
Download Full-text PDF

On a class of q-Bernoulli and q-Euler
polynomials

Article (PDF Available) in Advances in Difference Equations 2013(1) · April 2013 with 36
Reads
Impact Factor: 0.64 · DOI: 10.1186/1687-1847-2013-108

Discover the world's research

100 million publications
2.5 million new publications each month
10 million members

Abstract

The main purpose of this paper is to introduce and investigate a class of generalized
Bernoulli polynomials and Euler polynomials based on the q-integers. The q-analogues of
well-known formulas are derived. The q-analogue of the Srivastava-Pintér addition theorem
is obtained. We give new identities involving q-Bernstein polynomials.

See all ›
13 Citations

See all ›
34 References Share

1st Nazim Mahmudov
32.56 · Eastern Mediterranean Un...

Join for free

Full-text (PDF)
Available from: Nazim Mahmudov, May 07, 2014

We use cookies to give you the best possible experience on ResearchGate. Read our cookies policy to learn more. Ok

orSearch for publications, researchers, or questions Discover by subject areaJoin for free Log in

People who read this publication also read:

 

Article: On a class of generalized q-Bernoulli and q-Euler polynomials

Full-text · Apr 2013 · Advances in Difference Equ...

https://www.researchgate.net/profile/Nazim_Mahmudov/publication/257878851_On_a_class_of_q-Bernoulli_and_q-Euler_polynomials/links/0f317536a23ceda787000000.pdf?origin=publication_detail
https://www.researchgate.net/journal/1687-1847_Advances_in_Difference_Equations
https://www.researchgate.net/profile/Nazim_Mahmudov
https://www.researchgate.net/profile/Nazim_Mahmudov
https://www.researchgate.net/signup.SignUp.html
https://adclick.g.doubleclick.net/pcs/click%253Fxai%253DAKAOjsuLtLMRPEKcxOAKATsPpB1B12rQ_jJjTGrVAT6XrIoi137i5i15sdR7DYJWSSaV0zBAd5m10Zii80EH7ffo7qEaix3Q0bn8z2YIicP1xeAsqEMCiaunifeFZYby_RPZf_pcLDJnNqsi4tPEW0ckuhfsCEV16fXYcP8brIMlQlVTCQZ94drzuxZeEzx1PXcG3EXyOwfkdwI7cYjIFMXds59ddjI-_gF8Peik%2526sai%253DAMfl-YTm7COqXEsxpkA30dNKOIkOQGe0lrNaV1FICd4TnlMri7Fgf9RlCWBL83vsCw1qKFeJAU1RQXq0Yw%2526sig%253DCg0ArKJSzJuN941MOdNeEAE%2526urlfix%253D1%2526adurl%253Dhttp://image-analysis.tools/
https://www.researchgate.net/profile/Nazim_Mahmudov
https://www.researchgate.net/application.PrivacyPolicy.html#cookies
https://www.researchgate.net/
https://www.researchgate.net/search?_sg=rZagiYxW9VqX5nEjpnDA6MZdyOuX2RXXHdslBtWXB2dEKGAVF6AoML27KAEfycol
https://www.researchgate.net/signup.SignUp.html?ev=su_chnl_index&hdrsu=1&_sg=a4VrErMnecolUgB-ok3X6bpfWM4WePX32bGxCaj5RQB4lF6WNC8ydxQYEeSVl705
https://www.researchgate.net/application.Login.html
https://www.researchgate.net/publication/257878857_On_a_class_of_generalized_q-Bernoulli_and_q-Euler_polynomials?_sg=7K-jtsm2i-zJyMwIhCbeFxv1zttVY-wMBDMghQQkYyJEcyaZzPROEXFWgTNw5XtLPfcsAhohxrHjESyUi7erUQ
https://www.researchgate.net/publicliterature.PublicLiterature.search.html


Mahmudov Advances in Difference Equations 2013, 2013:108

http://www.advancesindifferenceequations.com/content/2013/1/108

RESEARCH Open Access

On a class of q-Bernoulli and q-Euler
polynomials
Nazim I Mahmudov *

* Correspondence:
nazim.mahmudov@emu.edu.tr
Eastern M editerranean University,
Gazimagusa, T.R. North Cyprus, via
M e r s i n 1 0 , T u r k e y

Abstract

The main pur pose of this paper is to introduce and investigate a class of generalized
Bernoulli polynomials and Euler polynomials based on the q-integers. The
q q-analogues of well-k nown formulas are derived. The -analogue of the
Srivastava-Pintér addition theorem is obtained. We give new identities involving
q-Bernstein polynomials.

