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CONGRUENCES CONCERNING JACOBI POLYNOMIALS AND
APERY-LIKE FORMULAE

KH. HESSAMI PILEHROOD, T. HESSAMI PILEHROOD, AND R. TAURASO

ABSTRACT. Let p > 5 be a prime. We prove congruences modulo p®~¢ for sums of the general

form (77 3)/2 (CFYt*/(2k + 1)“T and S /2 (F)t*/k* with d = 0,1. We also consider

the special case t = (—l)d/16 of the former sum, where the congruences hold modulo p®~%.

1. INTRODUCTION

In proving the irrationality of ((3), Apéry [1] mentioned the formulae

k=1 k=1

Later Koecher [6], and Leshchiner [7], found several analogous results for other {(r). In par-
ticular, in [7], by the use of some combinatorial identities it was shown that

o) (2k) B 4 [e%s) (_1)k - -
kzﬂm_gkzﬂ2k+1_§’ (1)
oo (2k) - 4 0o 1 ) 7T2
2 TR R IP 5 BRI 10 2)

The above evaluations are related to the power series of arcsin(z),

00 (2kk) »2k+1
arcsin(z) = Z FREED) 2| <1, (3)
k=0

and its integral foz 7ar05;n(y) dy, which can be expressed in closed form (see [2, Theorem 5.1]) as
o0 (2k) 22k+1 i i
k : £ )2 ‘2
E = —=Lis((v/1 — 22 4+ i2)”) — = arcsin®(2)
k 2
— 482k + 1) 2 2 (4)

+ arcsin(z) log (222 — 2izv/1 — 22) + %{(2), |z| <1,

where Li,(z) = Y72, 2F/k" is the polylogarithmic function.
Recently, Z. W. Sun [18], [17, p. 27] pointed out that series (3), (4) for some special values
of variable admit nice finite p-analogues. He obtained the congruences for partial sums
(p—3)/2 2k\ 1k
(i)t

ZW

k=0

(mod p*~9)
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fort =1/4,1/8,1/16,3/16 if d =0, and t = 1/4 if d = 1.
In this paper, we refine Sun’s congruences to a higher power of p and obtain polynomial
congruences for general sums of the form

(p—3)/2 (2k:) ik (p—1)/2 (2k:) ik i
k k _
> (2k + 1)d+1 and > pa  (mod p™), ()
k=0 k=1

with d = 0,1. Our approach is based on application of functional properties of Jacobi poly-
nomials Péa,ﬁ ) (z), which are defined in terms of the Gauss hypergeometric function

F(a,b;c;2) = i Mzk,
k

— KOk
where (a)o =1, (a)y =ala+1)---(a+k—1), k> 1, is the Pochhammer symbol, as
Dn
PP (z) = % F(-n,n+a+pf+1La+1;(1-2)/2), af>-1. (6)

They satisfy the three term recurrence relation [20, Section 4.5]
2(n+1)(n+a+ B+ 1)(2n+a+ B8P (z)
=[2n+a+B+1)(a® — B2) + (2n + a + B)32] PP (2) (7)
—2(n+a)(n+B)(2n +a+ B +2) P (2)

with the initial conditions P(a B)( ) =1, Pl(a’ﬁ) () =(x(a+B+2)+a—p)/2.

Some special cases of the Jacobi polynomials have already been used for proving many
remarkable congruences containing central binomial sums. Thus, for example, the short proof
of the Rodriguez-Villegas famous congruence [10]

(p—1)/2 (2k)2 -
Z 1k6k =(-1)2 (mod p?), (8)

k=0

first confirmed by Mortenson [9] via the p-adic I'-function and the Gross-Koblitz formula, was
given by Z. H. Sun [13] with the help of Legendre polynomials P,(z), which are a special

case of the Jacobi polynomials: P,(z) = pioo (z). The classical Chebyshev polynomials of
the first and second kind, T}, (z) and U,(x), corresponding to the case « = § = —1/2 and
a = =1/2in (6), respectively,

n! _1/2— (n+1! a2/
Tn(z) = PR (g), Up(e) = e PPV (), (9)
(1/2)n (3/2)n
were applied in many works on congruences (see, for example, [8, 16, 18, 19]). In [§],
S. Mattarei and R. Tauraso used the classical Chebyshev polynomials

up(z) =0, up(x) =U,—1(x/2) (n>1), vp(x) = 2T, (2/2) (n>0) (10)

to obtain congruences for the finite sums

=1k p—1 pk
;#2]5) (mod p?), th it )() (mod p),
=1 =1

where Hy(m) = Z?zl 1/j™ and d = 0,1,2, which are related to series expansions of even

powers of arcsin and reveal some connections with infinite series for zeta values (more on zeta
series and congruences related to the above sums may be found in [21, 5]).
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Note that the sequences uy(z) and v,(z) given by (10) belong to a class of the so called

Lucas sequences uy,(z,y) and v,(x,y) which are defined by the recurrence relations
wo(z,y) =0, wi(z,y)=1, and uy(z,y)=2up_1(z,y) — yup—o(z,y) forn >1,
vo(z,y) =2, wvi(z,y) =2z, and v,(z,y)=zvp-1(2,y) — yvp—2o(x,y)  forn > 1.

