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1 Introduction
LetN ={1,2,3,...} and Z, = NU{0}. For a fixed r € Z,, the nth Bernoulli polynomials are
defined by the generating function to be

r o (r) n
( t ) ext — eB(f)(x)t - Z M (See [1_11]) (1)

L
el -1 n
n=0

with the usual convention about replacing (B"(x))” by BY(%). In the special case, x = 0,
BP(0) = BY are called the nth Bernoulli numbers of order r.

From (1), we note that

B (x) = Z (Z) B;{r) K = Z (Z) Bf:zk #*

k=0 k=0

= X ( . )BBx @)
m

PP p— ’ s My Mlrsl

Thus, by (2) we get the Euler-type sums of products of Bernoulli numbers as follows:

n
BY= > (m,‘..,nr)B’”B”sz"’ (see [11-17]). 3)

n+-+np=n

By (2) and (3), we see that Bﬁf) (%) is a monic polynomial of degree n with coefficients in Q.

From (2), we note that

(B = B0 ) = nB () (see (1-17]) .
and
BY(x+1) - B (x) = nB, 7 (). ¥
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Let Q denote the space of real-valued differential functions on (-c0,00) = R. Now, we

define three linear operators I, A, D on 2 as follows:

x+1
I = / fOdt, M) =fE+D)—f(), D) =f ). (6)

Then we see that (i) DI = ID = A, (i) AI = IA, (iii) AD = DA.

Let P, = {p(x) € Q(x)|degp(x) < n} be the (n + 1)-dimensional vector space over Q.
Probably, {1,x,...,x"} is the most natural basis for this space. But {Bg) (x),BY) (x),B(zr) (%),
.., BY(x)} isalso a good basis for the space P, for our purpose of arithmetical and com-
binatorial applications.

Let p(x) € P,. Then p(x) can be generated by Bg) (x),BY) (x),B(zr) @), ..., B (x) as follows:

p) =Y aBl ().
k=0

In this paper, we develop methods for uniquely determining a; from the information
of p(x). From those methods, we derive some interesting identities of higher-order
Bernoulli polynomials.

2 Higher-order Bernoulli polynomials

For r = 0, by (1), we get quo) =x"(neZ,). Let p(x) € P,.
For a fixed r € Z,, p(x) can be generated by Bg)(x),Bgr) (x),B(zr) (x),...,BY (%) as follows:

p®) =Y @Bl (). (7)
k=0

From (6) and (7), we can derive the following identities:

x+1
1B (x) = / B (x) dx

= i B+ D =B (). 8)

By (5) and (8), we get

n+l_ _
1B (x) = mBﬁ{ V() = B" V(). 9)

It is easy to show that

ABY(x) = BV (x+ 1) - BY (%) = nBU P (), (10)

n

and

DBY(x) = nBY, (x). (11)
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By (7) and (9), we get

I'p(x) = Zaszo)(x) = Zakxk. (12)
k=0 k=0

From (6) and (12), we note that

“ I
D'I'p(x) = Zfllmxl_k~ (13)
1=k
Thus, by (13) we get
DI p(0) = Klag. (14)

Hence, from (14) we have

DIp(0)
a=——-1.

k! (15)

Casel.Letr>n.Thenr>kforall k=0,1,2,...,n.
By (15), we get

1 1
ax = —DMIFIp(0) = — (DI} I"*p(0)
k! k!

k!

1 k yr—k 1 a k k—jIr—k .
= — AT ”(O):E;O ; (-1) P()). (16)

Case 2. Assume that r < n.
(i) For 0 <k <r, by (15) we get

k

= > (-1 (’;)I’kpw. (17)

k!
j=0

(ii) Forr <k <mn, by (15) we see that

1 k—r ~r 11 1 k—r r 1 k—r AT

ﬂk:ED Dlp(0)=FD (DI) p(0)=ED A"p(0)
1 ryk=r 1 - r r—j k=10
=54 P<°>=EZ (=) TDFp(). (18)
! '

Therefore, by (7), (16), (17) and (18), we obtain the following theorem.