1 Introduction

Throughout this paper, we always make use of the following notation: N denotes the set

of natural numbers, N denotes the set of nonnegative integers, R denotes the set of real

numbers, C denotes the set of complex numbers.

The q-shifted factorial is defined by

( ; )a q  = , (a q; )n =

n–

j=


 – qja


, ,n ∈ N

( ; )a q ∞ =

∞

j=


 – qja


, | |q < , a ∈C.

The q-numbers and q-numbers factorial are defined by

[ ]a q =
 – qa

 – q
(q = ); []q! = ; [ ]n q! = []q[]q · · · [ ]n q, , ,n ∈ N a ∈ C

respectively. The q-polynomial coefficient is defined by


n

k



q

=
( ; )q q n

( ; )q q n k– ( ; )q q k

.

The q-analogue of the function (x y+ )n is defined by

( + )x y n
q :=

n

k=


n

k



q

q

k k( –)xn k– yk, n ∈ N.

© 2013 Mahmudov; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-
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The q-binomial formula is known as

( – a)nq = (a q; )n =

n–

j=


 – q ja


=

n

k=


n

k



q

q

 k k( –)(–)kak .

In the standard approach to the q-calculus, two exponential functions are used

eq(z) =

∞

n=

zn

[ ]n q!
=

∞

k=



( – ( – q q) kz)
,  < | |q < , | |z <



| | – q
,

Eq(z) =

∞

n=

q

n n( –)zn

[ ]n q!
=

∞

k=


 + ( – q q) kz


,  < | |q < , z ∈ C.

From this form, we easily see that eq( )z Eq(–z) = . Moreover,

Dqeq(z) = eq(z), DqEq(z) = Eq(qz),

where Dq is defined by

Dqf z( ) :=
f f z(qz) – ( )

qz – z
,  < | |q < ,   ∈= z C.

The above q-standard notation can be found in [].

Over  years ago, Carlitz extended the classical Bernoulli and Euler numbers and poly-

nomials and introduced the q-Bernoulli and the q-Euler numbers and polynomials (see

[, ] and []). There are numerous recent investigations on this subject by, among many

other authors, Cenkci ], Choiet al. [– et al. [] and [ [ –], Kim et al.  ], Ozden and

Simsek [], Ryoo et al. [ ,], Simsek [ ] and [], and Luo and Srivastava [], Srivas-

tava et al. [ ], Srivastava [ ], Mahmudov [].

We first give here the definitions of the q-Bernoulli and the q-Euler polynomials of

higher order as follows.

Definition  Let q,α ∈ C,  < | |q < . The q-Bernoulli numbers B
( )α

n q, and polynomials

B
( )α

n q, ( ,x y) in x y, of order α are defined by means of the generating functions:


t

eq(t) – 


α

=

∞

n=

B
( )α

n q,

tn

[ ]n q!
, | |t < π ,


t

eq(t) – 


α

eq( )tx Eq(ty) =

∞

n=

B
( )α

n q, ( , )x y
tn

[ ]n q!
, | |t < π .

