K(A) € Z>; is a constant.
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Note that in the second equality in Definition 5.1, we have used Weyl’s dimension
formula.

We also use the notation
(5.2) Cw(s; Xp) = Cw(s; Q)
if A is of type X,..

Example 5.2. From the second expression of Definition 5.1, we obtain the ex-
plicit forms of Witten zeta-functions as follows in the A, Ao, Cy cases:

=1 m
Gw(si ) = Z_l% = <), n m—+n
Cw(s; Ag) = 2° i ! m + 2n
WAS 2] = msns(m +n)s’ &
m,n=1 n m-+n

m,n=1

Comparing these with Section 4.2, we observe that each factor of the form am + bn
(a,b € Z>p) in the denominators corresponds to the coroot of the form acy + bay.

§5.2. Zeta-Functions of Root Systems

Definition 5.3 (Zeta-functions of root systems [11,15,17,28]).  For a root sys-
tem A, define

(5.3) Gr(s,y;A) = Y T T .

\% Sa |
AEP, aEAL (a A +p>
where s = (54)aca, € ClA2+l and y e V.
As in the case of Witten zeta-functions, we may write

(5.4) Cr(3, 75 A4) = G (8,75 Xy)

if A is of type X,.. It is easy to see that (5.3) with y = 0 is essentially a multi-variable
version of Witten zeta-functions. Indeed we see that (y (s; A) = K(A)*¢-((s, ..., 5),0; A).

To define an action of the Weyl group, we extend s = (54)aca, t0 (Sa)aca by
Sa = S_q and define (ws), = 8,-1,. Then we have our first theorem.
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Theorem 5.4 ([17]). Fors =k = (ka)aca, € leA;‘, we have
(5.5)

> (I (_1)k°‘>@(w_1kaw‘ly;ﬁ>=(—1)'A+'P(k,y;A>(H (221)'k>

weW acAiNwA_ aEA 4

where P(k,y; A) is a multiple periodic Bernoulli function (defined later).

Example 5.5. If X, = Ay, noting that W = {id, 0, }, we have (2.7).

§6. Special Zeta-Values

Theorem 5.4 immediately implies the following theorem:

Theorem 6.1 ([17]).  For k = (ka)aca, € (2Z31)?+! satisfying w='k =k for
allweW (ie. ko =ks if a and B are of the same length),

R G , (2mi)ke K
(6.1) Gk, 03 ) = Pk, 0 A)( I1 TJ) c Qnl¥

a€A+

where k| =" k

QGAJ,_ [
Example 6.2. If X, = Ay, we have

— mi)"

In particular, k = (k)aea, with k € 2Z>, (that is, all k, = k) satisfies the
condition in Theorem 2. In this case, ¢.(k,0; A) € Qrl®+!* was shown by Witten and
Zagier. In our method, the rational factor is explicitly evaluated via the generating
function. Our statement is indeed a non-trivial generalization of their results since we
also have for example,

oo

1
2.4.4.2),0:C5) =
CZ(( s Ty Xy )7 3 2) m;l m2n4(m+n)4<m+2n)2
(6.3) _(-1)* 53 2r)2\? [ (2mi)*\?
~ 2290 1513512000 2! 4
B 53712
~ 6810804000°

§ 7. Multiple Periodic Bernoulli Functions

In this section, we give the definition of generating functions of multiple periodic
Bernoulli functions. Let ¥ be the set of all R-bases V. C A} andlet VY = {8Y}g¢cv. Let
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V* = {1} } sev be the dual basis of VV. Let Q¥ = @;_, Za;' be the coroot lattice and
L(VY) = @gev ZB", which is a sublattice of Q" with finite index (|Q/L(V")| < c0).

Fix a certain ¢ € V and define a multiple generalization of the notion of “fractional
part” of y € V as

{(y, ¥} ((ps ¥ ) > 0),

7.1 v.p =
= Ve SV D Loty (o) <o)

Using these definitions, we have

Definition 7.1 (The generating function [12,16,17]).  Fort = (t4)aca, € ClA+l,

Feyia)= 3 (I o )

VEY ~EAL\V by Zﬁevt,ﬁw /~05>

(7.2)

y 1 3 (H tpexp(tp{y + q}v, ﬁ))
V L \Y tg __ 1
QIO _ 2 LT
It can be shown that the generating function F(t,y;A) is holomorphic in the
neighborhood of the origin in t.

