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Abstract
We develop methods for computing the product of several Bernoulli and Euler polynomials by using Bernoulli basis for the vector space of
polynomials of degree less than or equal to n.
1. Introduction
It is well known that, the nth Bernoulli and Euler numbers are defined by

" In " In
Z[ ]B, — B, =5, Z[ ]E, + E, =26, (1.1)
! I

1=0

where B, = E; = 1 and 6, , is the Kronecker symbol (see [1-20]).

The Bernoulli and Euler polynomials are also defined by

B,(x)=) ["] B, X, E,(x)=) ["] E, x. (1.2)
=0\ / =0\ [

Note that { B,(x), B,(1), ..., B,(x)} forms a basis for the space P, = {p(x) € Q[x] | deg p(x) < n}.

So, for a given p(x) € P,, we can write

n

P = Y aB(x), (1.3)
k=0
(see [8-12]) for uniquely determined a, € Q.
Further,
1 _ _ d*p(x)
4= (VO =P VO where 50 (0 = =5, (14

1
ay = J. p(@®)dt, where k=1,2,...,n.
0

Probably, {1, x, ..., x"} is the most natural basis for the space P,. But { By(x), B,(x), ..., B,(x)} is also a good basis for the space P,, for our purpose
of arithmetical and combinatorial applications.

What are common to B,(x), E,(x), x"? A few proportion common to them are as follows:

http://www.hindawi.com/journals/ijmms/2012/463659/ 17


http://dx.doi.org/10.1155/2012/463659
http://www.hindawi.com/36068953/
http://www.hindawi.com/50931580/
http://creativecommons.org/licenses/by/3.0/
http://www.hindawi.com/journals/ijmms/2012/463659/abs/
http://downloads.hindawi.com/journals/ijmms/2012/463659.pdf
http://www.hindawi.com/journals/ijmms/2012/463659/
http://downloads.hindawi.com/journals/ijmms/2012/463659.epub
http://downloads.hindawi.com/journals/ijmms/2012/463659.xml
http://www.hindawi.com/journals/ijmms/2012/463659/ref/
http://www.hindawi.com/journals/ijmms/2012/463659/citations/
http://www.hindawi.com/journals/ijmms/2012/463659/cta/
http://www.hindawi.com/journals/ijmms/si/692519/
http://www.hindawi.com/

26/4/2016 Bernoulli Basis and the Product of Several Bernoulli Polynomials

(i) they are all monic polynomials of degree n with rational coefficients;
(il) (B,(x)) = nB,_(x), (E,(x))' = nE,_;(x), (x") = nx""};
(iii) [ B,(x)dx = B,,;(x)((n+ 1) +c, [ E,(x)dx = E,,,(x)/(n+ 1) +¢, [ x"dx = x""(n+ 1) +c.

In [5, 6], Carlitz introduced the identities of the product of several Bernoulli polynomials:

| m n By, B, (X
B,(x)B,(x)= ) n| " b BrBnen2 O
r=0 |\2r 2r m+n—2r
m!n! >2)
+ >
gy e (2
1 i n p q (1.5)
J B, (x) B, (x) B, (x) B, (x)dx = (=1ymnrta 2 n+ m q+ D

0 r,s=0 2r 2r 2s 2s

m+n=2r=1)!'(p+q-2s-1)!
(m+n+p+qg—2r-2s)!

B B,

r2s P mtn+p+q-2r-2

m!n!  p!q B
(m+n)! (p+q)! "o

+ (_ 1)m+p
In this paper, we will use (1.4) to derive the identities of the product of several Bernoulli and Euler polynomials.

