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Abstract

In this paper we investigate generalized poly-Bernoulli numbers. We call them
multi-poly-Bernoulli numbers, and we establish a closed formula and a duality property
for them.

1 Introduction and background

Kaneko [5] introduced poly-Bernoulli numbers B
(k)
n (k ∈ Z, n = 0, 1, 2, . . .) which are gen-

eralizations of Bernoulli numbers. One knows that special values of certain zeta functions
at non-positive integers can be described in terms of poly-Bernoulli numbers. Kaneko [6]
suggests to study multi-poly-Bernoulli numbers, which are generalizations of poly-Bernoulli
numbers, as an open problem. Kim and Kim [7] consider them and give a relationship with
special values of certain zeta functions. We consider special multi-poly-Bernoulli numbers.
It seems for the authors that they are more natural than multi-poly-Bernoulli numbers when
one tries to generalize the results of poly-Bernoulli numbers. The purpose of the present
paper is to establish some results for them. To be more precise, we prove the closed formula
and the duality for them.

We briefly recall poly-Bernoulli numbers. For an integer k ∈ Z, put

Lik(z) =
∞∑

n=1

zn

nk
.

The formal power series Lik(z) is the k-th polylogarithm if k ≥ 1, and a rational function if
k ≤ 0. When k = 1, Li1(z) = − log(1 − z). Using Lik(z), one can introduce poly-Bernoulli
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numbers. The poly-Bernoulli numbers B
(k)
n (n = 0, 1, 2, . . .) are defined by the generating

series
Lik(1 − e−x)

1 − e−x
=

∞∑

n=0

B(k)
n

xn

n!
.

We find that for any n ≥ 0, B
(1)
n = Bn, the classical Bernoulli number.

For nonnegative integers n, m, put

{
n

m

}

=
(−1)m

m!

m∑

l=0

(−1)l

(
m

l

)

ln.

We call it the Stirling number of the second kind. Kaneko obtained in [5] an explicit formula

for B
(k)
n :

Theorem 1 ([5]). For a nonnegative integer n and an integer k, we have

B(k)
n = (−1)n

n+1∑

m=1

(−1)m−1(m − 1)!

{
n

m − 1

}

mk
.

Using it, the following formula can be shown:

Theorem 2 (Closed formula [1]). For any n, k ≥ 0, we have

B(−k)
n =

min(n,k)
∑

j=0

(j!)2

{
n + 1
j + 1

}{
k + 1
j + 1

}

.

By this theorem, we get

Theorem 3 (Duality [1], [5]). For n, k ≥ 0, B
(−k)
n = B

(−n)
k holds.

The last theorem can be proved in another way. Namely, using Theorem 1, we have

Theorem 4 (Symmetric formula [5]).

∞∑

n=0

∞∑

k=0

B(−k)
n

xn

n!

yk

k!
=

ex+y

ex + ey − ex+y
.

As corollary to this theorem, we have the duality theorem.
We would like to extend these results to our generalized poly-Bernoulli numbers.

2 Multi-poly-Bernoulli numbers

In this section, we investigate generalized poly-Bernoulli numbers. First, we define a gener-
alization of Lik(z).
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Definition 5. For k1, k2, . . . , kr ∈ Z, define

Lik1,k2,...,kr
(z) =

∑

m1,...,mr∈Z

0<m1<m2<···<mr

zmr

mk1

1 · · ·mkr
r

.

Now let us introduce a generalization of poly-Bernoulli numbers with the use of Lk1,k2,...,kr
(z).

Definition 6. Multi-poly-Bernoulli numbers B
(k1,k2,...,kr)
n (n = 0, 1, 2, . . .) are defined for each

integer k1, k2, . . . , kr by the generating series

Lik1,k2,...,kr
(1 − e−t)

(1 − e−t)r
=

∞∑

n=0

B(k1,k2,...,kr)
n

tn

n!
.

We generalize Theorem 1:

Theorem 7. For a nonnegative integer n and integers k1, . . . , kr, we have

B(k1,k2,...,kr)
n = (−1)n

n+r∑

mr=r

∑

0<m1<···<mr

(−1)mr−r(mr − r)!

{
n

mr − r

}

mk1

1 · · ·mkr
r

.

Proof. By definition,

∞∑

n=0

B(k1,k2,...,kr)
n

tn

n!
=

∑

0<m1<···<mr

(−1)mr−r(e−t − 1)mr−r

mk1

1 · · ·mkr
r

.

Here we apply the formula

(et − 1)m

m!
=

∞∑

n=m

{
n

m

}
tn

n!
(n ≥ m ≥ 0)

(see (4) in [5]) to the right hand side of the above equation.

R.H.S. =
∑

0<m1<···<mr

(−1)mr−r(mr − r)!

mk1

1 · · ·mkr
r

∞∑

n=mr−r

{
n

mr − r

}
(−t)n

n!

=
∑

0<m1<···<mr

∞∑

n=mr−r

(−1)mr−r(mr − r)! { n
mr−r }

mk1

1 · · ·mkr
r

·
(−1)ntn

n!

=
∞∑

n=0

n+r∑

mr=r

∑

0<m1<···<mr

(−1)mr−r(mr − r)! { n
mr−r }

mk1

1 · · ·mkr
r

·
(−1)ntn

n!

