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q-Extensions for the Apostol-Genocchi
Polynomials1

Qiu-Ming Luo

Abstract

In this paper, we define the Apostol-Genocchi polynomials and q-

Apostol-Genocchi polynomials. We give the generating function and

some basic properties of q-Apostol-Genocchi polynomials. Several

interesting relationships are also obtained.
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1 Introduction, definitions and motivation

Throughout this paper, we always make use of the following notation: N =

{1, 2, 3, . . .} denotes the set of natural numbers, N0 = {0, 1, 2, 3, . . .} denotes

the set of nonnegative integers, Z
−

0 = {0,−1,−2,−3, . . .} denotes the set of
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nonpositive integers, Z denotes the set of integers, R denotes the set of real

numbers, C denotes the set of complex numbers.

The falling factorial is {n}0 = 1, {n}k = n(n−1) · · · (n−k+1) (n ∈ N);

The rising factorial is (n)0 = 1, (n)k = n(n+1) · · · (n+k−1); The q-shifted

factorial is (a; q)0 = 1; (a; q)k = (1 − a)(1 − aq) · · · (1 − aqk−1), k = 1, 2, . . .;

(a; q)∞ = (1−a)(1−aq) · · · (1−aqk) · · · =
∏

∞

k=0(1−aqk), (|q| < 1; a, q ∈ C).

Clearly, (a; q)k = (a;q)∞
(aqk;q)∞

.

The q-number or q-basic number is defined by [a]q =
1 − qa

1 − q
, q 6= 1, (|q| <

1; a, q ∈ C) ; The q-numbers factorial is defined by [n]q! = [1]q[2]q · · · [n]q, (n ∈

N). The q-numbers shifted factorial is defined by ([a]q)n = [a]q;n = [a]q[a +

1]q · · · [a + n − 1]q (n ∈ N, a ∈ C). Clearly, limq→1[a]q = a, limq→1[n]q! =

n!, limq→1([a]q)n = (a)n.

The usual binomial theorem

(1.1)
1

(1 − z)α
=

∞
∑

n=0

(

−α

n

)

(−z)n :=
∞

∑

n=0

(α)n

n!
zn, (z, α ∈ C; |z| < 1).

The q-binomial theorem

(1.2)
∞

∑

n=0

(a; q)n

(q; q)n

zn =
(az; q)∞
(z; q)∞

, (z, q ∈ C; |z| < 1, |q| < 1).

A special case of (1.2), for a = qα(α ∈ C), can be written as follows:

(1.3)
1

(z; q)α

=
(qαz; q)∞
(z; q)∞

=
∞

∑

n=0

(qα; q)n

(q; q)n

zn :=
∞

∑

n=0

([α]q)n

[n]q!
zn,

(z, q, α ∈ C; |z| < 1, |q| < 1).

The above q-standard notation can be found in [2].

The Genocchi numbers Gn and polynomials Gn(x) together with their

generalizations G
(α)
n and G

(α)
n (x) (α is real or complex), are usually defined

by means of the following generating functions (see [5, p. 532-533]):

(1.4)

(

2z

ez + 1

)α

=
∞

∑

n=0

G(α)
n

zn

n!
(|z| < π),
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(1.5)

(

2z

ez + 1

)α

exz =
∞

∑

n=0

G(α)
n (x)

zn

n!
(|z| < π).

Obviously, for α = 1, Genocchi polynomials Gn(x) and numbers Gn are

(1.6) Gn(x) := G(1)
n (x) and Gn := Gn(0) (n ∈ N0),

respectively.

We now intrduce the following extensions of Genocchi polynomials of

higher order based on the idea of Apostol (see, for details, [1]).

Definition 1.1. The Apostol-Genocchi numbers and polynomials of order

α are respectively defined by means of the generating functions:

(

2z

λez + 1

)α

=
∞

∑

n=0

G(α)
n (λ)

zn

n!
(|z| < |log(−λ)|) ,(1.7)

(

2z

λez + 1

)α

exz =
∞

∑

n=0

G(α)
n (x; λ)

zn

n!
(|z| < |log(−λ)|) .(1.8)

Clearly, we have

G(α)
n (x) = G(α)

n (x; 1) , G(α)
n (λ) := G(α)

n (0;λ) ,

Gn (x; λ) := G(1)
n (x; λ) and Gn (λ) := G(1)

n (λ) ,
(1.9)

where Gn (λ), G
(α)
n (λ) and Gn (x; λ) denote the so-called Apostol-Genocchi

numbers, Apostol-Genocchi numbers of order α and Apostol-Genocchi poly-

nomials respectively.

