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Abstract

Touchard generalized the Bell polynomials in order to give some combinatorial

interpretation on permutations. Chrysaphinou introduced and studied a class of poly-

nomials related to Touchard’s generalization. In the present paper, we establish some

relations between Touchard polynomials, Bell polynomials and the polynomials of bi-

nomial type. Several identities and relations with Stirling numbers are obtained.

1 Introduction

Among the partition polynomials, the partial Bell polynomials, introduced by Bell [3], play
an important role in different application frameworks. Several properties and identities
are given, see [5, 7, 9, 10]. Another partition polynomials, called Touchard polynomials,
introduced by Touchard [11], present an extension of the partial Bell polynomials. Some
algebraic, combinatorial and probabilistic properties of these polynomials are studied by
Touchard [11], Chrysaphinou [6], Charalambides [5], Kuzmin and Leonova [8]. In this paper,
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we give some relations between Touchard polynomials and partial Bell polynomials. We
exploit these relations and the polynomials of binomial type to derive some identities for
these polynomials.

In this context, let (xi; i ≥ 1) and (yi; i ≥ 1) be two sequences of real numbers. The
Touchard polynomials

Tn,k(xj; yj) := Tn,k(x1, . . . , xn; y1, . . . , yn), n ≥ k ≥ 0,

are defined by their bivariate generating function

∑

n≥0

n∑

k=0

Tn,k(xj; yj)u
k tn

n!
= exp

(

u
∑

i≥1

xi
ti

i!
+
∑

i≥1

yi
ti

i!

)

.

The vertical generating function of Touchard polynomials, for fixed k, is given by

∑

n≥k

Tn,k(xj; yj)
tn

n!
=

1

k!

(
∑

i≥1

xi
ti

i!

)k

exp

(
∑

i≥1

yi
ti

i!

)

, k = 0, 1, . . . .

The partial Bell polynomials are given by

Bn,k(xj) := Bn,k(x1, . . . , xn) = Tn,k(x1, . . . , xn; 0, . . . , 0), n ≥ k ≥ 0.

The polynomials of binomial type (fn(x)) are defined by

∑

n≥0

fn(x)
un

n!
=

(
∑

n≥0

fn(1)
un

n!

)x

, with f0(x) = 1 and f1(x) 6= 0 for x 6= 0.

For a real number a we consider in the following the sequence (fn(x; a)) defined by

fn(x; a) :=
x

an + x
fn (an + x) .

The sequence (fn(x; a)) is also of binomial type, see [9], and for more details on sequences
of binomial type see [1].
We use the following notation and hypothesis:

D ≡ d
dx

, Dk ≡ dk

dxk , Dk
x=x0

≡ dk

dxk |x=x0
.

For n < 0, we set fn(x) = 0, Tn,k(xj; yj) = 0 and Bn,k(xj) = 0.
For x ∈ R, where R is the set of real numbers, we set

(
x

k

)

:=
x(x − 1) · · · (x − k + 1)

k!
for k = 1, 2, . . . ,

(
x

0

)

= 1 and

(
x

k

)

= 0 otherwise.

Also, for all nnnegative integers n,m we put

1(m|n) =

{

1, if m divides n;

0, otherwise;
and 1(n≥m) =

{

1, if n ≥ m;

0, otherwise.
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2 The main results

In this section, we establish some relations between the Touchard polynomials, partial Bell
polynomials and polynomials of binomial type. Furthermore, we use these relations to de-
velop several identities for Touchard polynomials. We start with the following theorem:

Theorem 1. Let n, k,m be integers such that n ≥ k ≥ 1,m ≥ 1; a be a real number and

(xn) be a sequence of real numbers. Then

Tn,k

(

xj; −m(j − 1)!aj/m1(m|j)

)

= Bn,k(xj) − am!

(
n

m

)

Bn−m,k(xj).

Proof. Let yn = −m(n − 1)!an/m1(m|n).

For a = 0 the theorem is trivial, otherwise, for |t| < |a|−1/m we have

exp

(
∑

i≥1

yi
ti

i!

)

= exp

(

−
∑

j≥1

aj t
mj

j

)

= exp(ln(1 − atm)) = 1 − atm.

Then

∑

n≥k

Tn,k(xj; yj)
tn

n!
=

1

k!

(
∑

i≥1

xi
ti

i!

)k

exp

(
∑

i≥1

yi
ti

i!

)

=
1

k!

(
∑

i≥1

xi
ti

i!

)k

(1 − atm)

=
∑

n≥k

(

Bn,k(xj) − a
n!

