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Abstract

In this paper, we give some recurrence formula and new and interesting
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identities for the poly-Bernoulli numbers and polynomials which are

derived from umbral calculus.

1 Introduction

The classical polylogarithmic function Ligs(x) are
N
Liy( T osez 3,5]). 1
W)=Y f5 s€ % (e 35) )

In [5], poly-Bernoulli polynomials are defined by the generating function to be

n

Lig(1—e™") ,, B® 2y _ - ()AL
¢ =e —nZ::OBn (x)ﬁ, (see [3,5]), (2)

with the usual convention about replacing (B®(z))" by B k)( ).
As is well known, the Bernoulli polynomials of order r are defined by the

generating function to be

(&

In the special case, r = 1, B (x) = By(z) is called the n-th ordinary Bernoulli

polynomial. Here we denote higher-order Bernoulli polynomials as Bff)

) Z]B%’" n', (see [7,9]). (3)

to avoid
conflict of notations.

If z = 0, then B (0) = B is called the n-th poly-Bernoulli number. From
(2), we note that

szk) (x) = (7) BT(L’?lxl = (7;) Bl(k)x”_l. (4)
0 0

Let F be the set of all formal power series in the variable ¢ over C as follows:

g

and let P = Clz] and P* denote the vector space of all linear functionals

&k € C} (5)

on P. (L|p(z)) denotes the acition of linear functional L on the polynomial

p(z), and it is well known that the vector space oprations on P* are defined
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by (L + M|p(x)) = (Llp(x)) + (Mp(x)), (cLlp(z)) = ¢{L|p(x)), where ¢ is a
complex constant (see [6,9]).
For f(t) € F,let {f(t)|z") = a,. Then, by (5), we easily get

(t*|2") = nlbnp, (n,k>0), (see[1,4,6,9,10)), (6)

where 9,, ; is the Kronecker’s symbol.

Let us assume that f,(t) = Yoo, (L|a" Z—k, Then, by (6), we see that
{fr(t)|z") = (L|z"). That is, f.(t) = L. Additionally, the map L — f.(¢) is
a vector space isomorphism from P* onto F. Henceforth, F denotes both the
algebra of the formal power series in ¢ and the vector space of all linear func-
tionals on P, and so an element f(t) of F will be thought as a formal power
series and a linear functional. F is called the umbral algebra. The umbral
calculus is the study of umbral algebra. The order O (f(t)) of the power series
f(t) # 0 is the smallest integer for which a; does not vanish. If O(f(t)) =0,
then f(t) is called an invertible series. If O(f(t)) = 1, then f(¢) is called a

delta series. For f(t), g(t) € F, we have

(f()g@)p(x)) = (f(B)]g()p(x)) = (g(®)]f (#)p(x)) - (7)
Let f(t) € F and p(z) € P. Then we have

tk xk

ft) =Y (f(t)]a" L p(x):Z@k]p(x))H, (see [6,9]).  (8)

From (8), we can easily derive

p(k) (z) = dkp(x) _ Z <(t }f(:))? s (9)

dzk
Thus, by (8) and (9), we get

p®(0) = (¢*[p(2)) = (1[p(x)). (10)

Hence, from (10), we have

It is easy to show that

e'p(x) =plz+y), (e"|p(x)) =p(y). (12)



734 Dae San Kim, Taekyun Kim and Sang-Hun Lee

Let O(f(t)) =1 and O(g(t)) = 0. Then there exists a unique sequence s,(x)
of polynomials such that <g(t)f(t)k’sn(x)> = nld,, for n,k > 0. The se-
quence s,(z) is called a Sheffer sequence for (g(t), f(¢)) which is denoted by
sn(x) ~ (g(t), f(t)). The Sheffer sequence s, () for (g(t), t) is called the Appell
sequence for g(t). For p(x) € P, f(t) € F, we have

(fO)lzp(z)) = (Ouf (B)|p(z)) = (f'B)p(x)) , (see [9,10]). (13)

Let s, () ~ (g(t), f(t)). Then the following equations are known:

) = 3 LB s, gy = 30 LSO ) 1y

where h(t) € F, p(x) € P,

g (f©)) kY’

where f(t) is the compositional inverse for f(t) with f (f(t)) = t, and

1 ; . ¢
eV = Z sk(y) for all y € C, (15)
k=0

f)sn(z) = ns,_1(z). (16)

As is well known, the Stirling numbers of the second kind are also defined by

the generating function to be

> t > m)!
t 1 m_ ' . l+m' 1
(e ) m l:Em Sg(l,m)l! ;:0 0+ m)!Sg(l +m,m)t (17)

Let s,(x) ~ (g(t),t). Then the Appell identity is given by

e =3 ()t =3 () ettt lo0), 19
and
smia (@) = (x _ gg((tt))) sn(z), (see [6.9]). (19)

sn(2) = Y rm()Cnm, (20)
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where

The equations (20) and (21) are important in deriving our main results of this
paper.

In this paper, we give some recurrence formula and new and interesting iden-
tities for the poly-Bernoulli numbers and polynomials which are derive from

umbral calculus.

2 Poly-Bernoulli numbers and polynomials

Let gx(t) = % Then, by (2) and (15), we get

Lip(l—e
B (x) ~ (gi(t), 1) (22)

That is, poly-Bernoulli polynomial B (x) is an Appell sequence.
By (1), we easily get

1
%sz(x) = ;Lik_l(x), tB® (z) = %Bff) (x) = nBT(lk_)l(x) (23)
From (2) and (15), we have
1 Lip (1 —et
B® (z) = " = (- e )x" (24)
gr(t) 1—et
Let kK € Z and n > 0. Then we have
Lig (1 —e") = (1—e )"t
(k) k n __ n
B (z) = [ = mzl i x (25)
m=0 (m - 1)k m=0 (m + 1)k 7=0 J
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By (17) and (25), we get

B = 2 (m Jlr 1)k Z(_1)Ll(a T;n)!S?(a +m,m)t " (26)
1 — m!
- Z (m+ 1)k: ( )a (a+m)'52(a+m,m)(n)a+mxn—a—m

I
INNEE
S
—N

S
L
S
T3
| =
= 1
3
N———
s
P
3
|
s
——
%N

where (a), =a(la—1)(a—2)---(a—n+1).
Now, we use the well-known transfer formula for Appell sequences (see equation

(19)).
By (19) and (22), we get

BY, () = (x - 9—(”) B (2), (27)

where

/

= (log g(t))" = (log (1 — ") — log Lij, (1 — e™")) (28)

et {1 Lij_1 (1 —e™") }

1—et Lip (1 —e)
1 (Liy(l—e')—Lip_1 (1—e)
_et—1< Lig (1 —e™t) )

From (27) and (28), we have

BY),(x) = 2B® (z) - zi—ng’“ (2) (20)

—afe) - (g ) (P

Here, we note that
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is a delta series.

For any delta series f(t), we observe that
(31)
By (29), (30) and (31), we get

B ) = aBe) - () (g S e e )

et —1 n+1 1—et
I — f: By {BY () - BE (@)}
" n+14 [! nt nt
1 n+1 n+ 1
k k—1
— o) - > (") BBl - BN @) e
=0

Therefore, by (32), we obtain the following theorem.

Theorem 1. For k € Z, n > 0, we have

1 < n+1 _

k k k-1

B (x) =ngk><x>—n+1§j( ) )Bz{Biﬁu<x>—Bwl<x>},
=0

where B,, is the n-th ordinary Bernoulli number.

It is easy to show that

teBY¥ (2) =t (”) BW o1 — (”) BY (1 + 1)a! (33)
1=0 l 1=0 l
n—1 1 n n
—nz > (" z )Bnk_ Lt ( Z)Bg’?lx"
=0 =0

Applying to ¢ on both sides of Theorem 1, by (33), we get

(0 + DB (o) = na B, (o) + BO@) - 3 (7}) But{ BY(@) - B! V(w)}.

=0

(34)

Therefore, by (34), we obtain the following corollary.
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Corollary 2. For k € Z and n > 1, we have

(n—i—l)BT(lk)(x)—n(x—l—%) +n2() B, B" ()

E(eae

From (2) and , we note that

sz (1—e)
Cl—et

(6)
<at wt) )

— e
Lip (1 —e! Lip (1 — et
&: i _66 ))eyt m”_1>+y<—lk( ‘ )eytx

yt

1

_ LZ]C,1 (1 — € t) — LZk (1 - €7t) e(y_l)t
(1—et)?