It follows that we give the following q-extensions for Apostol-Genocchi

polynomials of order α.

Definition 1.2. The q-Apostol-Genocchi numbers and polynomials of order

α are respectively defined by means of the generating functions:

(1.10)

W
(α)
λ;q (t) = (2t)α

∞
∑

n=0

([α]q)n

[n]q!
(−λ)nqne[n]qt =

∞
∑

n=0

G(α)
n;q (λ)

tn

n!
, (q, α, λ ∈ C; |q| < 1).
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W
(α)
x;λ;q(t) = (2t)α

∞
∑

n=0

([α]q)n

[n]q!
(−λ)nqn+xe[n+x]qt(1.11)

=
∞

∑

n=0

G(α)
n;q (x; λ)

tn

n!
, (q, α, λ ∈ C; |q| < 1).

Obviously,

lim
q→1

G(α)
n;q (x; λ) = G(α)

n (x; λ), lim
q→1

G(α)
n;q (λ) = G(α)

n (λ)

and

lim
q→1

G(α)
n;q(x) = G(α)

n (x), lim
q→1

G(α)
n;q = G(α)

n .

We recall that a family of the Hurwitz-Lerch Zeta function Φ
(ρ,σ)
µ,ν (z, s, a)

[4, p. 727, Eq. (8)] is defined by

(1.12) Φ(ρ,σ)
µ,ν (z, s, a) :=

∞
∑

n=0

(µ)ρn

(ν)σn

zn

(n + a)s
,

(µ ∈ C; a, ν ∈ C \ Z
−

0 ; ρ, σ ∈ R
+; ρ < σ when s, z ∈ C;

ρ = σ and s ∈ C when |z| < 1; ρ = σ and

R(s − µ + ν) > 1 when |z| = 1),

contains, as its special cases, not only the Hurwitz-Lerch Zeta function

(1.13) Φ(σ,σ)
ν,ν (z, s, a) = Φ(0,0)

µ,ν (z, s, a) = Φ(z, s, a) :=
∞

∑

n=0

zn

(n + a)s
,

but also the following generalized Hurwitz-Zeta function introduced and

studied earlier by Goyal and Laddha [3, p. 100, Eq. (1.5)]

(1.14) Φ
(1,1)
µ,1 (z, s, a) = Φµ(z, s, a) :=

∞
∑

n=0

(µ)n

n!

zn

(n + a)s
,

which, for convenience, are called the Goyal-Laddha-Hurwitz-Lerch Zeta

function.

It follows that we introduce the following definitions.
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Definition 1.3. The q-Goyal-Laddha-Hurwitz-Lerch Zeta function is de-

fined by

(1.15)

Φµ;q(z, s, a) :=
∞

∑

n=0

([µ]q)n

[n]q!

znqn+a

[

n + a
]s

q

, (µ, s ∈ C; R(a) > 0; a ∈ C \ Z
−

0 ).

Setting µ = 1 in (1.15), we have

Definition 1.4. The q-Hurwitz-Lerch Zeta function is defined by

(1.16) Φq(z, s, a) :=
∞

∑

n=0

znqn+a

[

n + a
]s

q

, (s ∈ C; R(a) > 0; a ∈ C \ Z
−

0 ).

The aim of this paper is to give another generating function of q-Apostol-

Genocchi polynomials. Some basic properties are also studied. We obtain

several interesting relationships between these polynomials and the gener-

alized Zeta functions.

2 Generating functions of the q-Apostol-Genocchi

polynomials of higher order

By (1.3) and (1.11), yields

W
(α)
x;λ;q(t) = (2t)α

∞
∑

n=0

([α]q)n

[n]q!
(−λ)nqn+xe[n+x]qt(2.1)

= (2t)αe
t

1−q

∞
∑

n=0

([α]q)n

[n]q!
(−λ)nqn+xe

−
qn+x

1−q
t

= (2t)αe
t

1−q

∞
∑

k=0

(−1)kq(k+1)x

(1 − q)k

tk

k!