Namely, one has u,(z) = u,(x,1) and v,(z) = v, (z, 1).

The paper is organized as follows. In Section 2, we prove some results concerning divisibility
properties of multiple harmonic sums. In Section 3, we consider two “mixed” cases of Jacobi
polynomials, Pél/ 2-1/2) () and P,S_l/ 2/2) (), and study their properties with application to
congruences. In Section 4, we get some numerical congruences. In Section 5, by revisiting
the combinatorial proof (due to D. Zagier) presented in [7, Section 5], we obtain the finite
versions of identities (1) and (2), which allow us to improve significantly congruences for the
first sum in (5) in the special case t = (—1)¢/16.

2. RESULTS CONCERNING MULTIPLE HARMONIC SUMS
We define the multiple harmonic sum as

1
Hn(alaa% cee ,CL,«) = § L |02 Lo’
kG2 - Ky
0<k1<ko<--<kr<n

where n > r > 0 and (aq,az,...,a,) € (N*)". We also introduce the multiple sum

H 1
H,(ay,a9,...,a,) = Z 7
0<ki <kg<--<kp< (le + 1)“1 (2]{32 + 1)a2 . (ri + ]_)a

With (al,ag,...

ar) €
H,({a}") and H,({a}"

(N*)". For the sake of brevity, if a;j = ag = --- = a, = a, we write
). Note that both H,, and H,, satisfy the shuffle product property:

H ( ) ( ) n(a’ b) +Hn(b7 (I) +Hn(a+b)v
Hy(a)Hp(b) = Hy(a,b) + Hp(b,a) + Hp(a +b)

for any positive integers n, a, b.
The values of many harmonic sums modulo a power of prime p are well known. Here is a
list of results that we will need later.

(i) ([11, Theorem 5.1]) for any prime p > r + 2 we have

H, ()= —ggjjjg p? Byr—a (mod p?) if r is odd,
b By_r—1 (mod p?) if r is even;

r—i—l b
(i) ([22, Theorem 3.1]) for positive integers r, s and for any prime p > r + s, we have
-1)%(r+s
H,_i(r,s) = (7“+)s ( . )Bp_r_s (mod p);

(iii) ([22, Theorem 3.5]) for positive integers r,s,t and for any prime p > r + s + ¢ such
that r + s 4+ t is odd, we have

1 r+s+t r+s+t
H, N=— " ((=1) — (=1 By o d p);
st = g (G (T ) e () Bt ot
(iv) ([21, Theorem 2.1]) for any prime p > 5,

1 1
H, (1) = _EpHp—l(z) - 6p2Hp—1(3) (mod p°);
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(v) ([5, Lemma 3]) for any prime p > 5,

Hy (1) 1

H, 1(1,2)= -3 % + 5 Bys  (mod p’);

(vi) ([11, Theorem 5.2]) for any prime p > r + 4 we have
—24,(2) + pgp(2) — P (3¢3(2) + 5 Bp-3) (mod p?) if r =1,

r r4+1__ . .
HpT—l (r) = %po_r_l (mod p?) if r is even,

-2=2pB, . (mod p) if r > 11is odd,

T

where gy(a) = (aP~! — 1)/p is the so-called Fermat quotient.

The next three results are useful congruences involving Hp—1 (r) and Hp-1(r,s).
2 2
Lemma 1. Let r,a be positive integers. Then for any prime p > r + 2,

r—1+k

Hy1(r) = Hpoa () + (‘UTZ < k

>Hp71 (r+k)p® (mod p1). (11)
k=0

Moreover, if r, s are positive integers such that r + s is odd, then for any prime p > r + s,

Hoor (1,5) = Bpr—s <(—1)s <r - S) orts _ 2) (mod p). (12)

2(r+s) s
Proof. The congruence (11) follows immediately from the identity

1

P

\ 1
Hyor(r) = Hea () + (=1) “kr(1—p/k)"

