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Abstract
Let P, be the space of polynomials of degree less than or equal to n. In this article,
using the Bernoulli basis {By(x), . . ., B,(x)} for P, consisting of Bernoulli polynomials,

we investigate some new and interesting identities and formulae for the product of
two Bernoulli and Euler polynomials like Carlitz did.

1 Introduction
The Bernoulli and Euler polynomials are defined by means of

t > m 2 > "
t t
e‘—lex =X:B"(x)n!' e‘+lex =X:E"(x)n!' &
n=0 n=0

In the special case, x = 0, B,(0) = B, and E,(0) = E, are called the n-th Bernoulli and
Euler numbers (see [1-17]).
From (1), we note that

Bu(x) =) <7>Bzx"’, En(x) =) (7)sz"1. )
=0 =0

For n > 0, we have
T () = nBu1 (), Eu(x) = nEy (v) )
dx nlX)=n n—lx/dxnx =nky—1(X),

(see [7,8]).
By (1), we get the following recurrence for the Bernoulli and the Euler numbers:

Bo=1,By(1) — By = 81, and Eg = 1, E, (1) + E, = 280, ()
where J;, ,, is the Kronecker symbol (see [1-17]).
Thus, from (3) and (4), we have

1 1

(SOn 2En+1
n = ' ’ n = - - 5
/B(x)dx nel /E(x)dx hel (5)

0 0
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It is known [12] that

A 1

/B,,,l ( * ) ...By, ( * ) dx=a ™™ ...a,ll"”"mel(x)...an(x)dx, 6)
ay an

0

0

where a;, a, . . . , a,, are positive integers that are relatively prime in pairs A = a1a, . . . a,,
For n = 2, there is the formula

1
By,
B,(x)By(x)dx = (—1)P*1 T,
O/ p q ( p+ q) (7)
q
where p + g = 2 (see [3,4]). In [3,4], we can find the following formula for a product
of two Bernoulli polynomials:

BoyBuin—or m+ Binin
Bin(x)Bn(x) = Z[(?r)’” (2nr> m:| 2rrz+11722(rx)+(_1) 1 m+n\’ formn 2 2. (8)
' (")
Assume m, n, p > 1. Then, by (7) and (8), we get

(m+n+p—2r)!

/1 By (2)By (x)B (x)dx = (—1)"*'p! Z {(;“r) n+ ( ;r> mi| (man=2r= 1) g o )

(see [4]).
In (8], it is known that for n € Z,,
2 (n
Bu(x) = ) ( k)BkE,,k(x) (10)
=
and
Ey(x) = =2 Xn: n) b By—i(x). (11)
e L)1+1

Let P, = {Yan’|a; € Q} be the space of polynomials of degree less than or equal to
n. In this article, using the Bernoulli basis {By(x), . . . , B,(x)} for P, consisting of Ber-
noulli polynomials, we investigate some new and interesting identities and formulae

for the product of two Bernoulli and Euler polynomials like Carlitz did.

2 Bernoulli identities arising from Bernoulli basis polynomials
From (1), we note that

c e —1) L) B "
e ( ] )ex)_ tnX:(;(Bn(aul) Ba®) |

t

1 & t"
. Zl(B"(“ 1) = Ba®) | (12)

n=

_ i (Bn+1(x +n11; By (x)) :l"l .

n=0
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Thus, from (12), we have

1 1 (n+1
n_ — =
X" = - 1(B,Hl(x+ 1) — Bpi1(x)) 0l 2 ( I )Bl(x). (13)
From (13), we note that {By(x), By(x), . . ., B,(x)} spans P,. For p(x) € P, let

p(x) = > po axBr(x) and g(x) = p(x + 1) - p(x). Then we have
n n
8(x) = Y a(Br(x +1) = Bi(x)) = Y _ kap . (14)
k=0 k=0
From (14), we can derive the following Equation (15):

80() = Y k(k—1)...(k— a1, (15)

=1
where ¢()(x) = drfx(f) andr=0,1,2,...,n Let us take x = 0 in (15). Then we have

g7(0) = (r+ 1)lap.1. (16)
By (16), we get, forr=1,2,..., n,

(r—1)
87O ) - o)), a7)

ar
Let 0 = p(x) = Y o @Bk(x). Then, from (17), we have
1 (r—1) 1 (r—1) (r—1)
a-= 8 (0) = (" (1) —p"7(0)) = 0. (18)

From (18), we note that {By(x), Bi(x), . . ., B,(x)} is a linearly independent set.
Therefore, we obtain the following theorem.