2. The Product of Several Bernoulli and Euler Polynomials

Let us consider the following polynomials of degree n:

p(x) = Z B, (x) B, () E; () E; (x), @)

it e tj=n
where the sum runs over all nonnegative integers iy, ..., i,, ji, ... j, satisfying i, + -+ +i, +j; + - +j,=n, r+s=1,r,s>0.
Thus, from (2.1), we have
)= m+r+s—Dn+r+s=2) (n+r+s—k)
oo
2.2)
X Z B (x) - B; (x) E; (x) - Ej (x).

iy b =n—k

For k = 1,2,....n, by (1.4), we get
1

— (k—1) (k—1)
a =7 {7 O =P O}
(n+1:+s) Z
=" 7 {B,- (1)~ B, (VE, (1)---E, (1)~ B, - B, E, E}
nt+r+ S SR S Srun ity S S0 ' o g : N .
n+r+s r s
= ) > (=1)°25°
n+r+s oS, e
0<c<s
k+r—n—1<a<r (23)
X B ---B E. ---E.
n L, Je
iptetip et =ntatl—k—r
- 2 B, B E;, - E,
it e =n—k+1
From (2.3), we note that
_ ) B (1)---B, (DE;, (1)---E;, (1)- B B, E E
a, = 2 { . (1) B, () E; (1) E; (1)~ B, - B, E; - ,}

iyt ti =1

o) () ()
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1 n+r+s
n+r+sl n—1 J

Therefore, by (1.3), (2.1), (2.3), and (2.4), we obtain the following theorem.

Theorem 2.1. For n € N with n > 2, we have

Let us take the polynomial p(x) of degree n as follows:

Then, from (2.6), we have

By (1.4) and (2.7), we get, fork = 1,2, ..., n,

http://www.hindawi.com/journals/ijmms/2012/463659/

x X AB B (VE, () Ey () =B, - B Ey -y ) @)
iyt e =2
1 n+r+s 1 11|r+s 1 1 1 r+s
o i | EEEH el SR EC ] B
n+r+s -1 6 22 5 6 2 2 )
1
ay = J p()dt
0
i L a jzl IZS il ir jl jx
ipbetipbj +etj=n =0 [=0p;=0 p=01l, INAVD Ds
Bil_ll Bir_lrEjl_pl Ejs_ﬂ:
I+ +L+p + +p +1
Y B, () B ()E; (x) E; (x)
iyt et j=n
1 "2ptr+s
Cn+r+si K
s
x > (=1)25¢ > B, - B.E, - E,
0<a<r al\c it +j 4o tj =ntat1—k—r
0<c<s
k+r—n—1<a<r
(2.5)
had n+r+s—1
- B, - B E, - E; ¢ B (x)+ B, (x)
iy ek ==k ] n
i i i Js | i j Jje
1 r 1 s
iyt Feetj=n =0 [=0p,=0 p=0\l, 1)\ p Dy
x Bil*’l Bir*IrEl'l*Pl Ejs*l’x
L4+ +L+p+-p+1
P = Y BB (WE, @) E ()X, 2.6)
RO gy ey e ’
PPX)= (n+r+s)(n+r+s—1) (n+r+s—k+1)
x > B, (x) B, () E; (x) - E; (x)x', @7
iyt g e H=n—k
4= 5 (PO -p O]
1 n+r+s+1
n+r+s+1 k
X {B, ()~ B, (VE; (1) E; (1)~ B, B, E; - E; 0}
iy ooty et =n—k ]
( n+r+s+1\ [ {v\(c\
37
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\ k ) ! 2 _
= _1 C2S C
n+r+s+1 OSZaSr lachJ( ) 2.8
0<c<s
k+r—n—1<a<r
n+a+l—k—r
1=0 iyeebig b o=t
- Bil Bi,Ejl " EJ} ’
R R I A
Now, we look at a, and a,,_.
(n+r+s+l> Z { }
a = — " B (1)--B, (O)E, 1) E, 1)-B, B, E, W E.0
! n+r+s+ll+ R, | ! l h ! 1 ol .
(n+r+s+l> 1
= ;{—(r+s)+ 1 - (——)(r+s)}
n+r+s+112
res+1 [p+tr+s+1 n+r+s
n+r+s+1 n n
(n+;t,§+l ) Z { } (2.9)
g = — "1 B, (1)~ B, () E; (1)~ E; (1)~ B, - B, E; - E, (f
n+r+s+ll+ i) I : 1 !
n+r+s+1>
("4 1 11 1 1 1\, 1y[r+s
=— 2 e +30+9-2r=(=3)(-3)
n+r+s+1)6 22 2t =gr=(=3) 72 5
1 n+r+s+1),4p542 1|ntr+s
Tn+r+s+1 ne1 )
From (2.6), we note that
1
ay = J p(t)dt
0
- Z 2 Z 2 2 2 A Js (2.10)
it b ek tt=n =0 1,=0 p;=0  p,=0\/, 1)\ p; Ds
X B B, | E E !
il " i =1 =P j;*ﬂsll 4o+ [r +p +p it 1
Therefore, by (1.3), (2.6), (2.8), (2.9), and (2.10), we obtain the following theorem.
Theorem 2.2. For n € N with n > 2, one has
Z B, (x) B, (x) E; (x) -+ E; (x)x'
it et H=n
"ntr+s+1
Tntr+s+ lk=1
s n+a+l—k—r ©
x1 2 SOERED) 2 B BE-E
0<a<r al\c 1=0 it e =t
0<c<s
k+r—n—1<a<r
_ B, B, E;, -~ E; ¢ B (x) @11
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\ /7 \ /7

