RENDICONTI
del

SEMINARIO MATEMATICO
della

UNIVERSITA DI PADOVA

F. T.HOWARD
Bell polynomials and degenerate stirling numbers

Rendiconti del Seminario Matematico della Universita di Padova,

tome 61 (1979), p. 203-219.
<http://www.numdam.org/item?id=RSMUP_1979__ 61__203_0>

© Rendiconti del Seminario Matematico della Universita di Padova, 1979, tous
droits réservés.

L’acces aux archives de la revue « Rendiconti del Seminario Matematico
della Universita di Padova » (http:/rendiconti.math.unipd.it/) implique I’ac-
cord avec les conditions générales d’utilisation (http://www.numdam.org/legal.
php). Toute utilisation commerciale ou impression systématique est consti-
tutive d’une infraction pénale. Toute copie ou impression de ce fichier doit
contenir la présente mention de copyright.

‘NuMDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/



REND. SEM. MaT. UN1v. Papova, Vol. 61 (1979)

Bell Polynomials and Degenerate Stirling Numbers.

F. T. HOWARD (¥*)

1. Introduction.

The (exponential) partial Bell polynomials B, i(a;, @5, ..., @x_x 1) in
an infinite number of variables a,, a,, ..., can be defined by means of

oo

(1.1) B3 Bus(a, aa, )znl = ( famwm/mz)’“,

n==k

or, equivalently,

n!

(1.2) Busltny @0y ) = 2 o a@ e

agag...

where the sum takes place over all integers ¢, ¢;, ...>0 such that

¢ +2¢+3¢+...=n,

e+ ¢+ e +...=k.

It follows that B,; = a, and B, , = a}. Properties of B, and a
table of values for k<n<12 can be found in [5, pp. 133-137, 307].
These polynomials were apparently first introduced by Bell [1].

In this paper we are concerned with certain special cases of the

(*) Indirizzo dell’A.: Wake Forest University, Winston-Salem, N. C. 27109.
U.S.A.
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Bell polynomials. We shall use the following notation:

(1.3) T,n, k)= B, (0,...,0, @y, @y o, ...), 1le, a,=0for i<r;

(1.4) 8,(n, k|A) = T,(n, k),
where a;= (1—A)(1—24) ... (1—(¢—1) 1) for i>r;
(1.5) 8,(ny k|4) = Ty(m, k) ,

where a;,= (1—A)(2—A4)...(2—1—A) for ¢ >r.

We call 8,(n, k|A) a degenerate associated Stirling number of the
second kind, and we call s.(n, k|A) a degenerate associated Stirling
number of the first kind. If »r =0 in (1.4) and (1.5), we have the
degenerate Stirling numbers of Carlitz [3]. If A = 0 in (1.4) and (1.5),
we have the r-associated Stirling numbers [7]. If A =0 and r = 0,
we have the ordinary Stirling numbers.

The purpose of this paper is to examine the properties of the
degenerate Stirling numbers in the most general possible setting. Thus,
in section 2 we develop properties of 7.(n, k) and the polynomials
T, .(y) defined by

oo

(1.6) ST, .(y)z"/n! = exp (y 3: a,-w"/;i!) .

n=0 i=r+1

When y =1 and r =0, Ty,(1) = Y,(a,, as, ..., a,), the exponential
complete Bell polynomial [5, p. 134]. In section 3 we focus on the
degenerate associated Stirling numbers, and we show how some of
the properties of the degenerate Stirling numbers can be extended to
the associated numbers. In section 4 we generalize some of the Stirling
number formulas in [5, chapter 5] and [13] to the degenerate Stirling
numbers.

2. Bell polynomials.

The partial Bell polynomials defined by (1.1) or (1.2) have the
following interpretation: Let N be the set of integers 1,2, ..., 7.
Consider all set partitions of N into exactly k& blocks (subsets) such
that each bloek contains at least r + 1 elements. Assign a « weight »
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of a; to any block with exactly j elements. The weight of a partition
is the product of the weights of its blocks. Then T,(n, k), defined by
(1.8), is the sum of the weights of all the set partitions of N into
exactly %k blocks, each block with at least » +1 elements. In [4],[7]
and [9, chapter 4], this kind of interpretation is discussed for the
Stirling numbers and the r-associated Stirling numbers.