∞
∑

n=0

([α]q)n

[n]q!
(−λqk+1)n

= (2t)αe
t

1−q

∞
∑

k=0

(−1)kq(k+1)x

(−λqk+1; q)α

(

1

1 − q

)k
tk

k!
.
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Therefor, we obtain the generating function of G
(α)
n;q (x; λ) as follows:

(2.2)

W
(α)
x;λ;q(t) = (2t)αe

t
1−q

∞
∑

k=0

(−1)kq(k+1)x

(−λqk+1; q)α

(

1

1 − q

)k
tk

k!
=

∞
∑

n=0

G(α)
n;q (x; λ)

tn

n!
.

Clearly,

(2.3) W
(α)
λ;q (t) = (2t)αe

t
1−q

∞
∑

k=0

(−1)k

(−λqk+1; q)α

(

1

1 − q

)k
tk

k!
=

∞
∑

n=0

G(α)
n;q (λ)

tn

n!
.

Setting λ = 1 in (2.2) and (2.3) respectively, we deduce the generating

functions of G
(α)
n;q(x) and G

(α)
n;q as follows:

(2.4)

W (α)
x;q (t) = (2t)αe

t
1−q

∞
∑

k=0

(−1)kq(k+1)x

(−qk+1; q)α

(

1

1 − q

)k
tk

k!
=

∞
∑

n=0

G(α)
n;q(x; λ)

tn

n!

and

(2.5) W (α)
q (t) = (2t)αe

t
1−q

∞
∑

k=0

(−1)k

(−qk+1; q)α

(

1

1 − q

)k
tk

k!
=

∞
∑

n=0

G(α)
n;q(λ)

tn

n!
.

It follows that we derive readily the following formulas by (2.2) and (2.3)

for α = ℓ ∈ N.

G(ℓ)
n;q(λ) =

2ℓ

(1 − q)n−ℓ

n
∑

k=ℓ

(

n

k

)

(−1)k−ℓ{k}ℓ

(−λqk−ℓ+1; q)ℓ

(2.6)

and

G(ℓ)
n;q(x; λ) =

2ℓ

(1 − q)n−ℓ

n
∑

k=ℓ

(

n

k

)

(−1)k−ℓ{k}ℓq
(k−ℓ+1)x

(−λqk−ℓ+1; q)ℓ

.(2.7)

Setting λ = 1 in (2.6) and (2.7) respectively, we deduce the explicit formulas

as follows:

G(ℓ)
n;q =

2ℓ

(1 − q)n−ℓ

n
∑

k=ℓ

(

n

k

)

(−1)k−ℓ{k}ℓ

(−qk−ℓ+1; q)ℓ

(2.8)
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and

G(ℓ)
n;q(x) =

2ℓ

(1 − q)n−ℓ

n
∑

k=ℓ

(

n

k

)

(−1)k−ℓ{k}ℓq
(k−ℓ+1)x

(−qk−ℓ+1; q)ℓ

.(2.9)

3 Some properties of the q-Apostol-Genocchi

polynomials of higher order

In this Section, we shall derive some basic properties of the q-Apostol-

Genocchi polynomials.

Proposition 3.1. The special values for q-Apostol-Genocchi polynomials

and numbers of higher order (n, ℓ ∈ N; α, λ ∈ C)

G(α)
n;q (λ) = G(α)

n;q (0;λ), G(0)
n;q(x; λ) = qx[x]nq ,

G
(α)
0;q (x; λ) = G

(α)
0;q (λ) = δα,0, G(ℓ)

n;q(x; λ) = 0 (0 ≦ n ≦ ℓ − 1).
(3.1)

δn,k being the Kronecker symbol.

Proposition 3.2. The formula of q-Apostol-Genocchi polynomials of higher

order in terms of q-Apostol-Genocchi numbers of higher order

(3.2) G(α)
n;q (x; λ) =

n
∑

k=0

(

n

k

)

G
(α)
k;q (λ)q(k−α+1)x[x]n−k

q .

