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1. Introduction

The theory of Hankel matrices has been previously
studied by some mathematician and its connections in
some areas of mathematics, physics and computer science
(see, the works of Desainte-Catherine and Viennot [9],
Garcia-Armas and Sethuraman [11], Tamm [22], Vein and
Dale [23]). Though, Hankel determinants had been
previously studied (see, for example, Aigner [1], Radoux
[19], Ehrenborg [10]), the term Hankel Transform was
first introduced in Sloane’s sequence A055878 [20] and
first studied by Layman [15]. Layman used the notion of
binomial transform (b,,) of a sequence (a,) given by

N n
and the invert transform

2n n—k
S C
k=0

in establishing some properties of the Hankel transform
including the theorem which states that any integer
sequence has the same Hankel transform as its binomial or
invert transform.

Hankel transform

Sequences
A000085, A000110, A000296, A005425,
A005493, A005494 ,A045379
A000142, A000166, A003701,
A010483 ,A010842, A052186, A053486,
A000522, A053487
Layman found out that some sequences have the same

Hankel transform. For instance, the sequence of Catalan

{1,1,2,12,288, ..}

{1,1, 4,144,
82944, ..}

numbers{1,1,2,3,14,42, ...} (sequence A000108 in the EIS)
and approximately twenty sequences have the same Hankel
transform {1, 1, 1, ..}. The following are some of the
sequences with the same Hankel trans- form.

Also, Layman and Michael Somos found ten sequences
(A055209) in the EIS whose Hankel transform is

e

which was shown theoretically by Radoux [19] to be the
Hankel transform of the derangements, or rencontres
numbers (A000166).
Several later studies of Hankel transform of some
integer sequences were estab- lished. Among them were:
1. Cvetco¢ et al. [8], who established the Hankel
transform of the sequence of the sum of two adjacent
Catalan numbers. More precisely, if we let a, =
C,+C,+1 Where C, is the nth Catalan number, then the
Hankel transform of an is

H (an ) = {F2n+1}n€N0

where Fy, is nth Fibonnaci number.

2. Armas and Sethuraman [11], who established the
Hankel transform of central binomial coeffficients
which is stated as follows:

The zeroth Hankel transform d,go) of the sequence

2
(I j 1=0,12,... is the sequence 2n-1

n=12,..., and the first Hankel transform d,gl) is
the sequence 2", n=1,2,...,
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3. Spivey and Steil [21], French (2007), Chamberland
and French (2007), Rajkovié, lvkovi¢ and Barry
(2007), who established the k-binomial transform and
Han- kel transform, transformation in preserving the
Hankel transform, generalized Catalan numbers and
Hankel transformations, and the Hankel transform of
the sum of consecutive generalized Catalan numbers,
respectively.

4. Aigner [1], who established a characterization of the
sequence of Bell numbers (B,) and proved that this
sequence has the Hankel transform which is given by

n!!:ﬁk!.
k=0

5. Mezo [16], who recently proved that the Bell
numbers and r-Bell numbers [18] have the same
Hankel transform.

In this present study, certain generalization of Bell
numbers which is defined as the sum of noncentral
Stirling numbers of the second by M. Koutras [14], will be
established. It will also be shown that these generalized
Bell numbers has the same Hankel transform as that of the
sequence of ordinary Bell numbers.

2. The Noncentral Bell Numbers

In 1982, M. Koutras [14] introduced the noncentral
Stirling numbers of first and second kind. These numbers
denoted by si(n, k) and S,(n, k) are defined as the

coefficients of the following expansions, with parameter a,

_ S s (nk)(t-a)* W
k=0

=3 s, (k) () @
k=0
52 (n.0)= (),

Sa(n,0)=(-a)" and s, (0,k)=S,(0,k)=0,n,k =0.

The following theorems contain some combinatorial
identities of the noncentral Stirling numbers of both kind
which are established by Koutras [14].