M|

Now we show (12):
1 1 1
Hp_1(r,s) = Z i + Z ir(p— j)° - Z (p—i)(p—j)°
1<i<j<Pyt 1<ij<et 1<j<i<ert
= Hya (r,8) + (=1)" Hypoa (1) Hpmr () + (= 1) Hpr (s,7)
= Hyoi (r,5) — Hyet (s,7)  (mod p).
2 2

By the shuffle product property
Hpi(r,s)+ Hpa(s,7)+ Hp-1(r+s)=Hp-1(r)Hp-1(s) =0 (mod p).
2 2 2 2 2

Hence
2Hp-1(r,s) = Hp_1(r,s) — Hp-1(r +s) (mod p)
2 2
and by applying (ii) and (vi) we obtain (12). O

Theorem 1. For any prime p > 2,

Hos(2) + L pHos(3) + 29 Hus (1) =0 (mod pt). (13
2 2 2
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Proof. Let m = o(p*) = p3(p — 1) and let B, (x) be the nth Bernoulli polynomial. For
r = 2,3,4, Faulhaber’s formula implies

Q2 Bt (%) < B
Pt m-—r+1
+1 1
~ Bmrn (pT) ~Bur1(3) B (3) = Bm—rt1
= -
m—r-+1 m—r+1
B Em: m =1\ B (3) ' <g>’f—r+1 n Bm—r11(3) = Bmry1
_k:T k—r)k—r+1 \2 m—r+1 '
By Euler’s theorem, Hp-1(r) = ,(Cp:_ll)m k™= (mod p*). Since m is even, B,, = 0 when
2
m —k > 1 and k is odd. Moreover, pB,,_; is p-integral by von Staudt-Clausen theorem and
1
Bk <§> = 2™ DB, = (2" —1)B,_ir  (mod p?).
Hence
1 P 6 1
> app PHpa(r) =5 <02 -z 0é3> B2 <—>
= 2 2 7 2
p’ 1 A
+ 5 (g —3ag + 4ay) By 3 (mod p*).
The right-hand side vanishes if we let s = 1, a3 = 7/6, and ay = 5/8. O
Corollary 1. For any prime p > 5,
H, (1 2
Hy, 1(2) = -2 %() + 2 °Bys  (mod p), (14)
- H, (1) 17
Hyp1(2) = =7 pT - 1—0p3Bp_5 (mod p*), (15)
H, (1) 81
Hp;l (3) =6 pp2 EpQBp_g, (mod p?), (16)
_ 9 Hp—l(l) 49 3

Proof. The congruence (14) follows from (iv) and (i). By (13) and (vi) we have
7 31
HpT—l (2) + EpHprl (3)+ = B, 5p*=0 (mod p*).
From (11) and (vi), we deduce

66
H,1(2) = 2Hp%1(2) + 2pHp%1 (3) + = B,_5p° (mod p%).

By solving these two congruences with respect to Hp-1(2) and Hp-1(3), and by using (14),
2 2
we get the result. Now we show (17). For n = (p — 1)/2, we consider the identity

n

Hp—1(1’2) :Hn(1>2) +Hn(1)2# + Z (p—z);z

— 2 _
= =) 1<j<i<n »=17)
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Then by expanding the sums like in Lemma 1, we get
Hp—l(lv 2) = Hn(lv 2) + Hn(l)(Hn(Z) + 2]9 Hn(g) + 3]92 Hn(4)) - Hn(2> 1)
— p(2Ha(3,1) + Hy(2,2)) — p* (3Ha(4,1) + 2H, (3,2) + Hy(2,3))  (mod p?).

By applying the shuffle product property to H,(1)H,(2) and H,(1)H,(3), and by using (i),
(ii) and (vi), we obtain

1 1 27
Ho(1,2) +p Hp(3,1) = 5 Hp1(1,2) = 5 Ha(3) = - p*Bys (mod p).
Thus the proof of (17) is complete as soon as we apply (v) and (16). O

The relations stated in the next lemma allow us to determine H 1 (r) and Hp-1(r,s) in
2 2

terms of the multiple harmonic sums.