Definition 7.2 (Multiple periodic Bernoulli functions [12,16,17]).  We define mul-
tiple periodic Bernoulli functions P(k,y; A) by the coefficients of the Taylor expansion

ko
(7.3) F(t,y; A Z Pk,y; A H %

keZ‘A“ acAy

Example 7.3. If X, = A, we have

oo

Z (e ot

From this example, we see that P(k,y;A) can be regarded as natural generaliza-
tions of Br({y}).

tet{y}

(7.4) F(ty) =

§8. An Example: A, Case

We calculate a multiple periodic Bernoulli function and its generating function in
the case of the root system of type As.

We have the basic data as follows: ay o +af
AEI/— = {Oé:\l/, 055/7 aj\[/ + 045/}7 V= {V17V27V3}a
t= (ta17ta27ta1+a2) - (t17t27t3)7 - O!}/

y =1y + o0,

where Vi = {a1, a0}, Vo = {a1, a1 +a2} and Vi = {as, a1 +as}. By definition, we also
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have VY = {a, a3}, Vi ={af,af + a3}, Vi ={ag, oy + a3} and V] = {1, Ao},
Vi ={A1—X2, A2}, V5 ={Xa— A1, \ }. Fixasufficiently small e > 0 and ¢ = o) +cas .
Then by Definition 7.1 and using these data, we have the generating function as

t3 tletl{yl} tzetQ{yQ}
8.1 F(t,y; Ag) =
( a) ( y 2) t3—t1—t2 et — 1 etz —1
(8.1b) + to tietr {y1—y2} t36t3{yz}
| to+t; —ts er—1 etz —1
(8.1c) i 31 toet2(I—{y1—y2}) ¢ eta{yn}
' t1 +1to — 13 etz — 1 et3_17

where (8.1a), (8.1b) and (8.1c) correspond to V1, Vo and V3 respectively. Note that
in this case, L(VY) = L(Vy) = L(VY) = Q" and the second sum of (7.2) is trivial.

For k = 2 = (2,2,2), expanding the right-hand side of (8.1a)—(8.1c), we find that
the multiple periodic Bernoulli function is

1 1

(8.2) P(2,(y1,y2); A2) = 3730 %({yl} —{y1 —y2} — {v2})

o1 = 20— )} + (31— 121 — (21 + 2{n — 92Hn))

o)+ 30— wHun P + 308 + 30 — 2 Hu )

oo} = 20m - waHn P - 3 — 2w
= 5{y2}* = 10{y1 — g2 My}’ — 3{y1 — 12}*{1}?)
s} = 5 — o Hun} +10{ — 1) (¥
+5{y2}° + 15{y1 — yoH{y2}" + 10{y1 — v2}*{12}?)
ool + 4 — ) — 5w — P u)

— {12}® — H{yn — 2 2}’ — 5{y1 — 12} {12}).

By Theorem 5.4, we have a functional relation in y;,y2 corresponding to this multiple
periodic Bernoulli function:

(8.3) (2(2, (y1,y2); A2) + C2(2, (—y1 + Y2, Y2); A2) + (2(2, (y1,y1 — y2); A2)
+ (2(2, (—y2,y1 — y2); A2) + (2, (—y1 + y2, —v1); A2) + (2(2, (—y2, —y1); A2)

7i)0
= (=1)*P(2, (1, 12); A2) ((22!)2, -

In particular if (y1,y2) = (0,0), then

(8.4) (2(2,(0,0); A2) = %(_1)337180 <(2;;?’> - 2g35'
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Example 8.1. If X, = A, we have

€5 @=s0 BT T B = )+ ()

§9. Multiple Bernoulli Polynomials

In the classical theory, Bernoulli polynomials can be derived by the analytic con-
tinuation of periodic Bernoulli functions. We explain this fact. Let $§ = {y € R | {y} €
Z} = Z (discontinuous points of {y}). Let R\ § =[], ., D™, where D) = (v,v +1).
From each ®) to C, the function B({y}) is analytically continued to a polynomial
function B,(cy)(y) = Bi(y —v) € Q[y].