The following theorem could be proved by combining several of
the properties given in [5, p. 136] for the Bell polynomials. We shall
give a different kind of proof, however.

THEOREM 2.1. For r>0, k>0,
(r!fa,)"T,_y(rm + &, m) = (rm + k)(rm + k—1) ... (m + 1) P, 1(m),

where P,;(m) is a polynomial in m of degree k. In fact,

P, (m)=dm(m—1) .. (m—7j+1)(r!/a,) T(rj + k&, §)/(rj + k)!.

1

M=

ProoF. For convenience, we use the notation f(¢) = a,/i!. It fol-
lows from (1.1) that

(2.1) T, i(rm + k, m) =

= (rm +k)(rm + k—1) ... (m +1) 3 f(w) ... () ,

where the sum is taken over all compositions (ordered partitions)
Uy + ... + U, =1rm + k, each u,>r. We can represent such a com-
position with a set of rm + k dots arranged in m rows. First place r
dots in each of the m rows; then place the remaining % dots in the m
rows. Suppose when we do this, there are n, rows with h, of the k
dots, n, rows with h, of the k& dots, etc. Then k = n,h, + nh, + ...,
and there are m!/((m—j)!n,!n,!...) ways of arranging these k dots
in the m rows, where j = n; + ny 4 .... Thus the sum in (2.1) can be
written

&
(2.2) .g:l(f(r))’""'(MI/(M—:i)!)Z(f(hl + 7))
(g )Y (F(hg + 7)) (ny!)1 .
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where the inner sum is over all partitions of k into j parts, i.e.,
k:-—nlhl—i—n,h;—}—... y j=mn+n,+ ...

Now, by (1.1),

(2.3) T (rj + % /i +B)! = @/i1) 2f(hy+7) .. f(Bs + 1),

each h,>1, the sum taken over all compositions of k into j parts
k=h,+ ..+ h;. Now if h; occurs »; times in the composition, the
right side of (2.3) is

S (F(hy 4 7)) () (f (B + 7)) (0 )2 oy

the sum taken over all partitions of % into j parts, i.e., k = nh, +
+ nyhy + ...y j=mn,+ ny+ .... Thus the inner sum in (2.2) is (f(-r))™’
T,(rj + K, )/(rj + ).
For small values of %, it is easy to compute P, »(m) using the method
of the proof of Theorem 2.1. The only difficulty is finding all the par-
tition of k. Again letting f(¢) = a,/¢!, we have

P o(m)=1,

PP, = (7)1 4+ it

Patm) = () 162+t + () 062 + o),
Py = ()16 + ) + 2 (3 )12+ fca + e +
( ) i+ iy

The formulas in the next theorem follow from (1.1), (1.3) and (1.6).
The proofs are similar to those of Riordan [9, pp. 76-77] for the Stir-
ling numbers. Most of these formulas can also be deduced by com-
bining properties of the Bell polynomials given in [5, p. 136].
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THEOREM 2.2. If T,(n, k) is defined by (1.3) and 7, .(y) is defined
by (1.6), then

k ’
(2.4) T, i(n, k) “’zo ;:zn/r— rj)!

E (—1)i(a,lr!)in! . .
(2.5) T.(n, k) =2 TGln—r)! T s(n—rj k—j),

T,('ﬂ—?’f,k-—ji),

(2.6) T.n+1,k) =_i (;’) i Tr(j k—1),

=0

@0 Tam) = 3T,
2.8)  T,nn(y) =y'_'z;;(;’)an_,-HT,,,~<y)-

Many of the formulas in [13] are special cases of formulas involving
T, .(y). We show this in the next three theorems.

THEOREM 2.3. If T, .(y) is defined by (1.6) or (2.7), then

(2.9) Tooly) =1,
(2.10) b3 (") Tor®) Trna(—9) =0 it n>0,
K=o \k
(2.11) f (Z) Tos(—= 9T nr1(¥y) = Ynsq -
¥=0 _

PROOF. Properties (2.9) and (2.10) are obvious from the definition
(1.6). Property (2.11) follows after both sides of (1.6) are differentiated
with respect to .