Theorem 2.1. The noncentral Stirling numbers of the first
and second kind satisfy the recurrence relations

Sa(N+Lk)=s,(n,k—-1)+(a—n)s, (nk) (3
Sa(nk) (@
where 5,(0,0)=S,(0,0)=1, sz(n,n)=S,(n,n)=1,

and s, (n,k)=S,(n,k)=0 if n,k<0 or k>n.
Note that if a = 0 in (3) and (4) , then we have

s(n+Lk)=s,(nk-1)-ns(nk)

where  5,(0,0)=5,(0,0)=1,

Sa(n+1k)=S,(nk-1)+(k-a)

S(n+1k)=S, (n,k—-1)+kS(n,k).
Thus, the ordinary Stirling numbers can be expressed as
s(n,k)=sq(n,k) and S(n,k)=Sy(n k).
Theorem 2.2. The numbers s, (n,k) and S, (n,k) have
the following exponential generating functions

- i sa(n,k)“n—nl=(1+u)a[log(l+u)]k (5)
n=k ’

Sa(n, k)u—I: - U%[eu —1]k (6)

Theorem 2.3. The numbers s, (n,k) and S (n,
k) have the following explicit formula

_Jzﬁ ™)

k) Sa(n;

Sa(n,k):%zk:(—l)kl mu _a)" ®

Now, let us define the noncentral Bell numbers parallel
to the definition of the ordinary Bell numbers.
Definition 2.4. The noncentral Bell numbers, denoted by
Ba(n), are defined by

=35 (00

In particular, By(n) = B(n), the ordinary Bell numbers.
Using the exponential generating function of the

noncentral Stirling numbers of the second kind, we can

obtain the following exponential generating function for

B.(n).
Theorem 2.5. The noncentral Bell numbers have the
following generating functions

z B, ( _ glev-1)-au

Proof. By making use of the exponential generating
function (6) of S, (n,k) we have,

(
3 b e

—e-au.gel-1 _ e(e -1)-au

, Bg(n)=B(n) (9)

0

> 8, () =

n=0

7 M8

Y

Hence, the exponential generating function of B, (n) is

e(eu —1)—au

If a=0, (9) becomes

i B, (n)un—n| ol _1),
n=0 '

the exponential generating function of the ordinary Bell
numbers.
The next theorem contains a kind of Dobinski formula

for B, (n).
Theorem 2.6. The noncentral Bell numbers B, (n) can
be written in the form of a convergent series
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Proof. Applying the exponential generating function of
B, (n) in(9),

< un _(eV-1)-au
%Ba(n)m_e( )

Comparing the coefficient of un_“l , We obtain

B, (m)-1 3 ok

k=0

The following theorem contains some relations which
are useful in establishing the alternative proof of the claim

that the sequence of B,(n) has the same Hankel
transform as that of the sequence of B(n). This is a kind

of a recurrence relation of By (n).

Theorem 2.7. The noncentral Bell numbers satisfy the
relations

2= 3 B0 (¥ 10)

k=0
Baia ()= I(Zn%ﬂj(—l)”"‘ Ba (k) 11

Proof. Multiplying eV to both side of (9) with a being
replaced with a+1, we have

eu i |3a+1(n)un_”I _ e(eU _1)—(a+1)u el
n=0 :
Z_éﬁiBaﬂ(n)un_r;—e(e l) g-au.eg-U.gU
i{i urx Baﬂ(k)ﬁ}e(eul)au
n=0 k:o(n_k)! !
© | N (n u(n=k)yk _00 i un
%{g(kjsm(k) ~ }—nzzgsa( )
EE (et Sa

Comparing the coefficient of un_n' we obtain the following

relation

Similarly, multiplying e~U to both side of (9), we have

et > By (1)U el Y ey

Comparing the coefficient of un_n'

e (n)= 310 B )

k=0
Remark 2.8. Theorem 4.1.4 implies that B,,;(n) is the
binomial transform of B, (n) or B,(n) is the inverse
transform of B, 4 (n).

3. The Hankel Transform of Noncentral
Bell Numbers

Let ,4=(an,k) be the in_nite lower triangular matrix
defined recursively by,

Ank =gkt [(k +1) - a} an_1k

(12)
+(k+1)a g k41, (n21)

with the intial condition ayo =1, a,, =0(n<k).

The following the exponential
generating function of the kth column entries of .4 .
Lemma 3.1. Let ¥, (x) be the exponential generating

lemma contains

function of the kth column of a, \

then

0
where ‘Po(x):ZBa(x)xn—r:. That is, the 0-column
n=0 :
entries of .4 are B,(n), n=0,12,....

Proof. By making use of the recurrence relation in (12) we
obtain
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i anl
néan,k (n-1)!

_ & Xn—l _ & Xﬂ—l
= Z:‘llanfl‘kfl(n—l)!-’-[(k +1) a]nZ:‘ian,Lk (n_1)|
& n-1
+(k+1)r§an—l,k+l(r)l(_l)!