Now, we observe that

Lip_1 (1 —e™) — Lip (1 —e™) 1 — (=)™ (Q—ehH"
(1—et)? (1—et)’ mzl { }

Thus, by (36), we get

Liny (1= ) = Lig(L=¢™) (0
(1 —et)?

x”_1> (37)

::;(m“ ) <mi2>k)<(1—€‘t>’”!<w+y—1>"1>

m= a=0
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From (6) and (7), we have

((1=e")"|2") = (=1)*""m!Sy(a, m). (38)
From (37) and (38), wehave
<L¢,€1 (L) = Lina (L= e™) oy

(1—et)? xn_1> (39)

DN WEILE (n . 1)”“ (<m T 2)%)

x Sy(a,m)(y — 1) 17¢

Therefore, by (35) and (39), we obtain the following theorem.

Theorem 3. Fork € Z and n > 1, we have

n—1
—1
B(k) —B(k nlln
D) =Bl @)+ ) (-1 l

« {Z( )mEZi;;‘S (n—1 —l,m)} (x— 1)L

N

m=0

Now, we try to compute (Lij, (1 —e™") ’x”+1> in two ways. On the one hand,

x”+1> (40)
_ <Lik1(i;i_t) (1—e) l,n+1>
— <Li]‘C — " — (z - 1)n+1>

1L%u—@4)m>

1—et o
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x”+1> (41)

On the other hand,

(Lix (1 — ™) [a) = </0 (Li (1))’ ds

m=0

By (2) and (3), we see that

1—et . et — 1 T
B;k)(m)w(m’t)’ Bg)(x)~(< ; ),t), r>0. (43)

(
From (20), (21) and (43), we have

BM(x) = ComBl) (), (44)
m=0

where

By (17), we easily get

1) = !
(e ) - Syl 41, )t (46)
!

t
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Thus, from (46), we have

(et - 1) nlf 52 L+ ryr)(n—m)" ™" (47)

t
n—m—l> (48)

le l—e” )xn—m—l>

o 0 s ) e
(o)X
(m)
()%

Therefore, by (44) and (48), we obtain the following theorem.

3
3

LZk 1—€t
Sl —
2(l+7,7r)(n < T

3
S ~
Il
3 o

M

Sg(l—l—rr n—m <

S ~
Ll
3 o

Sg(l—i-?“r)(n— m),B"

l + )
d
Theorem 4. For k € Z and r € Z>,, we have

“ n\ s~ rl(n —m
Br(lk)(x) = Z { (m) Z ﬁé’g(l +r, 7’)3(’€ }B(r)( ).

m=0 =0
For r € Z>¢, the Euler polynomials of order r are defined by the generating

function to be

( 2 )ewt:ZEm(x)%, (see [2,6,8]). (49)

et +1 et
By (2) and (49), we see that

B®) (z) ~ (%t} . ED(2) ~ ((‘it;l)r,t) . (50)
From (20), (21) and (50), we have

B (z Z Crn B (2 (51)

1 Liy, (1 — eft) et +1\"
Cnm =
’ m! 1—et 2

where
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Therefore, by (51) and (52), we obtain the following theorem.
Theorem 5. For k € Z and r € Z>o, we have

B (z) = % Zn: { (:;) Z C) Bff’m(j)} EW ().

m=0 §=0
Let A € C with A # 1. For r € Z~, the Frobenius-Euler polynomials are also
defined by the generating function to be

=AY\ ot S o
(et — )\) ettt — ZHT(l)(:z:\)\)m, (see [2,6,7]). (53)
n=0

From (2), (15) and (53), we note that

B®) () ~ (%t) H(z|A) ~ (<€1t__))\\)t) (54)
By (20), (21) and (54), we get

BH(x) = ComHY(x|N), (55)

m=0

where

j
Therefore, by (55) and (56), we obtain the following theorem.
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Theorem 6. For k € Z and r € Z>, we have

B - o 2 { () () <—A>r-jB;’?m<j>} HY ).

J=0
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