Consider the following polynomial of degree n:

Then, from (2.12), one has

By (1.4) and (2.13), one gets, for k = 1,2, ..

Now look at @, and q,_,

It is easy to show that

i . . . .
3 1 LAl Js
X 2 Z Z
iyttt et jgtHt=n =0 =0 p;=0 l AV Dy
X B’l_ll Bir_lrEjl_pl Ej\_[’s
1
X
L+l +p +-p +t+1
< 1
p(x)= ] ] B (x) Bi’_ (x) Ej1 (x)~~-EjS (x). (2.12)
et gtz b1 2 e L
B, (x)-+ B, (xX)E, (x) E, (x)
P9 ) = (r+9)* > " .13)
iyt e =n—k R R A L
..,
1 _ _
a =5 {P M- PO}
(r + 5)F! Z {Bil (1) - Bi,(l)E‘ (1) - E; 1) - B, - B E; - Ejs}
K b ot =kt ifliglees i Ljytee il
_ r + 5)! 2 s - B - B» E; - E,-‘
k! i ll iy e ! (2.14)
0<a<r al\c iy g jy ek jo=ntak L —k—p 17027 1 ¢
0<c<s
k+r—n—1<a<r
— Z ﬁlgil B E; - E,
RPN Srunitp g 0 L) L R A R ’ ’
I G KL AUEACEE AR KL R
a =0 . . . . .
! n! iy e =1 11!12! “.lr!-]l! “.JS!
+ n—1 +
T - (Do) = CEY
n! 2 n!
(r +5)"2 3 {Bi,(l)"'Bf,(l)Ejl“)“'EA(l)‘B, - B.E;, "'Ejy} 2.15)
a1 = T - — -
" (n—1! i e, =2 11!12! lr!.]l! jsv
_ L s Sy Ehb-
n=-1"! |26 22 ) 26 )
! 1
ag= | p@®dt= = = '
0 11+---+i,+jl+~--+j£=nll' el Jre e Jse
o (2.16)
1 l,. . . . .
h=0  1,=0p=0  p,=0 +l+”1+ Pty L)\p Py

Therefore, by (1.3), (2.14), and (2.15), one obtains the following theorem.