Wi (%) = ¥ () +[ (k+1)-a] ¥y (x) (13)
+(k+1) Wisq (%)

k
With ¥, (x)=eu (eXk—ll) ,u=(eX —1)—ax, the left-

hand side (LHS) of (13) yields

X _ k-1
i ()= el _<e(k_12)!

(ex-1]-ax (exk_ !1) '

On the other hand, the right-hand side (RHS) of (13)
gives

—ae

ex —1)k_1

RHS =eU (

(k—1)!
(ex _1)k+1

(k+1)!

. K
+[(k+1)-a]eu (e k!l)

k-1 k k
. (ex-1) o (ex-1) . (ex-1) )
e —(k—l)l ex —ae i te e
k-1 k k
e (e(xk—_ll))! e (eXk—!l) N (exk_!1)
e
- (k-1)!
k
q)ay (€X -1
vele*Y) ax q ) (ex—a)=wi(x)
This implies that the generating function

1K
Yic(x)= ot . k'l)

to the differential equati-on (13). Thus, the exponential
generating function of the kth column of 4 is given by

,(k>0) is a unique solution

(r-tpae 1)

Lemma 3.2. Let be the nth row of .4 . Define
ot = aa k! then 1o =ay, o =B, (n+1) for

Yy (x)=e

k>0

allnand I.

Proof. We prove this by induction on n. If n=0 we have

ool =Y. agka k! Since agk =0 vk>0,
k>0

ol =8908 00'=2ag410 VI Suppose that

m o i =an4 0 Suppose that m<n-1 and all I. Then by
(12) and intechanging the summation we have,

moti =Y ana kk!
k>0

ang i+ (k+1)-a]an .

|,kk!
kool +(K+1)an gk

= > ag gk k!
k>0
+ 2 [(k+1)-a]ag 5@ k!
k>0
+ 2 (K+1)an g k1 k!
k>0
= D A1k 18) k!
k>0
+ Z an_lykahk |:(k +1)— a:| k!
k>0
+ D ang i (K+1)!
k>0
=2 al,k+1an71,(k+1)71(k +1)!
K>—1
+ Z ) k@n-1k [(k +1)— a] k!
k>0
+ Z al,k—lan—l,(k—1)+1[(k—1)+1]!
K>—1

B [ 3 a1k (K+1)! ]a o
= kK
oo\ ek [(k+1)-alktay 4 "
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= Z (aLk_]_ +|:(k +1)—a]a|’k +a|,k+1)an_1'kk!
k>0

= an_1ka k!
k>0

By the inductive hypothesis,
ol = 8(n-1)+(1+1),0 = @n+1,0 =(B(n+1)).

We are now ready to introduce the following theorem.
Theorem 3.3. The noncentral Bell numbers have the
Hankel transform

Ba(0) Ba(1) Ba(2) ... Ba(n)
Ba() Ba(2)  Ba(3) Ba(“+1 =ﬁ
Bakn) Ba'(n+1) Ba'(n+2) (2n) =

Proof. Let .4, be the submatrix of .4 consisting of the
rows and columns numbered 0 to n. Clearly, det.4, =1,
since .4, is a lower triangular matrix with diagonal 1. It

follows that det.4 =1. Let .4, = ( lay J)OSi,jgn' Then

n
det4 =] it
j=0
By Lemma 3.2,
A P
“hh _(a"J)OSi,jsn
where

n
a j= > klajyajx =aj,j0=Ba(i+]).
k=0

That is,
AAT = (Ba(i+ j))OSi,an :
Thus,

det (4.4 ) = (det.4, )(det 4T ) =1

w_:]:

-1

The theorem can also be proved without using Lemma
3.2. One can use the fact that By (n)=B(n), the ordinary

Bell numbers. This means that
n
det(BO ) H

That is, the Hankel transform of (By(n)) is
(0nr213L...). By Theorem 2.7, By(n) is the binomial
transform of By (n) and so, by Layman's theorem, By (n)
and By (n). have the same Hankel transform. Again by

n

Theorem 2.7, By (n) = Z(:]Bz(k) implies that B, (n)

k=0
is the binomial transform of Bj(n).So, by Layman's

Theorem, B;j(n) and B,(n) have the same Hankel
transform. Continuing this process and again, since

N n

Ba (n) = Z (ijaJrl(k),
k=0

by induction, B, (n) and Baﬂ(n) have the same Hankel

transform. Hence, By(n) and B,(n) have the same
Hankel transform. Thus,

Ba(0) Ba(1)  Ba(2) Ba (n)

