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Recently, the authors introduced some generalizations of the Apostol–Bernoulli polynomi-
als and the Apostol–Euler polynomials (see [Q.-M. Luo, H.M. Srivastava, J. Math. Anal. Appl.
308 (2005) 290–302] and [Q.-M. Luo, Taiwanese J. Math. 10 (2006) 917–925]). The main
object of this paper is to investigate an analogous generalization of the Genocchi polyno-
mials of higher order, that is, the so-called Apostol–Genocchi polynomials of higher order.
For these generalized Apostol–Genocchi polynomials, we establish several elementary
properties, provide some explicit relationships with the Apostol–Bernoulli polynomials
and the Apostol–Euler polynomials, and derive various explicit series representations in
terms of the Gaussian hypergeometric function and the Hurwitz (or generalized) zeta func-
tion. We also deduce their special cases and applications which are shown here to lead to
the corresponding results for the Genocchi and Euler polynomials of higher order. By
introducing an analogue of the Stirling numbers of the second kind, that is, the so-called
k-Stirling numbers of the second kind, we derive some basic properties and formulas
and consider some interesting applications to the family of the Apostol type polynomials.
Furthermore, we also correct an error in a previous paper [Q.-M. Luo, H.M. Srivastava, Com-
put. Math. Appl. 51 (2006) 631–642] and pose two open problems on the subject of our
investigation.

� 2010 Elsevier Inc. All rights reserved.
1. Introduction, Definitions and Motivation

Throughout this paper, we use the following standard notations:
N :¼ f1;2;3; . . .g; N0 :¼ f0;1;2;3; . . .g ¼ N [ f0g and Z� :¼ f�1;�2;�3; . . .g ¼ Z�0 n f0g:
Also, as usual, Z denotes the set of integers, R denotes the set of real numbers and C denotes the set of complex numbers.
Furthermore,
fkg0 ¼ 1 and fkgk ¼ kðk� 1Þ � � � ðk� kþ 1Þ ðk 2 N0; k 2 CÞ
denotes the falling factorial and
ðkÞ0 ¼ 1 and ðkÞk ¼ kðkþ 1Þ � � � ðkþ k� 1Þ ðk 2 N0; k 2 CÞ
denotes the rising factorial.
. All rights reserved.

. Luo), harimsri@math.uvic.ca (H.M. Srivastava).

http://dx.doi.org/10.1016/j.amc.2010.12.048
mailto:luomath2007@163.com
mailto:harimsri@math.uvic.ca
http://dx.doi.org/10.1016/j.amc.2010.12.048
http://www.sciencedirect.com/science/journal/00963003
http://www.elsevier.com/locate/amc


Q.-M. Luo, H.M. Srivastava / Applied Mathematics and Computation 217 (2011) 5702–5728 5703
The classical Bernoulli polynomials Bn(x), the classical Euler polynomials En(x) and the classical Genocchi polynomials
Gn(x), together with their familiar generalizations BðaÞn ðxÞ; EðaÞn ðxÞ and GðaÞn ðxÞ of (real or complex) order a, are usually defined
by means of the following generating functions (see, for details, 41, pp. 532–533 and 43, p. 61 et seq; see also [44] and the
references cited therein):
z
ez � 1

� �a
� exz ¼

X1
n¼0

BðaÞn ðxÞ
zn

n!
ðjzj < 2p; 1a :¼ 1Þ; ð1Þ

2
ez þ 1

� �a

� exz ¼
X1
n¼0

EðaÞn ðxÞ
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n!
ðjzj < p; 1a :¼ 1Þ ð2Þ
and
2z
ez þ 1

� �a

� exz ¼
X1
n¼0

GðaÞn ðxÞ
zn

n!
ðjzj < p; 1a :¼ 1Þ; ð3Þ
so that, obviously, the classical Bernoulli polynomials Bn(x), the classical Euler polynomials En(x) and the classical Genocchi
polynomials Gn(x) are given, respectively, by
BnðxÞ :¼ Bð1Þn ðxÞ; EnðxÞ :¼ Eð1Þn ðxÞ and GnðxÞ :¼ Gð1Þn ðxÞ ðn 2 N0Þ: ð4Þ
For the classical Bernoulli numbers Bn, the classical Euler numbers En and the classical Genocchi numbers Gn of order n, we
have
Bn :¼ Bnð0Þ ¼ Bð1Þn ð0Þ; En :¼ Enð0Þ ¼ Eð1Þn ð0Þ and Gn :¼ Gnð0Þ ¼ Gð1Þn ð0Þ; ð5Þ
respectively.
Some interesting analogues of the classical Bernoulli polynomials and numbers were first investigated by Apostol [2, p.

165, Eq. (3.1)] and (more recently) by Srivastava [42, pp. 83–84]. We begin by recalling here Apostol’s definitions as follows.

Definition 1 (Apostol ½2�; see also Srivastava ½42�). The Apostol–Bernoulli polynomials
Bnðx; kÞ ðk 2 CÞ
are defined by means of the following generating function:
zexz

kez � 1
¼
X1
n¼0

Bnðx; kÞ z
n

n!
ð6Þ

ðjzj < 2p when k ¼ 1; jzj < j log kj when k – 1Þ
with, of course,
BnðxÞ ¼ Bnðx; 1Þ and BnðkÞ :¼ Bnð0; kÞ; ð7Þ
where BnðkÞ denotes the so-called Apostol–Bernoulli numbers.
Apostol [2] not only gave elementary properties of the polynomials Bnðx; kÞ, but also obtained the following interesting

recursion formula for the numbers BnðkÞ (see [2, p. 166, Eq. (3.7)]):
BnðkÞ ¼ n
Xn�1

k¼0

k!ð�kÞk

ðk� 1Þkþ1 Sðn� 1; kÞ ðn 2 N0; k 2 C n f1gÞ; ð8Þ
where S(n,k) denotes the Stirling numbers of the second kind defined by means of the following expansion (see [9, p. 207,
Theorem B]):
xn ¼
Xn

k¼0

x

k

� �
k! Sðn; kÞ; ð9Þ
so that
Sðn;0Þ ¼ dn;0; Sðn;1Þ ¼ Sðn;nÞ ¼ 1 and Sðn;n� 1Þ ¼
n

2

� �
; ð10Þ
dn,k being the Kronecker symbol.
Recently, Luo and Srivastava [35] further extended the Apostol–Bernoulli polynomials as the so-called Apostol–Bernoulli

polynomials of order a. Luo [29], on the other hand, gave an analogous extension of the generalized Euler polynomials as the
so-called Apostol–Euler polynomials of order a.

Definition 2 (cf. Luo and Srivastava ½35�). The Apostol–Bernoulli polynomials
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BðaÞn ðx; kÞ ðk 2 CÞ
of (real or complex) order aare defined by means of the following generating function:
z
kez � 1

� �a
� exz ¼

X1
n¼0

BðaÞn ðx; kÞ z
n

n!
ð11Þ

ðjzj < 2p when k ¼ 1; jzj < j log kj when k – 1Þ
with, of course,
BðaÞn ðxÞ ¼ B
ðaÞ
n ðx; 1Þ and BðaÞn ðkÞ :¼ BðaÞn ð0; kÞ; ð12Þ
where BðaÞn ðkÞ denotes the so-called Apostol–Bernoulli numbers of order a.
Definition 3 (cf. Luo ½29�). The Apostol–Euler polynomials
EðaÞn ðx; kÞ ðk 2 CÞ
of (real or complex) order a are defined by means of the following generating function:
2
kez þ 1

� �a

� exz ¼
X1
n¼0

EðaÞn ðx; kÞ z
n

n!

�
jzj < j logð�kÞj

�
ð13Þ
with, of course,
EðaÞn ðxÞ ¼ E
ðaÞ
n ðx; 1Þ and EðaÞn ðkÞ :¼ EðaÞn ð0; kÞ; ð14Þ
where EðaÞn ðkÞ denotes the so-called Apostol–Euler numbers of order a.
Remark 1. The constraints on jzj, which we have used in Definitions 1–3 above, are meant to ensure that the generating
functions in (6), (11) and (13) are analytic throughout the prescribed open disks in the complex z-plane (centred at the origin
z = 0) in order to have the corresponding convergent Taylor–Maclaurin series expansions (about the origin z = 0) occurring on
their right-hand sides (each with a positive radius of convergence). Moreover, throughout this investigation, logz is tacitly
assumed to denote the principal branch of the many-valued function log z with the imaginary part I log zð Þ constrained by
�p < Iðlog zÞ5p. More importantly, throughout this presentation, wherever jlogkj and jlog(�k)j appear as the radii of the
open disks in the complex z-plane (centred at the origin z = 0) in which the defining generating functions are analytic, it
is tacitly assumed that the obviously exceptional cases when k = 1 and k = �1, respectively, are to be treated separately.
Naturally, therefore, the corresponding constraints on jzj in the earlier investigations (see, for example, [2,29,35,36,42])
should also be modified accordingly.
Remark 2. The classical Euler numbers eEn are usually defined by means of the following generating function (see, for
example, [43, p. 64, Eq. 1.6 (40)]):
2ez

e2z þ 1
¼ sechz ¼

X1
n¼0

eEn
zn

n!
jzj < p

2

� �
; ð15Þ
which, when compared with the generating function in (2), yields the following relationships [cf. Eq. (5)]:
eEn ¼ 2nEn
1
2

� �
¼ 2nEð1Þn

1
2

� �
ð16Þ
with the Euler numbers En and the Euler polynomials EðaÞn ðxÞ used in this paper. For the Apostol–Euler numberseEðaÞn ðkÞ ðk 2 CÞ of order a, which correspond to the classical Euler numbers eEn, Luo [29] made use of the following definition:
2ez

ke2z þ 1

� �a

¼
X1
n¼0

eEðaÞn ðkÞ
zn

n!
jzj < 1

2
j logð�kÞj

� �
: ð17Þ
However, for the sake of simplicity of the results presented in this paper, we find it to be convenient to use the Apostol–
Euler numbers EðaÞn ðkÞ ðk 2 CÞ of order a, corresponding to the Euler numbers En, which are defined by means of the following
generating function [cf. Eq. (14)]:
2
kez þ 1

� �a

¼
X1
n¼0

EðaÞn ðkÞ
zn

n!

�
jzj < j logð�kÞj

�
: ð18Þ
Of course, if and when it is needed, the interested reader will find it to be fairly straightforward to apply the following explicit
relationships between the Apostol–Euler numbers
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EðaÞn ðkÞ ðk 2 CÞ and eEðaÞn ðkÞ ðk 2 CÞ
in order to convert any of these results into their desired forms.
EðaÞn ðkÞ ¼ EðaÞn ð0; kÞ
 eEðaÞn ðkÞ ¼ 2nEðaÞn
a
2 ; k
� �
 eEðaÞn ðkÞ ¼
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n
k

� �
2kan�kEðaÞk ðkÞ� �
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 eEnðkÞ ¼ 2nEn
1
2 ; k
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2
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 eEðaÞn ¼
Pn
k¼0

n
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1
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� �
 eEn ¼
Pn
k¼0

n
k 2kEk
Since the publication of the works by Luo and Srivastava (see [28,29,35,36]), many further investigations of the above-
mentioned Apostol type polynomials have appeared in the literature. Boyadzhiev [4] gave some properties and representa-
tions of the Apostol–Bernoulli polynomials and the Eulerian polynomials. Garg et al. [11] studied the Apostol–Bernoulli poly-
nomials of order a and obtained some new relations and formulas involving the Apostol type polynomials and the Hurwitz
(or generalized) zeta function f(s,a) defined by (21) below. Luo (see [30,31]) obtained the Fourier expansions and integral
representations for the Apostol–Bernoulli and the Apostol–Euler polynomials, and gave the multiplication formulas for
the Apostol–Bernoulli and the Apostol–Euler polynomials of order a. Prévost [39] investigated the Apostol–Bernoulli and
the Apostol–Euler polynomials by using the Padé approximation methods. Wang et al. (see [47,48]) further developed some
results of Luo and Srivastava [36] and obtained some formulas involving power sums of the Apostol type polynomials. Zhang
and Yang [50] gave several identities for the generalized Apostol–Bernoulli polynomials. On the other hand, Cenkci and Can
[5] gave a q-analogue of the Apostol–Bernoulli polynomials Bnðx; kÞ. Choi et al. [7] gave the q-extensions of the Apostol–Ber-
noulli polynomials of order a and the Apostol–Euler polynomials of order a (see also [8]). Hwang et al. [16] and Kim et al.
[21] also gave q-extensions of Apostol’s type Euler polynomials.