THEOREM 2.4. For all positive 7, j<n, let
bij=Triin(y)/(i—7 +1)!
if ¢ +1>j, and b;;=0 if ¢ +1<j. Then

Ty u(—y) = (—1)*n! det (by;) = (—1)"nlg(n),
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and

‘n—1

(— 1) Ty u(—y) = 0! 3 (—1)rg(n—k—1) Tpipa(y)/(k + 1)1

k=0

ProoOF. This theorem follows from the fact that the series (1.6)
is the reciprocal of-the same series with y replaced by — y. The
determinant expression for the coefficients of the reciprocal of a series
is stated in [9, p. 45] and [8], and is well known.

THEOREM 2.5. For all positive 2, j<n 4+ 1,
Tonia(—y) = (— 1)~ det (dy;) = (— 1)+ det (ey)) ,

1—1
j—1
j>0+1; ey =ya,_;4/6—j)! if j<i, e;=14 if j=14 +1, ¢; =0 if
j>1 4+ 1.

where d;; =1y a;_jq. if j<i, d;;=11if j=4¢41 and d;;=0 if

ProorF. We use Cramer’s rule on the equations (2.8). The corre-
sponding theorem for Stirling numbers is given in [7], and a special
case is given in [13].

3. Degenerate associated Stirling numbers.

We now look at the special cases of the partial Bell polynomials
given by (1.4) and (1.5). The cases when r = 0 have been investigated
by Carlitz [3]. We shall use the notation

(3.1) Bo(n, kli‘) = 8(n, k|4) ,

(3.2) So(n,y k|A) = s(n, k|4),

and, following Carlitz, call S(n, k|A) and s(m, k|A) degenerate Stirling
numbers of the second and first kinds respectively. Similar numbers
have been studied by Toscano [11],[12]; the numbers of Toscano are
(—1)mrs(n, r|A) in our notation. It is easy to see that S(n, k|0) is
the ordinary Stirling number of the second kind and s(n, k|0) is the
ungigned Stirling number of the first kind.
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Definitions (1.4) and (1.5) generalize the degenerate Stirling num-
bers in the same way that the r-associated Stirling numbers genera-
lize the Stirling numbers [5, pp. 221-222, 256-257), [6], [7], [9, p. 102].
Using the terminology of [7], we see that the r-associated Stirling
numbers are the special cases of (1.4) and (1.5) when A =0. It
should be noted that, by Theorem 2.1, the numbers §'(k, j|1) and
8y(k, j|A) defined in [3] are equal to S,(2k — j, k—j|A) and s,(2k — j,
k — j|A), respectively, with r = 1.

In (1.1), if we let a, =0 for m<r and a, = (1 — A)(1 — 24) ...
w(1—(m—1)A) for m >r, we see that

(3.3) k1S S,(n, K|A)zn/n! = [(1 + Asyi—1— G(r, AT*
n=(r+1)k .
where Ay =1 and G(r, A 2(1— S(1—(@E—21)A)aii!. If we dif-

ferentiate both sides of (3. 3) with respect to # and then multiply
both sides by 1 + Az, we have, after some simplification,
N1 4 Aw) > S,(n + 1, k|A)a*/n! = k[(1 + Aw)s— 1 — G(r, A)]* +
k=0
+ k(1 4 Az)r— 1 — G(ry, AT (1 —A) ... (L —rd)a/r!].

Comparison of coefficients gives our next theorem.

THEOREM 3.1. The degenerate associated Stirling numbers of the
second kind satisfy the triangular recurrence relation:

8.(n + 1, k|A) = (k—nA)8,(n, k|1) +
+ (’:) (1 —2) e (1 —1A)8y(n — 1, k—1|A)
with
8,(0,0[4) =1 8,(n, 0]A) =0 if n>0;
S (n, k|A) =0 ifn<(r+1)k
The Tate-Goen formula for the r-associated Stirling numbers [10], [7]

can be generalized to the degenerate numbers, as the next theorem
shows,
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THEOREM 3.2.
— 1)k (ky—A) ... (kl— (4— 1)1) w

(
So(my k|A) = (= 1)*n! 3 eyl Ty g ATQ

where
r
A = Akyy vy bryy) = n——zik,-“,
i=0

T

Q = Q(kI’ r+2) = H (“)k“'y

r—1
W= W(kly weey kr+1) = 1__[1[(1—1) vee (1— (7:—1)2,)]’““,

and the sum is taken over all compositions %, + ... + %, , = &, each
k;>0.