Lemma 2. For any positive integers n,r we have

— H,(r
H,(r) = Hay(r) — 2£ )
Moreover, for any odd prime p and for any r,s > 1, the following congruence holds modulo p3
— 1
Hpr(rs)= —— (HL_l(s,r) iy <THL_1(3,T 1)+ sHp (s + 1,r))
p) (=2)rts 2 2 2 p)

2 1 1
—l—% <<r—; >Hp__1(s,r+2)+rsHp__1(s+1,r+l)+ <S—; >Hp__1(8+2,r)>>.
2 2 2

Proof. 1t is easily seen that

n—1 n

B 1 | — Hy,(r)
Hon(r) = l;)m + kZZI R Hy(r) + —5—-

The required congruence follows by expanding with respect to the powers of p the identity

H,(r,s) = Z 2n—1i)+ 17 2(n —j) + 1) - (—=2)r+s Z (1 B %)r <1 . ﬂ)s

0<j<i<n 0<j<i<n J5i" 5
where n = (p — 1)/2. O
Lemma 3. For any prime p > 5,
p=3
p—1 2 (—1)k — — 90—
2(-1) = =Hp (1) —pHp-1(2) —p"Hp-1(2,1)
Py 2k+1 2 2 2

+ P Hp1(2,2) +p'Hp1(2,2,1)  (mod p). (18)

Proof. The following identities can be easily proved by the WZ method:

LA PYEIY ol VI SRR o e 'y N

= (2k+1)(37) =2k +1 0 2n+1 Lok 123 @nr )
Let n = (p — 1)/2. Notice that for k € {0,1,...,n},
(_16)16(7124];]@) B k—1 B p2 B k T ;



CONGRUENCES CONCERNING JACOBI POLYNOMIALS AND APERY-LIKE FORMULAE 7

Thus, the two identities yield

n—1 nan—1/2n\—1
_ — _ Dk 1= (=1)mar (5
H,(1) — p*H,(2,1) + p*H,(2,2,1) = 2(-1)" ( n 6
(1) = p*Ha(2,1) + p"Hn(2,2,1) kZ:OQk+1 5 (mod p%),
o . L ( 1)n4p 1(2n
Hp(2) — p"Hn(2,2) + p*Hn(2,2,2) = 2 e~ (mod p%), (20)
and, by subtracting p times the second congruence from the first one, we get (18). (]

It is interesting to note that starting from formula (20) and then by using Lemma 2, (12),
(14), (15), (i) and (vi), we easily get a generalization of Morley’s congruence [3].

Corollary 2. For any prime p > 5,

—1 (»—1)/2 p— 1 1 1
%( b1 > =1- ZpHp_l(l) - 80 Bp 5 (mod pb).

2
3. POLYNOMIAL CONGRUENCES

For a non-negative integer n we define the sequence

wn(x) := 20+ 1)F(=n,n+1;3/2; (1 — 2)/2) = (1/2) —=— B2 (), (21)

Using recurrence relation (7) it is easy to show that the sequence wy,(z) satisfies the second
order linear recurrence with constant coefficients:

Wp+1(x) = 22w, () — wp—1 ()

and initial conditions wg(xz) = 1, wy1(x) = 1+ 2z. This implies that w,(x) has the generating

function
o0
1+ =2
_ n _
—an(:p)z 1— 22+ 2%

which yields

Wi () = Upt1(22) + up(22) (22)
and .
(v +1)a™ — (oz_1 + 1o if £+,
a—a
wn () = § 9, 4 1 ifz =1, (23)
(=) if = —1,
where o = x+vz? — 1. Note that for z € (—1,1) we also have the alternative representation:
z+1
Wy (x) = cos(n arccos x) + ——— sin(n arccos ). 24
(@) = cos( )+ g sin( ) (24)
Lemma 4. Let p > 3 be a prime and t = a/b, where a,b are integers coprime to p. Then
(p—3)/2 (2k k ptl p—1
Ot 1 =1\ vg(2 — 16t)
= _H.(2)=— | — _ d 2
S =g () G medn), (25)
(p—1)/2 21 p-—1
2k 1/-1\ 2 ug (2 — 16t)
k _ k

k=0
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Proof. Let n = (p —1)/2. We reverse the order of summation over k:
n—1 (2k)tk n (2n 2k)tn k

k)T L (2) = LHYL_ 2
kzzo2k+1 LOEDY p— 2k k(2)

k=1
and note that by (19), for k € {0,1,...,n},

<2n—2k> _ p—1-2k)p—2—-2k)---(p—(n+k))

n—=k (n—k)!
k@R DEEE2) - (04 E)
=(=1) (n—k)!
2k

== (") = corde] moan
and by (vi)
— R 1 O 1 _ Ha(2) — Hg(2) _ Hi(2) o
Tol)= DGR 2 GemEs 1 -1 edn)

Hence we obtain

LA L (e Cor G)mo

k( )E i’ P i’ L
2o+ 1 8 & k(161) 8 k(16t)

Similarly, we have

n 2%\ _tnp—l 2k\ 11 (2)
kzz;)tk< k: >Hk(2) = ! 4) kZ:l (]?36t];k (mod p).

