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We study some interesting identities and properties of Laguerre polynomials in connection with
Bernoulli and Euler numbers. These identities are derived from the orthogonality of Laguerre

polynomials with respect to inner product (f, g) = [ e f(x)g(x)d

1. Introduction/Preliminaries

As is well known, Laguerre polynomials are defined by the generating function as

exp(— xt/(l—t)) > .,
1- ;L n(x)t (1.1)
(see [1,2]). By (1.1), we get
< - 1- DO (1) yT 4T
SLa(x)t" = exp( alct_/i B) _ Z( 1)r!xt (-
. r=0
(1.2)
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Thus, from (1.2), we have

L,(x) = Z(_l)r#xr. (1.3)
r=0 :

By (1.3), we see that L,(x) is a polynomial of degree n with rational coefficients and the
leading coefficient (—1)"/n!. It is well known that Rodrigues’ formula is given by

Ly(x)= %ex (%e"%") (1.4)

(see [1-27]). From (1.1), we can derive the following of Laguerre polynomials:

LO(x) = 1/ Ll(x) =—-X+ 1/

(1.5)
(n+ 1)Ly (x) = 2n+1-x)Lp(x) —nlya(x), (m21),

L,(x)=L, ;(x)-L,1(x)=0, (n>1), (1.6)

xL,,(x) =nL,(x) —nL,1(x) =0, (n>1). (1.7)

By (1.7), we easily see that u = L,(x) is a solution of the following differential equation of
order 2:

xu”(x) + (1 — x)u/ (x) + nu(x) = 0. (1.8)

The Bernoulli numbers, B, are defined by the generating function as

! —eBt—iBi 1.9
ee-1 ~ & nl (19)

(see [1-28, 28]), with the usual convention about replacing B" by B,,.
It is well known that Bernoulli polynomials of degree n are given by

Bu(x) = (B+x)" = i (7) Byix! (1.10)

1=0

(see [2,26]). Thus, from (1.10), we have

dB,(x)
dx

B, (x) = = 1B, 1 (x) (1.11)

(see [3-12]). From (1.9) and (1.10), we can derive the following recurrence relation:

B() =1, (B + 1)” - Bn = 61,,1 (112)

where 6,k is Kronecker’s symbol.
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The Euler polynomials E,(x) are also defined by the generating function as

2

oo tn
mext — EM1 _ Zzgn(x)m (1.13)
n=0 :

(see [27,28]), with the usual convention about replacing E"(x) by E,(x).
In this special case, x = 0, E,(0) = E, are called the nth Euler numbers. From (1.13),
we note that the recurrence formula of E,, is given by

Ey=1, (E+1)"+E, =260, (1.14)

(see [24]). Finally, we introduce Hermite polynomials, which are defined by
2 - "
et = MO = 3 H, () (1.15)
n=0 :

(see [29]). In the special case, x = 0, H,(0) = H, is called the n-th Hermite number. By (1.15),
we get

Ho(x) = (H +2x)" = S (") H,_2'x! 1.16
X +2x 1_o<l> [« X ( )

(see [29]). It is not difficult to show that

J‘OO e Ly(x)Ly(x)dx =6, (m,neZ,=NuU{0}). (1.17)
0

In the present paper, we investigate some interesting identities and properties of Laguerre
polynomials in connection with Bernoulli, Euler, and Hermite polynomials. These identities
and properties are derived from (1.17).

2. Some Formulae on Laguerre Polynomials in Connection with
Bernoulli, Euler, and Hermite Polynomials

Let
P, = {p(x) € Q[x] | degp(x) < n}. 2.1)
Then P, is an inner product space with the inner product

(1), p2() =f0 PP (0dx,  (p1(x), pa(x) € P). (22)

By (1.17), (2.1), and (2.2), we see that Lo(x), L1(x), ..., L,(x) are orthogonal basis for P,,.
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For p(x) € P,, itis given by

p(x) = 3 Cili (),

k=0

where

dk

Cy = <p(x),Lk(x)> = L e L (x)p(x)dx = %J‘o <@e‘ x > (x)dx.

Let us take p(x) = x™ € P,,. From (2.3) and (2.4), we note that

1 (” dk -x ..k n -n (* dk_l -x ..k n-1
Ck—H’[O <@e x> dx = k'f <W6 x* ) x" " dx

= (_n)(_k('n - 1)) * <dd:k22 exxk>xn2dx
: 0

nn-1)---(n—-k+1) (* _,. ,
= (-1 = . e *x"dx = (—1)k<z>n!.

Therefore, by (2.3), (2.4), and (2.5), we obtain the following theorem.

Theorem 2.1. For n € Z,, one has
X" = n'Z< 0 () et

Let us consider p(x) = B, (x) € P,. Then, by (2.3) and (2.4), we get

1 dc n (©f dl
Ck k‘j <?€ xk>B (x)dx— k'J <We xk>Bn_1(x)dx

k-2
= S (n D )J‘ <ddxk ;€ k>Bn—2(x)dx

=(_1)kn(n—1) (n k+1)z<n k) nli‘we"‘xk”dx

R e S

1=0

Therefore, by (2.3), (2.4), and (2.7), we obtain the following theorem.

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)
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Theorem 2.2. Forn € Z., one has

n n-k
Bn(x) = n!ZZ(-nk(k;l) MLk(x). (2.8)

k=010 (n—k-1)!