On the subject of the Genocchi polynomials Gn(x) and their various extensions, a remarkably large number of investiga-
tions have appeared in the literature (see, for example, [6,8,13–15,17–20,22–24,27,32–34,38,49]; see also the references ci-
ted in each of these works). Moreover, Luo (see [32,34]) introduced and investigated the Apostol–Genocchi polynomials of a
(real or complex) order a, which are defined as follows.

Definition 4. The Apostol–Genocchi polynomials
GðaÞn ðx; kÞ ðk 2 CÞ
of (real or complex) order a are defined by means of the following generating function:
2z
kez þ 1

� �a

� exz ¼
X1
n¼0

GðaÞn ðx; kÞ z
n

n!

�
jzj < j logð�kÞj

�
ð19Þ
with, of course,
GðaÞn ðxÞ ¼ G
ðaÞ
n ðx; 1Þ; GðaÞn ðkÞ :¼ GðaÞn ð0; kÞ;

Gnðx; kÞ :¼ Gð1Þn ðx; kÞ and GnðkÞ :¼ Gð1Þn ðkÞ;
ð20Þ
where GnðkÞ; GðaÞn ðkÞ and Gnðx; kÞ denote the so-called Apostol–Genocchi numbers, the Apostol–Genocchi numbers of order a
and the Apostol–Genocchi polynomials, respectively.

The main object of this paper is to first present some elementary properties of the Apostol–Genocchi polynomials GðaÞn ðx; kÞ
of order a in Section 2. We derive several explicit series representations of GðaÞn ðx; kÞ in terms of the Gaussian hypergeometric
function in Section 3. We find some relationships between the various Apostol type polynomials in Section 4. We obtain the
series representations for the Apostol type polynomials involving the Hurwitz (or generalized) zeta function f(s,a) in Sec-
tion 5. We introduce the k-Stirling numbers Sðn; k; kÞ of the second kind, which aid us to prove some basic properties and
formulas in Section 6 in which we also pose two interesting open problems related to our present investigation. Finally,
in Section 7, we give some interesting applications of the k-Stirling numbers Sðn; k; kÞ of the second kind to the family of
the Apostol type polynomials. For example, by closely following the work of Srivastava [42] dealing with the special case
a = 1, we will derive various explicit series representations for
GðaÞn
p
q

; e2pin

� �
; GðlÞn

p
q

; e2pin

� �
; EðaÞn

p
q

; e2pin

� �
and E lð Þ

n
p
q

; e2pin

� �
ðq; l 2 N; p 2 Z; n 2 R; a 2 CÞ;
involving either the Stirling numbers S(n,k) of the second kind defined by (9) or the k-Stirling numbers Sðn; k; kÞ of the second
kind defined below by (97) and the Hurwitz (or generalized) zeta function f(s,a) defined by (cf. [3, p. 249] and [43, p. 88])
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fðs; aÞ :¼
X1
n¼0

1
ðnþ aÞs

RðsÞ > 1; a 2 C n Z�0
� �

; ð21Þ
so that
fðs;1Þ ¼: fðsÞ ¼ 1
2s � 1

f s;
1
2

� �
ð22Þ
for the Riemann zeta function f(s).

2. Elementary properties of the Apostol–Genocchi polynomials GðaÞn ðx; kÞ of order a

The following elementary properties of the Apostol–Genocchi polynomials GðaÞn ðx; kÞ of order a are readily derived from
(19). We, therefore, choose to omit the details involved.

Property 1. Special values of the Apostol–Genocchi polynomials (or the Apostol–Genocchi numbers) of order a:
GðaÞn ðkÞ ¼ G
ðaÞ
n ð0; kÞ; Gð0Þn ðx; kÞ ¼ xn;

Gð0Þn ðkÞ ¼ dn;0 and GðaÞ0 ðx; kÞ ¼ GðaÞ0 ðkÞ ¼ da;0 ðn 2 N0; a 2 CÞ;
ð23Þ
where dn,k denotes the Kronecker symbol.
Property 2. Summation formulas for the Apostol–Genocchi polynomials of order a:
GðaÞn ðx; kÞ ¼
Xn

k¼0

n

k

� �
GðaÞk ðkÞx

n�k ð24Þ
and
GðaÞn ðx; kÞ ¼
Xn

k¼0

n

k

� �
Gða�1Þ

n�k ðkÞGkðx; kÞ: ð25Þ
Property 3. Difference equation:
kGðaÞn ðxþ 1; kÞ þ GðaÞn ðx; kÞ ¼ 2nGða�1Þ
n�1 ðx; kÞ ðn 2 NÞ: ð26Þ
Property 4. Differential relations:
@

@x
GðaÞn ðx; kÞ
� 	

¼ nGðaÞn�1ðx; kÞ ðn 2 NÞ ð27Þ
and
@p

@xp
GðaÞn ðx; kÞ
� 	

¼ n!

ðn� pÞ!G
ðaÞ
n�pðx; kÞ ðn; p 2 N0; 0 5 p 5 nÞ: ð28Þ
Property 5. Integral formulas:
Z b

a
GðaÞn ðx; kÞdx ¼

GðaÞnþ1ðb; kÞ � GðaÞnþ1ða; kÞ
nþ 1

ð29Þ
and
 Z b

a
GðaÞn ðx; kÞdx ¼

Xn

k¼0

1
n� kþ 1

n

k

� �
GðaÞk ðkÞðb

n�kþ1 � an�kþ1Þ: ð30Þ
Property 6. Addition theorem of the argument:
GðaþbÞ
n ðxþ y; kÞ ¼

Xn

k¼0

n

k

� �
GðaÞk ðx; kÞGðbÞn�kðy; kÞ: ð31Þ
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Property 7. Complementary addition theorems:
GðaÞn ða� x; kÞ ¼ ð�1Þnþa

ka GðaÞn ðx; k�1Þ ð32Þ
and
GðaÞn ðaþ x; kÞ ¼ ð�1Þnþa

ka GðaÞn ð�x; k�1Þ: ð33Þ
Property 8. Recursion formulas:
ðn� aÞGðaÞn ðx; kÞ ¼ nxGðaÞn�1ðx; kÞ � ak
2
Gðaþ1Þ

n ðxþ 1; kÞ ð34Þ
and

a
2
Gðaþ1Þ

n ðx; kÞ ¼ nða� xÞGðaÞn�1ðx; kÞ þ ðn� aÞGðaÞn ðx; kÞ: ð35Þ
When we set a = 1, k = 1 and a = k = 1 in the formulas (23) to (32), we get the corresponding formulas for the Apostol–
Genocchi polynomials Gnðx; kÞ, the generalized Genocchi polynomials GðaÞn ðxÞ and the classical Genocchi polynomials Gn(x),
respectively.

3. Explicit representations involving the Gaussian hypergeometric function

By using Definition 4 in conjunction with the generating function (3), we have
X1
n¼0

GðlÞn ðx; kÞ z
n

n!
¼ e�x log k 2ðzþ log kÞ

ezþlog k þ 1

� �l z
zþ log k

� �l

exðzþlog kÞ ¼ e�x log k
X1
k¼0

GðlÞk ðxÞ
ðzþ log kÞk�lzl

k!

¼ e�x log k
X1
k¼0

GðlÞk ðxÞ
Xk

n¼0

k� l
n� l

� �
znðlog kÞk�n

k!
¼ e�x log k

X1
n¼0

zn

n!

X1
k¼0

nþ k� l
k

� �
nþ k

k

� ��1

GðlÞnþkðxÞ
ðlog kÞk

k!
;

which yields Lemma 1 below asserting a relationship between the Apostol–Genocchi polynomials GðlÞn ðx; kÞ of order l 2 N0

and the Genocchi polynomials GðlÞn ðxÞ of order l 2 N0.

Lemma 1. The following relationship holds true:
GðlÞn ðx; kÞ ¼ e�x log k
X1
k¼0

nþ k� l

k

� �
nþ k

k

� ��1

GðlÞnþkðxÞ
ðlog kÞk

k!
ðn; l 2 N0; k 2 CÞ: ð36Þ
By (13) and (19) (with a ¼ l 2 N0), we readily obtain Lemma 2 below.

Lemma 2. The following relationship holds true:
GðlÞn ðx; kÞ ¼ fnglE
ðlÞ
n�lðx; kÞ ¼ n!

ðn� lÞ! E
ðlÞ
n�lðx; kÞ ðn; l 2 N0; 0 5 l 5 n; k 2 CÞ ð37Þ
or, equivalently,
EðlÞn ðx; kÞ ¼ 1
fnþ lgl

GðlÞnþlðx; kÞ ¼ n!

ðnþ lÞ!G
ðlÞ
nþlðx; kÞ ðn; l 2 N0; k 2 CÞ ð38Þ
between the Apostol–Genocchi polynomial of order l and the Apostol–Euler polynomial of order n � l.

Moreover, since the parameter k 2 C, by comparing Definition 4 with our Definition, we are led easily to Lemma 3 below.

Lemma 3. The following relationship holds true:
GðaÞn ðx; kÞ ¼ ð�2ÞaBðaÞn ðx;�kÞ ða; k 2 C; 1a :¼ 1Þ ð39Þ
or, equivalently,
BðaÞn ðx; kÞ ¼ 1
ð�2Þa

GðaÞn ðx;�kÞ ða 2 C; 1a :¼ 1Þ ð40Þ
between the Apostol–Genocchi polynomials GðaÞn ðx; kÞ and the Apostol–Bernoulli polynomials BðaÞn ðx; kÞ.

Lemma 4 below follows easily from Lemma 2 and 3.
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Lemma 4. The following relationship holds true:
BðlÞn ðx; kÞ ¼ n!

ðn� lÞ!ð�2Þl
EðlÞn�lðx;�kÞ ðn; l 2 N0; 0 5 l 5 n; k 2 CÞ ð41Þ
or, equivalently,
EðlÞn ðx; kÞ ¼ n!ð�2Þl

ðnþ lÞ! B
ðlÞ
nþlðx;�kÞ ðn; l 2 N0; k 2 CÞ ð42Þ
between the Apostol–Bernoulli polynomial of order l and Apostol–Euler polynomial of order l.

In order to prove the main assertions in this section, we recall each of the following known results (see also the earlier
investigations on the subject of explicit hypergeometric representations by Todorov [46] and Srivastava and Todorov [45]).

Lemma 5 (Luo and Srivastava [35, p. 293, Lemma 1 (13)]). The Apostol–Euler polynomials EðaÞn ðx; kÞ of order aare represented
by
EðaÞn ðx; kÞ ¼ e�x log k
X1
k¼0

EðaÞnþkðxÞ
ðlog kÞk

k!
ðn 2 N0; k;a 2 CÞ ð43Þ
in terms of the Euler polynomials of order a.
Theorem A (Luo [29, p. 920, Theorem 1]). Each of the following explicit series representations holds true:
EðaÞn ðx; kÞ ¼ 2a
Xn

k¼0

n

k

� �
aþ k� 1

k

� �
kk

ðkþ 1Þaþk
�
Xk

j¼0

ð�1Þj
k

j

� �
jkðxþ jÞn�k

2F1 k� n; k; kþ 1;
j

xþ j

� �
ðn 2 N0; a 2 C; k 2 C n f�1gÞ ð44Þ
and
EðaÞn ðx; kÞ ¼ e�x log k
X1
k¼0

ðlog kÞk

k!

Xnþk

r¼0

1
2r

nþ k

r

� � aþ r � 1
r

� �
�
Xr

j¼0

ð�1Þj
r

j

� �
jrðxþ jÞnþk�r

2F1 r � n� k; r; r þ 1;
j

xþ j

� �
ðn 2 N0; a; k 2 CÞ; ð45Þ
where 2F1(a,b;c;z) denotes the Gaussian hypergeometric function defined by (cf., e.g., [1, p. 556 et seq.])
2F1ða; b; c; zÞ ¼ 2F1ðb; a; c; zÞ :¼
X1
n¼0

ðaÞnðbÞn
ðcÞn

zn

n!
ð46Þ

a; b 2 C; c 2 C n Z�0 ; jzj < 1; z ¼ 1 and Rðc � a� bÞ > 0; z ¼ �1 and Rðc � a� bÞ > �1
� �

:

We now state the main result in this section as Theorem 1 below.