Now the desired congruences follow from the fact that [8, Section 6]:

S ) Rz

2 = B
k=1 k=1

(mod p)

and

p—1 p—1
Z <2:> PR HL(2) = -2t uk(2 1) (mod p).

2
k=1 k=1
U

The next theorem gives us polynomial congruences for sums (5) in the case d = 0. Among
previous results on the second sum, we mention work [14] where Z. W. Sun determined

the value of )~ (P~ 1 )/2 (mk) (mod p?) for any integer m # 0 (mod p) in terms of the Lucas
sequences up+1(4, m)

Theorem 2. Let p be an odd prime and t = a/b, where a,b are integers coprime to p. Then
the following congruences are true:

(b=8)/2 2k 4k L (1—8t) — (—168)" T 2 Pl po1
Z 2(l<]:€)1E 2 +§_4<t> ka( k36) (mod p°),
k=0 - P k=1

e Pl (2 — 16t

(mod p?).

M

(—1)" = _Z <2:>tk:wp1(8t—l —

267 1o
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Proof. Setting n = (p—1)/2 in (21) we get

l-p1+p 3 1-x
=pn-F . .
wn(x) p < 9 9 9 727 9 >

Observing that

(), (49, S0 ) = ()%

we get the following identity:

n_l k o , m\ p?
2(1— 8t) pz% Z )]pszk({2}J)+<n>t"H(1—W>-

j=0
Using (19) for k = n we obtain
n—1 2k\,k k
wo(1—8t) — (—16t)" = (3)t 2% fovi
: = 3 T LU ) (20)

Lastly, by considering the above equality modulo p® and by using (25), we get the first
congruence of the theorem. To prove the second one, we apply the well-known symmetry
property of the Jacobi polynomials

P{*P(z) = (—1)" PP (~a).

Then from the definition of w,(x) we get

- (—1)%7 (251! (—1/2,1/2) _ 1-pl+p 1 14z
pr—l(a:)—WP% (~2)=(-1)'T F 5 iy g ) (30)

2

Setting # = 8¢ — 1, by (27), we obtain

(-1 = T Wyt 1(8t—1) (pzl%ﬂ( )E[l( ]_21)2>t'f. (31)

k=0

Now the required congruence easily follows from (26). U

Proposition 1. For any non-negative integer n we have

n—1

t — (=1D)kw —1)" vy
[t =ey gl S,
t_ Ty 7_2 _ _ n — kv
/0 (—1)"wa( T/2 n-1, _ %—Hn(l)- (33)
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Proof. From (22) it follows that

wp(1 = 72/2) = Upg1(2 — 72) 4+ un (2 — 72).

Recall that the generating functions of the sequences u,(t) and v, (t) have the form:

o
B n z 2=z
=2 )" = gy and VG ZU“ R Rk
Integrating corresponding power series and comparing coefficients of powers 22" we have
¢ ¢ 2
—z2dr
2—7%)dr = - U. 2)dr = [2*"] (-1)"
/Oun( %) dr = / 2-r2(— = ["] ( )/Oz4+(2—7'2)z2—|—1
—2%d
=[2”]<—1>/ e
0 Z2+T24+1)(22—-12+1)
oy (=1)"z 2 2
Since
d 9 22 —1 2 - Vt
a(log(z —tz+1)) = PR T Zvn

it follows that

0 L (t
log(z? —tz +1) Zv(

n
n=1

and therefore,

'U2n+1

log(z* —tz+ 1) —log(2® + tz + 1) = -2
og(z z+1) —log(z" +tz+1) ZZ 2n—|—1

Now formula (32) easily follows by virtue of the following relations:

t —1)n1,2 Oovn " e 1 Oovn n
/0 wn(2 = 72) dr = [21] ((22)+ : 3 22n+41r(115) 20 = [(—z) ] = z::O 22n+41r(i) z

n=0
-1
=[] 1 i (=1)"van41(t) nz: ) vag41(1)
1-2) 2 2n+1 okt

To prove (33), we note that

i uznt1(7) = (1" 5 _ 1 (UT(Z) —Ur(=2) 1 >

T 2z 2241
n=0 (34)

B z 1 1
2224\ -T2 +1 224724 1)]
Integrating with respect to 7 and resembling coefficients of 22" on both sides of (34) we get

t oy, —(=1)" 1 1 2 _ 1) +1 2 1
/“2 “(T)T (=1) dr = [zQ"] 5 <log(1+z2)— oz — 2t ); ozt 2t )>
0