Definition  Let q q,α ∈C,  < | | < . The q-Euler numbersE
( )α

n q, and polynomialsE
( )α

n q, ( , )x y

in x y, of order α are defined by means of the generating functions:




eq(t) + 


α

=

∞

n=

E
( )α

n q,

tn

[ ]n q!
, < ,| |t π




eq(t) + 


α

eq( )tx Eq(ty) =

∞

n=

E
( )α

n q, ( , )x y
tn

[ ]n q!
, < .| |t π

People who read this publication also read:

 

Article: On a class of generalized q-Bernoulli and q-Euler polynomials

Full-text · Apr 2013 · Advances in Difference Equ...

https://www.researchgate.net/publicliterature.PublicLiterature.search.html
https://www.researchgate.net/publication/257878857_On_a_class_of_generalized_q-Bernoulli_and_q-Euler_polynomials?_sg=7K-jtsm2i-zJyMwIhCbeFxv1zttVY-wMBDMghQQkYyJEcyaZzPROEXFWgTNw5XtLPfcsAhohxrHjESyUi7erUQ
https://www.researchgate.net/publicliterature.PublicLiterature.search.html


Page 2

People who read this publication also read:

 

Article: On a class of generalized q-Bernoulli and q-Euler polynomials

Full-text · Apr 2013 · Advances in Difference Equ...

https://www.researchgate.net/publicliterature.PublicLiterature.search.html
https://www.researchgate.net/publication/257878857_On_a_class_of_generalized_q-Bernoulli_and_q-Euler_polynomials?_sg=7K-jtsm2i-zJyMwIhCbeFxv1zttVY-wMBDMghQQkYyJEcyaZzPROEXFWgTNw5XtLPfcsAhohxrHjESyUi7erUQ
https://www.researchgate.net/publicliterature.PublicLiterature.search.html


Mahmudov Advances in Difference Equations 2013, 2013:108 Page 3 of 11

http://www.advancesindifferenceequations.com/content/2013/1/108

It is obvious that

B
( )α

n q, =B
( )α

n q, (,), lim
q→–

B
( )α

n q, ( ,x y) = B( )α

n ( +x y), lim
q→–

B
( )α

n q, = B( )α

n ,

E
( )α

n q, =E
( )α

n q, (,), lim
q→–

E
( )α

n q, ( ,x y) = E( )α

n ( +x y), lim
q→–

E
( )α

n q, = E ( )α

n ,

lim
q→–

B
( )α

n q, (x, ) = B( )α

n (x), lim
q→–

B
( )α

n q, (,y) = B( )α

n (y),

lim
q→–

E
( )α

n q, (x, ) = E( )α

n (x), lim
q→–

E
( )α

n q, (,y) = E ( )α

n (y).

Here B
( )α

n (x) and E
( )α

n (x) denote the classical Bernoulli and Euler polynomials of order α

which are defined by


t

et – 


α

etx =

∞

n=

B( )α

n ( )x
tn

n!
and




et + 


α

etx =

∞

n=

E( )α

n ( )x
tn

n!
.

In fact, Definitions  and define two different types B
( )α

n q, (x, ) and B
( )α

n q, (,y) of the

q-Bernoulli polynomials and two different types E
( )α

n q, (x, ) and E
( )α

n q, (,y) of the q-Euler

polynomials. Both polynomialsB
( )α

n q, (x, ) and B
( )α

n q, (,y) (E
( )α

n q, (x, ) and E
( )α

n q, (,y)) coincide

with the classical higher-order Bernoulli polynomials (Euler polynomials) in the limiting

case q → –.

For the q-Bernoulli numbers Bn q, and the -Euler numbersq En q, of order n, we have

Bn q, =Bn q, (,) =B
()
n q, (,), En q, =En q, (,) = E

()
n q, (,),

respectively. Note that the q-Bernoulli numbers Bn q, are defined and studied in [].

The aim of the present paper is to obtain some results for the above newly defined

q q q q-Bernoulli and -Euler polynomials. It should bementioned that -Bernoulli and -Euler

polynomials in our definitions are polynomials of x and y, andwhen y = , they are polyno-

mials of x, but in other definitions they are functions of qx. First advantage of this approach

is that for q → – ,B
( )α

n q, ( ,x y) (E
( )α

n q, ( ,x y)) becomes the classical Bernoulli B
( )α

n ( +x y) (Euler

E
( )α

n ( +x y)) polynomial, and we may obtain the q-analogues of well-known results, for ex-

ample, those of Srivastava andPintér [], Cheon [], etc.Thesecondadvantage is thatwe

find the relation between q-Bernstein polynomials and Phillips q-Bernoulli polynomials

and derive the formulas involving the q-Stirling numbers of the second kind, q-Bernoulli

polynomials and Phillips q-Bernstein polynomials.