Theorem 1. The following explicit series representations hold true:
GðlÞn ðx; kÞ ¼ 2ll!
n

l

� �Xn�l

k¼0

n� l

k

� �
lþ k� 1

k

� �
kk

kþ 1ð Þlþk
�
Xk

j¼0

ð�1Þj
k

j

� �
jkðxþ jÞn�k�l

2F1 lþ k� n; k; kþ 1;
j

xþ j

� �
ðn; l 2 N0; k 2 C n f�1gÞ ð47Þ
and
GðlÞn ðx; kÞ ¼ e�x log k
X1
k¼0

nþ k� l

k

� �
nþ k

k

� ��1 nþ k

l

� �
l!ðlog kÞk

k!
�
Xnþk�l

r¼0

1
2r

nþ k� l

r

� �
lþ r � 1

r

� �

�
Xr

j¼0

ð�1Þj
r

j

� �
jrðxþ jÞnþk�r�l

2F1 r þ l� n� k; r; r þ 1;
j

xþ j

� �
ðn; l 2 N0; k 2 CÞ; ð48Þ
where 2F1(a,b;c;z) denotes the Gaussian hypergeometric function defined by (46).
Proof. We make use of the relationship (37) in conjunction with (44) and (45) with, of course,
a ¼ l and n # n� l ðn; l 2 N0; 0 5 l 5 nÞ:
We thus readily obtain the assertions (47) and (48) of Theorem 1. h
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Corollary 1. The following explicit formula for the Apostol–Genocchi polynomials GðaÞn ðx; kÞ involving the Stirling numbers S(n,k) of
the second kind holds true:
GðlÞn ðx; kÞ ¼ 2ll!
Xn

k¼0

n
k

� �
k

l

� �Xk�l

j¼0

lþ j� 1
j

� �
j!ð�kÞj

ðkþ 1Þjþl
Sðk� l; jÞxn�k ðn; l 2 N0; k 2 C n f�1gÞ: ð49Þ
Further, by setting k = 1 in (49), we obtain the following explicit formula for the generalized Genocchi polynomials
GðlÞn ðxÞðl 2 N0Þ involving the Stirling numbers S(n,k) of the second kind:
GðlÞn ðxÞ ¼
Xn

k¼0

n

k

� �
k

l

� �Xk�l

j¼0

lþ j� 1
j

� �
l! j! �1

2

� �j

Sðk� l; jÞxn�k ðn; l 2 N0Þ: ð50Þ
By setting k = 1 in (47), we obtain an explicit formula for the Genocchi polynomials GðlÞn ðxÞ of order l 2 N0 in terms of the
Gaussian hypergeometric function.

Corollary 2. The following series representation holds true:
GðlÞn ðxÞ ¼ l!
n

l

� �Xn�l

k¼0

1

2k

n� l

k

� �
lþ k� 1

k

� �
�
Xk

j¼0

ð�1Þj
k

j

� �
jkðxþ jÞn�k�l

2F1 kþ l� n; k; kþ 1;
j

xþ j

� �
ðn; l 2 N0Þ:

ð51Þ

By setting x = 0 in (47), we obtain the explicit series representation given by Corollary 3 below.
Corollary 3. The following explicit series representation holds true:
GðlÞn ðkÞ ¼
2ln!

ðn� lÞ!
Xn�l

k¼0

lþ k� 1
k

� �
k!ð�kÞk

ðkþ 1Þkþl
Sðn� l; kÞ ðn; l 2 N0; k 2 C n f�1gÞ: ð52Þ
If we set k = 1 in (52), then we obtain the following formula for the Genocchi numbers GðlÞn of order l 2 N0 involving the
Stirling numbers of the second kind:
GðlÞn ¼
n!

ðn� lÞ!
Xn�l

k¼0

lþ k� 1
k

� �
k! �1

2

� �k

Sðn� l; kÞ ðn; l 2 N0Þ: ð53Þ
Corollary 4. The following explicit series representation holds true for the Apostol–Genocchi polynomials Gnðx; kÞ:
Gnðx; kÞ ¼ 2n
Xn�1

k¼0

n� 1
k

� �
kk

ðkþ 1Þkþ1

Xk

j¼0

ð�1Þj
k

j

� �
jkðxþ jÞn�k�1 � 2F1 k� nþ 1; k; kþ 1;

j
xþ j

� �
ðn 2 N0; k 2 C n f�1gÞ: ð54Þ
Finally, we calculate a few values of the Apostol–Genocchi numbers GnðkÞ by applying the formula (52) (with l = 1) as
follows:
G0ðkÞ ¼ 0; G1ðkÞ ¼
2

kþ 1
; G2ðkÞ ¼ �

4k

ðkþ 1Þ2
; G3ðkÞ ¼

6kðk� 1Þ
ðkþ 1Þ3

;

G4ðkÞ ¼ �
8kðk2 � 4kþ 1Þ
ðkþ 1Þ4

; G5ðkÞ ¼
10kðk3 � 11k2 þ 11k� 1Þ

ðkþ 1Þ5
;

G6ðkÞ ¼ �
12kðk4 � 26k3 þ 66k2 � 26kþ 1Þ

ðkþ 1Þ6
;

ð55Þ
and so on.
By applying (38) (with l = 1 and x = 0) in conjunction with (55), we have the corresponding values of the Apostol–Euler

numbers EnðkÞ given by
E0ðkÞ ¼
2

kþ 1
; E1ðkÞ ¼ �

2k

ðkþ 1Þ2
; E2ðkÞ ¼

2kðk� 1Þ
ðkþ 1Þ3

;

E3ðkÞ ¼ �
2kðk2 � 4kþ 1Þ
ðkþ 1Þ4

; E4ðkÞ ¼
2kðk3 � 11k2 þ 11k� 1Þ

ðkþ 1Þ5
;

E5ðkÞ ¼ �
2kðk4 � 26k3 þ 66k2 � 26kþ 1Þ

ðkþ 1Þ6
; ð56Þ
and so on.
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4. Relationships involving the Apostol–Genocchi polynomials GðaÞn ðx; kÞ of order a

In this section, we prove an interesting relationship between the generalized Apostol–Genocchi polynomials GðaÞn ðx; kÞ and
the Apostol–Bernoulli polynomials Bnðx; kÞ.

Theorem 2. The following relationship holds true:
GðaÞn ðxþ y; kÞ ¼
Xn

k¼0

2
kþ 1

n
k

� �
ðkþ 1ÞGða�1Þ

k ðy; kÞ � GðaÞkþ1ðy; kÞ
h i

Bn�kðx; kÞ ða; k 2 C; n 2 N0Þ ð57Þ
between the generalized Apostol–Genocchi polynomials and the Apostol–Bernoulli polynomials.
Proof. By applying an analogous method (see the proof given by Luo and Srivastava [36, p. 636, Theorem 1]), we can obtain
the explicit formula (57) asserted by Theorem 2. The details involved are being omitted here. h

In terms of the generalized Apostol–Genocchi numbers fGðaÞn ðkÞg
1
n¼0, by setting y = 0 in Theorem 2, we obtain the following

explicit relationship between the generalized Apostol–Genocchi polynomials GðaÞn ðx; kÞ of order a and the Apostol–Bernoulli
polynomials Bkðx; kÞ.

Corollary 5. The following relationship holds true:
GðaÞn ðx; kÞ ¼
Xn

k¼0

2
kþ 1

n

k

� �
ðkþ 1ÞGða�1Þ

k ðkÞ � GðaÞkþ1ðkÞ
h i

Bn�kðx; kÞ ða; k 2 C; n 2 N0Þ ð58Þ
between the Apostol–Genocchi polynomials of order a and the Apostol–Bernoulli polynomials.

By noting that
Gð0Þn ðy; kÞ ¼ yn ðn 2 N0; k 2 CÞ
and using the assertion (57) (with a = 1), we deduce Corollary 6 below.

Corollary 6. The following relationship holds true:
Gnðxþ y; kÞ ¼
Xn

k¼0

2
kþ 1

n

k

� �
½ðkþ 1Þyk � Gkþ1ðy; kÞ�Bn�kðx; kÞ ðn 2 N0; k 2 CÞ ð59Þ
between the Apostol–Genocchi polynomials and the Apostol–Bernoulli polynomials.

By taking y = 0 in (59), and in view of the fact that
G1ðy; kÞ ¼ G1ðkÞ ¼
2

kþ 1
;

we get the following relationship:
Gnðx; kÞ ¼ �
Xn

k¼1

2
kþ 1

n

k

� �
Gkþ1ðkÞBn�kðx; kÞ þ 2

k� 1
kþ 1

� �
Bnðx; kÞ ðk 2 C n f�1g; n 2 NÞ: ð60Þ
By setting k = 1 in the formula (60), we obtain the following relationship between the classical Genocchi numbers and the
classical Bernoulli polynomials:
GnðxÞ ¼ �
Xn

k¼1

2
kþ 1

n

k

� �
Gkþ1Bn�kðxÞ ðn 2 NÞ; ð61Þ
which, in its further special case when x = 0, yields the following relationship between the classical Genocchi numbers and
the classical Bernoulli numbers:
Gn ¼ �
Xn

k¼1

2
kþ 1

n

k

� �
Gkþ1Bn�k ðn 2 NÞ: ð62Þ
By setting k = 1 in (57), we obtain an addition theorem for the Genocchi polynomials of order a given by Corollary 7 below.

Corollary 7. The following relationship holds true:
GðaÞn ðxþ yÞ ¼
Xn

k¼0

2
kþ 1

n

k

� �
ðkþ 1ÞGða�1Þ

k ðyÞ � GðaÞkþ1ðyÞ
h i

Bn�kðxÞ ða 2 C; n 2 N0Þ: ð63Þ
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Letting y = 0 in (63), we get the following relationship between the Genocchi polynomials of order a and the classical Ber-
noulli polynomials:
GðaÞn ðxÞ ¼
Xn

k¼0

2
kþ 1

n

k

� �
ðkþ 1ÞGða�1Þ

k � GðaÞkþ1

h i
Bn�kðxÞ ða 2 C; n 2 N0Þ: ð64Þ
We next recall a potentially useful result due to Luo and Srivastava [36, p. 638, Theorem 2].

Theorem B (Luo and Srivastava [36, p. 638, Theorem 2]). The following relationship holds true:
EðaÞn ðxþ y; kÞ ¼
Xn

k¼0

2
kþ 1

n

k

� �
Eða�1Þ

kþ1 ðy; kÞ � EðaÞkþ1ðy; kÞ
h i

Bn�kðx; kÞ ð65Þ

þ k� 1
nþ 1

� �
2

kþ 1

� �a

Bnþ1ðx; kÞ ða 2 C; k 2 C n f�1g; n 2 N0Þ ð66Þ
between the generalized Apostol–Euler polynomials and the Apostol–Bernoulli polynomials.
Remark 3. The following additional term in (65):
k� 1
nþ 1

� �
2

kþ 1

� �a

Bnþ1ðx; kÞ;
was first found by Wang et al. (see [47, Corollary 2.6 (2.13)]).
In terms of the generalized Apostol–Euler numbers fEðaÞn ðkÞg

1
n¼0, by setting y = 0 in Theorem B, we obtain the following

explicit relationship between the generalized Apostol–Euler polynomials and the Apostol–Bernoulli polynomials.

Corollary 8. The following relationship holds true:
EðaÞn ðx; kÞ ¼
Xn

k¼0

2
kþ 1

n

k

� �
Eða�1Þ

kþ1 ðkÞ � E
ðaÞ
kþ1ðkÞ

h i
Bn�kðx; kÞ þ k� 1

nþ 1

� �
2

kþ 1

� �a

Bnþ1ðx; kÞ

ða 2 C; k 2 C n f�1g; n 2 N0Þ ð67Þ
between the generalized Apostol–Euler polynomials and the Apostol–Bernoulli polynomials.

Corollary 9 below provides the corrected version of each of the five known formulas due to Luo and Srivastava [36, pp.
638–639, Eqs. (56), (57), (60), (63) and (64)].