= [22 ] <log 14 22 +§: van(t 2n> - k+"vzk(t) —(—1)H(1).
n=1 k=1
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Comparing generating functions W2 5_1(2%) and (Ur(2) — Ur(—z))/(2z), we conclude that
w(7%/2 = 1) = uzn41(7),
which completes the proof. O

Theorem 3. Let p be an odd prime and t = a/b, where a,b are integers coprime to p. Then
we have the polynomial congruences

S <t>2‘“ w0 =) 2 N e ® o
AV (LU ? bl =) Va1 t) 7
P (2k+1)% \4 tp tp = 2k +1
(r—1)/2 (2k 2k (r— 1)/2 k
B (1" _ -1) U2k (=1)"vag(t) 2

Proof. Let n = (p—1)/2. From (28) it follows that

n k 2
wn(l=7%/2) pzzk+1< )zkg@_@jpfl)?)

By integrating with respect to 7, and using (19) for k = n we obtain

t ) n 7521<:+1 k-1 p2
/Ow”(l_T/Q :pz 2k:+1 16 H<1_(2j+1)2>
0 j=
—1

0

(Qk) t2k+1 tp(_l)n
= : IpP H ({2} .
p:0(2k+1 16kz ({2 + p

o

On the other hand, by (32), we get

ol (2 o% k .
( ) t o N (—1)”('yp(t) — tp) ) (_1)k’U (t)

§=0 tp tp k=0

and the first congruence easily follows. To prove the second one, we note that (31) yields

()T wpa (722 -1) =1 B2 pop 2 g2
" -3 (I-55) %

Integrating the above equality with respect to 7 and applying (33) we get

(p=1)/2 /2% 2k k (p—1)/2
S (%) (t 11 P’ -y (=1)F v (t)
k=1 I]:: <Z> , <1 (25 - 1)2> B k - 2Hp;1 @,

J=1 k=1

which by (vi), implies the required congruence. O

4. SOME NUMERICAL CONGRUENCES

The special values of the finite polylogarithms L4(z) = > 7_ 1 id investigated in [8, Sec-

tion 4]) allow us to give some evaluations of the polynomial congruences established in the
previous section. As an example of what this means, in the next corollary we consider the first
congruence of Theorem 2 when 16t € {1,—1,2,3,1/2,4}. Note that the result for t = 1/16
will be refined in the next section.
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Corollary 3. Let p > 3 be a prime. Then we have

N i, ) P
Z ﬁ =(-1)z (Qp(z) - 1_6Bp_3) (mod p3),
k=0
(p—3)/2 2kk ( 1)p-51 \
kzzo 2k + 116k 36 7 By (mod p°),
(p—3)/2 %
> gt = 0% (2) (e 2o+ 2 e - 22)) o
PR @ 3\ pi1 (3Y /1 33) B
k=0 (2](;:')1) <1_6> =07 (5) (5qP(3) 8(]p(3) +p2( 1(6) - 573)) (mod p°)
(p—3)/2 2k
( ) 2 2 7
z:: (2]{3 —+ 113( 32) = <§> (26117(2) _png(z) + 3 <2q§’(2) 323p_3>> (HlOd p )

Moreover, ifp > b, then
p—3)/2 (2k:) »? (1

—_— = B d p?).
2k + 1)(—16)F _ =~ 15( a+ ”3> (mod p7)

where qr, = (Lp — 1)/p is the Lucas quotient and L, = v,(1, —1) is the pth Lucas number.

M

k=0

Proof. Let n = (p —1)/2. Setting ¢t = 1/4 in the first formula of Theorem 2 and taking into
account that by (23), wp(—1) = (—1)" we get

n—1 9 p—1

3

— (_1\n+1 p_ vk( 2 3
Z21<:+1 =(=1) ( 1 & ) (mod p).
k=0 k=1
Since vi,(—2) = 2(—1)*, by (i) and (vi) we have
p—1 1
3
Z ( ) —2H, 1(3) = —B,_3 (mod p),
k=1 k=1

which implies the first congruence of the corollary.
Similarly, setting t = 1/16 and using the fact that by (24), for prime p > 3,

wp-1(1/2) = 2sin(7p/6) = (—1)% (35)
2
we get by [8, Section 4],
(p=3)/2 2k ptl p+l
- T —i —1) 2
Z (2k S_kl))16k = ( i p2(£3(e /3) +£3(€ /3)) = ( 3)6 p2Bp_3 (mOd pg)

k=0
Similarly, setting ¢ = —1/16 and observing that wy-1(3/2) = L, by [8, Section 4], we readily
2

get the last congruence of the corollary. To prove the other three congruences, we note (see
[8, Lemma 4.13]) that for an integer a coprime to p,

o5 = (%) (14 3pan(a) — P30 + 1 °a0@)  (mod pt). (36)
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From (23) and (24) we easily find that

w1 (0) = cos(m(p — 1)/4) + sin(r(p — 1)/4) = vVZsin(mp/4) = (—1)F @ NG

2

L —isinﬂ = (-1 §
W (1/2) = cosnlp ~ 1)/3) + sinelp ~ 1/3) = = sinmpf3) = (0% (2). 9

wp1(5/4) = 2% — 23", (39)
2
Now setting consequently ¢t = 1/8, t = 3/16, and t = —1/32 in Theorem 2 by (36)—(39), [8,