2 Preliminaries and lemmas

In this section we provide some basic formulas for the q-Bernoulli and -Euler polynomi-q

als in order to obtain themain results of this paper in the next section. The following result

is a q-analogue of the addition theorem for the classical Bernoulli and Euler polynomials.

Lemma  (Addition theorems) For all x, ,y ∈ C we have

B
( )α

n q, ( ,x y) =

n

k=


n

k



q

B
( )α

k q, ( + )x y n k–
q , E

( )α

n q, ( ,x y) =

n

k=


n

k



q

E
( )α

k q, ( + )x y n k–
q ,People who read this publication also read:
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B
( )α

n q, ( ,x y) =

n

k=


n

k



q

q( – –n k)(n k–)/
B

( )α

k q, (x, )y
n k– =

n

k=


n

k



q

B
( )α

k q, (,y x) n k– , ()

E
( )α

n q, ( ,x y) =
n

k=


n

k



q

q( – –n k)(n k–)/
E
( )α

k q, (x, )y
n k– =

n

k=


n

k



q

E
( )α

k q, (,y x) n k– . ()

In particular, setting x =  and =  in (y ) and (), we get the following formulas for

q q-Bernoulli and -Euler polynomials, respectively

B
( )α

n q, (x, ) =

n

k=


n

k



q

B
( )α

k q, xn k– , B
( )α

n q, (,y) =

n

k=


n

k



q

q( – –n k)(n k–)/
B

( )α

k q, yn k– , ()

E
( )α

n q, (x, ) =

n

k=


n

k



q

E
( )α

k q, x
n k– , E

( )α

n q, (,y) =

n

k=


n

k



q

q( – –n k)(n k–)/
E
( )α

k q, yn k– . ()

Setting y =  and =  in (x ) and (), we get

B
( )α

n q, (x, ) =

n

k=


n

k



q

q( – –n k)(n k–)/
B

( )α

k q, (x, ), B
( )α

n q, (,y) =

n

k=


n

k



q

B
( )α

k q, (,y), ()

E
( )α

n q, (x, ) =

n

k=


n

k



q

q( – –n k)(n k–)/
E
( )α

k q, (x, ), E
( )α

n q, (,y) =

n

k=


n

k



q

E
( )α

k q, (,y). ()

Clearly, () and () are q-analogues of

B( )α

n (x + ) =
n

k=


n

k


B
( )α

k
(x), E( )α

n (x + ) =
n

k=


n

k


E
( )α

k
(x),

respectively.

Lemma  We have

Dq x, B
( )α

n q, ( ,x y) = [n]qB
( )α

n q–, ( ,x y), Dq y, B
( )α

n q, ( ,x y) = [n]qB
( )α

n q–, ( ,x qy),

Dq x, E
( )α

n q, ( ,x y) = [n]qE
( )α

n q–, ( ,x y), Dq y, E
( )α

n q, ( ,x y) = [n]qE
( )α

n q–, ( ,x qy).

Lemma  (Difference equations) We have

B
( )α

n q, (,y) –B
( )α

n q, (,y) = [n]qB
(α–)
n q–, (,y), ()

E
( )α

n q, (,y) +E
( )α

n q, (,y) = E (α–)
n q, (,y), ()

B
( )α

n q, (x, ) –B
( )α

n q, (x, –) = [n]qB
(α–)
n q–, (x,–),

E
( )α

n q, (x, ) + E
( )α

n q, (x, –) = E(α–)
n q, (x,–).

From () and ( ), ( ) and (), we obtain the following formulas.