Corollary 9. Each of the following relationships holds true:
Enðxþ y; kÞ ¼
Xn

k¼0

2
kþ 1

n

k

� �
ykþ1 � Ekþ1ðy; kÞ

 �

Bn�kðx; kÞ þ k� 1
nþ 1

� �
2

kþ 1

� �
Bnþ1ðx; kÞ; ð68Þ

Enðx; kÞ ¼ �
Xn

k¼0

2
kþ 1

n
k

� �
Ekþ1ð0; kÞBn�kðx; kÞ þ k� 1

nþ 1

� �
2

kþ 1

� �
Bnþ1ðx; kÞ; ð69Þ

En�2ðx; kÞ ¼ 2
n

2

� ��1Xn�2

k¼0

n

k

� �
2n�kBn�kðk2Þ � Bn�kðkÞ
h i

Bkðx; kÞ þ k� 1
nþ 1

� �
2

kþ 1

� �
Bnþ1ðx; kÞ; ð70Þ

EðaÞn ðx; kÞ ¼
Xn

k¼0

2
kþ 1

n

k

� �
Eða�1Þ

kþ1 ðx; kÞ � EðaÞkþ1ðx; kÞ
h i

Bn�kðkÞ þ
k� 1
nþ 1

� �
2

kþ 1

� �a

Bnþ1ðkÞ ð71Þ
and
EðaÞn ðkÞ ¼
Xn

k¼0

2n�k

kþ1
n

k

� �
2kþ1Eða�1Þ

kþ1

a
2

;k
� �

�EðaÞkþ1ðkÞ
h i

Bn�kðkÞ

þ k�1
nþ 1

� �
2

kþ 1

� �a

Bnþ1ðkÞ ða 2 C; k 2 C n f�1g; n 2N0Þ: ð72Þ
5. Explicit representations involving the Hurwitz (or generalized) zeta function f(s,a)

The Lipschitz–Lerch zeta function /(n,a,s) or L(n,s,a) defined by (cf. [43, p. 122, Eq. 2.5 (11)]):
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/ðn; a; sÞ :¼
X1
n¼0

e2npin

ðnþ aÞs
¼ Uðe2pin; s; aÞ ¼: Lðn; s; aÞ ð73Þ

a 2 C n Z�0 ; RðsÞ > 0 when n 2 R n Z; RðsÞ > 1 when n 2 Z
� �
was first studied by Rudolf Lipschitz (1832–1903) and Matyáš Lerch (1860–1922) in connection with Dirichlet’s famous
theorem on primes in arithmetic progressions (see also [25] and [26]). Srivastava [42] made use of Lerch’s functional
equation:
/ðn;a;1� sÞ ¼ CðsÞ
ð2pÞs

exp
1
2

s� 2an

� �
pi

� 

/ð�a;n; sÞ

�
þexp �1

2
sþ 2að1� nÞ

� �
pi

� 

/ða;1� n; sÞ

�
ðs 2 C; 0< n< 1Þ ð74Þ
in conjunction with Apostol’s formula [2, p. 164]:
/ðn; a;1� nÞ ¼ Uðe2pin;1� n; aÞ ¼ �Bnða; e2pinÞ
n

ðn 2 NÞ; ð75Þ
in order to obtain an elegant formula for the Apostol–Bernoulli polynomials Bnðx; kÞ, which we recall here as Theorem C
below.

Theorem C (Srivastava’s formula [42, p. 84, Eq. (4.6)]). The Apostol–Bernoulli polynomials Bnðx; kÞ at rational arguments are
given by
Bn
p
q

;e2pin

� �
¼� n!

ð2qpÞn
Xq

j¼1

f n;
nþ j�1

q

� �
exp

n
2
�2ðnþ j�1Þp

q

� �
pi

� 

þ
Xq

j¼1

f n;
j� n

q

� �
exp �n

2
þ2ðj� nÞp

q

� �
pi

� 
( )
n2N n f1g; p2Z; q2N; n2Rð Þ ð76Þ
in terms of the Hurwitz (or generalized) zeta function f(s,a).

Two analogous formulas for the Apostol–Euler polynomials Enðx; kÞ and the Apostol–Genocchi polynomials Gnðx; kÞ at ra-
tional arguments are asserted by Theorems 3 and 4, respectively.

Theorem 3. The following representation of the Apostol–Euler polynomials at rational arguments holds true:
En
p
q

; e2pin

� �
¼ 2 � n!

ð2qpÞnþ1

Xq

j¼1

f nþ 1;
2nþ 2j� 1

2q

� �
exp

nþ 1
2
� ð2nþ 2j� 1Þp

q

� �
pi

� 
(

þ
Xq

j¼1

f nþ 1;
2j� 2n� 1

2q

� �
exp �nþ 1

2
þ ð2j� 2n� 1Þp

q

� �
pi

� 
)
ðn; q 2 N; p 2 Z; n 2 RÞ ð77Þ
in terms of the Hurwitz (or generalized) zeta function f(s,a).
Proof. First of all, we recall a useful relationship between the Apostol–Euler polynomials and the Apostol–Bernoulli polyno-
mials given by (see [36, p. 636, Eq. (38)])
En�1ðx; kÞ ¼ 2
n
Bnðx; kÞ � 2nBn

x
2

; k2
� �h i

ðn 2 NÞ ð78Þ
or, equivalently, by
Enðx; kÞ ¼ 2
nþ 1

Bnþ1ðx; kÞ � 2nþ1Bnþ1
x
2

; k2
� �h i

ðn 2 N0Þ: ð79Þ
Taking
x ¼ p
q

and k ¼ e2pin ðp 2 Z; q 2 N; n 2 RÞ
in the last formula (79), we find from Srivastava’s formula (76) with
n # nþ 1; q # 2q and n # 2n
that
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En
p
q

; e2pin

� �
¼ 2

nþ 1
� ðnþ 1Þ!
ð2qpÞnþ1

Xq

j¼1

f nþ 1;
nþ j� 1

q

� �"
exp

nþ 1
2
� 2ðnþ j� 1Þp

q

� �
pi

� 
(

þ
Xq

j¼1

f nþ 1;
j� n

q

� �
exp �nþ 1

2
þ 2ðj� nÞp

q

� �
pi

� 
#
þ 2nþ1 � ðnþ 1Þ!

ð4qpÞnþ1

X2q

j¼1

f nþ 1;
2nþ j� 1

2q

� �"

� exp
nþ 1

2
� ð2nþ j� 1Þp

q

� �
pi

� 

þ
X2q

j¼1

f nþ 1;
j� 2n

2q

� �
exp �nþ 1

2
þ ðj� 2nÞp

q

� �
pi

� 
#)

¼ 2 � n!

ð2qpÞnþ1

X2q

j¼1

f nþ 1;
2nþ j� 1

2q

� �(
exp

nþ 1
2
� ð2nþ j� 1Þp

q

� �
pi

� 

�
Xq

j¼1

f nþ 1;
nþ j� 1

q

� �

� exp
nþ 1

2
� 2ðnþ j� 1Þp

q

� �
pi

� 

þ
X2q

j¼1

f nþ 1;
j� 2n

2q

� �
exp �nþ 1

2
þ ðj� 2nÞp

q

� �
pi

� 


�
Xq

j¼1

f nþ 1;
j� n

q

� �
exp �nþ 1

2
þ 2ðj� nÞp

q

� �
pi

� 
)
: ð80Þ
The first sum in (80) can obviously be rewritten the following form:
X2q

j¼1

f nþ 1;
2nþ j� 1

2q

� �
exp

nþ 1
2
� ð2nþ j� 1Þp

q

� �
pi

� 


¼
Xq

j¼1

f nþ 1;
nþ j� 1

q

� �
exp

nþ 1
2
� 2ðnþ j� 1Þp

q

� �
pi

� 


þ
Xq

j¼1

f nþ 1;
2nþ 2j� 1

2q

� �
exp

nþ 1
2
� ð2nþ 2j� 1Þp

q

� �
pi

� 

: ð81Þ
The third sum in (80) can also be rewritten the following form:
X2q

j¼1

f nþ 1;
j� 2n

2q

� �
exp �nþ 1

2
þ ðj� 2nÞp

q

� �
pi

� 


¼
Xq

j¼1

f nþ 1;
2j� 2n� 1

2q

� �
exp �nþ 1

2
þ ð2j� 2n� 1Þp

q

� �
pi

� 


þ
Xq

j¼1

f nþ 1;
j� n

q

� �
exp �nþ 1

2
þ 2ðj� nÞp

q

� �
pi

� 

: ð82Þ
Upon first separating the even and odd terms in (81) and (82), and then substituting from (81) and (82) into (80), we are
led eventually to the formula (77) asserted by Theorem 3. h
Theorem 4. The following representation of the Apostol–Genocchi polynomials at rational arguments holds true:
Gn
p
q

; e2pin

� �
¼ 2 � n!

ð2qpÞn
Xq

j¼1

f n;
2nþ 2j� 1

2q

� �
exp

n
2
� ð2nþ 2j� 1Þp

q

� �
pi

� 

þ
Xq

j¼1

f n;
2j� 2n� 1

2q

� �(

� exp � n
2
þ ð2j� 2n� 1Þp

q

� �
pi

� 
�
n 2 N n f1g; p 2 Z; q 2 N; n 2 Rð Þ ð83Þ
in terms of the Hurwitz (or generalized) zeta function f(s,a).
Proof. We apply the relationship:
Gnðx; kÞ ¼ nEn�1ðx; kÞ ð84Þ
with, of course,
x ¼ p
q

and k ¼ e2pin ðp 2 Z; q 2 N; n 2 RÞ
in conjunction with the formula (77). We thus obtain the assertion (83) of Theorem 4. h
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For n 2 Z, the formula (77) can easily be shown to reduce to the following known result given earlier by Cvijović and Kli-
nowski [10, p. 1529, Theorem B] (see also [42, p. 78, Theorem B]).

Corollary 10. The following representation of the classical Euler polynomials holds true:
En
p
q

� �
¼ 4 � n!

ð2qpÞnþ1

Xq

j¼1

f nþ 1;
2j� 1

2q

� �
sin

ð2j� 1Þpp
q

� np
2

� �
ðn; q 2 N; p 2 ZÞ ð85Þ
in terms of the Hurwitz (or generalized) zeta function f(s,a).

A special case for the formula (83) when n 2 Z is stated here as Corollary 10 below.

Corollary 11. The following representation of the classical Genocchi polynomials holds true:
Gn
p
q

� �
¼ 4 � n!

ð2qpÞn
Xq

j¼1

f n;
2j� 1

2q

� �
cos

ð2j� 1Þpp
q

� np
2

� �
ðn 2 N n f1g; p 2 Z; q 2 NÞ ð86Þ
in terms of the Hurwitz (or generalized) zeta function f(s,a).

The following formula for the Apostol–Bernoulli polynomials BðaÞn ðx; kÞ of order a was proven by Luo and Srivastava [35].

Theorem D (Luo and Srivastava [35, p. 300, Theorem 2]). The Apostol–Bernoulli polynomials BðaÞn ðx; kÞ of order a at rational
arguments are given by
BðaÞn
p
q

;e2pin

� �
¼nðe2pin�1Þ�1Bða�1Þ

n�1 ðe2pinÞ�
Xn

k¼2

k!

ð2qpÞk
n

k

� �
Bða�1Þ

n�k ðe
2pinÞ �

Xq

j¼1

f k;
nþ j�1

q

� �
exp

k
2
�2ðnþ j�1Þp

q

� �
pi

� 
(

þ
Xq

j¼1

f k;
j�n

q

� �
exp �k

2
þ2ðj�nÞp

q

� �
pi

� 
)
ðn2Nn 1f g; p2Z; q2N; n2RnZ; a2CÞ ð87Þ
holds true in terms of the Hurwitz (or generalized) zeta function f(s,a).

For a = 1, the formula (87) reduces to Srivastava’s formula (76). When n 2 Z in (76), Srivastava’s formula (87) can easily be
shown to reduce to a known result given earlier by Cvijović and Klinowski [10, p. 1529, Theorem B] (see also [42, p. 78,
Theorem B]):
Bn
p
q

� �
¼ � 2 � n!

ð2qpÞn
Xq

j¼1

f n;
j
q

� �
cos

2jpp
q
� np

2

� �
n 2 N n f1g; p 2 Z; q 2 Nð Þ: ð88Þ
The following formula is a complement of (87) (when n 2 Z):
BðaÞn
p
q

� �
¼ Bða�1Þ

n þ n
p
q
� 1

2

� �
Bða�1Þ

n�1 �
Xn

k¼2

2 � k!

ð2qpÞk
n

k

� �
Bða�1Þ

n�k

Xq

j¼1

f k;
j
q

� �
cos

2jpp
q
� kp

2

� �
ðn 2 N n f1g; p 2 Z; q 2 N; a 2 CÞ: ð89Þ
By applying (77) and (83), we now derive the following represenation formulas for the Apostol–Euler polynomials of or-
der a and the Apostol–Genocchi polynomials of order a, respectively.

Theorem 5. The following representation of the Apostol–Euler polynomials of order a holds true:
EðaÞn
p
q

; e2pin

� �
¼ 2

e2pin þ 1
Eða�1Þ

n ðe2pinÞ þ
Xn

k¼1

2 � k!