Section 4] and the formula

1 (2 1 3 990y 9 33 4
272 —<p> (1 2pqp(2)+8pqp(2) 16pqp(2)) (mod p*),

we get the desired congruences. O

and

By the same way, from Theorem 2 and [8, Section 4] we get the following corollary.

Corollary 4. Let p > 3 be a prime. Then
(p—1)/2 (2k:)

S (3)+ ()t}

k=0
(p—1)/2 k 2
ok\ [ 3\" —3\ p 1 s
kzzo <k:> <E> =1t ( p > 1QBP‘2(3) (mod p7).

Note that the first congruence modulo p? in Corollary 4 appeared in [14, Corollary 1.1].

Recall that the Fibonacci numbers {F),},>0 and the Lucas numbers {L,},>0 are defined
by F,, = u,(1,—1) and L, = v,(1,—1) for all non-negative integers n.

In the next theorem we confirm two conjectures raised in [15, A90].

Theorem 4. Let p # 2,5 be a prime. Then we have

Y 20 )
Proof. We first show that for an odd prime p # 5 and ¢4 = (1 & v/5)/2, we have
b1 wet (6-/2) = 6w (64/2) = (-1)"2 () V5, (40)
b1 ot (B-/2) + 6w (64/2) = (—1)"7 . (41)

Since arccos(¢4/2) = w/5 and arccos(¢—/2) = 37/5, by (24), we get
O+ wp1 (9—/2) F o - wpa(6+/2)
= 2(608(7‘1’/5) cos(3m(p — 1)/10) F cos(37/5) cos(m(p — 1)/10))

V5 (sin@8m(p — 1)/10) | sin(x(p —1)/10)
3 ( sn(37/5)  ©  sin(n/5) >
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Considering primes p modulo 10 and using the well-known fact that

(g) )1 if p=+1 (mod5)
5 -1 if p=+2 (mod 5)

we easily derive the result. Since

1
Fojp1 = - <¢3_k+1 _ 2_k+1> ’

S

from Theorem 2 we readily find that

(p—3)/2 (215)F2k+1 1
_ e (62 (1)
kzzo 2k + 1)16F — pv/5 (64 wep (-2 + (-1,

~6 - wpa (64/2) = (-1)'T 7 ) (mod p?).

Now by (40), we get the first congruence of Theorem 4. Analogously, for the Lucas numbers
we have
Lopsr = Qﬁ_k—i—l 4 2kt

and therefore, by Theorem 2 and (41), we obtain

(p—3)/2 (%)L
p) ekt 1 Pl g
St L (oo /2) + (1)
£ (2k+1)16 p( 2
(-1
pt1 — 2
FO-wasa (64/2) + (-1)F 6L ) = = (L, — 1) (mod p)
which completes the proof. U

Corollary 5. Let p be an odd prime. Then we have

(p—3)/2 (2k) 1, 1

i1 1
>, it =0 (582 = 5pa(2) = 1zpBys)  (mod p?),

(p—1)/2 (Qk) .

> k=22 —pa(2) + (-1 F 2B, (mod ).
k=1

Proof. Setting t = 2 in Theorem 3 and noting that v,(2) = 2 for all n € N, we get

(r=3)/2 pil (r=3)/2
e ¢ B G TR o Vi
poard (2k +1)%24k — P p = 2k+1 '

Now the required congruence easily follows from Lemmas 3 and 2, and formulae (12) and (vi).
Similarly, we have
(p=1)/2 r2k
(&) _

(p—l)/2 (_1)k
Y. =@ 2@ +2 Y, 7 (modp?).
P pt

Observing that by [12, Corollary 3.3] and (vi),
(p—1)/2 (—1)k ol

1 ptl
> 5 = Hip — Hponp = —0(2) + 3p () + (-1 7 pEp (mod p%),
k=1
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we conclude the proof. O