Lemma  We have

B
(α–)
n q, (,y) =



[n + ]q

n

k=


n + 

k



q

B
( )α

k q, (,y), ()People who read this publication also read:
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E
(α–)
n q, (,y) =






n

k=


n

k



q

E
( )α

k q, (,y) +E
( )α

n q, (,y)


. ()

Putting α =  in () and () and noting that

B
()
n q, (,y) = E

()
n q, (,y) = qn n( –)/yn ,

we arrive at the following expansions:

yn =


qn n( –)/[n + ]q

n

k=


n + 

k



q

Bk q, (, ),y

yn =


qn n( –)/


n

k=


n

k



q

Ek q, (,y) +En q, (,y)


,

which are q-analogues of the following familiar expansions:

yn =


n + 

n

k=


n + 

k


Bk(y), yn =






n

k=


n

k


Ek(y) + En( )y


, ()

respectively.

Lemma  (Recurrence relationships) The polynomials B
( )α

n q, (x, ) and E
( )α

n q, (x, ) satisfy the

following difference relationships:

k

j=


k

j



q

mj
B

( )α

j q, (x, ) –

k

j=


k

j



q

mj
B

( )α

j q, (x, –)

= [k]q

k–

j=


k – 

j



q

m j+
B

(α–)
j q, (x,–), ()

B
( )α

k q,




m
,y


–

k

j=


k

j



q




m
– 

k j–

q

B
( )α

j q, (,y)

= [k]q

k–

j=


k – 

j



q




m
– 

k j– –

q

B
(α–)
j q, (,y), ()

k

j=


k

j



q

mj
E

( )α

j q, (x, ) +

k

j=


k

j



q

mj
E
( )α

j q, (x, –)

= 

k

j=


k

j



q

mj
E
(α–)
j q, ( ,–), ()x

E
( )α

k q,




m
,y


+

k

j=


k

j



q




m
– 

k j–

q

E
( )α

j q, (,y)

= 

k

j=


k

j



q




m
– 

k j–

q

E
(α–)
j q, (,y). ()
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3 Explicit relationship between the q-Bernoulli and q-Euler polynomials

In this section we investigate some explicit relationships between the q-Bernoulli and

q-Euler polynomials. Here some q-analogues of known results are given. We also obtain

new formulas and some of their special cases below. These formulas are some extensions

of the formulas of Srivastava and Pintér, Cheon and others.

We present natural q-extensions of the main results in the papers [] and [], see

Theorems  .and

Theorem  For n ∈ N, :the following relationships hold true

B
( )α

n q, ( ,x y) =


mn

n

k=


n

k



q


mk

B
( )α

k q, (x, ) +

k

j=


k

j



q

m j
B

( )α

j q, (x, –)

+ [k]q

k–

j=


k – 

j



q

mj+
B

(α–)
j q, (x, –)


En k q– , (, ),my

B
( )α

n q, ( ,x y) =


mn

n

k=


n

k



q

mk


B

( )α

k q, (,y) +

k

j=


k

j



q




m
– 

k j–

q

B
( )α

j q, (,y)

+ [k]q

k–

j=


k – 

j



q




m
– 

k j––

q

B
(α–)
j q, (,y)



En k q– , (mx, ).

Proof Using the following identity:


t

eq(t) – 


α

eq( )tx Eq( )ty

=


eq(
t
m
) + 

· Eq


t

m
my


·
eq(

t
m
) + 


·


t

eq(t) – 


α

eq (tx),

we have

∞

n=

B
( )α

n q, ( , )x y
tn

[ ]n q !
=




∞

n=

En q, (,my)
tn

mn[ ]n q !

∞

n=

tn

mn[ ]n q !

∞

n=

B
( )α

n q, (x, )
tn

[ ]n q!

+




∞

n=

En q, (,my)
tn

mn [ ]n q !

∞

n=

B
( )α

n q, (x, )
tn

[ ]n q !

=: I + I.

It is clear that

I =




∞

n=

En q, (,my)
tn

mn[ ]n q!

∞

n=

B
( )α

n q, (x, )
tn

[ ]n q !

=




∞

n=

n

k=


n

k



q

mk n–
B

( )α

k q, (x, )En k q– , (,my)
tn

[ ]n q !
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On the other hand,

I =




∞

n=

B
( )α

n q, (x, )
tn

[ ]n q !