Proposition 1 The set of Bernoulli polynomials {By(x), B1(x), . . ., B,(x)} is a basis for P,.

Let us consider polynomial p(x) € P, as a linear combination of Bernoulli basis poly-
nomials with

p(x) = CoBo(x) + C1B1(x) + - - - + C;By(x). (19)
We can write (19) as a dot product of two variables:
Co
C
p(x) = (Bo(x), Bi(x), ..., Bu(x)) | . |- (20)
Cn

From (20), we can derive the following equation:

1 b1y b13 - bins

C

01 b23"'b2n+1 Ccl)

IPPPRR U BT Sty (s
p(x) = (L, x,x",....x" ) .. . . . , (21)

00 O "'bnn+1 Cn

oo 0 ---1
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where b;; are the coefficients of the power basis that are used to determine the

respective Bernoulli polynomials. It is easy to show that
1 1 3 1
Bo(x) =1, Bi(x)=x— _, By(x) =x% —x , Bs(x)=x> — "2 X, ...
o(x) 1(x) 5 B2(¥) * g B Xty

In the quadratic case (n = 2), the matrix representation is

1-14 Co
p(x)=(1, x, x)[01 -1 C|. (22)
00 1 C,

In the cubic case (n = 3), the matrix representation is

11
=356 (1) go
01 -1 1
x) = (1, x, %%, % 2 23
p(x) = ( ) 00 1 -3 C, (23)
00 0 1 Cs

In many applications of Bernoulli polynomials, a matrix formulation for the Bernoulli
polynomials seems to be useful.

There are many ways of obtaining polynomial identities in general. Here, in Theo-
rems 2-9, we use the Bernoulli basis in order to express certain polynomials as linear
combinations of that basis and hence to get some new and interesting polynomial
identities.

Let Ly, = [, 01 By (x)By(x)dx form, n € Z,. Then, by integration by parts, we get

Bn

Tojn =Imo =0, Imn = (_1)m+n ’ (m, n= 2)-

m+n (24)
m
For n e Z, with n = 2, let us consider the following polynomials in P,
n
p(x) = Y Bu(x)By_i(x) € Pp. (25)
k=0
Then, from (25), we have
n
) () = (n+1)! B (x)B
A= ) kZ i (9)Bu-(x), (26)
wherer=0,1,2,...n
By Proposition 1, we see that p(x) can be written as
n
p(x) = Y aBi(x). 27)

k=0

From (25) and (27), we note that

; n n—1 . k-1 1y
aO:/p(t)dt=ZIk,n—k=BnZ( ! =Bn(l+( ny_ 2 5.
n
0 k=0 k=1

n+2 n+2
k
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By (18) and (26), we get
= 1),(Pm(l) - p"(0))

= (T . 1;:1(; 1_):, + 1)' Z (Bk—r(l)Bn—k(l) - Bh—an—k)
) =

1 n+r) ©
( > Z {(al,k—r + Bk—r)(‘sl,n—k + Bn—k) - Bk—an—k}
k=r

n+2 \r+1
1 n+2
= n+2 (r+1)(3n—r—l + By +87,n—2)
n+2 .
e (r+l>B"’r’1 ifr#n—2.
0 ifr=n-—2.

Therefore, by (25), (27) and (28), we obtain the following theorem.
Theorem 2 For n € 7, with n > 2, we have

n—

n+ 2k:

> Bu(x)Bu-r(x) =
k=0

For n € Z, with n > 2, let us take polynomial p(x) in P, as follows:

p(x) = Z "l ( Bk(x)Bn,k(x) € Py

k=0

2
(” + 2>BnkBk(x) + (n+ 1)By(x).
0

(29)

From Proposition 1, we note that p(x) is given by means of Bernoulli basis polyno-

mials:

pE) = 3 auBi(x) € Py

k=0
By (24), (29) and (30), we get

1 n n—1 k—1
1 2l (-1)
= p(t)dt = Z lyn—te = T+
0/ prs kl(n—k)! nt L= k!(nfk)!(z>

By

an( et 2 B ) B

n! 2 ol

=1

From (29), we have that for r = 0,1, 2,..., n,

0 (x) = 2TZ By rg’)c?ﬁ: _k(;‘))!

