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We derive some interesting identities and arithmetic properties of Bernoulli and Euler polynomials
from the orthogonality of Hermite polynomials. Let P, = {p(x) € Q[x] | degp(x) < n} be the
(n + 1)-dimensional vector space over Q. Then we show that {Hy(x), Hy(x),..., H,(x)} is a good
basis for the space P, for our purpose of arithmetical and combinatorial applications.

1. Introduction

As is well known, the Euler polynomials, E,(x), are defined by the generating function as
follows:

2
et +1

[ee) tn
et = pE(Ot _ ZE"(")E (1.1)
n=0 :

(see [1-8]), with the usual convention about replacing E"(x) by E, (x).
In the special case, x = 0, E,(0) = E, is called the nth Euler number. From (1.1) and
definition of Euler numbers, we note that

B0 = €+ = 3 (1) Bt = 3 () Bt (12)

1=0

with the usual convention about replacing E" by E,,.



2 Discrete Dynamics in Nature and Society

The Bernoulli numbers are defined as

B()Zl, (B+1)n—Bn=61,n

(see [9-14]), where 6k , is a Kronecker symbol.
As is well known, Bernoulli polynomials are also defined by

By(x) = (B+x)" = i <’;> Bix"! = i <’;> Byx'

1=0 1=0

with the usual convention about replacing B" by B, (see [1, 15-18]).

The Hermite polynomials are defined by the generating function as follows:

ert—tz H(x)t ZH (x)—

(see [5,19]), with the usual convention about replacing H" (x) by H,(x).
From (1.5), we can derive the following identities:

O\" sur _ x2< a>n —(x-t)?
H,(x) = <6t> e W e Y e

- cayer (LY o

Let us consider two operators as follows:

t=0

n _x? d" —x?
t:O_ (-1)%e (dx"e )

fHO1f=—<e ie )f 2xf - df

f'—>02f:<ex2/2<x_%> _x2/2>f - f—ﬁ.

By (1.7), we get O; = O,. In particular, if we take f =1, then we have

We note that

(1.3)

(1.4)

(1.5)

(1.6)

(1.7)

(1.8)

(1.9)
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From (1.8), we note that

2 d"e‘xz zde_xz ! 2 d 2 "
—1)"p* — [ _px — x/2 _ -x%/2
(-1)e ( dx™ > < ¢ Tdx > (e (x dx)e >

(1.10)
2 d n 2
— X /2 _ = -x?/2
e (x dx> e .
Thus, by (1.10), we get
H,(x) = e¥/2 (x - i>ne‘xz/2 (1.11)
" dx
(see [5,19-23]). In the special case, x = 0, H,(0) = H, are called the Hermite numbers.
From (1.5), we can derive the following identities:
Hy(x)= (H+2x)"= Y (’;) H,2'x! (1.12)

1=0

(cf. [5, 19]), with the usual convention about replacing H" by H,,. It is easy to show that

R Y
H,—=et =) 24", (1.13)
nZ:O n! % n!

By comparing coefficients on the both sides of (1.13), we get

_1)" !
Hon = (<1)"2n(2n=1) - (n + 1) = 1@ anz”)', Hay 1 =0, (1.14)
where n € N. From (1.12), we have
% =2nH, 1(x) (neN). (1.15)

Let P, = {p € Q[x] | degp(x) < n} be the (n + 1)-dimensional vector space over Q. Probably,
{1,x,x2%,...,x"} is the most natural basis for this space. But { Hy(x), H1(x), Ha(x), ..., Hu(x)}
is also a good basis for the space P,, for our purpose of arithmetical and combinatorial
applications.

For p(x) € Py,

p(x) = iCka(x), (1.16)
k=0

for some uniquely determined b; € Q.
The purpose of this paper is to develop methods for computing Ci from the
information of p(x). By using these methods, we define some interesting identities.
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2. Properties of Hermite Polynomials

From (1.5) and (1.13), we note that

o) H,,t" o) t21
= (550)(E7)
= @)@l-1)---(1+1)
(St ) (& 2)

m=0
(2.1)
e @)@ -1)---(I+1) | t2n
- ZO <§ 2O 2n 21)v Hona 2t ) 505
— [~ 2]\ [2n t2n
= l!< >< >H2n—21>_-
53 G )
Thus, by (2.1), we obtain the following recurrence formula.
Proposition 2.1. For n € Z, = NU {0}, one has
n 1, ifn=0
Py (211) (227> Hyp g1 = { f . (2.2)
1=0 0, ifn#0
By, (1.5), we get
ZH( x)— = QA = 2x(D- (1) —ZH (x)( 1) — (2.3)
n=0
From (2.3), we can derive the following reflection symmetric identity of H,(x):
Hy(=x) = (-1)"Hy(x). (24)
By (1.5), we easily see that
9 () = (2x - 21)e?" (2.5)
ot '
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Thus, by (1.5) and (2.5), we get