ProoF. The theorem can be proved by induction on r. When
r = 0, it reduces to the formula given in [3]:

k

18, bA) = 3 1) it = 1) . (= (0= 1)1

i=0

Assume the theorem is true for 8, _,(n, k|A) for all values of n and .
Then from (2.5), after substituting for 8,_,(n — rj, ¥ — j|A) and sim-
plifying, we see the theorem is true for 8,(m, k|A).

Theorem 3.2 is not difficult to use for small values of k. For
example, if n > r,

8,(n,1]A) =1 —A)1—24) ... (1—(n—1)4),
and if n>2r 41,
8,(n, 2|4 =(2—A)(2—224)... (2— (n—1)4) —
—2 ( )(1— w(l=m—j—1A1—=2)..QA=(G—142).

Thus when » =0, and n>1,

8, 214) = (2—4) ... (2—(n—1)A)— (1—A) ... (1—(n—1)2).
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Theorem 3.2 can also be used to prove the following:

k1 8y(n, k|A) =

M?r

k—3 — 1
= (5) 5 (6 ) miti= 2 i = 0 —m =12,

1) m=o0

i

[

0

where (%), =n(n—1)...(n +m 4 1).

The numbers 8,(n, k|1) should not be confused with the degenerate
Stirling numbers of the first kind in [3]. Unfortunately, the notation
in each case is identical.

We now turn our attention to the degenerate associated Stirling
numbers of the first kind. In (1.1), if we let a,, = 0 for m<r and
Op=(1—A)(2—A) ... (m—1— A1) for m>r, we have

(3.4) KBS s,(n, kA)ar/n! = A1 + H(r, ) — (1— )i,

n=(r+1)k

where

H(r, ) = 3 (— ) AA—1) .. (A—i + il

]

When r = 0, we have the degenerate Stirling numbers of the first
kind [3]. Comparison of (3.3) and (3.4) gives us

(3.5) 87(ny k|A) = (— A)"~*8,(n, k[A7)

80, by Theorem 3.1, we have the following recurrence relation:

THEOREM 3.3. The degenerate associated Stirling numbers of the
first kind satisfy the triangular recurrence relation

s:(n + 1, k|A) = (n— k) s,(n, k|A) +
4+ (’:)(1 ) (r— s —r, k—1|A),
with

8:(0,0]A) =1; 8,(n,0]A) =0 if n>0; s,(n, k|A) =0 if n<(r+1)k.
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We also have

$:(my 1) =(1—A)(2—A)...(n—1— 1), if n>r;
— 28,(n, 2|4) = (1 —24)(2 — 24) ...
e —=1—2)— (1 —A)2—2) . (0 —1—2) +

—I—/ljél(?) A=A (m—j—1—2A—2)...(—1=2),

if n>2r +1.

Unfortunately, some of the most interesting properties of the de-
generate Stirling numbers apparently cannot be extended to the asso-
ciate numbers. There is the multiplication theorem, for example:

n

(3.6) 8(n, jlop) = 3, pr*8(n, k|a) S(k, |B) ,

k=i

where « and f are independent parameters. This theorem can be
generalized slightly, however, by considering the polynomials defined
by (1.6) with » = 0. We show this in the next section.

4. Degenerate Stirling numbers.

Throughout this section we shall use the notations of (3.1) and (3.2).
One of our purposes here is to show how formulas for the Stirling
numbers given in [5, chapter 5] can be generalized to the degenerate
Stirling numbers. We also consider the polynomials defined by (1.6)
with » = 0, and we use the notation

(41)  Ba(yld) = Tou(y)
where a;= (1—A)(1—24) ... (1— (t—1)4);

(4.2) 8,(y|A) = To,n(y) , where a;= (1—A)(2—A4) ... (t1—1—2).
Thus, by (2.7),
(4.3) Sulyl2) = 3 Sen, 10

(4.4) $a(yl2) = S s(n, jlA)y’ .

i=0



Bell polynomials and degenerate Stirling numbers 213

We shall show how some of the formulas in [13] can be generalized
by means of (4.1) and (4.2). We shall also prove several other proper-
ties of the polynomials defined by (4.1) and (4.2).