∞

n=

n

j=


n

j



q

m–n
Ej q, (,my)

tn

[ ]n q !

=




∞

n=

n

k=


n

k



q

B
( )α

k q, (x, )

n k–

j=


n k–

j



q

mk n–
Ej q, (,my)

t n

[ ]n q!

=




∞

n=

m–n

n

j=


n

j



q

Ej q, (,my)

n j–

k=


n j–

k



q

mk
B

( )α

k q, (x, )
tn

[ ]n q!
.

Therefore

∞

n=

B
( )α

n q, ( , )x y
tn

[ ]n q!

=




∞

n=

n

k=


n

k



q

mk n–


B

( )α

k q, (x, ) +m–k
k

j=


k

j



q

m j
B

( )α

j q, (x, )


En k q– , (,my)

tn

[ ]n q!
.

It remains to use the formula (). 

Next we discuss some special cases of Theorem .

Corollary  For n ∈ N, ,m ∈ N the relationship

Bn q, ( ,x y) =


mn

n

k=


n

k



q



mk
Bk q, (x, ) +

k

j=


k

j



q

mj
Bj q, (x, –)

+ [k]q

k–

j=


k – 

j



q

mj+ (x – )jq



En k q– , (, ),my

Bn q, ( ,x y) =


mn

n

k=


n

k



q


mk

Bk q, (,y) +

k

j=


k

j



q




m
– 

k j–

q

Bj q, (,y)

+ [k]q

k–

j=


k – 

j



q

q

 j j( –)




m
– 

k j––

q

y j


En k q– , (mx, )

holds true between the q-Bernoulli polynomials and q-Euler polynomials.

Corollary  ([ ])  For n ∈N , ,m ∈ N the following relationship holds true:

Bn( +x y) =
n

k=


n

k

 
Bk (y) +

k


yk–


En k– (x),

Bn( +x y) =


mn

n

k=


n

k


mkBk(x) +mkBk


x –  +



m



+ km

 +m x( – )

k–

En k– (my).
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Corollary  For n ∈N, :the following relationship holds true

Bn q, ( ,x y) =

n

k=


n

k



q


Bk q, (,y) + q


 (k–)(k–)

[ ]k q


yk–


En k q– , ( ,). ()x

Corollary  For n ∈ N, :the following relationship holds true

Bn q, (x, ) =

n

k=
( =)k 


n

k


Bk q, En k q– , (x, ) +


B,q +






En q–, (x, ), ()

Bn q, (,y) =

n

k=
( =)k 


n

k



q

Bk q, En k q– , (,y) +


B,q +






En q–, (,y). ()

The formulas ()-() are the q-extension ofCheon’smain result [ ].Notice that B,q =

– 
[]q

, see [], and the extra term becomes zero for q → –.

Theorem  For n ∈N, the relationships

E
( )α

n q, ( ,x y) =

n

k=


n

k



q



mn–[k + ]q




k+

j=


k + 

j



q




m
– 

k j+–

q

E
(α–)
j q, (,y)

–

k+

j=


k + 

j



q




m
– 

k j+–

q

E
( )α

j q, (,y) –E
( )α

k q+, (,y)



Bn k q– , (mx, ),

E
( )α

n q, ( ,x y) =

n

k=


n

k



q



mn[k + ]q




k+

j=


k + 

j



q

mj
E
(α–)
j q, (x, –)

–

k+

j=


k + 

j



q

mj
E
( )α

j q, ( ,–) –x mk+
E
( )α

k q+, (x, )


Bn k q– , (,my)

hold true between the q-Bernoulli polynomials and q-Euler polynomials.