ð2qpÞkþ1

n

k

 !
Eða�1Þ

n�k ðe
2pinÞ �

Xq

j¼1

f kþ 1;
2nþ 2j� 1

2q

� �(

� exp
kþ 1

2
� ð2nþ 2j� 1Þp

q

� �
pi

� 

þ
Xq

j¼1

f kþ 1;
2j� 2n� 1

2q

� �
exp � kþ 1

2
þ ð2j� 2n� 1Þp

q

� �
pi

� 
)
 

n; q 2 N; p 2 Z; n 2 R nK K :¼ kþ 1
2

: k 2 Z

� �� �
; a 2 C

!
ð90Þ
in terms of the Hurwitz (or generalized) zeta function f(s,a).
Proof. We apply the known result [29, p. 919, Eq. (9) with a ´ a � 1 and b = 1]:
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EðaÞn ðx; kÞ ¼
Xn

k¼0

n

k

� �
Eða�1Þ

n�k ðkÞEkðx; kÞ
and the special values of Enðx; kÞ given by
E0ðx; kÞ ¼ E0ðkÞ ¼
2

kþ 1
:

Upon separating the k = 0 term in conjunction with the formula (77), the representation formula (90) follows readily. h
Theorem 6. The following representation of the Apostol–Genocchi polynomials of order a at rational arguments holds true:
GðaÞn
p
q

;e2pin

� �
¼ 2n

e2pinþ1
Gða�1Þ

n�1 ðe2pinÞþ
Xn

k¼2

2 �k!

ð2qpÞk
n

k

� �
Gða�1Þ

n�k ðe
2pinÞ �

Xq

j¼1

f k;
2nþ2j�1

2q

� �
exp

k
2
�ð2nþ2j�1Þp

q

� �
pi

� 
(

þ
Xq

j¼1

f k;
2j�2n�1

2q

� �
exp �k

2
þð2j�2n�1Þp

q

� �
pi

� 
)
 

n2N n f1g; p2Z; q2N; n2R nK K :¼ kþ1
2

: k2Z

� �� �
; a2C

!
ð91Þ
in terms of the Hurwitz (or generalized) zeta function f(s,a).
Proof. We apply the formula (25) and note that
G0ðx; kÞ ¼ G0ðkÞ ¼ 0 and G1ðx; kÞ ¼ G1ðkÞ ¼
2

kþ 1
: ð92Þ
Upon first separating the k = 0 and k = 2 terms, and then using the formula (83), we arrive at the representation (91) asserted
by Theorem 6. h

In their special cases when n 2 Z, Theorems 5 and 6 readily yield Corollaries 12 and 13, respectively, which provide the
corresponding representations of the Euler polynomials of order a and the Genocchi polynomials of order a at rational
arguments.

Corollary 12. The following representation of the generalized Euler polynomials at rational arguments holds true:
EðaÞn
p
q

� �
¼ Eða�1Þ

n þ
Xn

k¼1

4 � k!

ð2qpÞkþ1

n
k

� �
Eða�1Þ

n�k �
Xq

j¼1

f kþ 1;
2j� 1

2q

� �
sin

ð2j� 1Þpp
q

� kp
2

� �
n; q 2 N; p 2 Z; a 2 Cð Þ ð93Þ
in terms of the Hurwitz (or generalized) zeta function f(s,a).
Corollary 13. The following representation of the generalized Genocchi polynomials at rational arguments holds true:
GðaÞn
p
q

� �
¼ nGða�1Þ

n�1 þ
Xn

k¼2

4 � k!

ð2qpÞk
n

k

� �
Gða�1Þ

n�k

Xq

j¼1

f k;
2j� 1

2q

� �
cos

ð2j� 1Þpp
q

� kp
2

� �
n 2 N n f1g; p 2 Z; q 2 N; a 2 Cð Þ ð94Þ
in terms of the Hurwitz (or generalized) zeta function f(s,a).

Clearly, by setting a = 1 in (93) and (94), we again obtain the formulas (85) and (86), respectively. On the other hand, if we
apply the formulas (39) of Lemmas 3 and (42) of Lemma 4 in conjunction with the assertion (87) of Theorem Dof Luo and
Srivastava [35], we obtain the series representations of GðaÞn ðx; kÞ and EðaÞn ðx; kÞ, respectively, which are given by Theorems 7
and 8 below.

Theorem 7. The following series representation holds true for the Apostol–Genocchi polynomials of reder a:(

GðaÞn

p
q

; e2pi

� �
¼ � nð�2Þa

e2pin þ 1
Bða�1Þ

n�1 ð�e2pinÞÞ �
Xn

k¼2

k!

ð2qpÞk
n
k

� �
Bða�1Þ

n�k ð�e2pinÞ �
Xq

j¼1

f k;
2nþ 2j� 1

2q

� �

� exp
k
2
� ð2nþ 2j� 1Þp

q

� �
pi

� 

þ
Xq

j¼1

f k;
2j� 2n� 1

2q

� �
exp � k

2
þ ð2j� 2n� 1Þp

q

� �
pi

� 
)
 

n 2 N n f1g; p 2 Z; q 2 N; n 2 R nK K :¼ kþ 1
2

: k 2 Z

� �� �
; a 2 C

!
ð95Þ
in terms of the Hurwitz (or generalized) zeta function.
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Theorem 8. The following series representation holds true for the Apostol–Euler polynomials of order l:
EðlÞn
p
q

; e2pin

� �
¼ � n! ð�2Þl

ðnþ l� 1Þ!ðe2pin þ 1Þ B
ðl�1Þ
nþl�1ð�e2pinÞÞ �

Xnþl

k¼2

k!

ð2qpÞk
nþ l

k

� �
Bðl�1Þ

nþl�kð�e2pinÞ �
Xq

j¼1

f k;
2nþ 2j� 1

2q

� �(

� exp
k
2
� ð2nþ 2j� 1Þp

q

� �
pi

� 

þ
Xq

j¼1

f k;
2j� 2n� 1

2q

� �
exp � k

2
þ ð2j� 2n� 1Þp

q

� �
pi

� 
)
 

n 2 N n f1g; p 2 Z; l; q 2 N; n 2 R nK K :¼ kþ 1
2

: k 2 Z

� �� �!
ð96Þ
in terms of the Hurwitz (or generalized) zeta function.
Remark 4. It is not difficult to apply the relationships (40) of Lemma 3 and (41) of Lemma 4 in conjunction with the above
formulas (91) and (90), respectively, in order to obtain the corresponding series representations for the Apostol–Bernoulli
polynomials BðaÞn ðx; kÞ of order a 2 C.
6. The k-Stirling numbers of the second kind and their elementary properties

In this section, we first introduce an analogue of the familiar Stirling numbers S(n,k) of the second kind, which we choose
to call the k-Stirling numbers of the second kind. We then derive several elementary properties including recurrence relations
for them. We also pose two open problems relevant to our present investigation.

Definition 5. The k-Stirling numbers Sðn; k; kÞ of the second kind is defined by means of the following generating function:
ðkez � 1Þk

k!
¼
X1
n¼0

Sðn; k; kÞ z
n

n!
ðk 2 N0; k 2 CÞ; ð97Þ
so that, obviously,
Sðn; kÞ :¼ Sðn; k; 1Þ
for the Stirling numbers S(n,k) of the second kind defined by (9) (see [9, p. 206, Theorem A]).
Theorem 9. The k-Stirling numbers Sðn; k; kÞ of the second kind can also be defined as follows:
kxxn ¼
X1
k¼0

x

k

� �
k! Sðn; k; kÞ ðk 2 N0; k 2 CÞ: ð98Þ
Proof. By using (97) and the binomial theorem, we easily obtain the assertion (98) of Theorem 7. h
Theorem 10. The following explicit representation formulas hold true:
Sðn; k; kÞ ¼ 1
k!

Xk

j¼0

ð�1Þk�j k

j

� �
kjjn ðn; k 2 N0; k 2 CÞ ð99Þ
and
Sðn; k; kÞ ¼ 1
k!

Xk

j¼0

ð�1Þj
k

j

� �
kk�jðk� jÞn ðn; k 2 N0; k 2 CÞ: ð100Þ
Proof. Just as in our demonstration of Theorem 7, we can easily derive (99) and (100) by using (97) and the binomial
theorem. h
Theorem 11. The k-Stirling numbers Sðn; k; kÞ of the second kind satisfy the following triangular and vertical recurrence relations:
Sðn; k; kÞ ¼ Sðn� 1; k� 1; kÞ þ kSðn� 1; k; kÞ ðn; k 2 NÞ ð101Þ
and
Sðn; k; kÞ ¼
Xn�1

j¼0

n� 1
j

� �
kn�j�1Sðj; k� 1; kÞ ðn; k 2 NÞ; ð102Þ
respectively.
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Proof. By differentiating both sides of (97) with respect to the variable z, we readily arrive at the recursion formulas (101)
and (102) asserted by Theorem 9. h
Theorem 12. The following explicit relationships hold true:
Sðn; k; kÞ ¼ n!
X1
j¼n

j

n

� �
ðlog kÞj�n

j!
Sðj; kÞ ðn; k 2 N0; k 2 CÞ ð103Þ
and
Sðn; k; kÞ ¼
Xk

j¼0

kjðk� 1Þk�j

ðk� jÞ! Sðn; jÞ ðn; k 2 N0; k 2 CÞ ð104Þ
between the k-Stirling numbers Sðn; k; kÞ of the second kind and the Stirling numbers S(n,k) of the second kind.
Proof. By applying (97), it is failrly straightforward to derive the formulas (103) and (104). h

By means of the formula (99) or (104) in conjunction with (97), we can compute several values of Sðn; k; kÞ given by
Sð0;0; kÞ ¼ 1; Sð1;0; kÞ ¼ 0; Sð1;1; kÞ ¼ k; Sð2;0; kÞ ¼ 0; Sð2;1; kÞ ¼ k;

Sð2;2; kÞ ¼ kð2k� 1Þ; Sð3; 0; kÞ ¼ 0; Sð3;1; kÞ ¼ k;

Sð3;2; kÞ ¼ kð4k� 1Þ; Sð3;3; kÞ ¼ 1
2

kð9k2 � 8kþ 1Þ;

Sð4;0; kÞ ¼ 0; Sð4;1; kÞ ¼ k; Sð4;2; kÞ ¼ kð8k� 1Þ;

Sð4;3; kÞ ¼ 1
2

kð27k2 � 16kþ 1Þ; Sð4;4; kÞ ¼ 1
6

kð64k3 � 81k2 þ 24k� 1Þ;

Sð5;0; kÞ ¼ 0; Sð5;1; kÞ ¼ k; Sð5;2; kÞ ¼ kð16k� 1Þ;

Sð5;3; kÞ ¼ 1
2

kð81k2 � 32kþ 1Þ; Sð5;4; kÞ ¼ 1
6

kð256k3 � 243k2 þ 48k� 1Þ;

Sð5;5; kÞ ¼ 1
24

kð625k5 � 1024k3 þ 486k2 � 64kþ 1Þ;

ð105Þ
and
Sð0; k; kÞ ¼ ðk� 1Þk

k!
; Sðn; 0; kÞ ¼ dn;0 and Sðn;1; kÞ ¼ k ðn; k 2 N0Þ; ð106Þ
and so on, dm,n being the Kronecker symbol.
When k = 1, (97) and (98) become the corresponding (rather familiar) definitions for the Stirling numbers S(n,k) of the

second kind (see, for details, [9, p. 206, Theorem A; p. 207 Theorem B]). Similarly, in their special case when k = 1, the
formulas (99) to (102) would yield the corresponding well-known results for the Stirling numbers S(n,k) of the second kind
(see, for details, [9, p. 204, Theorem A; p. 208, Theorem A; p. 209, Theorem B]).

Each of the following special values of S(n,k) is known (see [9, pp. 226–227, Ex. 16] and [40, p. 231]):
Sðn;nÞ ¼ 1; Sðn; n� 1Þ ¼
n

2

� �
;

Sðn;n� 2Þ ¼ 1
4

n

3

� �
ð3n� 5Þ and Sðn;n� 3Þ ¼ 1

2
n

4

� �
ðn2 � 5nþ 6Þ;

ð107Þ
so that, if we make use of the formula (99) (with k = 1) in conjunction with these special values of S(n,k), we obtain the fol-
lowing interesting summation formulas:
Xn

j¼0

ð�1Þj
n

j

� �
jn ¼ ð�1Þn n!; ð108Þ

Xn

j¼0

ð�1Þj
n

j

� �
jnþ1 ¼ ð�1Þnðnþ 1Þ! � n

2
; ð109Þ

Xn

j¼0

ð�1Þj
n

j

� �
jnþ2 ¼ ð�1Þnðnþ 2Þ!