5. TWO REMARKABLE SPECIAL CASES

By revisiting the combinatorial proof (due to D. Zagier) presented in [7, Section 5|, it is
easy to obtain the finite versions of identities (1), (2) in the following form: if 7 is a positive
odd integer then

r—1

- S CWVHE(2Y) ()T H({2)F)
Z:: ]ZO (2k +1)r—2i 4 (2k+1)
n—1 7“*1 n—1 — r—1
CEDTTHE({2) )
kzzo 2%+ 1 BTy ;;’g ey @

and if r is a positive even integer then

n— 51 i i r1 35 r_
(1) (3 CDHY) | ()P (25
— — (2k+ 1)r=2 4 (2k +1)2
I I S G | E2E g
- r n+k 2
k=0 (2k+1) 4 o ( (QI:H) (2k +1)
Theorem 5. For any prime p > 5 we have
3
N 2k
p—1 H _1(1) 3
Z (Zk)+ 1 = (_1)172 <pT + ﬁp4Bp_5> (mod ps), (44)
k=0
p—3
. (2’“) Hy (1) | 7
— 4dp-1 4
= — B dp”). 4
22 (Z16)F(2k + 1)? s a0? (mod p7) (45)

Proof. According to (19), it follows that

) k() 2

108G T 10N R(5) (1 ) (1 PF) ¢ F(2,2)

_ P 1 = 1 Hy(2)
=2 <1+ k1 <(2k:+1)2 +H’“(2)> Pt <(2k:+1)3 * 2kk+1> v’

i <(2ki1)4 i <22[’ii21)>2 + Hi4) +ﬁk<272)> P4> (mod p°).  (46)

Therefore, by (42) for r = 1, (46) and (18), we get

3(=1)" n—1 (2k) B B B B B
2 kz:% 16’“(2]]2 +1) —2pH,(2) — p*(H,(3) + 2H,(2,1)) — p°H,(4)

— ' (Hn(5) + Hn(2,3) + Hu(4,1)))  (mod p°).  (47)
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Now, by Lemma 2 we can replace the terms H,, with the corresponding expressions involving
H,_1 and H,. So the right-hand side of (47) becomes

— 2pH,,1(2) = p*Hp-1(3) — p°Hp—1(4) — p' Hy 1 (5)

2 3
+ S HA(2) + 2 (Ha(3) + 2H(1,2) + T2 (Ha(4) + 4H,(1,3) + 2H,(2,2))
4
— 5 (Hy(5) + 4Hy (2,3) 4+ 8H,(3,2) + TH,(1,4)) - (mod p”).
Since ) a1
Hy(2,2) = 5 (Hn(2)? — H,(4) = ~=PBps (mod p?),
by (i), (ii), and (vi), the above expression simplifies to
1 1 1 513
_2pHp—1(2) + EpHn(Q) + gszn(g) + 1p2 (Hn(lv 2) +pHn(1’3)) + %p4Bp—5 (mOd p5)'
Finally, we apply (14), (15), (16) and (17) to obtain
Hy (1) 9 4 5
—p B,
8 g0 7 Brs (mod p)
which concludes our proof of (44).
As regards (45), by (43) for r = 2, and (46), we have
n—1 (2k)
k = 4H,(2) — 2(H,(2) + pH, *(Hn(4) + Hp (2,2
+p°(Hn(5) + Hn(2,3)))  (mod p*). (48)

As before, after replacing the terms H,,, the right-hand side of (48) becomes

2H, 1(2) — 2pH,_1(3) — 2p*H,_1(4) — 2p*H,_1(5)
1 p p?
- §Hn(2) + ZHn(B) + § (Hn(4) - Hn(Q, 2))
3
+ f—G (Hp(5) — 2Hn(2,3) — Hn(3,2))  (mod p).
By (i), (ii), and (vi), it simplifies to

1 1 9
2H, 1(2) — -H,(2) + ZpHn(?:) + ZpP’Bp_g, (mod p*).

2
By using (14), (15) and (16), we get
H, (1 7
Hy1(1) + Zprp_g, (mod p*)
and (45) is established. O

Note that the congruence (44) as well as (45) modulo p? in Theorem 5 were first conjec-
tured by Z. W. Sun in [18, Conjecture 5.1]. From (44) and (29) we easily get the following
congruence, which was proposed in [15, A32].

Corollary 6. Let p > 5 be a prime. Then

(p—3)/2 2k\7F
(CYHe(2) p—1 Hy (1)
kZ:O 161’2(2k+1) ST

(mod p?).
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Note that the value of the corresponding infinite series is known (see [4, p. 230-231])

iii (%f)jik(Z) _ jfi

1682k +1) 648
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