Theorem 2.3. For n € N with n > 2, one has

1

B (x)
gRyaE

Biy (x) Ejl ) E; (x)

[
iyl e it il

_ye ] HM(—HQH
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Take the polynomial p(x) of degree n as follows:

Then, from (2.18), one gets

By (1.4) and (2.19), one gets, for k = 1,...,n,

Now look at g, and a,,_,
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hd ) ) .
k=1 : 0<a<r aj\c
0<c<s

k4+r—n—1<a<r

B B, E;, .- E;
i,y

Je
X
i,+~-+i‘,+j|+---+jﬂ=n+a+1—k—rl1 Ligleeeigjyleee Je!
_ 1
it gk 1 2 e L e 2.17)
r+s)"
><B,.1 --~BirEj1 EJ B, (x) + p B, (x)
i :
- ll LAl Jt Js
DY Z ED)
iyttt et j=nl =0 ,=0p;=0  p;=0 11 lr P Dy
Birln B, IrEfl p.Ejrpx
iy e i g e j (L o LA py e py 1)
1
p(x) = B, (x)-- B, () E; (x)- E; (x)x". 218
iyl Ay e = Zabitigte i Lyl gt " ' o g ( )
pP)y=@+s+ Dk
1 2.19
x ¥ T B O B 0 B, B . O
IR ) e Ry e kll ipleeip L jyle jite!
1 D D
a, = k,{ - )}
_(r+s+ D! 1
k! i]+~-~+i,+j1+~~-+j\+r:n—k+1il Ligleeed, Ljy e it
2
x {B, () B, (VE; (1)~ E;, (1)~ B, B, E; - E; 0}
_ (r+s+ l)k_l s . S_cn+a+1—k—r 1
a k! 2 =12 2 (n+a+l—k—r—0!
! osa<r  \a)le = \nta r=u: (2.20)
0<c<s
k+r—n—1<a<r
1
x ————————B, B .E, - E
it ;—*— +J. —tll'12 - ’Jl J’ " o s
_ Z Bi, Bi,Ej, Ejs
iyt i =n—k+1
_(rts+ D! 1
= T
n! L P S TR R RS e 1’1'12 iyt gt
x {B, () B, (VE; (1)~ E, (1)~ B, B E; - E; 0}
+s+ 1!
MT){ r+s)+1- (——)(r+s)}
r4 s+ 1) r+s+1)"
= (—)(r+s+l):(—),
n! n!
A (r+s+ 12 1
! =D il L (2.21)
6/7
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o r g1 Js “1 rooJ1 ys o

_ s+l 1 L R T rs
T (=1 26 2 22| , 2 26 2 2

s+ D" s+

n—1)! 2
_(r4s+ D"
T 2(m=-1)!

From (2.18), one can derive the following identity:

1
ay, = J p(t)dt

0
1 1
= ————————— | B, () B, ®E; (x): E; (x)x'dt
) A . Blee i Vgt jt! ! r Nt Is
iyttt et jH=n L reJ1 s 0
1 ’Zl ’Zr i (2.22)
i,+--~+i,+j,+~--+jy+t=nl'l! i Lt ! t!1|=() 1,=0 p;=0
Ny i\ J
117 aE Bil*’l "FlrE/fPlEjfl': : :
= VA 1)\ p, P, L+ +l+p+p+t+1

Therefore, by (1.3), (2.20), (2.21), and (2.22), one obtains the following theorem.

Theorem 2.4. For n € N with n > 2, one has

1

i Vis e i Vi eyt
i1+-~+ir+j1+---+j?+t=nll'12' Ly -]S't'

B, (x)-+ B, (0 E; (x)- E; (x)x'

-2 - +a+1—k—
— HZM Z 115 (_l)czx—t" az " 1
! —k—r—1!
= k! 0ot alle ~ (+at+l-k-r-n!
0<c<s
k+r—n—1<a<r
1
x - __ B -BE -E,
,'1+...+ia+jl+...+jr=;ll! lZ! la!]l! -]L' " e s
_ b Lm0 Js Bk (x)

P Visleeei Vjleijd
iyt jy ek j ==kt Ii-lp: beadys e s

(r+s+ D" (r+s+1)"
21 B O+
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