2
� nð3nþ 1Þ

12 ð110Þ
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and
 Xn

j¼0

ð�1Þj
n

j

� �
jnþ3 ¼ ð�1Þnðnþ 3Þ!

6
� n

2ðnþ 1Þ
8

: ð111Þ
More generally, we have the following formula recorded by Gould [12, p. 3, Entry (1.17)]:
Xn

j¼0

ð�1Þj
n

j

� �
jnþk ¼ ð�1Þnðnþ kÞ!

Xk

j¼0

k� n
k� j

� �
n

j

� �
1

ðkþ jÞ! Sðkþ j; jÞ: ð112Þ
Open problem 1. Does there exist an analogue of the sum given below?
Xn

j¼0

ð�1Þj
n

j

� �
kj jnþk ðn 2 N; k 2 N0; k 2 CÞ:
Open problem 2. Can we find a rational generating function for the k-Stiling numbers Sðn; k; kÞ of the second kind analogous
to a known result [9, p. 207, Theorem C]?
7. Applications of the k-Stirling numbers Sðn;k; kÞ of the second kind to the family of the Apostol type polynomials

In the section, we give some applications of the k-Stirling numbers Sðn; k; kÞ of the second kind to the Apostol type poly-
nomials and Apostol type numbers. We obtain some interesting series representations for the Apostol–Genocchi polynomi-
als involving the k-Stirling numbers Sðn; k; kÞ of the second kind and the Hurwitz (or generalized) zeta function f(s,a). We
begin by recalling that Wang et al. [47] gave the following results for the Apostol–Euler polynomials of order a using the
k-Stirling numbers Sðn; k; kÞ of the second kind defined by (97)
EðaÞn ðxþ y; kÞ ¼
Xn

l¼�j

Xn�l

k¼0

n!j!
k!ðlþ jÞ!ðn� k� lÞ! � Sðlþ j; j; kÞEðaÞn�k�lðy; kÞBðjÞk ðx; kÞ ðn; j 2 N0; a; k 2 CÞ ð113Þ
and
xn ¼
Xn

l¼�j

n!j!
ðlþ jÞ!ðn� lÞ!Sðlþ j; j; kÞBðjÞn�lðx; kÞ ðn; j 2 N0; k 2 CÞ: ð114Þ
Application 1. First of all, we give some recurrence relationships for the Apostol–Bernoulli numbers of order l ðl 2 NÞ by
using the k-Stirling numbers of the second kind.
Theorem 13. Let Sðn; k; kÞ denote the k-Stirling numbers of the second kind defined by (97). Then
Xnþl

k¼0

nþ l

k

� �
Sðnþ l� k; l; kÞBðlÞk ðkÞ ¼ 0 ðn; l 2 N; k 2 CÞ: ð115Þ
Proof. By applying (11) (with a ¼ l 2 N and x = 0) and (97), we find that
1 ¼ z�lðkez � 1Þl
X1
n¼0

BðlÞn ðkÞ
zn

n!
¼ z�ll!

X1
n¼0

Sðn; l; kÞ z
n

n!
�
X1
n¼0

BðlÞn ðkÞ
zn

n!

¼
X1
n¼0

nþ l

l

� ��1Xnþl

k¼0

nþ l

k

� �
Sðnþ l� k; l; kÞBðlÞk ðkÞ

" #
zn

n!
: ð116Þ
Now, by comparing the coefficients of znðn 2 NÞ on both sides of (116), we easily obtain the assertion (115) of
Theorem 11. h
Remark 5. By setting k = 1 in (115) and observing that
Xnþl

k¼0

¼
Xn

k¼0

þ
Xnþl

k¼nþ1

and Sðnþ l� k; lÞ ¼ 0 ðnþ 1 5 k 5 nþ lÞ;
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we have the following recurrence relation for the Bernoulli numbers of order l (or, equivalently, the Nörlund numbers [37]):
BðlÞn ¼ �
nþ l

n

� ��1Xn�1

k¼0

nþ l

k

� �
Sðnþ l� k; lÞBðlÞk : ð117Þ
Remark 6. When k – 1 in (115), if we apply the following values for the k-Stirling numbers Sðn; k; kÞ:
Sð0; k; kÞ ¼ ðk� 1Þk

k!
and Sðn;1; kÞ ¼ k ðn; k 2 N0Þ ð118Þ
in conjunction with (115), we have the following recurrence relation for the Apostol–Bernoulli numbers of order l (or, equiv-
alently, the generalized Nörlund numbers [37]):
BðlÞnþlðkÞ ¼ �
l!

ðk� 1Þl
Xnþl�1

k¼0

nþ l

k

� �
Sðnþ l� k; l; kÞBðlÞk ðkÞ: ð119Þ
Remark 7. By setting l = 1 in (117) and noting that S(n,1) = 1, we deduce the following familiar recurrence relations for the
classical Bernoulli numbers Bn:
B0 ¼ 1 and Bn ¼ �
1

nþ 1

Xn�1

k¼0

nþ 1
k

� �
Bk ðn 2 NÞ: ð120Þ
Remark 8. By setting l = 1 in (119) and noting that Sðn;1; kÞ ¼ k, we deduce the following known recurrence relations for the
Apostol–Bernoulli numbers BnðkÞ:
B0ðkÞ ¼ 0; B1ðkÞ ¼
1

k� 1
and BnðkÞ ¼

k
1� k

Xn�1

k¼0

n

k

� �
BkðkÞ ðn 2 N n f1gÞ: ð121Þ
Application 2. If we take a ¼ �lðl 2 NÞ in (11), then Definition 2 assumes the following form:
kez � 1
z

� �l

� exz ¼
X1
n¼0

Bð�lÞ
n ðx; kÞ z

n

n!
: ð122Þ
By (122) and (97), we thus have
X1
n¼0

Bð�lÞ
n ðx; kÞ z

n

n!
¼ z�lðkez � 1Þl � exz ¼ z�ll!

X1
n¼0

Sðn; l; kÞ z
n

n!
�
X1
n¼0

ðzxÞn

n!

¼
X1
n¼0

nþ l

l

� ��1Xnþl

k¼0

nþ l

k

� �
Sðk; l; kÞxnþl�k

" #
zn

n!
; ð123Þ
which leads us to Theorem 12 below.
Theorem 14. The following relationship holds true:
Bð�lÞ
n ðx; kÞ ¼

nþ l

l

� ��1Xnþl

k¼0

nþ l

k

� �
Sðk; l; kÞxnþl�k ðn; l 2 NÞ ð124Þ
between the generalized Apostol–Bernoulli polynomials of order �l ðl 2 NÞ and the k-Stirling numbers of the second kind.
Remark 9. Taking k = 1 in (124), we have
Bð�lÞ
n ðxÞ ¼

nþ l

l

� ��1Xnþl

k¼0

nþ l

k

� �
Sðk; lÞxnþl�k; ð125Þ
which upon setting l = n, yields
Bð�nÞ
n ðxÞ ¼ ðn!Þ2

ð2nÞ!
X2n

k¼0

2n

k

� �
Sðk;nÞx2n�k ð126Þ
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or, equivalently,
Bð�nÞ
n ðxÞ ¼ ðn!Þ2

ð2nÞ!
Xn

k¼0

2n

nþ k

� �
Sðnþ k;nÞxn�k: ð127Þ
Remark 10. Putting x = 0 in (124), we have
Bð�lÞ
n ðkÞ ¼

nþ l

l

� ��1

Sðnþ l; l; kÞ: ð128Þ
Further, upon letting k = 1 in (128) or setting x = 0 in (125), we obtain
Bð�lÞ
n ¼

nþ l

l

� ��1

Sðnþ l; lÞ; ð129Þ
which, for l = n, yields
Bð�nÞ
n ¼

2n

n

� ��1

Sð2n;nÞ; ð130Þ
or, equivalently,
Bð�nÞ
n ¼ ðn!Þ2

ð2nÞ! Sð2n;nÞ: ð131Þ
Applying the recursion formula (131) and the known formulas in [37, p. 146]), we can calculate the first five values of Bð�nÞ
n

and BðnÞn ðn 2 NÞ as given below:
Bð�1Þ
1 ¼ 1

2
; Bð�2Þ

2 ¼ 7
6
; Bð�3Þ

3 ¼ 9
2
; Bð�4Þ

4 ¼ 243
10

; Bð�5Þ
5 ¼ 6075

36
;

Bð1Þ1 ¼ �
1
2
; Bð2Þ2 ¼

5
6
; Bð3Þ3 ¼ �

9
4
; Bð4Þ4 ¼

251
30

and Bð5Þ5 ¼
475
12

:

ð132Þ
Next, by applying (11) (with a ¼ l 2 N) and (97), we have
X1
n¼0

xn znþl

n!
¼ kez � 1ð Þl �

X1
n¼0

BðlÞn ðx; kÞ z
n

n!
¼ l!

X1
n¼0

Sðn; l; kÞ z
n

n!
�
X1
n¼0

BðlÞn ðx; kÞ z
n

n!

¼
X1
n¼0

l!
Xn

k¼0

n
k

� �
Sðk; l; kÞBðlÞn�kðx; kÞ

" #
zn

n!
; ð133Þ
which leads us to an equivalent version of (114) given by Theorem 13 below.

Theorem 15. The following expansion formula holds true:
xn�l ¼
n

l

� ��1Xn

k¼0

n

k

� �
Sðk; l; kÞBðlÞn�kðx; kÞ ðn; l 2 N0; n = lÞ: ð134Þ
Remark 11. When k = 1 in (134), we have
xn�l ¼
n

l

� ��1Xn

k¼0

n

k

� �
Sðk; lÞBðlÞn�kðxÞ ðn; l 2 N0; n = lÞ: ð135Þ
Remark 12. Upon setting l = 1 in (134), if we apply (106), we deduce the following known difference equation:
nxn�1 ¼ kBnðxþ 1; kÞ � Bnðx; kÞ; ð136Þ
which, in the further special case when k = 1, is a well-known (rather classical) result.
Application 3. We here obtain some series representations of the Apostol–Genocchi polynomials of higher order by apply-
ing the k-Stirling numbers of the second kind. Indeed, by using (11), (19) and (97), we obtain
X1

n¼0

GðlÞn ðx; kÞ z
n

n!
¼ 2z

k2e2z � 1

� �l

� exz � ðkez � 1Þl ¼
X1
n¼0

BðlÞn
x
2

; k2
� � ð2zÞn

n!
� l!
X1
n¼0

Sðn; l; kÞ z
n

n!

¼
X1
n¼0

l!
Xn

r¼0

n

r

� �
2rSðn� r; l; kÞBðlÞr

x
2

; k2
� �" #

zn

n!
; ð137Þ
which leads us to the following lemma.
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Lemma 6. The following relationship holds true:
GðlÞn ðx; kÞ ¼ l!
Xn

r¼0

n

r

� �
2rSðn� r; l; kÞBðlÞr

x
2

; k2
� �

ðn; l 2 N0; k 2 CÞ ð138Þ
between the generalized Apostol–Genocchi polynomials and the k-Stirling numbers of the second kind.

By applying (87) and (138), we easily obtain the following series representation for the generalized Genocchi polynomials
GðlÞn ðxÞ.

Theorem 16. The Apostol–Genocchi polynomials GðlÞn ðx; kÞof order lat rational arguments are given by
GðlÞn
p
q

; e2pin

� �
¼
Xn

r¼2

r � l! � 2r

e4pin � 1
n
r

� �
Bðl�1Þ

r�1 ðe4pinÞS n� r; l; e2pin
� �

�
Xn

r¼2

Xr

k¼2

k! � l! � 2r

ð4qpÞk
n
r

� �
r
k

� �
Bðl�1Þ

r�k ðe
4pinÞSðn� r; l; e2pinÞ

�
X2q

j¼1

f k;
2nþ j� 1

2q

� �
exp

k
2
� ð2nþ j� 1Þp

q

� �
pi

� 
(
þ
X2q

j¼1

f k;
j� 2n

2q

� �
exp � k

2
þ ðj� 2nÞp

q

� �
pi

� 
)
 

n; l 2 N n f1g; p 2 Z; q 2 N; n 2 R n K K :¼ k
2

: k 2 Z

� �� �!
ð139Þ
in terms of the k-Stirling numbers Sðn; k; kÞ of the second kind and the Hurwitz (or generalized) zeta function f(s,a).

By applying (138) (with k = 1) and (89), we can obtain the following series representation for the generalized Genocchi
polynomials GðlÞn ðxÞ, which is actually a complement of (139) for n 2 Z.