Proof The proof is based on the following identities:




eq(t) + 


α

eq( )tx Eq(ty) =




eq(t) + 


α

Eq( )ty ·
eq(

t
m
) – 

t
·

t

eq (
t
m
) – 

eq


t

m
mx


,




eq(t) + 


α

eq( )tx Eq(ty) =




eq(t) + 


α

eq ( )tx ·
eq(

t
m
) – 

t
·

t

eq(
t
m
) – 

Eq


t

m
my



and is similar to that of Theorem . 
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Corollary  For n ∈ N, ,m ∈ N the relationship

En q, ( ,x y) =

n

k=


n

k



q

m–n

[k + ]q




k+

j=


k + 

j



q

mj(x – ) jq

–

k+

j=


k + 

j



q

mj
Ej q, ( ,–) –x mk+

Ek q+, (x, )



Bn k q– , (,my)

holds true between the q-Bernoulli polynomials and q-Euler polynomials.

Corollary  ([ ])  For n ∈ N, ,m ∈ N the following relationships hold true:

En( +x y) =

n

k=



k + 


n

k



yk+ – Ek+( )y


Bn k– (x),

En( +x y) =

n

k=


n

k


mk n– +

k + 





x +

 –m

m

k+

– Ek+


x +

 –m

m



– Ek+( )x


Bn k– (my).

Corollary  For n ∈ N, :the following relationship holds true

En q, ( ,x y) =
n

k=


n

k



q



[k + ]q


q


 k k( +)yk+ –Ek q+, (,y)


Bn k q– , (x, ).

Corollary  For n ∈N, :the following relationships hold true

En q, (x, ) = –

n

k=


n

k




[k + ]q
Ek q+, Bn k q– , (x, ),

En q, (,y) = –

n

k=


n

k



q



[k + ]q
Ek q+, Bn k q– , (, ).y

These formulas are q-analogues of the formula of Srivastava and Pintér [].

4 q -Stirling numbers and q-Bernoulli polynomials

In this section, we aim to derive several formulas involving the q-Bernoulli polynomials,

the q-Euler polynomials of order α, the q-Stirling numbers of the second kind and the

q-Bernstein polynomials.

Theorem  Each of the following relationships holds true for the Stirling numbers S( , )n k

of the second kind:

B
( )α

n q, ( ,x y) =

n

j=


mx

j


j!

n j–

k=


n

k



q

mj n–
B

( )α

k q, (,y S) ( – ,n k j),

E
( )α

n q, ( ,x y) =

n

j=


mx

j


j!

n j–

k=


n

k



q

mj n–
E
( )α

k q, (,y S) ( – ,n k j).
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The familiar q-Stirling numbers S n k( , ) of the second kind are defined by

(eq(t) – )k

[ ]k q!
=

∞

m=

S,q( , )m k
tm

[ ]m q!
,

where k ∈ N. Next we give the relationship between q-Bernstein basis defined by Phillips

[] and q-Bernoulli polynomials

bn k, ( ;q x) :=


n

k



q

xk ( – x)n k–
q .

Theorem  We have

bn k, ( ;q x) = xk

n

m=


n

m



q

S,q( , )m k B
( )k
n m q– , (,–x). ()

Proof The proof follows from the following identities:

xktk

[ ]k q!
eq( )t Eq(–xt) =

xktk

[ ]k q !

∞

n=

( – x)nq t
n

[ ]n q!
=

∞

n k=


n

k



q

xk ( – x)n k–
q tn

[ ]n q!

=

∞

n k=

bn k, ( ; )q x
tn

[ ]n q!

and

xktk

[ ]k q!
eq( )t Eq(–xt) =

xk(eq(t) – )k

[ ]k q!

tk

(eq(t) – )k
eq( )t Eq(–xt)

= xk

∞

m=

S,q( , )m k
tm

[ ]m q!

∞

n=

B
( )k
n q, (,–x)

t n

[ ]n q!

= xk

∞

n=


n

m=


n

m



q

S,q( , )m k B
( )k
n m q– , (,–x)


tn

[ ]n q!
.



Finally, in their limit case when q → –, this last result ()would reduce to the following

formula for the classical Bernoulli polynomials B
( )k
n ( ) and the Bernstein basisx bn k, (x) = n

k


xk( – x)n k– :

bn k, (x) = xk
n

m=


n

m


S( , )m k B

( )k
n m– ( – ).x
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