Ba(1) Ba(2)  Ba(3) By (n+1)
Ba.n) Ba.(n+1) B, (n+2) Ba(:2n)
Bo(0) Bo(1)  Bp(2) ... Bg(n)
:Bo.(l) BO.(z) Bo.(3) -+ Bp(n+1) ﬁ
BO.(n) BO.(n+1) BO.(n+2) BO(Zn) 0

For possible future research, it is interesting to establish
g-analogues of the noncentral Stirling and Bell numbers
and to determine their Hankel transforms. It will be more
interesting if one can establish connections with those g-
analogues of Stirling and Bell numbers via normal
ordering expressions of creation and annihilation operators
(see [12,13]).

4. Further Generalization

The r-Whitney numbers of the second kind [17],
denoted by W, (nk), are certain extension of
noncentral Stirling numbers. In particular,
Sa(n,k)=W;_,(n,k). Properties of noncentral Stirling
numbers of the second kind can be deduced from those of
r-Whitney numbers of the second kind by taking m=1
and r=-a . One may see [17] for a more detailed
discussion of r-Whitney numbers of the second kind.

The Dowling numbers, denoted by Dy, (n), were

defined as the sum of Whitney numbers of the second kind
(see [2,3]). Hence, one may define the r-Dowling numbers,

say denoted by Dy, (n), as

= Zn:Wmﬁr(n,k). (14)
k=0

These numbers are equivalent to (r, §)-Bell numbers [7]
and they are certain extension of non-central Bell numbers.

In fact, B, (n)=Dy_,(n).

On the other hand, the (r, B)-Bell numbers, denoted by
Gp,p,r » Were shown to have the following Hankel

transform [7]

n n+1j
- s
det(G,Hﬁ’r)OSi’Kn ;‘[ kl= nt.  (15)

This Hankel transform has been shown using the same
method employed to obtain the above alternative solution
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for the Hankel transform of B, (n). In this section, we are

going to give an alternative proof for (15) following the
method in doing the first proof for the Hankel transform of

B, (n).

Let M =(ay ) be the infinite lower triangular matrix
defined recursively by,

Ak =an g k-1 +(BK+T+1)an 1k
+B(k+1)an 1k

if k>0, and a, =0 if
n < k. Then we have the following lemma.
Lemma 4.1. Let @y (y) be the exponential generating
function of the kth column of matrix M , that is,

o0
_ y"
=2 &gy
n=0

(16)

where n>1la5y =13y, =0

Then

eﬁ—l(eﬂy—1)+ry ) (eﬂy _1)k

T 17

Dy (y)=

where k>0 and @ (y . That is, the 0-

Z Cyrpmy
column entries of M are Gy,rﬁ, n=012,....
Proof. Using the recurrence relation in (16), we obtain

Zank

= (n- 1)
ynl ynl
a, Ak-17 v ﬁk+r+1 a 1k
R e R DR
n-1
k 1
+ r]Z;,)an—lk+1(n 1)

This implies that

D (y) = Py_1 (¥)+(Bk+1+1) Dy (y)
+B(k+1) Dy (y)-

eV(eﬂy —1)k

LRk!
left-hand side of (18) yields

(18

With @ (y)= V=p1(efY -1)+ry , the

- By _ k-1
oy ()= e (271

B
o (pp-tesy 1)l AP A (e/:kkll)

_ eﬁ—l(eﬂ)’—l)+ry _ (eﬂy _1)k_1
- SR (k-1)!
ﬁ—l(eﬂY—l)Hy .(eﬂy _1)k
BRK]
ﬂ_l(eﬂy—l)Hy .(e,By _1)k o
BRK1

-epfy
-eBy

+€

+e

While the right-hand side of (18) gives
Dy1 () +(Bk+r+1) Dy (y)+B(k+1) Py (y)

ev (e/J’y —1)k_1 ev (eﬁy —1)k
:m+(ﬁk+r+l)w
eV (eﬁ'y _1)k+1
+p(k +1)—/3k+1(k+1)!

e (e/)’y —1)k_1 2\ (eﬂy —1)k v (eﬂy _1)k
TUAKI(k-1) ¢ pRI(k-1)l Bk
Vv — k \", _ k _
+e (eﬂy 1) 'He (eﬂy 1) (eﬂy 1)
KK KK
e (eﬂy —1)"—l I\ (eﬂy _1)k‘1(eﬂy _1)