(n − m)!
Bn−m,k(xj)

)
tn

n!
.

Hence the theorem is proved.

If we set xn = nfn−1(x; b) in Theorem 1 and use Proposition 1 of [9], we obtain:

Corollary 2. Let (fn(x)) be a sequence of binomial type of polynomials. We have

Tn,k

(

jfj−1(x; b); −m(j − 1)!aj/m1(m|j)

)

=
n!

k!

(

fn−k(kx; b)

(n − k)!
− a

fn−m−k(kx; b)

(n − m − k)!

)

.

Example 3. For fn(x) = xn in Corollary 2 we get

Tn,k

(

jx(b(j − 1) + x)j−2; −m(j − 1)!aj/m1(m|j)

)

= x
n!

(k − 1)!

(

(b(n − k) + kx)n−k−1

(n − k)!
− a

(b(n − m − k) + kx)n−m−k−1

(n − m − k)!
1(n≥m+k)

)

,
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and for fn(x) = n!
(

x
n

)
in Corollary 2 we get

Tn,k

(

xj!

(
b(j−1)+x

j−1

)

b(j − 1) + x
; −m(j − 1)!aj/m1(m|j)

)

= x
n!

(k − 1)!

( (
b(n−k)+kx

n−k

)

b(n − k) + kx
− a

(
b(n−m−k)+kx

n−m−k

)

b(n − m − k) + kx
1(n≥m+k)

)

.

As above, for particular cases of Touchard polynomials, the following proposition gives
another expression in term of polynomials of binomial type.

Proposition 4. Let b, α be two real numbers and (fn(x)) be a sequence of binomial type of

polynomials. We have

Tn,k

(

jfj−1(x); αDfj(0)

)

=

(
n

k

)

fn−k(kx + α),

or more generally

Tn,k

(

jx
fj−1(b(j − 1) + x)

b(j − 1) + x
; α

fj(bj)

bj

)

=

(
n

k

)

(kx + α)
fn−k(b(n − k) + kx + α)

b(n − k) + kx + α
, b 6= 0.

Proof. Let

1 +
∑

n≥1

fn(x)
tn

n!
= exp

(

x
∑

i≥1

yi
ti

i!

)

be the exponential generating function of the sequence (fn(x)) and xn = nfn−1(x).
Necessarily yn = Dfn(0). We have

∑

n≥k

Tn,k

(

xj; αyj

)
tn

n!
=

1

k!

(
∑

i≥1

xi
ti

i!

)k

exp

(

α
∑

i≥1

yi
ti

i!

)

=
tk

k!
exp

(

(kx + α)
∑

i≥1

yi
ti

i!

)

=
tk

k!

∑

n≥0

fn(kx + α)
tn

n!

=
∑

n≥k

(
n

k

)

fn−k(kx + α)
tn+k

n!
.

Then, we obtain

Tn,k

(

jfj−1(x); αDfj(0)

)

=

(
n

k

)

fn−k(kx + α).

To finish the proof, replace fn(x) by fn(x; b) in the last identity.
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Example 5. For fn(x) = xn in Proposition 4 we get

Tn,k

(

xj(b(j − 1) + x)j−2; α(j − 1)(bj)j−2

)

=

(
n

k

)

(kx + α)(b(n − k) + kx + α)n−k−1,

and for fn(x) = n!
(

x
n

)
in Proposition 4 we get

Tn,k

(
j!x

b(j − 1) + x

(
b(j − 1) + x

j − 1

)

; α(−1)j−1(j − 1)!

)

=
n!

k!

kx + α

n(n − k) + kx + α

(
n(n − k) + kx + α

n − k

)

.

Hence we may state the following:

Corollary 6. Let r, s, p be a nonnegative integers, r ≥ 1, and (xn) be a sequence of real

numbers with x1 = 1. We have

Tn,k

(
js

(r(j − 1) + s)

B(r+1)(j−1)+s, r(j−1)+s(xi)
(
(r+1)(j−1)+s

r(j−1)+s

) ;
p

rj

B(r+1)j, rj(xi)
(
(r+1)j

rj

)

)

=

(
n

k

)
ks + p

r(n − k) + ks + p

B(r+1)(n−k)+ks+p, r(n−k)+ks+p(xi)
(
(r+1)(n−k)+ks+p

r(n−k)+ks+p

) .

Proof. For x2 6= 0, let {fn(x)} be a sequence of binomial type such that fn(1) = xn+1

n+1
.

From the known identity Bn,k(jfj−1(1)) =

(
n

k

)

fn−k(k) we get

fn(k) =

(
n + k

k

)−1

Bn+k,k(xi), n ≥ 0, k ≥ 1.