Theorem 1
(a) Forr>n, we have

n k Ik
p) = Z(Z %(—l)k-f <j>1’-kp(/)>3(k’>(x>.

k=0 \ j=0
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(b) Forr < n, we have

r-1 k Lk
pl) = Z(Z %(—1)“ <;>1"kp(i))3([) ()

k=0 \ j=0

+ kZ <Z %(—1)’-1'Dk-’p(f)) B ).

Let us take p(x) = #” € P,. Then x” can be expressed as a linear combination of

BE)’),BY), ...,BY For r > n, we have

n! X r—k
: (_l)r—k—l< ; )(x + l)n+r—k' (19)

Ir—k =

(n+r-k)! pn

Therefore, by Theorem 1 and (19), we obtain the following corollary.

Corollary 2 Forn,r € Z, with r > n, we have

n k  r-k ! (k) (r—k)
no_ 1\l ] ! : n+r—k (r)
DI D) By A }Bk )
k=0 U j=0 [=0

Let us assume that r,n € Z, with r < n. Observe that

1
Dy =n(n-1)-- (n—k+r+1)x" 7 = S E—— (20)
(n—k+r)

Thus, by Theorem 1 and (20), we obtain the following corollary.

Corollary 3 For n,r € Z, with r < n, we have

r-1 k r-k e n'(k) (r;k) . n+r— "
o {Z (-1)" lm(]+l) k}Bl(()(x)

n r ) n'(’
{ 0™ k!(n +(r])— k)!j””_k }Bg) )

Let us take p(x) = BE,S) (x) € P, (s € Z,). Then p(x) can be generated by {Bg) (x),BY) (%),

..., B (%)} as follows:

n
BY(x) = > aB (x). (1)
k=0
For r > n, we have
(22)

"B (x) = BS N ().

Thus, by Theorem 1 and (22), we obtain the following theorem.
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Theorem 4 For r,n,s € Z, with r > n, we have
n k 1 7k
(s) _ k—j — (s+k=7) (s (r)
B <x>-Z{Z<—1> = (j)B; <1>}Bk (%)
k=0  j=0

In particular, for r = s, we have

BV (x) = 0BY(x) + 0B (x) + - - - + 0BY, (x) + 1B (x)

Z{Z( ) -',,() <1>}

k
By comparing coefficients on the both sides of (23), we get
k 1 [k
> (-1t o ( ,)B;k)(/) =8, for0<k<n.
; '\
j=0

Therefore, by (24), we obtain the following corollary.

Corollary 5
(@) Forn,keZ, with0 <k <n-1, we have

a K
> (=) (]_)Bff) (j) = 0.
j=0

(b) In particular, k = n, we get
3 (- (7)35;7) () =n.
J

j=0

Let us assume that » < # in (21). Then we have

1
DFTBO) () = 1. (n— 1)BY " g .
n (x) = n(n ) (n—k+r+1) n+r—k(x) (n—k+ 1) n+r—k(x)

Therefore, by Theorem 1, (21) and (25), we obtain the following theorem.

Theorem 6 Forr,n € Z, with r < n, we have

BY (x) :Zliikj (D () (/)}B“

k=r

k)l n+r k(l) }B(r

(24)

(25)

Let p(x) = Eff) (%) (s € Z,) be Euler polynomials of order s. Then EE,S) can be expressed as

(")(

a linear combination of Bg) (x),BY) (),..., By (x).
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Assume that r,n € Z, with r > n.

By (6), we get
1 = r—k
Ir—k E(s) _ 2 -1 r—k—1 - Jj
n(x) (ﬂ+1)---(l’l+}”—k) lzo( ) l n+rk(x+)

r—k
k-1 (s)
T (mtr-k) - ( )En+rk(x 0.
1=0

Therefore, by Theorem 1 and (26), we obtain the following theorem.

Theorem 7 Forr,n € Z, withr > n, we have

) n k r-k . ! (l;) (r—lk) “ ‘ "
%)= D ) 2 T e g ek + D 1B @)

k=0 L j=0 I=0

For r,n € Z, with r < n, we have
Dk’rEif) x)=nn-1)---(mn-k+r+ l)En ar(®).
By Theorem 1 and (27), we obtain the following theorem.