0 1 0 1 1
R\ $H =[], 0" Bi({y}) B (y) = Bu(y)

A similar procedure works well in general cases and we can define multiple gener-

o =(,1) at N\ e
| | N\ /O

alizations of Bernoulli polynomials. Let

N NS N
01 5= | UlyeVi{y+avsez ay

VeYy qgeQVY BEV

(discontinuous points of {y + ¢}v g appearing in the
generating function). Let

AN AN AN
As case

(9.2) Vs =][2",
vEJ
where ©(*) is an open connected component and J is a set of indices.

The above figure is the situation in the As case, where lines are $) and open triangles
are D). For example, {y + ¢}v,.a, = {(n10f + 1208 + ¢, M)} = {y1} € Z gives the
lines parallel to oz .

Theorem 9.1 ([12,16,17]).  From each region ®*) to the whole space C® V,
P(k,y;A) is analytically continued in'y to a polynomial function Bl({'/) (y;A) € Qly] of
total degree at most |k|, wherey =3 _ yna,).

§9.1. An Example: A, Case

The Bernoulli polynomial Bg)) (y; A2) is obtained by the analytic continuation of
the periodic Bernoulli function P(2,y; As) from the region D), which is the shaded
triangle region in the figure below.
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VAH =112 P(2,y; As) B (y; As)

(Periodic Bernoulli function) (Bernoulli polynomial)

The explicit form of the Bernoulli polynomial B;O) (y; A2) is given, simply by re-
moving all curly brackets from (8.2), as follows:

1 1 1
9.3 B(O) A = —— — a2 a2 — (3 2_32 23
(9.3) By'(y;A2) 370 T 45(y1y2 yi —y3) + 18( Y1y5 — 3yiy2 + 2y7)
1
+ 5(—2y1y§’ — 3yiys + 4yiye — 2y1 +y3)
1
+ —(—5y1ys + 10yiys + 10yiys — 15y1y2 + 6y7)

30
1
+ %(6y1y§’ — 5y3ys — byiys + 6yiy: — 2y% — 245) € Qly).

8§9.2. Further Examples: (5, GG, Cases

The following graphs in the upper (resp. lower) row are of type Co (resp. G3).
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We summarize what we have obtained: We have constructed periodic Bernoulli
functions so that they describe functional-relations in y of multiple zeta-functions of
root systems, which can be calculated by use of the generating function; Bernoulli
polynomials are obtained by the analytic continuation of periodic Bernoulli functions.

§10. L[L-Functions of Root Systems

We give another application of periodic Bernoulli functions or equivalently Bernoulli
polynomials. For this purpose, we define an L-analogue of zeta-functions of root systems.

Definition 10.1 (L-functions of root systems [12,16]).  For a root system A, de-
fine

Xa({a¥, A+ p))
(Y, A+ p)se

Y

(10.1) Le(s,x;A) = )

NEPy a€A

where X = (Xa)aca. is a set of primitive Dirichlet characters of conductors f, € Z>1.

We extend X = (Xa)aca, 10 (Xa)aca DY Xa = X—o and define (wx)a = Xw-1a-
Then we have value-relations of L-functions.

Theorem 10.2 ([12,16]). Fors=k = (kq)aca, € Z|ZA2+|, we have

102 S (I DFxal-D) Lo kw 'x;A)

weW ac€AiNwA_
(27i) ke

=02 TT oDt P ) Brx@),

QGAJ,_

where By x(A) is a multiple generalized Bernoulli number (defined later).
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Example 10.3. If X, = A;, we have the classical result

mi)k
(10.3) Lk, x) + (— 1) (—1)L(k, x) = —x<—1>g<x>%3k,x,

where By x is the genealized Bernoulli number given in (2.10). As for the traditional
account of this formula, see [3, chapter 1] for example.