=
∞∑

n=0

(

(−1)n

n+r∑

mr=r

∑

0<m1<···<mr

(−1)mr−r(mr − r)! { n
mr−r }

mk1

1 · · ·mkr
r

)

tn

n!
.

This shows the claim.

3



By this theorem, for the smaller n, we can compute B
(k1,k2,...,kr)
n more specifically. For

example,

B
(k1,k2,...,kr)
0 =

1

1k12k2 · · · rkr
,

B
(k1,k2,...,kr)
1 =

∑

0<m1<···<mr

1

mk1

1 · · ·m
kr−1

r−1 (r + 1)kr

.

3 Closed formula and duality

Let n be a nonnegative integer, r a positive integer, and k ∈ Z. We define

B[r](k)
n = B(

r−1

︷ ︸︸ ︷

0, . . . , 0,k)
n .

We say that B[r]
(k)
n is a special multi-Bernoulli number of order r. By definition, it is

clear that B[1]
(k)
n = B

(k)
n . Hence the notion of special multi-poly-Bernoulli number is a

generalization of that of poly-Bernoulli number. For B[r]
(k)
n , we establish closed formula:

Theorem 8 (Closed formula). For n, k ≥ 0, we have

B[r](−k)
n

=
∑

n=n1+···+nr
n1,...,nr≥0

∑

k=k1+···+kr
k1,...,kr≥0

n!k!

n1! · · ·nr!k1! · · · kr!

×





min(n1,k1)
∑

j1=0

· · ·

min(nr,kr)
∑

jr=0

(j1! · · · jr!)
2

{
n1 + 1
j1 + 1

}

· · ·

{
nr + 1
jr + 1

}{
k1 + 1
j1 + 1

}

· · ·

{
kr + 1
jr + 1

}


 .

To prove the theorem, we need the following lemma:

Lemma 9.
∞∑

n=m+1

(ey − ey−x)n =
ex+y(1 − e−x)

ex + ey − ex+y
(ey − ey−x)m.

Proof.

L.H.S. =
1

1 − (ey − ey−x)
(ey − ey−x)m+1

=
ey − ey−x

1 − (ey − ey−x)
(ey − ey−x)m

= R.H.S..
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Proof of Theorem 8.

∞∑

n=0

∞∑

k=0

B[r](−k)
n

xn

n!

yk

k!

=
∞∑

n=0

∞∑

k=0

(

(−1)n

n+r∑

mr=r

∑

0<m1<···<mr

(−1)mr−r(mr − r)!

{
n

mr − r

}

mk
r

)

xn

n!

yk

k!

(by Theorem 7)

=
∞∑

n=0

n+r∑

mr=r

mr−1∑

mr−1=r−1

· · ·

m2−1∑

m1=1

{
n

mr − r

}
(−x)n

n!
(mr − r)!(−1)mr−r

∞∑

k=0

(mry)k

k!

=
∞∑

n=0

n+1∑

m1=1

n+2∑

m2=m1+1

· · ·

n+r∑

mr=mr−1+1

{
n

mr − r

}
(−x)n

n!
(mr − r)!(−1)mr−r

∞∑

k=0

(mry)k

k!

=
∞∑

m1=1

∞∑

m2=m1+1

· · ·
∞∑

mr=mr−1+1

∞∑

n=mr−r

{
n

mr − r

}
(−x)n

n!
(mr − r)!(−1)mr−r

∞∑

k=0

(mry)k

k!

=
∞∑

m1=1

∞∑

m2=m1+1

· · ·
∞∑

mr=mr−1+1

(1 − e−x)mr−remry

=
1

(1 − e−x)r

∞∑

m1=1

∞∑

m2=m1+1

· · ·
∞∑

mr=mr−1+1

(ey − ey−x)mr .

We use Lemma 9 repeatedly to the right hand side of the last equation. Then

R.H.S =
1

(1 − e−x)r

(
ex+y(1 − e−x)

ex + ey − ex+y

)r−1 ∞∑

m1=1

(ey − ey−x)m1

=
1

(1 − e−x)r

(
ex+y(1 − e−x)

ex + ey − ex+y

)r

=

(
ex+y

ex + ey − ex+y

)r

.

By Theorem 2, the right hand side of the last equation is equal to
(

∞∑

n=0

∞∑

k=0

B(−k)
n

xn

n!

yk

k!

)r

=





∞∑

n=0

∞∑

k=0

min(n,k)
∑

j=0

(j!)2

{
n + 1
j + 1

}{
k + 1
j + 1

}
xn

n!

yk

k!





r

.

This implies the theorem. 2

A generalization of Theorem 3 follows from the last theorem:

Corollary 10 (Duality). For n, k ≥ 0, we have

B[r](−k)
n = B[r]

(−n)
k .
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We note that in the process of proof of the last theorem, we have obtained two formulae:

Proposition 11 (Symmetric formula). For n, k ≥ 0,

∞∑

n=0

∞∑

k=0

B[r](−k)
n

xn

n!

yk

k!
=

(
ex+y

ex + ey − ex+y

)r

.

Proposition 12. For n, k ≥ 0,

B[r](−k)
n =

∑

n=n1+···+nr
n1,...,nr≥0

∑

k=k1+···+kr
k1,...,kr≥0

n!k!

n1! · · ·nr!k1! · · · kr!
B(−k1)

n1
· · ·B(−kr)

nr
.

Proposition 11 is a generalization of Theorem 4.
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