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1 Introduction

As is well known, the Hermite polynomials are defined by the generating function to be
oo t”
ert—tZ — eH(x)t — § H,,(x)—, (11)
5 n!
.

with the usual convention about replacing H"(x) by H,(x) (see [1, 2]). In the special case,
x =0, H,(0) = H, are called the nth Hermite numbers. The Bernoulli polynomials of order

r are given by the generating function to be

( ¢ 1>re’“ = ZB;’)(x)i—rz (reR). (1.2)

t
e
n=0

From (1.2), the nth Bernoulli numbers of order r are defined by Bff)(O) = B(,,V) (see [1-16]).

The higher-order Euler polynomials are also defined by the generating function to be

(ei 1>rexf = ZE;”(x)g (reR), (1.3)

n=0

and EL’)(O) = Eﬁ,r) are called the nth Euler numbers of order r (see [1-16]).
The first Stirling number is given by

*)p=xx-1)---(x—n+1)= Z Si(m, k)xl (see [8,13]), (1.4)
1=0
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and the second Stirling number is defined by the generating function to be
(e -1)"=n) "5, n)ﬁ (see [8, 10, 13]). (1.5)
I=n
For A (#1) € C, the Frobenius-Euler polynomials are given by
1-A
e —A

In the special case, x = 0, Hf,')(OI)L) = H,(,r) () are called the nth Frobenius-Euler numbers of

order r.

)re"t = ZHL’)(xM);—V; (r e R) (see [3,7]). (1.6)
n=0

Let F be the set of all formal power series in the variable ¢ over C with

o]

F- !m):Z%tk\ake@}.

k=0

Let us assume that [P is the algebra of polynomials in the variable x over C and that P*
is the vector space of all linear functionals on P. (L|p(x)) denotes the action of the linear
functional L on a polynomial p(x), and we remind that the vector space structure on P* is
defined by

(L +Mp)) = (LIpx)) + (M|p(x)),

(cLlp(x)) = c(L|p(x)),

where ¢ is a complex constant (see [8, 10, 13]).

The formal power series f(t) = > ;- ‘,’(—’jtk € F defines a linear functional on P by setting
(f(t)|x”) =a, foralln>0 (see[8,10,13]). 1.7)
Then, by (1.7), we get
(1) =8, (m,k>0), (1.8)
where §,,x is the Kronecker symbol (see [8, 10, 13]).

Let fi(£) = Y00 LK (see [13]). For fi(8) = 2%, L4k, we have (f; (£)la") = (L|x").
The map L > f;(t) is a vector space isomorphism from P* onto F. Henceforth, F will be

thought of as both a formal power series and a linear functional. We will call F the umbral
algebra. The umbral calculus is the study of umbral algebra (see [8, 10, 13]).

The order o(f(¢)) of the non-zero power series f(t) is the smallest integer k for which the
coefficient of ¥ does not vanish. A series f(£) having o(f(£)) = 1 is called a delta series, and
a series f(£) having o(f(¢)) = 0 is called an invertible series. Let f(t) be a delta series and
let g(¢) be an invertible series. Then there exists a unique sequence S,(x) of polynomials
such that (g(£)f(£)|S,(x)) = n!8,.x, where 1,k > 0. The sequence S, (x) is called a Sheffer
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sequence for (g(t),f(t)), which is denoted by S, (x) ~ (g(¢),f(¢)). By (1.7) and (1.8), we see
that (¢”*|p(x)) = p(y). For f(¢t) € F and p(x) € P, we have

00 k 0 k
o= O s =y LR, (19)
k=0 ’ k=0 ’
and, by (1.9), we get
pP0) = (Epw), 1P @) =p*(0). (1.10)

Thus, from (1.10), we have

dk
p(x) = p® (x) = d‘i (kx). (1.11)
In [8, 10, 13], we note that (f(¢)g(¢)|p(x)) = (g(@®)|f )p(x)).
For S, (x) ~ (g(¢2),f(£)), we have
1 7 > Skly
/0 =%" £ forallyeC, 1.12)

{0) — K

where f (¢) is the compositional inverse of f(£). For S, (x) ~ (g(¢),f(¢)) and r,,(x) = (h(¢), (?)),
let us assume that

Sa(®) =Y Crariclx) (see [8,10,13]). (1.13)
k=0

Then we have

1/h(f() =, \k
Cos = —( L2172
‘ k!<g(f(t)) (@)

x”> (see [13]). (1.14)

Equations (1.13) and (1.14) are called the alternative ways of Sheffer sequences.
In this paper, we study umbral calculus to have alternative ways of obtaining our results.
That is, we derive some interesting identities of the higher-order Bernoulli, Euler, and

Hermite polynomials arising from umbral calculus to have alternative ways.