Corollary 14. The generalized Genocchi polynomials GðlÞn ðxÞ of rational arguments are given by
GðlÞn
p
q

� �
¼ l! � Sðn; lÞ þ n � l! � Sðn� 1; lÞ p

q
� l

� �
þ
Xn

r¼2

n

r

� �
2r � Sðn� r; lÞ Bðl�1Þ

r þ r
p

2q
� 1

2

� �
Bðl�1Þ

r�1

� 


�
Xn

r¼2

Xr

k¼2

2rþ1 � k!

ð4qpÞk
n

r

� �
r

k

� �
Bðl�1Þ

r�k Sðn� r; lÞ
X2q

j¼1

f k;
j

2q

� �
cos

jpp
q
� kp

2

� �
ðn 2 N n f1g; q; l 2 N; p 2 ZÞ ð140Þ
in terms of the Stirling numbers S(n,k) of the second kind and the Hurwitz (or generalized) zeta function f(s,a).

By letting l = 1 in (140), we obtain the following explicit series representation for the classical Genocchi polynomials.

Corollary 15. The classical Genocchi polynomials Gn(x) at rational arguments are given by� � � � � � � � � �

Gn

p
q
¼ 1þ n

p
q
� 1 �

Xn

k¼2

2 � k!

ð2qpÞk
n

k

X2q

j¼1

f k;
j

2q
cos

jpp
q
� kp

2
ðn 2 N n f1g; q; l 2 N; p 2 ZÞ ð141Þ
in terms of the Hurwitz (or generalized) zeta function f(s,a).
Remark 13. It is not difficult to derive the corresponding formulas for the Apostol–Euler polynomials and the Apostol–Ber-
noulli polynomials at rational arguments by applying the relationships (38) and (40) in conjunction with (139)–(141). The
details are being omitted here.
8. Further results and observations

In this section, we apply Srivastava’s formula (Theorem C above) and some relationships in order to obtain several differ-
ent series representations for the Genocchi polynomials of order a and the Euler polynomials of order a.

We first rewrite the formulas (58) and (67) in convenient forms given by Lemmas 7 and 8, respectively.

Lemma 7. The following series representation holds true:� �

GðaÞn ðx; kÞ ¼

Xn

k¼0

2
n� kþ 1

n

k
ðn� kþ 1ÞGða�1Þ

n�k ðkÞ � G
ðaÞ
n�kþ1ðkÞ

h i
Bkðx; kÞ ða; k 2 C; n 2 N0Þ: ð142Þ
Lemma 8. The following series representation holds true:
EðaÞn ðx; kÞ ¼
Xn

k¼0

2
n� kþ 1

n
k

� �
Eða�1Þ

n�kþ1ðkÞ � E
ðaÞ
n�kþ1ðkÞ

h i
Bkðx; kÞ

þ k� 1
nþ 1

� �
2

kþ 1

� �a

Bnþ1ðx; kÞ ða; k 2 C; n 2 N0Þ: ð143Þ
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Theorem 17. The Apostol–Genocchi polynomials GðaÞn ðx; kÞ of order a at rational arguments are given by
GðaÞn
p
q

;e2pin

� �
¼ 2

e2pin�1
nGða�1Þ

n�1 ðe2pinÞ�GðaÞn ðe2pinÞ
h i

�
Xn

k¼2

2
n�kþ1

k!

ð2qpÞk
n
k

� �
� ðn�kþ1ÞGða�1Þ

n�k ðe
2pinÞ�GðaÞn�kþ1ðe

2pinÞ
h i

�
Xq

j¼1

f k;
nþ j�1

q

� �(
exp

k
2
�2ðnþ j�1Þp

q

� �
pi

� 

þ
Xq

j¼1

f k;
j� n

q

� �
exp �k

2
þ2ðj� nÞp

q

� �
pi

� 
)
n2N n f1g; q2N; p2Z; n2R nZ; a2Cð Þ ð144Þ
n terms of the Hurwitz (or generalized) zeta function f(s,a).
Proof. Upon separating the k = 0 and k = 1 terms in (142) and applying Srivastava’s formula (76) (with n 2 N n f1g), if we
note that
B0ðx; kÞ ¼ B0ðkÞ ¼ 0 and B1ðx; kÞ ¼ B1ðkÞ ¼
1

k� 1
; ð145Þ
we arrive at the formula (144) asserted by Theorem 15. h
Theorem 18. The Apostol–Euler polynomials EðaÞn ðx; kÞof order aat rational arguments are given by
EðaÞn
p
q

; e2pin

� �
¼ 2

e2pin � 1
Eða�1Þ

n ðe2pinÞ � EðaÞn ðe2pinÞ

 �

�
Xn

k¼2

2
n� kþ 1

k!

ð2qpÞk
n
k

� �
� Eða�1Þ

n�kþ1ðe
2pinÞ � EðaÞn�kþ1ðe

2pinÞ
h i
�
Xq

j¼1

f k;
nþ j� 1

q

� �(
exp

k
2
� 2ðnþ j� 1Þp

q

� �
pi

� 


þ
Xq

j¼1

f k;
j� n

q

� �
exp � k

2
þ 2ðj� nÞp

q

� �
pi

� 
)

� e2pin � 1
nþ 1

ðnþ 1Þ!
ð2qpÞnþ1

2
e2pin þ 1

� �a Xq

j¼1

f nþ 1;
nþ j� 1

q

� �(

� exp
nþ 1

2
� 2ðnþ j� 1Þp

q

� �
pi

� 

þ
Xq

j¼1

f nþ 1;
j� n

q

� �
exp �nþ 1

2
þ 2ðj� nÞp

q

� �
pi

� 
)
ð146Þ 

n 2 N n f1g; q 2 N; p 2 Z; n 2 R n fZ [Kg K :¼ kþ 1
2

: k 2 Z

� �� �
; a 2 C

!

in terms of the Hurwitz (or generalized) zeta function f(s,a).
Proof. Just as in our demonstration of Theorem 16, the representation formula (146) can be proven by applying (143) and
(76). h

By means of (142) (with k = 1) and (143) (with k = 1) in conjunction with the formula (88), we can deduce Corollaries 16
and 17 below asserting series representations for the Genocchi polynomials of order a and the Euler polynomials of order a,
respectively.

Corollary 16. The generalized Genocchi polynomials GðaÞn ðxÞ of order a at rational arguments are given by
GðaÞn
p
q

� �
¼ 2

nþ1
ðnþ1ÞGða�1Þ

n �GðaÞnþ1

h i
þ 2p

q
�1

� �
nGða�1Þ

n�1 �GðaÞn

h i
�
Xn

k¼2

4
n�kþ1

k!

ð2qpÞk
n
k

� �
ðn�kþ1ÞGða�1Þ

n�k �GðaÞn�kþ1

h i
�
Xq

j¼1

f k;
j
q

� �
cos

2jpp
q
�kp

2

� �
ðn2N n f1g; q2N; p2Z; a2CÞ ð147Þ
in terms of the Hurwitz (or generalized) zeta function f(s,a).
Corollary 17. The generalized Euler polynomials EðaÞn ðxÞ of order a at rational arguments are given by
EðaÞn
p
q

� �
¼ 2

nþ 1
Eða�1Þ

nþ1 � EðaÞnþ1

h i
þ 2p

q
� 1

� �
Eða�1Þ

n � EðaÞn

h i
�
Xn

k¼2

4
n� kþ 1

k!

ð2qpÞk
n
k

� �
Eða�1Þ

n�kþ1 � EðaÞn�kþ1

h i
�
Xq

j¼1

f k;
j
q

� �
cos

2jpp
q
� kp

2

� �
ðn 2 N n f1g; q 2 N; p 2 Z; a 2 CÞ ð148Þ
in terms of the Hurwitz (or generalized) zeta function f(s,a).
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Remark 14. The series representation formulas (147) and (148) are, respectively, the complement of (144) and (146) for
n 2 Z. Furthermore, by letting a = 1 in (147) and (148), we obtain the following explicit series representations for the classical
Genocchi polynomials and the classical Euler polynomials, respectively.
Corollary 18. The classical Genocchi polynomials Gn(x) at rational arguments are given by
Gn
p
q

� �
¼ � 2

nþ 1
Gnþ1 �

2p
q
� 1

� �
Gn þ

Xn�1

k¼2

4Gn�kþ1

n� kþ 1
k!

ð2qpÞk
n

k

� �
�
Xq

j¼1

f k;
j
q

� �
cos

2jpp
q
� kp

2

� �
ðn 2 N n f1g; q 2 N; p 2 ZÞ ð149Þ
in terms of the Hurwitz (or generalized) zeta function f(s,a).
Corollary 19. The classical Euler polynomials En(x) at rational arguments are given by
En
p
q

� �
¼ � 2

nþ 1
Enþ1 �

2p
q
� 1

� �
En þ

Xn

k¼2

4En�kþ1

n� kþ 1
k!

ð2qpÞk
n

k

� �
�
Xq

j¼1

f k;
j
q

� �
cos

2jpp
q
� kp

2

� �
ðn 2 N n f1g; q 2 N; p 2 ZÞ ð150Þ
in terms of the Hurwitz (or generalized) zeta function f(s,a).
Remark 15. It is fairly easy to apply the relationships (40) of Lemma 3 and (41) of Lemma 4 in conjunction with the above
formulas (144) and (146), respectively, in rder to obtain the corresponding series representations for the Apostol–Bernoulli
polynomials BðaÞn ðx; kÞ of order a at rational arguments. The details involved are being left as an exercise for the interested
reader.

We now separate the even and odd terms of the formula (150). By noting that
E2n ¼ 0 and E2n�1 ¼
1

2n
G2n ðn 2 NÞ;
we thus obtain
E2n�1
p
q

� �
¼ � 2p

q
� 1

� �
E2n�1 þ

Xn

k¼2

4E2n�2kþ1

2n� 2kþ 1
ð�1Þkþ1ð2k� 1Þ!
ð2qpÞ2k�1

2n� 1
2k� 1

� �
�
Xq

j¼1

f 2k� 1;
j
q

� �
sin

2jpp
q

� �
ðn 2 N n f1g; q 2 N; p 2 ZÞ ð151Þ
and
E2n
p
q

� �
¼ � 2

2nþ 1

� �
E2nþ1 þ

Xn

k¼1

4E2n�2kþ1

2n� 2kþ 1
ð�1Þkð2kÞ!
ð2qpÞ2k

2n
2k

� �
�
Xq

j¼1

f 2k;
j
q

� �
cos

2jpp
q

� �
ðn 2 N n f1g; q 2 N; p 2 ZÞ: ð152Þ
On the other hand, by separating the even and odd terms of the formula (85), we get (see [10, p. 1529, Theorem B] and [42, p.
78, Theorem B]; see also Corollary 10 above)
E2n�1
p
q

� �
¼ ð�1Þn 4ð2n� 1Þ!

ð2qpÞ2n

Xq

j¼1

f 2n;
2j� 1

2q

� �
cos

ð2j� 1Þpp
q

� �
ðn 2 N n f1g; q 2 N; p 2 ZÞ ð153Þ
and
E2n
p
q

� �
¼ ð�1Þn 4ð2nÞ!

ð2qpÞ2nþ1

Xq

j¼1

f 2nþ 1;
2j� 1

2q

� �
sin

ð2j� 1Þpp
q

� �
ðn 2 N n f1g; q 2 N; p 2 ZÞ: ð154Þ
Finally, by comparing the formulas (153) and (151) and the formulas (154) and (152), respectively, we obtain the
following interesting relationships involving the even and odd Hurwitz (or generalized) zeta functions:
Xn

k¼2

ð�1Þkþ1ð2qpÞ2n�2kþ1

ð2n� 2kþ 1Þ!
Xq

j¼1

f 2k� 1;
j
q

� �
sin

2jpp
q

� �
E2n�2kþ1

¼ ð�1Þn
Xq

j¼1

f 2n;
2j� 1

2q

� �
cos

ð2j� 1Þpp
q

� �
þ ð2qpÞ2n

2 � ð2n� 1Þ!
p
q
� 1

2

� �
E2n�1 ðn 2 N n f1g; q 2 N; p 2 ZÞ ð155Þ
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and
 Xn

k¼1

ð�1Þkð2qpÞ2n�2kþ1

ð2n� 2kþ 1Þ!
Xq

j¼1

f 2k;
j
q

� �
cos

2jpp
q

� �
E2n�2kþ1 ¼ ð�1Þn

Xq

j¼1

f 2nþ 1;
2j� 1

2q

� �
sin

ð2j� 1Þpp
q

� �

þ ð2qpÞ2nþ1

2 � ð2nþ 1Þ! E2nþ1 ðn 2 N n f1g; q 2 N; p 2 ZÞ: ð156Þ
We now recall the following interesting integral representations for the Apostol–Bernoulli polynomials and the Apostol–
Euler polynomials, which were given recently by Luo [30].