Let us take p(x) = E,(x) € P,. By the same method, we easily see that

n n-k
B =y 30 (4 ) o o). 29)

k=01=0

For p(x) = H,(x) € P,, we have

Ha(x) = 3 Celi (), (2.10)
k=0

where

1 (2fd . & 2n ([ d
Ck = FJ‘O <@8 X >Hn(x)dx— TJ‘O <dxk_1e X Hn—l(x)dx

a2 f°°< > exxk>Hn_z<x>dx
. 0

dxk-2

_(2m)(2(n-1)) - (-2(n -k +1)) (2.11)

k!

_1\knk _ . _ n-k _ ®
= (Z1)" 2 n(n B (n-k+ DZ(” ] k) Hn_k_12lf e *x*dx
) 1=0 0

f e *x*H, i (x)dx
0

= (-1)* <Z>§lj<n ; k>2k+lHn—k—l(k +) = n!(—l)kgzkﬂ (k ; l) (nh_lnlgk__ll)!_

1=0

Therefore, by (2.10) and (2.11), we obtain the following theorem.

Theorem 2.3. For n € Z., one has

n n-k
Hy(x) =ty Y (-1)k2k! (k ; l)%u(x). (2.12)
k=01=0 :

Let p(x) = >y Bc(x)B-k(x) € P,,. Then we have

p() = 3 Be()Bui(x) = 3 Celi(x), (2.13)
k=0 k=0
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where

1 (2/dv _,
Ck—E . <ﬂe x >p(x)dx

In [15], it is known that

n n-2
S BB i() = 75 3 (") 2 ) BuaBix) + (14 DB ).
k=0 0

n+21=

By (2.14) and (2.15), we get
1 2 D/n+2 o/ dk
= E{n+ZZI=O< ! )B”_l J; <dxke x JBix)dx
“ dk -x .k B d
+(11+1) . ﬂe X n(X) X ¢.

From (2.16), we can derive the following equations ((2.17)-(2.18)):

=(-D"(n+1)!, Cuq=nn+D(-D)""- %(—1)"—1(71 + 1),

For0 <k <n-2,wehave

2 n2 Ik n+2 k+m Blkm
n+2Z ( >< k )l(l) B"l(l k —m)!

I=km

n—-k
+ (D1 Y (k 7{’") —(nlj";j;)!.

m=0

OM

Therefore, by (2.13), (2.17), and (2.18), we obtain the following theorem.

Theorem 2.4. For n € Z.., one has

k=0 k=0 1=k m=0

u 2 2 n3lk n+2\ /k+m Bi_k-m
ZBk<x>Bnk<x>=Z{n+z = “( )

k Bn— —-m

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

+ <n(n +DI(-1)" ! = %(—1)"*1(;1 + 1)!)L,,,1(x) +(=1)"(n + D)Ly, (x).

(2.19)
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Let us take p(x) = >i_y Ex(x)En—k(x) € P,. By (2.3) and (2.4), we get

p() = 3B Eni(x) = 3 CeLi(x), (220)
k=0 k=0
where
Ck = F el x* ) p(x)dx. (2.21)

It is known (see [15]) that

ZEk(x)En k(x) = Z(Z+11<)i"1) <ZE1 kEn1 = 2E,- k>Ek(JC) +2(n+1)E,(x).  (222)

From (2.20), (2.21), and (2.22), we can derive the following equations ((2.23)-(2.24)):

Cy = (%)nz(n +1)(n)? =2(-1)"(n+1). (2.23)

For0 <k <n-1,wehave

T(m+1)(7) k+p Eikp
Z(n_l+ 1)[ <ZEm lETl -m 2En I>Z( 1 l‘( ) (l k P)'
(2.24)

k k+p En—k—p
+2(n+1)!(-1) Z( >—(n_k_p)!.

Therefore, by (2.20) and (2.24), we obtain the following theorem.

Theorem 2.5. For n € Z,, one has

Y -k
S A0 - z{z‘“?f{f.(ZEm e 280 ) S(1)
k=0 p=0

E E,
(l _ Elkp ) +2(n+1)!(- 1)kz<kzp)ﬁ}l;k(x)

+2(=1)"(n +1)!L,(x).
(2.25)
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It is known that

éﬁk () En-i(x) = p(x) = —%kzo ("3 BB 2.26)
(see [15]). From (2.20), (2.21), and (2.23), we have
Ck = % J:o <;—:ke‘xxk>p(x)dx
- % ZZ;; (n : 2) En_lﬂ% _[:o <%> By(x)dx (2.27)
- l};g(” 1) B ().

Therefore, by (2.20) and (2.27), we obtain the following theorem.

Theorem 2.6. For n € Z.., one has

S () i (2)
k=0

4 K im0 k Bik-m m+k (229
- (") Bt (M) e,
Remark 2.7. Laguerre’s differential equation
ty"+(1-t)y' +ny =0 (2.29)

is known to possess polynomial solutions when 7 is a nonnegative integer. These solutions
are naturally called Laguerre polynomials and are denoted by L,(t). That is, y = L,(t) are
solutions of (2.29) which are given by

#t Lo(1) = 1. (2.30)

y= Lyn(t) = Z
r=0

From (2.30), we note that Laplace transform of y = L, () is given by

L(y) = L(La(t)) = 12(’;) (—1)7<§>r = (Ss;ll)n. (2.31)

s r=0
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It is not difficult to show that
et dr —tyn (S - 1)11
bl sl - = 7 2.32
ﬁ(n!(dt"e t )) £(y) gn+l (2.32)

Thus, we conclude that

n

t/d
La(t) = % <ﬁe"tt">, for n € Z,. (2.33)
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