By (18), we get

(" (1) = p"(0)

are1 =

(r+ 1)'

1
= (r+ 1)! kX:r: (k—1)!(n—k)! (Bi-r(1)Bns(1) = Bir B

2 2By—r-1
- (r+1)! ((n— 1-r1)! +Zslk rSint

e n .
_ Zml <r+ 1)8,,,7,1 ifr#n—2,
0

ifr=n-—2.

(30)

33)
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Therefore, from (29), (30) and (33), we obtain the following theorem.

Theorem 3 For n € 7, with n > 2, we have

n

Z (Z)Bk(x)Bn_k(x) = i Sk (Z) B, 1Bu(x).

k=0 k=0
ksn—1

Let n € 7, with n > 2. Then we consider polynomial p(x) in P, with
n—1 1
X) = Br(x)Bp—r(x).
By Proposition 1, we see that p(x) is written as

p(x) = D aBi(x). (349)

k=0

From (34), we have

1

n—1 1 1
ap = O/P(t)dt = kgl: Kn— 1) O/Bk(t)Bnk(t)dt

n—1 k—1 n
1 —1 1 —
=Z =1) Bn:( +(21))Bn=232n'
=" k(n n n n

()

It is easy to show that forr=1,2,...,n-1,

n—1
PO() = 2C By s (x) + (n=1) - (n—=1) 3 fg’;—:(gﬁ:—_k(}g), (35)
k=r+1
where C, = nirzjll mn-1).n—j+1)(n—j—1)..(n—r).

By (17), we get

1
- (r) _ 50
b= 1 P = 100)
1
= )l {2C(Bn—r(1) = Bu—r)
n—1
kar(l)ank(l) — BrBnk
+(n=1)...(n=1) Y
! (k=r)(n —k)
n—1 (36)
_ 2Cy s + 1 n Z Br—r81,n—k + 81, k—rBu—i + 81,k—r01,n—1
S e ) (k—1)(n—k)

r+1
=10 ifr=n-—2,

Cn_1 ifr=n-—1.

n .
n(nfzrfl) ( ) Bp—1if0<r<n-3,

Page 6 of 14
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From the definition of C,, we have
2 2= 21 2
n!Cn_1 "ol Z n—i n Z i an_l, (57)

- - 1
i=1 i=1

where H, =1 1.
Therefore, by (34), (36) and (37), we obtain the following theorem.
Theorem 4 For n € 7, with n > 2, we have

© B(®)Bui(x) 253

1 n 2
P k(n—k) n k2=(; n—k (k) By—1Br(x) + an_an(x).

Let Jou, = fol En(t)E,(t)dt, for m, n € Z,. Then we see that
2(_1)m71

(n+m+1)<n:nm)

Let us take polynomials p(x) in P, with p(x) = > p_o Er(x)Es—r(x) . Then, by Proposi-

]m,n = En+m+1/ (See [3, 4,7, 8])

(38)

tion 1, p(x) is written as p(x) = > p_o axBr(x).
It is not difficult to show that

1 n n k—1 n
2B < (—1) 14(=1)"\ —4E.
ap = t)dt = E -k = E =—2E =
0 /p() kojk'nk n+1kO (n) el n+2 n+2
2 - _

and

(n+1)!

P = nm+1—r)!

> Eir(x)Eni(x), (r=0,1,2, ..., n). (39)
k=r

By (17) and (39), we get

@ = (0 () =D ()

(n+1)! .
= Ri(n— I + 2)! 1422_:1 (Ei—te1(1)En—1(1) — Ei—p1 En—i)

n+2
(") o (40)

= a2 D A(= Bkt + 2801 141)(—Ent + 280,-1) — Ei 1 En -1}
k-1

n+2
("),
= n+?2 n—k+1s

where k = 0, 1, 2, . . ., n. Therefore, by (40), we obtain the following theorem.
Theorem 5 For n € Z,, we have

ZEk(x)En—k(x) = _n i b Z (n -}: 2>En—k+lBk(x)-

k=0 k=0

Page 7 of 14
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Let us take the polynomial p(x) in P, as follows:
- 1
plx) = % i (n — gy B En-i (-

Then, by (41), we get

r Y - Ek—r(x)En—k(x)
P =2 ;(k—r)!(n—k)!'

wherer=0,1,2,..., n.