Lemma 9 Luo [30, p. 2198, Theorem 3.1 (3.1); p. 2199, Theorem 3.2 (3.3)]). The following integral representation holds true for
the Apostol–Bernoulli polynomials: Z � �
Bnðz; e2pinÞ ¼ �Dnðz; nÞ � ne�2pizn �
1

0

Uðn; z; tÞ coshð2pntÞ þ iVðn; z; tÞ sinhð2pntÞ
coshð2ptÞ � cosð2pxÞ tn�1 dt�

n 2 N; 0 5 RðzÞ 5 1; jnj < 1 ðn 2 RÞ
�
; ð157Þ
where Dn(z;n) is given by
Dnðz; nÞ ¼
0 ðn ¼ 0Þ
ð�1Þnn!

ð2pinÞne2pizn
ðn – 0Þ;

8<:
Uðn; z; tÞ ¼ cos 2pz� np

2

� �
� cos

np
2

� �
e�2pt

h i

and
Vðn; z; tÞ ¼ sin 2pz� np
2

� �
þ sin

np
2

� �
e�2pt

h i
:

Furthermore, the following integral representation holds true for the Apostol–Euler polynomials:
Enðz; e2pinÞ ¼ 2e�2pizn
Z 1

0

Xðn; x; tÞ coshð2pntÞ þ iYðn; z; tÞ sinhð2pntÞ
coshð2ptÞ � cosð2pzÞ

� �
tn dt�

n 2 N; 0 5 RðzÞ 5 1; jnj < 1 ðn 2 RÞ
�
; ð158Þ
where
Xðn; z; tÞ ¼ e�pt sin pzþ np
2

� �
þ ept sin pz� np

2

� �h i

and
Yðn; z; tÞ ¼ e�pt cos pzþ np
2

� �
� ept cos pz� np

2

� �h i
:

We apply the relationships (37) of Lemma 2 and (39) of Lemma 3 in conjunction with the above formulas (157) and (158),
respectively. We thus obtain the corresponding integral representations for the Apostol–Genocchi polynomials GðaÞn ðz; kÞ.

Theorem 19. The following integral representation holds true for the Apostol–Genocchi polynomials:
Gnðz; e2pinÞ ¼ 2ne�2pizn
Z 1

0

Mðn; z; tÞ coshð2pntÞ þ iNðn; x; tÞ sinhð2pntÞ
coshð2ptÞ � cosð2pzÞ

� �
tn�1 dt

n 2 N; 0 5 RðzÞ 5 1; jnj < 1
2
ðn 2 RÞ

� �
ð159Þ
where
Mðn; z; tÞ ¼ ept cos pz� np
2

� �
� e�pt cos pzþ np

2

� �h i

and
Nðn; z; tÞ ¼ ept sin pz� np
2

� �
þ e�pt sin pzþ np

2

� �h i
:

Remark 16. Upon letting n 2 Z in (157) and (158), we easily deduce that
BnðzÞ ¼ �n
Z 1

0

cos 2pz� np
2

� �
� e�2pt cos np

2

� �
coshð2ptÞ � cosð2pzÞ

� �
tn�1 dt

�
n 2 N; 0 5 RðzÞ 5 1

�
ð160Þ
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and
EnðzÞ ¼ 2
Z 1

0

ept sin pz� np
2

� �
þ e�pt sin pxþ np

2

� �
coshð2ptÞ � cosð2pzÞ

� �
tn dt

�
n 2 N; 0 5 RðzÞ 5 1

�
ð161Þ
for the classical Bernoulli polynomials and the classical Euler polynomials, respectively. Moreover, by setting z ¼ p
q in (160)

and (161), and noting the formulas (88) and (85), we can get the following integral representations for the Hurwitz (or gen-
eralized) zeta function f(s,a):
Xq

j¼1

f n;
j
q

� �
cos

2jpp
q
� np

2

� �
¼ ð2qpÞn

2 � ðn� 1Þ!

Z 1

0

cos 2pp
q � np

2

� �
� e�2pt cos np

2

� �
coshð2ptÞ � cos 2pp

q

� �
0@ 1Atn�1 dt

ðn 2 N n f1g; p 2 N0; q 2 N; p 5 qÞ ð162Þ
and
Xq

j¼1

f nþ 1;
2j� 1

2q

� �
sin

ð2j� 1Þpp
q

� np
2

� �
¼ ð2qpÞnþ1

2 � n!

Z 1

0

ept sin pp
q � np

2

� �
þ e�pt sin pp

q þ np
2

� �
coshð2ptÞ � cos 2pp

q

� �
0@ 1Atn dt

ðn 2 N; p 2 N0; q 2 N; p 5 qÞ: ð163Þ
Remark 17. By letting n ´ 2n in (162) and (163), we obtain the following interesting integral representations involving the
even Hurwitz (or generalized) zeta function f(2n,a) and the odd Hurwitz (or generalized) zeta function f(2n + 1,a),
respectively:
Xq

j¼1

f 2n;
j
q

� �
cos

2jpp
q

� �
¼ ð2qpÞ2n

2 � ð2n� 1Þ!

Z 1

0

cos 2pp
q

� �
� e�2pt

coshð2ptÞ � cos 2pp
q

� �
0@ 1At2n�1 dt

ðn 2 N n f1g; p 2 N0; q 2 N; p 5 qÞ ð164Þ
and
Xq

j¼1

f 2nþ 1;
2j� 1

2q

� �
sin

ð2j� 1Þpp
q

� �
¼
ð2qpÞ2nþ1 sin pp

q

� �
ð2nÞ!

Z 1

0

coshðptÞ
coshð2ptÞ � cos 2pp

q

� �
0@ 1At2n dt

ðn 2 N; p 2 N0; q 2 N; p 5 qÞ: ð165Þ
Remark 18. The formulas (76), (77) and (83) lead us easily to the following representations for the Apostol–Bernoulli poly-
nomials, the Apostol–Euler polynomials and the Apostol–Genocchi polynomials at rational arguments:
Bn
p
q

;�e2pin

� �
¼ � n!

ð2qpÞn
Xq

j¼1

f n;
2nþ 2j� 1

2q

� �(
exp

n
2
� ð2nþ 2j� 1Þp

q

� �
pi

� 


þ
Xq

j¼1

f n;
2j� 2n� 1

2q

� �
exp �n

2
þ ð2j� 2n� 1Þp

q

� �
pi

� 
)
ðn 2 N n 1f g; p 2 Z; q 2 N; n 2 RÞ; ð166Þ

En
p
q

;�e2pin

� �
¼ 2 � n!

ð2qpÞnþ1

Xq

j¼1

f nþ 1;
nþ j

q

� �
� exp

nþ 1
2
� 2ðnþ jÞp

q

� �
pi

� 

þ
Xq

j¼1

f nþ 1;
j� n� 1

q

� �(

� exp �nþ 1
2
þ 2ðj� n� 1Þp

q

� �
pi

� 
�
ðn; q 2 N; p 2 Z; n 2 RÞ ð167Þ
and
Gn
p
q

;�e2pin

� �
¼ 2 � n!

ð2qpÞn
Xq

j¼1

f n;
nþ j

q

� �
exp

n
2
� 2ðnþ jÞp

q

� �
pi

� 

þ
Xq

j¼1

f n;
j� n�1

q

� �
exp �n

2
þ2ðj� n�1Þp

q

� �
pi

� 
( )
ðn 2N n f1g; p 2 Z; q 2N; n 2 RÞ; ð168Þ
respectively.
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By applying Lemmas 2 to 4 and the above formulas (166) to (168) in conjunction with the results of this paper and of the
earlier works (see, for example, [28,35,29,36,34,30–33]), we can also derive a large number of interesting formulas and
relationships. For example, if we apply the relationships (37) and (39) in conjunction with the known Fourier expansions of
the Apostol–Bernoulli polynomials and the Apostol–Euler polynomials (see, for details, [30, p. 2195, Theorem 2.1 (2.2) and
(2.3); p. 2196, Theorem 2.2 (2.8) and Theorem 2.2 (2.9)]), we obtain the corresponding Fourier exponential series expansions
for the Apostol–Genocchi polynomials Gnðx; kÞ as follows.
Theorem 20. The following Fourier exponential series expansions hold true for the Apostol–Genocchi polynomials Gnðx; kÞ:
Gnðx; kÞ ¼ 2 � n!

kx

Xk¼1
k¼�1

eð2k�1Þpix

ð2k� 1Þpi� log k½ �n
¼ ð2 � n!Þin

kx

X1
k¼0

exp np
2 � ð2kþ 1Þpx
� �

i

 �
ð2kþ 1Þpiþ log k½ �n

þ
X1
k¼0

exp � np
2 þ ð2kþ 1Þpx

� �
i


 �
ð2kþ 1Þpi� log k½ �n

 !
ðn 2 N; 0 5 x 5 1; k 2 C n f0;�1gÞ: ð169Þ
9. A unified presentation of the generalized Apostol type polynomials

The mutual relationships among the families of the generalized Apostol–Bernoulli polynomials, the generalized Apostol–
Euler polynomials and the Apostol–Genocchi polynomials, which are already asserted by Lemmas 2 to 4, can be appropri-
ately applied with a view to translating various formulas involving one family of these generalized polynomials into the cor-
responding results involving each of the other two families of these generalized polynomials. Nevertheless, we find it to be
useful to investigate properties and results involving these three families of generalized Apostol type polynomials in a unified
manner. In fact, the following interesting unification (and generalization) of the generating functions of the three families of
Apostol type polynomials was recently investigated rather systematically by Ozden et al. (cf. [38, p. 2779, Equation (1.1)]):
21�jzjexz

bbez � ab
¼
X1
n¼0

Yn;bðx;j; a; bÞ z
n

n!
ð170Þ

jzj < 2p when b ¼ a; jzj < b log
b
a

� ����� ���� when b–a; 1a :¼ 1; j;b 2 C; a; b 2 C n f0g
� �

;

where we have not only suitably relaxed the constraints on the parameters j, a and b, but we have also strictly followed
Remark 1 regarding the open disk in the complex z-plane (centred at the origin z = 0) within which the generating function
in (170) is analytic in order to have the corresponding convergent Taylor–Maclaurin series expansion (about the origin z = 0)
occurring on the right-hand side (with a positive radius of convergence).

Here, in conclusion of our present investigation, we define the following unification (and generalization) of the generating
functions of the above-mentioned three families of the generalized Apostol type polynomials.

Definition 6. The generalized Apostol type polynomials
FðaÞn ðx; k;l; mÞ ða; k;l; m 2 CÞ
of (real or complex) order a are defined by means of the following generating function:
2lzm

kez þ 1

� �a

� exz ¼
X1
n¼0

FðaÞn ðx; k; l; mÞ z
n

n!
jzj < j logð�kÞj; 1a :¼ 1
� �

; ð171Þ
so that, by comparing Definition 6 with Definitions 2, 3 and 4, we have
BðaÞn ðx; kÞ ¼ ð�1ÞaFðaÞn ðx;�k; 0; 1Þ; ð172Þ
EðaÞn ðx; kÞ ¼ FðaÞn ðx; k; 1; 0Þ ð173Þ
and
GðaÞn ðx; kÞ ¼ FðaÞn ðx; k; 1; 1Þ: ð174Þ
Furthermore, if we compare the generating function (170) and (171), we have
Yn;bðx;j; a; bÞ ¼ � 1
ab
Fð1Þn x;� b

a

� �b

; 1� j;j

 !
: ð175Þ
We thus see from the relationships (172)–(175) that the generating function of FðaÞn ðx; k;l; mÞ in (171) includes, as its spe-
cial cases, not only the generating function of the polynomials Yn;bðx;j; a; bÞ in (170) and the generating functions of all three
of the generalized Apostol type polynomials BðaÞn ðx; kÞ; EðaÞn ðx; kÞ and GðaÞn ðx; kÞ, and indeed also the generating functions of their
special cases BðaÞn ðxÞ; E

ðaÞ
n ðxÞ and GðaÞn ðxÞ.
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The various interesting properties and results involving the new family of generalized Apostol type polynomials
FðaÞn ðx; k;l; mÞ can also be derived in a manner analogous to that of our presentation in this paper.
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