§11. Special L-Values

Theorem 10.2 immediately implies a formula for special values of L-functions:

Theorem 11.1 ([12,16]).  Fork € (Z>3)!®+ and x such thatw™'k =k, w™lx =
X for allw € W and (—1)kax,(—1) =1 for all « € A, we have

o (—1)klHA+] (277 Fe B
) noed) = S (T et Boxa)

Example 11.2. If X, = A;, we have

_1\k+1 ﬂ.ik
(112) Lk 0 = S BT g0 B

Example 11.3. Let p; be the Dirichlet character of conductor 7 defined by
pr(1) = pr(6) = 1, pr(2) = pz(5) = €2™/3, p7(3) = pr(4) = e*™/3. Then the associated
Gauss sum is g(pr) = 2(cos(2m/7) + e>™/3 cos(4n/7) + e*™/3 cos(6m/7)) and we have

oo

(11.3)  L2((2,4,4,2), (1, p7,p7,1); C2) = §:7ﬁmﬂﬁﬂﬁgigzgmz

(=D 2mi)? (2ﬂ¢)4g(p ) %/ 69967019 +_102810289\/—3
229 21 a7t VT )\ 6988350600 1 6988350600

_ (o) 69967019 L 102810289y=3 )
181289027372537700  181289027372537700

Example 11.4. Let p5 be the quadratic character of conductor 5 given in The-
orem B. Then we have

92
11.4 L-((2,2,2,2 ; = s 7;
( ) 2(( gy Ly Ly )a(P571057P57P5)aC2) 292968757T ’
(11.5) L3((2,2,2,2,2,2), ( ); As) o b
. . - i
3 g Ly Ly Ly Ly y \P5, P55, P5, P55, P55, P5); A3 213623046875

The latter can be regarded as a character analogue of the formula in [6, Prop. 8.5].
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§12. Multiple Generalized Bernoulli Numbers

The generating function of multiple generalized Bernoulli numbers is given in terms

of that of multiple Bernoulli polynomials as in the classical theory.

Definition 12.1 (The generating function [12,16]).  For t = (ta)aca.

(12.1) G(t,x: A Z (11 * a“) (Ft,y(a;f); A),

an=1 aEA.;,_
OCEA+

where F'(t,y;A) is the generating function of multiple periodic Bernoulli functions in
Definition 7.1 and £t = (fata)aca,, y(@f) =3 ca, @a’/fa.

Definition 12.2 (Multiple generalized Bernoulli numbers [12,16]).  We define mul-
tiple generalized Bernoulli numbers By , (A) by the coefficients of the Taylor expansion

the
(12.2) Glt,x;A)= Y Biy(A T
K eZ‘A+‘ a€A+
We note that By 5 (A) can be written in terms of multiple periodic Bernoulli func-

tions as

(123)  Bix(d)= ([T £5) 5 (1T xala)Plky(aif):A).

a€A+ agil (XEAJ,_
acAy

Example 12.3. If X, = A;, we have the generating function

f fteft{a/f} >

(12.4) G(t,x) =ZX(a F(ft,a/f) =Zxa Z 7><kz|

f
Theorem 12.4 ([12,16]).  Assume that A is irreducible. Moreover assume that
fa > 1if A is of type Ay. Then for w € W, we have

a=1

(12.5) BunewixB) =TT (=D xa(-1)Bex(A).

a€A+ﬂwA_

Hence Bk 5 (A) = 0 if there exists an element w € Wi N Wy, such that

(12.6) I Dexal-D#L

a€EA L NWA_

where Wy and W, are the stabilizers of k and x respectively.
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Example 12.5. If X, = A;, we have
(12.7) Bi, =0 if (=1)Fx(=1) # 1.
Several other properties in the classical theory such as
Flt.y) = F(-t,—) fory € R\Z, Bu(l—=9) = (-1} Buly), 15 Flty) = F(t.y

can be reinterpreted in terms of root systems and Weyl groups.