2 Some identities of higher-order Bernoulli, Euler, and Hermite polynomials
In this section, we use umbral calculus to have alternative ways of obtaining our results.
Let us consider the following Sheffer sequences:

ED(x) ~ ((et;)r, t), Hy(x) ~ (e%tz, %) 1)

Then, by (1.13), we assume that

EQ @) =) CuiHi(x). (2.2)
k=0
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From (1.14) and (2.2), we have

c 1/ et? [\ Y
=il (3) )

(}1 - k)ZIE,(L)k,y

> X
N———"

N
g
N
=~

!

o)
En—k—l .
($)2kki(n - k — 1))

(2.3)

0<l<n-k,l:even
Therefore, by (2.2) and (2.3), we obtain the following theorem.

Theorem 2.1 For n > 0, we have

n

, ED,
Ez)(x)zmz{ 2 k!(n-k-;)!lzkﬂ(%)z}Hk(x)'

k=0 “0<l<n-k,l:even

Let us consider the following two Sheffer sequences:

B (x) ~ ((et;l>r,t>, Hy(x) ~ (eitz,g). (2.4)

Let us assume that

B (%)= ) CuiHi(x). (25)
k=0

By (1.14) and (2.4), we get
1,2 k
1/ e#! t
il ()
(2

()
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=9

()3

[k
2

()3

0<i<n-k,l:even

Therefore, by (2.5) and (2.6), we obtain the following theorem.

(n - k)!

1'22’ (n—k-

(n—k)!

(1(5)
20)! 1

(r)

1220 (g — ke — 20)1 k=21

(r)
B n-k-1

Theorem 2.2 For n > 0, we have

n

BE,’)(x) =n! Z{ Z

k=0 *0<I<n-k,l:even

Consider

(")
Bnr—k—l

Ki(n— k= D12k i(Lyr

Ki(n — k = D)12k+ (L)1

k—21>

}Hk(x)

HD (x]3) ~ ((i‘j)t) Hy(x) ~ (eirzé).

Let us assume that

HDx12) =Y CoiHi(x).

k=0
By (1.14), we get
c 1< et
mk = 2\ et r
K\ (=)

()
‘Tl ()

tk n>

[255]
k(" (n— k) 1-2
=2 (k) ; 14! <l’(et—,\

=9

(
()
_ n —k=21
= Z 1225 (1 — k — 20) k!

=n! Z

0<l<n-k,l:even

Therefore, by (2.8) and (2.9), we obtain the following theorem.

()
Hn’;k—l()‘)

r
) xnk21>

Theorem 2.3 For n > 0, we have

n

HO(x[3) =nty

k=0

{

2

0<l<n-k,l:even

H"

(D2kl(n -k - Dk

P

K(n—k—

)-(5)121”1

}Hk(x)
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Let us assume that

Hy(®) =) CuiEy (). (2.10)
k=0

From (1.14), (2.1), and (2.10), we have

c <(e Lil r( )k >
nk = k' 1
1 (et+1)r ;
k'< ft t"‘(2x)>
th">

< < e+ 1> Ly
l
> t>

<et + 1>r it
2 1=0

(%551
z 0 (_1)
:2""(;: : (1!22)1 (n—k)zl((et+1) Ix”_k_y)
=0
(55T o\ (Pyok(_1)!
e (IO LA VGRS SIS
T W ko @ @1)

Therefore, (2.10) and (2.11), we obtain the following theorem.