Take b = r, x = s and α = p in Proposition 4 to get

Tn,k

(

js
fj−1(r(j − 1) + s)

r(j − 1) + s
; p

fj(rj)

rj

)

=

(
n

k

)

(ks + p)
fn−k(r(n − k) + ks + p)

r(n − k) + ks + p
.

Therefore, it suffices to use the identity fn(k) =
(

n+k
k

)−1
Bn+k,k(xi) to express in the last

identity fi−1(r(i − 1) + s) and fn−k(r(n − k) + ks + p) by the partial Bell polynomials.
For the case x2 = 0 the corollary remains true by continuity.

Example 7. By Corollary 6 and the identity Bn,k(1!, 2!, . . . , (q + 1)!, 0, . . .) = n!
k!

(
k

n−k

)

q
, see

[2], we get

Tn,k

(
j!s

r(j − 1) + s

(
r(j − 1) + s

j − 1

)

q

;
(j − 1)!p

r

(
rj

j

)

q

)

=
n!

k!

ks + p

r(n − k) + ks + p

(
r(n − k) + ks + p

n − k

)

q

,

where

(
k

n

)

q

is the coefficients defined by (1 + x + x2 + · · · + xq)k =
∑

n≥0

(
k
n

)

q
xn.

Also, for xn = 1, xn = (−1)n−1(n − 1)!, xn = (n − 1)! or xn = n! we get identities related
Touchard polynomials to Stirling numbers of the first and second kind.
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The following two propositions give relations between Touchard polynomials and the
successive derivatives of polynomials of binomial type.

Proposition 8. Let b be a real number, b 6= 0, and (fn(x)) be a sequence of binomial type

of polynomials. We have

Tn,k

(

Dfj(0); xDfj(0)

)

=
1

k!
Dkfn(x),

or more generally

Tn,k

(
fj(bj)

bj
; x

fj(bj)

bj

)

=
1

k!
Dk

(
x

bn + x
fn(bn + x)

)

.

Proof. Let (fn(x)) be a sequence of binomial type defined as in the proof of Proposition 4
and xn = nfn−1(x). We have yn = Dfn(0) and

∑

n≥k

Dkfn(x)
tn

n!
=

(
∑

i≥1

yi
ti

i!

)k

exp

(

x
∑

i≥1

yi
ti

i!

)

= k!
∑

n≥k

Tn,k(yj; xyj)
tn

n!
.

Then

Tn,k

(

yj; xyj

)

= Tn,k

(

Dfj(0); xDfj(0)

)

=
1

k!
Dkfn(x).

After that, replace fn(x) by fn(x; b) in the last identity.

Example 9. For fn(x) = xn in Proposition 8 we get

Tn,k

(

(bj)j−1; x(bj)j−1

)

=
n!

(k!)2
(bn + x)n−k−1(b(n − 1) + x),

and for fn(x) = n!
(

x
n

)
in Proposition 8 we get

Tn,k

(
j!

bj

(
bj

j

)

; x
j!

bj

(
bj

j

))

=
n!

k!
Dk

(
x

bn + x

(
bn + x

n

))

.

Proposition 10. Let b, α, β be real numbers, r be a positive integer and (fn(x)) be a sequence

of binomial type of polynomials. We have

Tn,k

(

jDr
z=0(e

βzfj−1(x + z)); αDfj(0)

)

=
(kr)!

k!
Tn,kr

(

β1(j=1) + jDfj−1(0)1(j≥2); (kx + α)Dfj(0)

)

,

or more generally,

Tn,k

(

jDr
z=0(

(x + z)fj−1(b(j − 1) + x + z)

b(j − 1) + x + z
eβz); α

fj(bj)

bj

)

=
(kr)!

k!
Tn,kr

(

β1(j=1) + j
fj−1(b(j − 1))

b(j − 1)
1(j≥2); (kx + α)

fj(bj)

bj

)

.
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Proof. Let (fn(x)) be a sequence of binomial type defined as in the proof of Proposition 4
and xn = nDr

z=0(e
βzfn−1(x + z)). We have yn = Dfn(x)(0) and

1

k!

(
∑

i≥1

xi
ti

i!

)k

=

(
∑

i≥1

iDr
z=0

(

eβzfi−1(x + z)

)
ti

i!

)k

=
tk

k!
F (t)kx(Dr

z=0(e
βzF (t)z))k

=
tk

k!
F (t)kx(β + ln F (t))kr

=
tk

k!
Dkr

z=0(e
βzF (t)kx+z)

=
1

k!