§13. Zeta-Functions for Lie Groups

Recall that volume formulas are associated with all connected compact semisimple
Lie groups. It is known that there is one-to-one correspondence between finite di-
mensional representations of complex semisimple Lie algebra g and those of connected
simply-connected compact semisimple Lie group G. In the cases of general compact
semisimple Lie groups, we need analytically integral forms L for a maximal torus of G,
which satisfies Q C L C P.

Definition 13.1 (Zeta-functions of Lie groups).  For a connected compact semisim-
ple Lie group G,

(13.1) Cr(s,y: Q) = Z 2Ty A+p) H 1

\Y] Sa
AELNPy aEA (¥, A+ p)
Lemma 13.2.
(13.2) G(s,yiG) = Y (WG (s,y + D),
HEPY/QV

where vy, : PV/QY — C is the Fourier transformation of the characteristic function
of L + p given by

_ 1 ,
(13.3) Lo = A Y, e AL
P/Q)]
AE(L+p)/Q

Note that this expression plays the same role as the finite Fourier transformation
of the Dirichlet character (see [35, Lemma 4.7]) in the theory of Dirichlet L-functions,
whose origin is the study of prime numbers satisfying congruence conditions. In fact,
our (,.(s,y;G) is a kind of Dirichlet series with congruence conditions (see (13.8) as an
example).

In the A; case with L = ), Lemma 13.2 implies

o e27ri(2m+1)y o0 1627Ti(m+1)y o -1 627r73(m+1)(y+%)

D Y e P YERCEa i P ay mEn T

m=0
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Lemma 13.3.  For pe€ PY/QY, we have

- B (_1)<u,2r)> {-1,0,1}
(13.5) Lp(p) = W%*/QV(M) € Tm@ © Q,

where w1 (G) denotes the fundamental group of G and

1 (nelL*/QY),
0  (u¢L*/QY).

Noting P/L ~ L*/Q" ~ 71(G), we have the following, where G may not be simply-

(13.6) Sre v (1) = {

connected.

Theorem 13.4 ([22]). For k = (ka)aea, € (2Z>1)!2+| satisfying w™'k = k
for allw € W, and v € PV /QV (a central element of G), we have

(_1)|A+\ . (27-(-Z')ko¢
W'P(k, v; G)( H Tw') € @W|k|.

QEAJr

(13.7) Gk, s G) =

As an example, we obtain for the projective unitary group PU(3),

oo

G20 PUE) = Y 1

m2n?(m + n)?

m,n=1
m=n (mod 3)

1
(13.8) B Z (2m —n)2(2n — m)?(m + n)?

2m—n,2n—m>0

~(—1)? 187 (2mi)?\3
K] 918540( 2! )
B 18776

~ 688905°

Remark.  Originally, Witten zeta-functions represent the volumes of certain mod-
uli spaces. Introducing multi-variable generalizations, we find some new applications.
For example, we give a new interpretation of the shuffle product in the theory of Euler-
Zagier multiple zeta values [19] and evaluate a class of Euler-Zagier multiple zeta val-
ues [20,23]. However the geometric meaning of special values of zeta-functions of root
systems is yet to be clarified.

§14. An Integral Representation

This section is based on the results by the first author in [9,10]. So far, we focused on
special values on the region of convergence. On the other hand, analytic continuations
enable us to discuss special values on the whole space in s.
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The analytic continuations of general multiple zeta-functions were already obtained
by Lichtin [24], Essouabri [4, 5], Matsumoto [25,26], de Crisenoy [2], etc. (See [27] for
an elaborated survey on the analytic continuations of multiple zeta-functions.) However
we give yet another method which is a generalization of the formula

oo

1 1 2571
14.1 = — = . : Hankel .
(14.1) ¢(s) ne  T(s)(@@ 1) /C e 1dz (C: Hankel contour)

n=1

Let N, R be positive integers. For & = (¢1,...,&R) € CE a = (ay,...,an),s =

(51,...,5n) €CN and b= (bij)1<i<Ni1<j<R € CN*E consider the multiple series

(14.2) ((&,a,b,s) =

e§1m1 ... pRMR

o0 [oe)
Z Z (a1+b11m1+"'+b1RmR)sl"’(aN+bN1m1+"'+bNRmR>SN.

m1=0 mpr=0

Theorem 14.1 ([9,10]).