Proof. By (1.11) and (1.10), yields

W
(α)
x;λ;q(t) =

∞
∑

n=0

G(α)
n;q (x; λ)

tn

n!
= (2t)α

∞
∑

n=0

([α]q)n

[n]q!
(−λ)nqn+xe[n+x]qt(3.3)

= (2t)αqxe[x]qt

∞
∑

n=0

([α]q)n

[n]q!
(−λ)nqne[n]qqxt

=
∞

∑

n=0

[

n
∑

k=0

(

n

k

)

G
(α)
k;q (λ)q(k−α+1)x[x]n−k

q

]

tn

n!
.

Comparing the coefficients of tn

n!
on both sides of (3.3), we lead immediately

to the desired (3.2).
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Proposition 3.3 (Difference equation).

(3.4) λqα−1G(α)
n;q (x + 1;λ) + G(α)

n;q (x; λ) = 2nG
(α−1)
n−1;q (x; λ) (n ≧ 1).

Proof. It is easy to observe that

∞
∑

n=0

([α − 1]q)n

[n]q!
(−λ)nqn+xe[n+x]qt =λqα−1

∞
∑

n=0

([α]q)n

[n]q!
(−λ)nqn+x+1e[n+x+1]qt

+
∞

∑

n=0

([α]q)n

[n]q!
(−λ)nqn+xe[n+x]qt.

(3.5)

By (1.11) and (3.5), we obtain the desired (3.4).

Proposition 3.4 (Differential relationship).

(3.6)
∂

∂x

G(α)
n;q (x; λ) = G(α)

n;q (x; λ) log q + n
log q

q − 1
qxG

(α)
n−1;q(x; λq).

Proof. By (2.7), it is not difficult.

Proposition 3.5 (Integral formula).

∫ b

a

qxG(α)
n;q (x; λq) dx =(3.7)

1 − q

n + 1

∫ b

a

G
(α)
n+1;q(x; λ) dx +

q − 1

log q

G
(α)
n+1;q(b; λ) − G

(α)
n+1;q(a; λ)

n + 1
.

Proof. It is easy to obtain (3.7) by (3.6).

Proposition 3.6 (Addition theorem).

(3.8) G(α)
n;q (x + y; λ) =

n
∑

k=0

(

n

k

)

G
(α)
k;q (x; λ)q(k−α+1)y[y]n−k

q .
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Proof.By (1.11), yields

W
(α)
x+y;λ;q(t) =

∞
∑

n=0

G(α)
n;q (x + y; λ)

tn

n!
= (2t)α

∞
∑

n=0

([α]q)n

[n]q!
(−λ)nqn+x+ye[n+x+y]qt

= (2t)αqye[y]qt

∞
∑

n=0

([α]q)n

[n]q!
(−λ)nqn+xe[n+x]qqyt

=
∞

∑

n=0

[

n
∑

k=0

(

n

k

)

G
(α)
k;q (x; λ)q(k−α+1)y[y]n−k

q

]

tn

n!
.

(3.9)

Comparing the coefficients of tn

n!
on both sides of (3.9), we can arrive at

formula (3.8) immediately.

Proposition 3.7 (Theorem of complement).

G(α)
n;q (α − x; λ) =

(−1)n−α

λα
qα−(α

2)−nG
(α)

n;q−1(x; λ−1),(3.10)

G(α)
n;q (α + x; λ) =

(−1)n−α

λα
qα−(α

2)−nG
(α)

n;q−1(−x; λ−1).(3.11)

Proof. It follows that by (2.7).

Proposition 3.8 (Recursive formulas).

(n − α)G(α)
n;q (x; λ) = n[x]qG

(α)
n−1;q(x; λ) −

λ

2
[α]qq

xG(α+1)
n;q (x + 1;λ),

(3.12)

[α]qq
x−αG(α+1)

n;q (x; λ) = 2n
(

[α]qq
x−α − [x]q

)

G
(α)
n−1;q(x; λ) + 2(n − α)G(α)

n;q (x; λ).

(3.13)

Proof. We differentiate both side of (1.11) with respect to the variable t
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yields

d

dt
W

(α)
x;λ;q(t) =

∞
∑

n=0

nG(α)
n;q (x; λ)

tn−1

n!