Theorem 2.4 For n > 0, we have

2"( ! (n - k)2j)"**

(k]
H,(x) = Z: IZ TP }E,(:)(x).
j=0 0

k=0

Note that H,(x) ~ (e}th’ £). Thus, we have

t t
et H, (x) ~ (1, 5), and (2x)" ~ <1, 5). (2.12)
From (2.12), we have
i Hy () = 2x)" & Hy(x) = e i (20)". (2.13)

By (2.11) and (2.13), we also see that
Cn,k = -

; )
(e +1\ 4| 12 .,
e v

—(2t)" |x

<(e +1)r
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= k'12r<(et +1)"|t*H,(x))

_i n\ " (r )
= (k>2 ; <,'>H”k(’)‘ (2.14)

Therefore, by (2.10) and (2.14), we obtain the following theorem.

Theorem 2.5 For n >0, we have

1 < (n " . .
Hy(x) = o ; (k) 2{; Q)Hn_k(z)]b*;)(x).

Let us assume that

Hy(x) =Y CuiB) (). (2.15)
k=0

From (1.14), (2.4), and (2.15), we have

tk((zx)">

eZz

-1\r
<( 2t ) (2t)k

e1(20?

1
Cn,k = F

(Y
_ ﬁ<

1 e-1\" _1p y
:ﬁ<( t )tk‘e‘L (2%) > (2.16)

From (2.13) and (2.16), we have

1/ -1\,
Cox = E<( t ) ¢ ‘Hn(x)>. (217)

153
et

For r > n, by (1.5) and (2.17), we get

t_ r—k
Cuk = %<(et—1)k‘<e ; 1) H,,(x)>

1 . k
e

1 (r=k) ;
- m52(1+r—k,r—k)2l(n)1((e —1) | Hys )

" (r—k)! ) >
———S(l+r-k,r=k)t'H,(x)
;(l+r—k)!2

1< (r—k) k

== 2 0 -kl K\ ki .
k! i (l+r—k)!S2(l+r kor = k)2 (n—l)!j:Z()(j)( D7 H, ()

N (r=K)Ss (6 + 7 = kyr = K) (=¥ () 2'H, )
=) (+r— ki — 1)

j=0 =0

(2.18)

Therefore, by (2.15) and (2.18), we obtain the following theorem.
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Theorem 2.6 Forr>n> 0, we have

" " (= RISyl 4 r =k = DT ()2 HL0) )
Ha =) ZZ U+ r—Rki(n - D! B,
k=0 U j=0 [=0

Let us assume that r < n. For 0 < k <r, by (2.18), we get

" (= RISyl + r = 7 = K1 ()2 Hi()
”“”‘ZZ U+ r— kki(n - D) ' (219)

j=0 [=0

For r <k < n, by (2.17), we get

am=%XXQewﬂww“w@»
14

k—

Therefore, by (2.15), (2.19), and (2.20), we obtain the following theorem.

Theorem 2.7 For n > r, we have

Hy(x)=n! ) ZZ U+ r—K)kl(n—1)

k=0 U j=0 [=0

-1 " o(r=k)ISy(l+r—k,r—k)(- l)kl() 2!H,_ 1()
Bk (x)

- ! ( l)r_]( )2k an k+r(/
””Z{Z Wk [P
k=r Uj=0
Let us assume that
Hy(x) =Y CoicH (3. (2.21)
k=0
Then, by (1.14), (2.7), and (2.21), we get
(EZL—A r
Cn,k = _< ( t)k xn>

K\ g1

dhyr
:i< 1—1A) tk‘(zx)n>

k! ezlz

1//e —x rk 1 p
- E<(1—)\) ¢ ‘e (2x) > (2.22)

By (2.13) and (2.22), we get

Cos = ~ é % |, (x)
kl

1 r
= m((e —A) |tkH,,(x))
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(1ky§jg><mwamaku»
- A),ZO( W7 Hy_ k(). (2.23)

Therefore, by (2.21) and (2.23), we obtain the following theorem.

Theorem 2.8 For n > 0, we have

L (Y S (N v |
Hy,(x) = (1—x)rkzo<k>2 IZOO( A7 Hy k() [ Hi (%] 2).

Remark From (2.22), we have

e—A)r on A\
i )= T{(5)

kn>

[57]
n 2n 2 1 ,
o 3 e -

1 I Q)2 T - Ry
l

\(n—k—2I)! (224)

Thus, by (2.21) and (2.24), we get

r [2] 2k 1 )\'r—j _k!z'n—k—zl
()24~ y i) W

kO j=0 [=0
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