1 1
(143) C(E,a,b,s) = F(81) . -F(SN) tl€_£ e2mit(s) _ ] X

/ €(b11+"'+b1R—a1)Z1 - e(bN1+"'+bNR—aN)ZNz<191*1 . sy—1
b

Y
(ez1b11+--'+ZNbN1 — 651) R (€Z1b1R+“'+ZNbNR — efR) LA N

where X is a union of certain surfaces and S is a set of certain linear functionals on

CN.

If b;; > 0 for all 7, satisfying 1 < i < N, 1 < j < R, then this integral repre-
sentation can be derived by use of Shintani’s result [30]. In fact, Theorem 14.1 is a
refinement of his integral representation.

Setting & = 0, aq = (¥, p) and by; = (@V,\;) fora € Ay and 1 < i < R =,
we obtain integral representations of zeta-functions of root systems. In this setting,
from the integrand, we can construct generating functions of Bernoulli numbers for

nonpositive domain.

§15. Possibilities of Elliptic Generalizations

Lastly we give two possibilities of “elliptic” generalizations by regarding (. (s,y; A)
as “rational” or “trigonometric” versions.

The first is an Eisenstein analogue. Let k > 2 be an integer, (z,y) € R? \ Z? and
7 € C with $7 > 0. The Eisenstein series is defined by

627ri(mw+ny)

(15.1) Gr(r;x,y) = Z

CH—
mmyezgo0y M)



MULTIPLE BERNOULLI POLYNOMIALS AND MULTIPLE L-FUNCTIONS OF ROOT SYSTEMS 19

We define Hy(x,y; 7) by

00, 7)0(t + a7 — (27m)ktk !
15.2 2mixt ) E :

where ¢t € C with |t| < € for sufficiently small € > 0 and 6(z;7) is the Jacobi theta
function defined by

(15.3) O(z;7) = —i Zexp(m(n + ;) T+ 27Ti(n + %)z + m’n)

for z € C. Then we have the following, which can be regarded as an elliptic analogue
of the result on the zeta-function of root system of type A; given in (2.7).

Proposition 15.1 (Katayama [8]).  For k € Z>2, we have

(2mi)k

(15.4) Gr(miz,y) = —Hplz, 43 7) 75—

From this viewpoint, it is desirable to develop a theory on elliptic analogues of
the results on zeta-functions of root systems mentioned in the previous sections, by
constructing corresponding Eisenstein series. For example, we hope to extend (15.4) to
that associated with root systems.

The second is a g-analogue. Instead of Weyl’s dimension formula, we employ the
character formula. For ¢ = e 2™/ s,z € C with ®z > 0 and z € R, define
(15.5)

o0

2mima mz 1— g™
Gloz) = D0 o g = Dt = [yl = 1y (1
m=1
Let
mit/T _
(15.6) W(t) = — -1 =t +0(t?)

2mi  e2mitz/T

be a local coordinate around the origin. Define Q(x,y, z; 7) by

amiat (0 7)6(t + 27 — 2mi/7\ ' (D) (1)
157) e ey = L ey (T2 )

Then

Theorem 15.2. Forke N, 0<z<1 and x,y € R with y+ kz € Z, we have

(15.8) Colk, k(1 —2);2) + (—1)k<’q(k3, kz;—x) = —Qi(x,y,2;7)

[klq!"
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This is a g-analogue of (2.7). Not only the result, but also the proof can be done

analogously. In fact, formula (2.7) can be shown by a residue calculus on the space C.

Similarly, we can prove Theorem 15.2 employing the space C/7Z.

(15.9) ¢4(2,1;0) = (1 —e™*")

In particular, from this formula, we have for 7 = 1,

43073 — 117t + 3ot
144074 ’

om—3
247’

Cq(4,2;0) = (1—e™*")

where w is the lemniscate constant defined by

(15.10)

w_Q/ld_fL‘
0 \/1—1‘4.

By aid of generalizations of Eisenstein series, these special values are also calculated
in [21].

We hope that generalizations of the above will be constructed in arbitrary root

systems.
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