= 2α(2t)α−1

∞
∑

n=0

([α]q)n

[n]q!
(−λ)nqn+xe[n+x]qt + (2t)α[n+

+ x]q

∞
∑

n=0

([α]q)n

[n]q!
(−λ)nqn+xe[n+x]qt

= α

∞
∑

n=0

G(α)
n;q (x; λ)

tn−1

n!
+ [x]q

∞
∑

n=0

G(α)
n;q (x; λ)

tn

n!
−

−
λ

2
[α]qq

x

∞
∑

n=0

G(α+1)
n;q (x + 1;λ)

tn−1

n!

=
∞

∑

n=0

[

αG(α)
n;q (x; λ) + n[x]qG

(α)
n−1;q(x; λ) −

λ

2
[α]qq

xG(α+1)
n;q (x + 1;λ)

]

tn−1

n!
.

(3.14)

Comparing the coefficients of tn

n!
on both sides of (3.14), we get the desired

(3.12).

We derive easily equation (3.13) by (3.4) and (3.12). The proof is com-

plete.

Remark 3.1. When q → 1, then the formulas in Proposition 3.1–Proposition 3.8

will become the corresponding formulas of Apostol-Genocchi polynomials

of higher order. Further, letting q → 1, α = 1, then these formulas will

become the corresponding formulas of Apostol-Genocchi polynomials.

Remark 3.2. When λ = 1, then the formulas in Proposition 3.1–Proposition 3.8

will become the corresponding formulas of q-Genocchi polynomials of higher

order. Further, letting λ = 1, α = 1, then these formulas will become the

corresponding formulas of q-Genocchi polynomials.
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4 Some explicit relationships between the q-

Genocchi polynomials of higher order and

q-Goyal-Laddha-Hurwitz-Lerch Zeta func-

tion

In this section, we give several interesting relationship between the Genocchi

polynomials and Hurwitz-Lerch Zeta function.

We differentiate both side of (1.11) with respect to the variable t, for

α = l ∈ N.

G(l)
n;q(a; λ) =

dn

dtn
W

(l)
a;λ;q(t)

∣

∣

∣

∣

t=0

= 2l

∞
∑

k=0

([l]q)k

[k]q!
(−λ)kqk+a dn

dtn

{

e[k+a]qttl
}

∣

∣

∣

∣

t=0

= 2l{n}l

∞
∑

k=0

([l]q)k

[k]q!
(−λ)kqk+a[k + a]q

n−l = 2l{n}l

∞
∑

k=0

([l]q)k

[k]q!

(−λ)kqk+a

[

k + a
]l−n

q

,

(4.1)

we obtain the following theorem.

Theorem 4.1. The following relationship

(4.2)

G(l)
n;q (a; λ) = 2l{n}lΦl;q(−λ, l−n, a), (n, l ∈ N; n ≧ l; |λ| ≦ 1; a ∈ C\Z−

0 ),

holds true between the q-Apostol-Genocchi polynomials of higher order and

q-Goyal-Laddha-Hurwitz-Lerch Zeta function.

Taking l = 1 in (4.2), yields

Corollary 4.1. The following relationship

(4.3) Gn;q (a; λ) = 2nΦq(−λ, 1 − n, a), (n ∈ N; |λ| ≦ 1; a ∈ C \ Z
−

0 ),

holds true between the q-Apostol-Genocchi polynomials and the q-Hurwitz-

Lerch Zeta function.
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Letting q → 1 in (4.2), we have

Corollary 4.2. The following relationship

(4.4)

G(l)
n (a; λ) = 2l{n}lΦl(−λ, l−n, a), (n, l ∈ N; n ≧ l; |λ| ≦ 1; a ∈ C\Z−

0 ),

holds true between the Apostol-Genocchi polynomials of higher order and

Goyal-Laddha-Hurwitz-Lerch Zeta function.

Setting l = 1 in (4.4), we deduce the following interesting relationship

Corollary 4.3. The following relationship

(4.5) Gn (a; λ) = 2nΦ(−λ, 1 − n, a), (n ∈ N; |λ| ≦ 1; a ∈ C \ Z
−

0 ),

holds true between the Apostol-Genocchi polynomials and Hurwitz-Lerch

Zeta function.
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