Theorem 8 Forr,n € Z, withr < n, we have

o -1 ( k rk e ! (/;) (’*lk)
En (x) = Z Z (_1) a k'(l’l rr— k)' n+r—k(/ l Bk (x)
n r . }’l‘(]:)
+ Z{] S T M—W)}Bk

Remarks (a) For r <0, by (40) we get

n! . (r ; 1 <
T _ -1 r—j Az lr/ n+r
x (HH)!;Q)( Y7 +)) (r)f,zo( ) Q)(xﬂ)

Thus, for x = 0, we have

T A1 r—jn+r _l r n+r_S(n+r’r)
T2 a0 = ( +7)! Z<l>( 1) 1 - (n+r) 1 AT0 (n+r) ’

r

where S(n,r) is the Stirling number of the second kind.
(b) Assume

n n
Zakxk = ZakBg)(x) (r>0).
k=0 k=0

(27)

(28)

(29)
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Applying I' on both sides (¢ > 0), we get

J

n " n , n o t . i kot
gakzﬂ; >(x)=gak1 =y (a:ﬁ); 3 (-1 ’)<l,>(x+})k : (30)

k=0 !

From (28) and (30), we have

n

ZakBE:_t) = Z (Sl—f[)S(k +4t).
k=0

k=0 \ t

Remark Let us define two operators d, d as follows:

d:e‘D:i(_l)nD”, ZzzeD:illn. (31)

From (31), we note that

n

dx" = Z (?)x”‘l =(x+1)",

110 (32)
dx' =Y (’Z)(—l)lx"-l - (x-1)"
=0
Thus, by (31) and (32), we get
dBD(x) =BM(x+1),  dB"(x)=BV(x-1), (33)
and
dED (x) = EV (x + 1), dED (x) = EV(x - 1). (34)

3 Further remarks

For any rg,n,...,7 € Z,, {Bg")(x),Bgrl)(x),...,Bg”)(x)} forms a basis for P,. Let r =
max{r;|i = 0,1,2,...,n}. Let p(x) € P,. Then p(x) can be expressed as a linear combina-
tion of Bg")(x),BYl)(x), ..., B (%) as follows:

px) = aoBgO)(x) + alBYI)(x) oot a,,B;’”)(x) = Z alBY’)(x). (35)
1=0
Thus, by (6) and (35), we get
n
I'p()=Y al'B"(x)
1=0

n n
= Zallr"’llrlBgrl)(x) = Zallr_r’BEO)(x)
=0 =0

n
= Zﬂllr_rlxl. (36)
=0
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Now, for each k =0,1,2,...,#n, by (36) we get

n n
DkI’p(x) = ZaIDkl"”xl = Zaﬂ’_’l (Dkxl)

1=0 1=0

- I "ol
— ] -k ) _ it l—k. 37
;”’ ((l—k)!x ) ;(l—k)! * (37)

Let us take x = 0 in (37). Then, by (28) and (37), we get

" g SU-k+r—-r,r—n)
Dklrp(o) = Z X I-k+r—r, ’
I=k (l_ k)' ( rtrl l)
- al(r - V[)!l!
=275(1—k+r—n,r—n). (38)

(I =k)!

I=k

Case 1. For r > n, we have
DMI"p(0) = DI p(0) = (DD} 1" p(0) = A* I p(0)

k k
- (—1)k-f( A>1’-kp<;>. (39)
- j

J

Case2.Letr <mn.

(i) For 0 <k <r, we have
, k
DIp(0) =) (-1)*7 (j)lf-kp(i). (40)
j=0

(ii) For r <k < n, we have
DXI"p(0) = DD I p(0) = DX"(DI) p(0) = D*" A”p(0)

= A"DMTp(0) = ) (1) C)Dk-’po). (41)
j=0
Thus, by (38), (39), (40) and (41), we can determine ao,d1,ds, . ..,d,.
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