Carlitz [3] has pointed out that S(n, k|1) = s(n, k1) = 0,,. It
should also be noted that

(4.5) S(n, k| —1) = s(n, k| —1) =(Z:i)n!/k!.

This follows from (3.3) and (3.4), or from the fact that
S(n, k| —1) = 8(n, k| —1) = B, (11, 21,31, ...)

[6, p.135]. A table of values for numbers of the form

(— 1)( )n/k

which are called Lah numbers, can be found in [5, p. 156].
It follows from (4.3) and (4.4) that

Sa(y[1) =s.y]1) =y",

(+.6) Suty = 1) = sty = 1) = S (} 71 )it

In general we have S,(y|d) =y; S:(y|A) =9*+ 11— Ay; S:y|Ad) =
=3+ (83— 3A)y* + (24— 34 + 1)y. We can get the corresponding
polynomials s,(y|A) by using

(4.7) $a(y|4) = (— A)"Su(—yAY A7) ,

which follows from (3.5).

CARLITZ [3] has proved the multiplication theorem, equation (3.6),
and also

n

(4.8) S(n, k| — Z (my §)8(4, k) An—i

where s(n, j) is the unsigned Stirling number of the first kind and
8(j, k) is the Stirling number of the second kind. If we multiply
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equations (3.6) and (4.8) by %’ and sum from j =0 to j = n, we
have

M=

B8 (n, ko) Si(y|B) 5

0

(4.9) 8u(ylep) =

k

(4.10) 8, 2 k) 8,(y|0) Ant

The formulas in [13] are valid for the special case of (4.3) when
A=0 and y =—1. All of the formulas can be generalized to the
polynomials of (4.3), as we see by (2.7), (2.8), Theorems 2.3, 2.4 and
2.5, and the next theorem.

THEOREM 4.1. The following formulas are valid for n > 0:

@11)  Sayld) = e Si—A) ... (i— (n— 1))yl ,

=0

(4.12) yS,.(y|—l)=i(—1 (7)(1—n1 (1= G4+ 1)2) 8wl ,

i=0

w1z gsl) =30 (T a-nwa+a.

. (1 + (’rb—?'—Z)l) S;+1(y|A)

(4.14) —Y|A) Bnsi—i(¥|2) =

M=
—~~
"M’ J

7—%1 YG— (4 1)A) . (— (0 4+ k—1)2) S(m, j|A)y? .

Proor. Equation (4.11) follows easily from (1.6) and (4.1). To
prove (4.12), let Au =1 and differentiate both sides of

(4.15) expy[(1— Ax)#—1] = ‘EOS,(:I/I — A)xifj!

with respect to # and then multiply both sides of the resulting equa-
tion by (1 — Az)*t». We now simplify, using (4.6) and (4.8) with
@« =—1, f = A, and compare coefficients to get equation (4.12). To
prove (4.13), we replace A by — A in (4.15), then differentiate both
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sides of (4.15) with respect to x, multiply both sides of the resulting
equation by (1 4 Ax)~# and compare coefficients. To prove (4.14),
we first observe that by (4.15) the left side of (4.14) is equal to the
coefficient of #*/n! in

(4.16) exp (—y)[(1 + Az)*—1].D™ expy[(1 + Aw)*—1],

where D™ means the n-th derivative with respect to . Now we can
easily prove by induction on » that (4.16) is equal to

(4.17) 3 8, i1 + Aa)iury:
i=1

We use the recurrence of Theorem 3.1 with » — 0 in the induection
argument, and we now get (4.14) by comparing coefficients of x in
(4.16) and (4.17).

We have already seen in this paper and in [3] how some of the
properties of the Stirling numbers carry over to the degenerate Stir-
ling numbers. In the remainder of this paper, we continue to generalize
the properties in [5, chapter 5]. In particular, for a fixed » we now
look at the numbers V(j, k|1) defined by means of

w1 — Au)(1 — 24u) ... (1 — n—l)/lu)_oo
(1—u)1— 2u) (1 —ku) ,.Zo

(4.18) V(j, k|A)w

THEOREM 4.2. If V(j, k|A) is defined by (4.18) for fixed #, then
V(n, k|A) = S(n, k|A). Furthermore

S, k|A) =D V([i—1,k—1|A) k™.
i=k
Proor. It follows from [5, pp. 207, 214] that
(4.19) V(j, k|A) = z (n, 0)8(j—mn + i, B)(— ).