(

βt +
∑

i≥2

iyi−1
ti

i!

)kr

exp

(

kx
∑

i≥1

yi
ti

i!

)

.

Then

∑

n≥k

Tn,k

(

xj; αyj

)
tn

n!
=

1

k!

(
∑

i≥1

xi
ti

i!

)k

exp

(

α
∑

i≥1

yi
ti

i!

)

=
1

k!

(

βt +
∑

i≥2

iyi−1
ti

i!

)kr

exp

(

(kx + α)
∑

i≥1

yi
ti

i!

)

=
(kr)!

k!

∑

n≥k

Tn,kr

(

β1(j=1) + jyj−11(j≥2); (kx + α)yj

)
tn

n!
.

Then, we obtain

Tn,k

(

jDr
z=0(e

βzfj−1(x + z)); αDfj(0)

)

=
(kr)!

k!
Tn,kr

(

β1(j=1) + jyj−11(j≥2); (kx + α)Dfj(0)

)

.

To finish the proof, replace fn(x) by fn(x; b) in the last identity.

Example 11. For fn(x) = xn in Proposition 10 we get

Tn,k

(

jDr
z=0((x + z)(b(j − 1) + x + z)j−2eβz); α(bj)j−1

)

=
(kr)!

k!
Tn,kr

(

β1(j=1) + j(b(j − 1))j−21(j≥2); (kx + α)(bj)j−1

)

.

Proposition 12. Let (xn) and (yn) be two sequences of real numbers and r be a positive

integer. We have

Bn,k

(
r

(
j+r−1
r−1

)Tj+r−1,r(xi; yi)

)

=

(
kr
k

)

(
n+(r−1)k

(r−1)k

)Tn+(r−1)k,kr(xi; kyi)
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Proof. Starting with the vertical generating function of Touchard polynomials to get

(
∑

n≥r

Tn,r(xi; yi)
tn

n!

)k

=
1

(r!)k

(
∑

i≥1

xi
ti

i!

)kr

exp

(

k
∑

i≥1

yi
ti

i!

)

=
(kr)!

(r!)k

∑

n≥kr

Tn,kr(xi; kyi)
tn

n!
.

Then

Tn,kr(xi; kyi) =
(r!)kk!

(kr)!
Bn,k

(

0, . . . , 0
︸ ︷︷ ︸

r−1

, Tr,r(xi; yi), Tr+1,r(xi; yi), . . .

)

,

and from [5, p. 450] we have

Bn,k

(

0, . . . , 0, ar, ar+1, . . .

)

=
n!

(n − (r − 1)k)!
Bn−(r−1)k,k

(
i!ai+r−1

(i + r − 1)!

)

.

Then

Tn,kr(xj; kyj) =
(r!)kn!k!

(kr)!(n − (r − 1)k)!
Bn−(r−1)k,k

(
j!

(r − 1 + j)!
Tr−1+j,r(xi; yi)

)

.

Change n by n + (r − 1)k to finish the proof.

Example 13. Let r, s, p, q be nonnegative integers with q ≥ 1.
Use Application 7 in Proposition 12 to obtain

Bn,k

(
j!(rs + p)

r(j − 1) + rs + p

(
r(j − 1) + rs + p

j − 1

)

q

)

=
n!

k!

k(rs + p)

r(n − k) + k(rs + p)

(
r(n − k) + k(rs + p)

n − k

)

q

.

From the identity Tn,r(i!; (i − 1)!s) = n!
r!

(
n+s−1
r+s−1

)
given in [5, p. 453] we obtain

Bn,k

(

j!

(
j + r + s − 2

r + s − 1

))

=
n!

k!

(
n + k(r + s − 1) − 1

k(r + s) − 1

)

.

From Theorems 15 and 16 given in [4] we have

Tn,r((i − 1)!; (i − 1)!s) =

[
n + s

r + s

]

s

and Tn,r(1; s1(i=1)) =

{
n + s

r + s

}

s

.

These identities and Proposition 12 give

Bn,k

(
r

(
j+r−1
r−1

)

[
j + r + s − 1

r + s

]

s

)

=

(
kr
k

)

(
n+(r−1)k

(r−1)k

)

[
n + (r + s − 1)k

(r + s)k

]

ks

,

Bn,k

(
r

(
j+r−1
r−1

)

{
j + r + s − 1

r + s

}

s

)

=

(
kr
k

)

(
n+(r−1)k

(r−1)k

)

{
n + (r + s − 1)k

(r + s)k

}

ks

.
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