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Abstract

In this paper, we derive some identities of Bernoulli, Euler, and Abel polynomials
arising from umbral calculus.
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1 Introduction
Let F be the set of all formal power series in the variable ¢ over C with

k!
k=0

}‘:if(t):Zﬁt")ake(C}. 1)

Let us assume that P is the algebra of polynomials in the variable x over C and P’ is
the vector space of all linear functionals on P. (L|p(x)) denotes the action of the linear
functional L on a polynomial p(x), and we remind that the vector space structure on " is
defined by

(L +Mip(x)) = (LIp(x)) + (M|p(x)),

(cLlp(x)) = c(LIp(x)),

where ¢ is a complex constant (see [1-4]).
The formal power series

fO=) TterF 12)

k=0

defines a linear functional on IP by setting

(f(t)lx”) =a, forallneZ,=NU{0}. (1.3)
Thus, by (1.2) and (1.3), we get

(E1%") = niSup (k= 0), (1.4)

where §,,x is the Kronecker symbol (see [3]).
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For f1(£) = Y120 <% L‘x t¥, from (1.4), we have

(L)) = (LIx"), n=o0. (L5)

By (1.5), we get L = f;(t). The map L > f; (£) is a vector space isomorphism from P" onto F.
So, F denotes both the algebra of formal power series in ¢ and the vector space of all linear
functionals on P, and so an element f(¢) of F is thought of as both a formal power series
and a linear functional (see [1-3]). We call F the umbral algebra, and the study of umbral
algebra is called umbral calculus (see [1-3]).

The order o(f(¢)) of the nonzero power series f(¢) is the smallest integer k for which the
coefficient of £* does not vanish. If o(f(t)) = 1, then f(¢) is called a delta series. If o(f(t)) = 0,
then f(¢) is called an invertible series (see [3]).

Let S, (x) be polynomials in the variable x with degree 7, and let o(f(¢)) = 1 and o(g(¢)) = 0.
Then there exists a unique sequence S,(x) such that (g(£)f(£)X|S,(x)) = n!,x, where
n,k > 0. The sequence S,(x) is called the Sheffer sequence for (g(¢),f(¢)), which is denoted
by S, (x) ~ (g(£),£ (1)) (see [3]).

For f(t),g(t) € F, we have

ad k 0 ik
fo=> (f(t]Z'Ix L, p@)=> “'iﬂx& (1.6)
k=0 ' k=0 :
and
{f(e@)Ip()) = [fB)g)p() = (g@OIf Op()  (see [3]). 1.7)

By (1.6), we get

d*p(x)
dxk

®(0) = (¢ Ipx)) and (1p®(x)) = p©(0). 1.8)

x=0

Thus, from (1.8), we have

d*p(x)

p) =pP) = — %

(see [1-3]). (1.9)

For S,(x) ~ (g(t),f(¢)), the following equations from (1.10) to (1.14) are well known in [3]:

oo

hey = 3 OIS ”'Sk Lof 0, hie) e F, (1.10)
k=0
5=y WP (t)f(t P g ), p) e, (L11)
k=0
f(O)Su(x) = nS,1(x), (n(@®)|p(ax)) = (h(at)|p(%)), (L12)
L ooy S0 forallyeC, (113)

I{0) kY
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where f(t) is the compositional inverse of f(t), and

n n

Snlx+y) = Z <Z>pk(y)5n_k(x) = Z (:);ok(x)Sn_k(y), (1.14)

k=0 k=0

where pr(y) = g(£)Sk(y) ~ @, f(£)).

The Euler polynomials of order r are defined by the generating function to be

2\ . = EY
( > et = EVWr 3 ) 1 (see [1-3, 5-16]) (1.15)
n!

t
el +1
n=0

with the usual convention about replacing (E”(x))" by Eﬁ,r)(x). In the special case, x = 0,
ED(0) = EY are called the Euler numbers of order r.

As is well known, the higher-order Bernoulli polynomials are also defined by the gener-
ating function to be

o]

r (r)
( ¢ ) et = BV Z‘B”T!(x)t” (see [1-3, 5-16]) (1.16)

t
el-1
n=0

with the usual convention about replacing (B”(x))" by BE,” (%). In the special case, x = 0,
BP(0) = BY are called the Bernoulli numbers of order r.

Recently, several researchers have studied the umbral calculus related to special polyno-
mials. In this paper, we derive some interesting identities related to Bernoulli, Euler, and
Abel polynomials arising from umbral calculus.

2 Some identities of special polynomials
It is known [3] that

(na) et -1 “ "
xB; (%) ~ (1, . t), «"~@1,1), (2.1)
where n € N and a # 0. From (2.1), we have

et —1\™" el —1\™"
x":x< p ) x_lefqml)(x)=x(—t ) Bi;’fl)(x)

= (611’!) | p(na)
= ) B _
x E (l+an)!52(l+(m an)t'B,,"] (x)

~—So(l + an,an)(n — l)lB('i‘ll)fl(x), (2.2)

1 n

where S,(n,1) is the Stirling number of the second kind. Therefore, by (2.2), we obtain the
following theorem.