By Proposition 1, we see that p(x) can be written as
n
p(x) = Y aBi(x).
k=0

From (41), (42) and (43), we have
1 " .
o= [ o=
5 —

2En1 k1 2Ena (1+(=1)"\ _ —2Eu.
=(n+1)!k§(_1) 1__(n+1)!( 2 )_(n+1)!

and

a= 6D = p ()

2r-1 Z Ek—r+1(1)En—k(l) — Ex—r1En—p
r! (k—r1+1)!(n—k)!

k=r—1
2r71 2En7r+1 2Enfr+1
- - - e
r! m—r+1)! (n—r+1)!

2T+] n+1
:_(ﬂ+1)!( r )Eﬂfr-#lr

wherer=1,2,..., n
Therefore, by (41), (43) and (45), we obtain the following theorem.
Theorem 6 For n € Z,, we have

n

> (Z)Ek(x)Enk(x) -- i 1 gzk (n . 1 ) b B

k=0

Let us take

n—1
PO =3 o BLIE()
k=1

in P,. Then, by Proposition 1, p(x) is given by means of basis polynomials:

p) = Y Bi(x).

k=0

(41)

(42)

(44)

(46)

Page 8 of 14
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It is easy to show that

1 n—1
/ p(t)dt = Z k(nl_ )k

2E 1 Z 1 (D' 200+ (=1)"),  4Eua
n+1 & kin—Fk)

<Z> T m2(n+1) E””‘nZ(n+1)

ao

and

p®(x) = 2CEpi(x) + (n—1)... (n— k) Z Bk (x)En- ’(x) (k=12 ..., n—1)

e =R =

where Gy = (1 S (n—=1)...(n—j+ )(n—j—1)...(n—Fk).
By the same method, we get

= (D) = (0))

2Ck—1(En—ts1(1) — En—ps1)

!

+(n—1)...(n—k+1) Z E k+1((;)_Er;€ Jlr(g(n El;;HlEn—l

4Cj,—
=- Kl 1Enfk+1-

From the construction of Cj, we note that

k—
C};; ki(n — k+1)Z(" cen=jr)(n—j=1)... (n—k+1)

n
) 1 S o <k> = 1
_k!(n—k+l)jzzl(n—k)!(n—j)_n(n—k+1);n—

j=

<k>+1) (Z i) <kk)+1)(H“_H”")'

Therefore, by the same method, we obtain the following theorem.
Theorem 7 For n € Z, with n > 2, we have

= Ee(®)En(*) _ 4Ewn 4y (Z)
> D>

Hp—1 — Hy—)En_ios1 Br(x).
k(n_k) nZ(n+1) Tl—k+l( n—1 n k) n—k+1 k(x)

k=1 k=1

Let

1
Tin = /Bm(t)En(t)dt, form,neZ,. (47)

0
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From (47), we have that

1 1

b
Tpo = / Bu()dt = m";ml and Ty, = / E(t)dt = —
0 0

2En+1
n+l’

For m, n € N, we have

2(—1)" — m+n+1
Tin = (=1 > (—1)’( )B,E,HM,.
m+n l
(m+n+1)< " >l=m+1

Let us consider the following polynomial in P,
n
p(x) = Y Bi(*)Eni(x).
k=0
For n € N with n > 2, by Proposition 1, p(x) is given by
n
p(x) = D aB(x).
k=0

From (49) and (50), we note that
! n—1
do = /P(t)dt =Ton + Z T n—te + Tn0
0 k=1

n+1
-1 n
2B 2§ AN
-1
X (-1)

1 ne1
n+ n n
k=1 I=k+1

Fork=0,1,2,...,n we have

BiEy 11

pP(x) = (n+)n...(n+2—k) Y Biy(x)Eni()
1=k

B (n(i;—zi)i)l ZBlfk(x)Enfz(x).