% <nZ=OHn(x)§!> = (2x -21) (ZHn(x);—n!> . (2.6)

n=0
n—l
LHSof (2.5) = ZH (x) ——— . ZHn+1(x) — (2.7)
n=1
o0 0 tn+1
RHS of (2.5) = Z<2xH > > 2H, (x)
n=0 n! n=0
) tn [ee] tn
= §)<Zan(x)a> - ;zHH(x)m (2.8)

Z(ZxH (x))—. - ZZan 1(x)—

Thus, by (2.6) and (2.7), we get
H,.1(x) =2xH,(x) -2nH,1(x), (n€N). (2.9)
From (1.15) and (2.9), we note that
Hy(x) = 2xH, (x) + H;,(x) = 0. (2.10)
Differentiating on both sides, we have
2(n+1)Hy,(x) - 2H,(x) - 2xH, (x) + H,,(x) = 0. (2.11)
Thus, we have
H, (x) - 2xH,,(x) + 2nH,(x) = 0. (2.12)

From (2.12), we note that H,,(x) is a solution of the following second-order linear differential
equation:

u' = 2xu' +2nu = 0. (2.13)

From (1.5), we note that

D O D [y

o /[n/2] k n-2k
3 (-1D)*n!(2x) "
= Z< 2 W) Pk

n=0 \ k=0

(2.14)
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Thus, by (2.14), we get

(/2] k
_ (_1) n! n-2k
1) = 2 121 )

2 (1) 2,

(n/2-D2)! ifn = 2.15
& m/2-nian’™ ifn =0 (mod?2), (2.15)

(n-1)/2 (—1)("71)/2’111!22’*1

oA ifn=1(mod2).

3. Main Results

By (1.6), we easily get

jww e Hy(x)Hp(x)dx = (-1)" jww ( dd;n e-x2> H,u(x)dx. (3.1)
From (3.1), we note that
J‘oo €™ Hy(x) Hyp (x)dx = 2"!/T 60 . (3.2)
It is easy to show that
. 0 if [=1(mod?2),
foo e X xldx = N 120 (mod2), (3.3)

21(1/2)!
where | € Z,. = NU {0}. By (3.3), we get
0 ifn>morn < mwithn -m=1(mod 2),

© dne—x2 .
fw< T >x =N miy
2m-n((m —mn)/2)!

ifn <mwithn—m=0(mod 2).

(3.4)

From (3.2), we note that Hy(x), Hi(x),..., H,(x) are orthogonal basis for the space P, =
{p(x) € Q[x] | degp(x) < n} with respect to the inner product

(p),9(0) = [ e plrigtads. 65)
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For p(x) € P,, the polynomial p(x) is given by
p(x) = > CxHi(x), (3.6)
k=0

where

Ck = m——=(p(x), Hx(x))

2kk'f

(-D* (> [dke
- dx.
ik )\ T JPdx

Let us take p(x) = x™ € P,,. For n = 0 (mod 2), we compute Cy in (3.6) as follows

(DR e fde ™,
C= Sy )\ T )xex

(-1)F (-1)*nly/m _ (3.8)
2kk'\f k(1 —k)/2)] if k =0 (mod 2),

0 ifk =1 (mod 2).

(3.7)

Letn =1 (mod 2). Then we have

_1\k © k —x?
(-1) d*e i
2Kk )\ dxk
l (3.9)

—Z"k!((n—k)/Z)! ifk =1 (mod 2),
0 if k =0 (mod 2).

Ci =

Therefore, by (3.6), (3.8), and (3.9), we obtain the following proposition.

Proposition 3.1. One has

2 = (-;Zq)' Z (Zk)|( o (x),
2+ 1)l & 1 (310
= 22n+1 kzo Ok + D)l = 12k (-
Let us take p(x) = B, (x). From (3.4), P(x) can be rewritten by
B, (x) = iCka(x), (3.11)

k=0
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where

Ck

D~ <dkex2

vl e >B,,(x)dx. (3.12)

By integrating by parts, we get

w© k —x2 o
j <‘” >Bn<x>=(—n)(—(n—1>>-~<—<n—k+1>>f e B,y (x)dx

o\ dxk o

n| n-k _ k o0 y
-0 G () [ e

_ (-Dfn! s (= K)!Byis | UV (3.13)
~ (n-k)! INn-k-=0)! " 2(1/2)!

0<i<n-k
1=0 (mod 2)

By k-1
= (-)*niv/x )
v 0<§—k (n—k-1)121(1/2)!
1=0 (mod 2)

Thus, from (3.11) and (3.13), we have

n! By ki

Cr= —— .

T kg Osé_k (n—-k-1)121(1/2)! (3.14)
1=0 (mod 2)

Therefore, by (3.11) and (3.14), we obtain the following theorem.

Theorem 3.2. For n € Z., one has

n

By k1

B,(x) =n! Hi(x).

() kzé OS%;_,{ 2kl (n — k - 1)!(1/2)! k() (3.15)
1=0 (mod 2)

Remark 3.3. Let us take p(x) = E,(x). Then, by the same method, we obtain the following
identity:

- Ep k-1

E,.(x) =n! Hi(x).