Theorem 2.1 Forn € N and a #0, we have

n-1
e (an)! na
x"1 = ZZ s om)!Sz(l +an,an)(n — 1)135171)71(’5)’
-0

where (a), =ala—-1)---(a—n+1).
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n [3], we note that
@)=Y (;f’j() (7= Dot ~ (1,1 + 1)°),

and
Gu(®) = > Sa(m k)t ~ (1, log(1 +1)),
k=0

where a # 0.
For n > 1, we have

)T\
¢n(x) —x<7log(l+t)) X Su(x)

~ t1+0)* \' & (-an 1
- x(log(l + t)) ; (n - l> (1= Dys

(2.3)

(2.4)

(2.5)

The Bernoulli polynomials b, (x) of the second kind are defined by the generating func-

tion to be

et Zbk(x> (see [3)).

By (2.5) and (2.6), we get

h++ly=

=1 [+ +ly=l-m

x by (a)--- by, (a)}x’”

Therefore, by (2.4) and (2.7), we obtain the following theorem.

)bz1 (@) by, (@)x™

" " —an /-1 -
SE 2 (e

(2.6)

)bzl(tz) by, (a ))( kl)k 1k

— —an /-1 k L

32X 5 (o035 o
—an -1

) Z Z (n—l>(n_1)"_l<m—1>(

(2.7)
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Theorem 2.2 Fora #0,n>1withl <m < n, we have

é - I-1\[ I-
s =3 5 (7)o (0 7) (7 )@ a

I=m h++lp=l-m

It is well known (see [3]) that

t ” = tr
TS T P A
(log(l + t)) A+2) kX:O: k ® k!

Thus, by (2.8), we get

t(l + t)a . = (k—n+1) tk
—— | =) B 1)—,
(log(l + t)) ; k (an+ )k!

and

A+ «— k *
(log<1+t>) :Z( 2 (11,...,1n>”11(”)'"bl"(”))ﬁ

k=0 “q+--+lp=k

Therefore, by (2.9) and (2.10), we obtain the following lemma.

Lemma 2.3 Forn,k € Z.., we have

E : k i
(l I )bll (@)---by,(a) = Bl(<k n+1)( —_—
l+-+ly =k 1reeeribpy 1

Let us consider the following sequences:

() ~ (1, (et; 1>at> @cR),

x"~(1,t) (n>0).

Then from (2.11), we have

2 an 5 2 an o
S,,(x):x<et+1> X x”:x<et+1> x"

= fof_'i) (x).

Therefore, by (2.12), we obtain the following proposition.

Proposition 2.4 Fora € R, n € N, we have

e +1\*
fof”l)(x)~<1,< 5 ) t).

The Abel sequence is given by

Au(x;b) = x(x — bn)" ~ (L te") (b#0).

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)
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By Proposition 2.4 and (2.13), we get
bt
5

2 an
= x( - ) e x7TA, (x; b)
el +1

xE)" () T(x) = ( )nx_lAn(X; b)

n-1
-1
P <” B )E,(f”)(bn)(x ~ bn)" k.
k=0

Therefore, by (2.14), we obtain the following theorem.

Theorem 2.5 Forn € N and a € R, we have

n-1

< )Ek‘m (bn)(x — bn)" %

k=0

n-1 n—1 .
- ( B ) @ (bn)(x - bn).
k=0

Let us consider the following Sheffer sequences:

Gu(x;a,b) ~ (Le" (" -1)) (b70),

Au(xc+a)~ (1, te(”“)‘) (c+a#0).

By (2.15), we note that

Gu(x;a,b) = %(’C ‘b“” - 1) .
n-1

For n > 1, from (2.15), we have

at (bt _ N\”
Lﬁ)) x71G,(x;a,b)

te(cm

bt_l n
:x<e )x‘lGn(x;a,b),

tect

A,(xc+a) = x(

and

1=0 :

(S si ) (5

j=0

€@-10" 1{ .. U\[<=(-1)
elxgn =t—n(n!§SZ(1,n)],—!> (Z I

)

J

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)
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From (2.18), we can derive the following equation (2.19):

(e — 1) ) o [ k k_,(l;)52(7+n:”l) ¢\ (br)k
W-Z(Z“” ) )

k=0 \ j=0 j
Thus, by (2.19), we get
ebt ‘. Sz(] +n,n)
(%) - E(een )
k=0
From (2.16), (2.17), and (2.20), we can derive the following equation (2.21):
A,(x; ¢+ a)
n-l [ k (k)Sz(] +n, }’l)b] tk (x—an
=p! Z( (—em) 7 L— )x— ( - 1) )
k=0 \ j=0 (};,,) k! b n-1
and

n-1 )

X —an X —an
-1 = Sin-1,)| ——— -1,
( b >n_1 2 Sl )< b )

1=0

where S1(n, /) is the Stirling number of the first kind. By (2.22), we get

K (x—an X —an lik_
F( - _1> ZSl(rl 11)()( 1) b*,

Thus, by (2.21) and (2.23), we get

b

_ -l - i — (_%)kj (l/() (Ii)SZ(] + ’f n)Si(n -1, l)x(x —an 1) lik'

)
From (1.14), we have

A,(x;c+a)= x(x —(c+ a)n)nil.
Therefore, by (2.24) and (2.25), we obtain the following theorem.
Theorem 2.6 Forn>1,b+#0,c+a##0, we have

(x —(c+ oz)n)n_1

n-1 k n-1 k—j (k) (I)Sz(j +m,n)Si(n—1,1) /5 — ok
o o ) x—an
=b Z ( b ) (j+n) ( b 1) ’

k=0 j=0 I=k j

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)
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