I=k

By (17), we get

@ = (0 ) = (0)

(n+1)! "
= li(n— ks 2)! lkZ (Bi-tee1 (1)En-1(1) = Bi-is1 En-1)
n+2
(")

n
= .o D ABiket +81,1-k01)(—Eni + 280-1) = Bi_ke1 En 1}
I=k—1

n+2
k n
= ne2 -2 1}2:1 Bi_rs1En—i — En—i + 2By_s1 + 2841
=k—

(48)

(49)

(50)

(51)

(52)

(53)

Page 10 of 14
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Therefore, by (49), (50) and (53), we obtain the following theorem.
Theorem 8 For n € 7, with n > 2, we have

Z By, (x)En—k (x)

k=0

BiEpi1-1 + (n+ 1)By(x)

1 S (n+2 "
Tne2 < k ) -2 Z Bitr1En1 — En—te + 2Bn_pes1 | Be(x).
k=1 I=k—1

For n e N with n > 2, let us take p(x) =Y ;_, B",f,’?f " k")(,x) in P,. Then we have

p(x) = sz (1 19100 — 1y BB 54

From Proposition 1, we note that p(x) can be written as
n
p(x) = Y aBi(x). (55)
k=0

Thus, by (55), we get

1
- 1
- - T
o= [ p0=3 g Tors
) :

TO n nzi Tk n—k Tn 0 (56)
ki(n—k) "

2En+1 " +1
=_(1’l+1)' (Tl+1)|zz( 1)k (n )BlEn+1 1-

k=1 I=k+1

From (17), we note that

1
ac =, (V1) = pD(0)

2k-1 Xn: Bi_ke1(1)En—1(1) — Bi—ps1Eni

RO (=R 1)(n— 1) (57)
k—1 n _ e _ B 2By it

_2 Z 2BikniEn1 En . n—les1 26,
B\ A =k )i(n=Dt (n—k)! " (n—k+1)!

Therefore, by (54), (55) and (57), we obtain the following theorem.

Page 11 of 14
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Theorem 9 For n € N with n > 2, we have

Xn: (Z)Bk(x)ﬁn,k(x)

k=0
2Eu. 2 S n+1
S LT e (")
k=1 I=k+1
n+1
S 2k< k ) N n—k+1 n
- k—1
D3] EEMIED 31 () RNy )
k=1 I=k—1
rfn+1
(") n
+ nel Bu_r+1 | Br(x) + 2"Bp(x).

For n e N with n > 2, let us consider the polynomial p(x) = Y/} Bk(kx()f "k'a(x) in P,

From Proposition 1, we note that p(x) can be written as p(x) = Y _,_o aBr(x). Then
the k-th derivative of p(x) is given by

P (%) = Cu(Bnr(x) + Eni()) + (n = 1)... (n — k) Z o k(;?f,: _,(x)), (58)
I=k+1

where k=1,2,...,n-1 and
1 k
n_kZ(n—1)(n—2)...(n—j+1)(n—j—1)...(n—k).
j=1

In addition,
P (x) = (p" (%)) = (Co1(Bi(x) + E1(x))) = 2Cu1 = 2(n — 1)1 H,_y.

From (17), we note that

w= L GID0) = ()
Cp—
= o {Buka (1) = Buer) + (Baea (1) = Encien))

+(n—1)...(n—

k!

k+1)§ 1 (Biote1 (1)En_t(1) = Bi_ges1 En_1) (59)
. (I—-k+1D)(n-10 I=k+1 n—1 I—ks1En—1

n
ck (k) S BB Eag
2E,_pi1 +6 " - .
| 2 # D) + %(l—lﬂl)(ﬂ—l) n—k

It is easy to show that

1 n—1
1
ap = /p(t)dt = Z k(n _ k) Tk,nfk
0 k=1

n—2 1)k+1 n (60)

(n+1)n(n—1) k_0<( k )ZE(—1)1<H~;1>BIEM1_1.

Page 12 of 14
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Therefore, from (59) and (60), we have

Z n Bk(x)En k(x)

<n+1

n-2 n 1

_ _1k+l+1 BiEp. 1

n(nz—l)glzﬂ( ) (n—2> e
k

n—2

* 21: {n(n C k1) ( ) (Hn—1 — Hp—t)En—tes1

n—1
1 Bi_te1En En—i 2
-2 B H,_1B,(x).
+n( ) Z(1—k+1)(n—1) n—r ) [ B+ Hia Bal)
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