AR (k-1)! " Bk (k-1)!
V k V _ k
+e (eﬁy —1) e (eﬂy 1) ey
BRK! BRK!
\") _ k \"} — k
+e (eﬂy 1) e (eﬁ’y 1)
BRK! BRKI
e (eﬁ’y —1)k_1 ev (eﬁy —1)k_1
COpkL(k-1)r pRL(k-1)!
gV (eﬂy —1)k_l ey eV (eﬂy —1)k
S (k-1)! Bkl
v kK
+e (eﬂy 1) eBy
KK
ﬁ—l(eﬂY—1)+ry (eﬂy _1)k71 By
=e mﬂe
—{ePY-1)+r efy -1 ‘
+(ﬁ/§’—1eﬂy +1)eﬁ Hehy-1) y.(ﬁT!)

ﬂfl(eﬁ)’—l)ﬂy . (e,By _1)k_l

,kal(k —1)!

ﬂ—l(eﬂY—1)+ry .(eﬁy _1)k
BRK]

ﬂ—l(eﬂY—l)Hy .(eﬁy _1)k )
BRK1

+e .eBy

+e

k

ﬂ—l(eﬁyfl)wy ) (eﬂy _1)
Bkk!

where k>0, is a unique solution to the differential

equation (18). Thus, the exponential generating function
of the kth column of M is given by

which shows that the function e

pY(ePY-)rry (e )

Bkk!
Lemma 4.2. Let w, be the nth row of M :(an,k).
Define

Oy (y)=e
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Wn oWy = z an,kam,kﬂkk!-
k=0

Then Wy oWy =ap,mo =Gnimr,g forallnandm.
Proof. By induction, if n = 0 we have

Wo © Wy = z aO,kam,kﬂkk!-
k>0

Since QP = 0vk >0,

Wo © Wiy = 89 08m 020! = ag gam o
=8pimo0 = Gn,O,ﬁvm-

Suppose that Wy oWy =a,,y,o holds for p<n-1 and
all m. Then by (16)
Wn oW = Z aO,kam,kﬁkk!
k=0
an_j_,k_l +(ﬁk +r +1)an_1'k

g') +B(k+1)ay 11 "

= an gk a@mk BRI+ D (BR+Tr+1)a, g g an k BRK!
k>0 k=0

+ 2 Bk+1)an g kia@m kBRKL
k>0

By interchanging and reindexing the summation, we have

Wo © W = Z a1 k+1-18m k18 Tk +1!

k>-1
+ 2 (BT +1)ag g g k AHK!
k>0
+ > an_1k@m k-15KK!
k>1
= 2 gkt (k+1)!
k=0
+ 2 (Bk+r+1)ay g an Bk
k>0
+ 2 a1k @mk-18KK!
k>0

a ’k_1+(ﬂk+r+l)a K
-y ™ ek BRKL
ol +B(k Jrl)am,kJrl
By (16),

Wo o Wiy = D 8myq an_1 k BKKL
k>0

By the inductive hypothesis,
Wo W = 8m114n-1,0 = @n4m,0 = Gn+m,r,,b’-

Theorem 4.3. The (r, £)-Bell numbers have the Hankel
Transform

Gorp Curp  Gorp Gnrp
Girp Gorp  Garp Gniir,p
Gn,r,ﬁ Gn+1,r,/5’ Gn+2,r,ﬁ GZn,r,ﬂ

= ﬁﬁjj!: ﬂ[n;ljn!!
j=0

where G =B, (Bell numbers) and G, _,; =B, (n)

(Non-central Bell numbers).
Proof. Let M, be the lower triangular submatrix of

M consisting of the rows and columns numbered 0 to n.
Then M,, is a matrix with diagonal 1. It follows that

detM,, =1. This implies that the determinant of upper
triangular submatrix M|l is one; that is, detM[ =1. Let

M, :(ﬁij!aiyj) Then

0<i,j<n’
detM,, =H,BJj!.
j=0
By Theorem 4.2,
M, M

i =(bi'j )Osi,an

n
where by j = Zai,kaj,kﬂjj!=ai+j,0 =Gitjrp-
k=0

That is,
M, -MT =(Gi+j,rﬁ)osi,jsn
Thus,
det(My - M ) =(detMy )-(detM{ )
) (n+lj
:Hﬁjj':ﬂ 2 n”

j=0
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