() kzé) Ogg;*_k 2Kkl — k — )1(1/2)! k() (3.16)
1=0 (mod 2)

Now, we consider p(x) = H,(x). From (3.6), we note that p(x) can be rewritten as

Hy(x) = iCka(x), (3.17)
k=0
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where

(D (= [dke
Ck = H,(x)dx.
A TINNZ “o \ dxk (x)dx

By integrating by parts, we get
* dke‘xz *® 2
f <—>Hn(x)dx = (—2n)---(—2(n—k+1))j e Hy_r(x)dx

dxk
1)k2kn! k )
) ((n) k)T Z<n )21 ok ZI e xidx

C(-Df2kat ik 2l k)! . /T

(n-k)! & Dm-k-D "*2a1/2)
=0 (mod 2)
n-k H, .
— (_1\knk 1 e
(-1)¥2knty/z % (n—k-1)1(1/2)"
1=0 (mod 2)

From (3.17) and (3.19), we note that

C = (-~ | CoavE T Hypk-i
T\ 2k VA, (i-k=D(I/2)!

1=0 (mod 2)

_n Hy i
k! OS%:—k (n—k-Di1/2)"
=0 (mod 2)

Therefore, by (3.17) and (3.20), we obtain the following theorem.

Theorem 3.4. For n € Z.., one has

e H, 1
Hn(x) = ”!kz:(:) Osé_k K=k =i/ k-

=0 (mod 2)

From Theorem 3.4, we note that

n-1

Hy-i1 n!H,(x)

Hy(x) =n! Hi(x) + ,
kz_;)l—%g(%;akz)k!(n_k_l)!(l/Z)! n

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)
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Thus, we have, for 0 < k <n -k,

s Hy 0
0<i<n—k (Tl - k - l)'(l/z)‘ (323)
1=0 (mod 2)

Let ], k € Z, with k < I. Then we easily see that

Jw de\ ()dx = (-1 v S Bt
o\ dak ) YT A k= p2iG2)Y (3.24)
j=0(mod?2)
© [ dke™ k Ep k-
E;(x)dx = (-1)*I! . .
=0 (mod 2)
Let us consider the following polynomial of degree 7 in IP,;:
p(x) = > Bi(x) By (). (3.26)
k=0
From (3.6), we note that p(x) can be rewritten as
p(x) = > CxHi(x), (3.27)
k=0
where
(D (= [dke
Ck = dx. 3.28
k= ok )\ T Jpdx (3:28)

In [15], it is known that

p(x) = > B (x) B, (x)
0 (3.29)

T n+2&

n-2
2 S (" Jlr 2) B,iBi(x) + (1 + 1) By (x).
1=0

From (3.23) and (3.29), we have the following:

_ (—1)k 2 "ZZing2\ (* [ dFe™ o [ ko
Ck—zkk!ﬁ{“zgo;( 1 )fw< — >B1(x)dx+(n+l)I_w< e >Bn(x)dx},

(3.30)
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By (3.24) and (3.30), we get

. ( 1) drex

= (2"n'f> X (n+1)f < >B (x)dx

[ (=1 (-1)"n!\/7By n+1

_<2"n'f> (’”1) 01200! > T
( 1)71 1 © Aan-1 —x?

(2” H(n - 1)'f> " <(n+1) —oo< dxf’l >B"(x)dx> (3.31)
G A ) TR IR TEIIVE S ..
201 (n - 1)/ ' < (1-)2G/2)!
j=0 (mod 2)

_1\n-1 —

= <%}> X <(n+ 1)(—1)"_171!\/5B1> = %

For 0 <k <n-2,wehave

Ck

—1)k i * ko—x? ko=x
=%§ niZZCHZ) nzf (%)Bz(x)dx+(n+l)f <d >B (x)dx}
: 1=k —o0

D) 2 "‘2<n+2> ’ By
B, (-1)k1! _
ikl | ne2&\ | (=) I/ 0<]Z<z-k (I-k-j)2i(j/2)!
=0 (mod 2)
t+ )(-Denvr Y Bui-
0<j<n-k (n—k-j)12(j/2)!
j=0 (mod 2)
_ 2 2 <n+2) By 1B g;l!
n+257 T N b/ 2Rk - )1(i/2)!
j=0 (mod 2)
Bn—k—j
+(n+1)! .
e 2 k- )G/
j=0 (mod 2)

(3.32)

Therefore, by (3.27) and (3.32), we obtain the following theorem.
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Theorem 3.5. For n € Z., one has

S Be(x) By k(%)
k=0

(2| g w2 <n + 2) I'Bn1Bi k-
n+2& L\ L) 2Kk - )!(j/2)!

k=0 I=k 0<
j=0 (mod 2) (3 33)
Bn—k—j
+(n+1)! - — Hi(x)
OS]‘ZSn—k 2Miki(n—k —j)!(j/2)!
j=0 (mod 2)
1

_ MHn—l(x) + i[—]n(x)'

2n 2n
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