When j = n in (4.19), we have, by (4.8), V(n, k|1) = S(n, k|1). Now
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call the left side of (4.18) ¢(k). Then

(k) = up(k—1)/(1— u) =
= Skrur 3V, k— 1w = 3 V(j, k— L|A) kmustn
=1 i=0 i

m= i,m=0

Comparing coefficients of #, we have
m
Vim,kjA) => V(Gi—1, k—1|A) k™,
i=k

and letting m = n, we have the second part of Theorem 4.2.
The numbers V(j, ¥|A) have properties similar to those of the
Stirling numbers. For example, it follows from (4.19) that for fixed =,

Vim +1,k|d) = V(m, k—1|4) + kV(m, k|A)

with V(m, k|A) =0 if m<k; V(k,k|A) =1 for all k; V(m, k|0) =
= 8(m, k); V(m,0|A) = (— A)™s(n, n — m). Also from (4.19) we get
the formula

k

klV(m, k[A) = 3 (— 1) (7;) i = A) e (= (n—1)2)

i=0

for m>n.
To get the corresponding results for s(n, k|4), for fixed n we look
at the numbers V,(j, k|A) defined by means of

(4.20)

L+ 020 (U = D)u) _S
0

(1 4+ Au)@ + 2Au) ... (1 + kAu) i=

THEOREM 4.3. If V,(j, k|A) is defined by (4.20) for fixed », then
Vi(n, k|A) = s(n, k|A). Furthermore,

n—1
s(n—1,k|A) = X (—1)7*Vin—1—j + k, k|A)(n—1)i*.
i=k
Proor. It follows from [5, pp. 207, 214] that

(21) Vil WA) = 3 s(n, ) 8(G—n -+, B A,

=0
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and so by (4.8) and (3.5), we have Vi(n, k|A) = s(n, k|A). If we call
the left side of (4.20) ¢,(n — 1), then

@i(n—1) = @y(n)[(1 + nu) =

0( Z Wiy KA w? = 3 V. (i, k|A)(—n)muitm

=0 i, m=0

nMS

where V(j, k|A) is defined by (4.20) with n replaced by n + 1. Com-
paring coefficients, we have

E

Vi(m, k|2) = 3 (— 1)~ V(j, k|2)nm=

i=k
and the second part of the theorem follows by replacing n by » —1
and letting m = n — 1.

It follows from (4.21) that for fixed n.

Vim + 1, k|A) = Vi(m, k—1|A) — kAVy(m, k|A) ,
with Vy(m, k|A) =0 if m <k; Vy(k, k|A) =1 for all k;
Vi(m, k|0) = s(n,n—m + k) ; Vi(m, 0|A) = s(n, n—m) .
We see from (4.19) and (4.4) that

(— A" *Vi(m, k|A~) = V(m, k|2) .

We close by generalizing two more recurrences to the degenerate
Stirling numbers.

THEOREM 4.4. The following recurrences hold:
(4.22) S(n, k|A) =
—2(— (ke +1—nl) ... (k+j—nl)8(n +1,k +j+1|2),

(4.23) s(n + 1, &|2) =’§0 (— 1)n—f(’;) (A—1)...
(A—n 4 ) s, k—1]2).
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ProoF. In the right side of (4.22) replace S(n 41,k +j 4 1|4)
by S(n,k +j|A) + (k +j +1—mnd)8(n, &k + j + 1|A). Then the right
side is equal to

S(n, k|A) +

—k—1
S(k+1—nd) ... (k+j+1—nd)-

i=0

=1+ + (—1)18(n, k +j + 1[4) = 8(n, k|4) .

Equation (4.23) follows from (2.6).

The term « degenerate Stirling number » is probably motivated by
the generating functions (3.3) and (3.4). When G(r,A) = H(r,A) = 0
in (3.3) and (3.4), the limiting cases A = 0 give the generating funct-
tions for the Stirling numbers. It should perhaps be noted that this
idea has also been applied to some extent to the Bernoulli, Euler
and Eulerian numbers [2], [11], [12].
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