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Some preliminary results on Lyapunov stability...
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| Definitions - 1

Given the system z(k+ 1) = f(z(k)),z(0) =z , Where fis an

arbitrary (discontinuous) function, z is an equilibrium point if
f(z) =1z

Letting z be and equilibrium and X° C R™ an open
neighborhood of z, then z Is

1. stable if for any &>0 there exists o=0(¢) such that
|xo — Z|| < 0 = ||lz(k) —Z|| < e for any £ >0
2. attractive in x° if
klim |x(k) — Z|| = 0 for any z, € X°
3. asymptotically stable in x°¢ if it is stable and attractive in x°

4. exponentially stable in x° if there exist 9 > 0,) € (0,1) such

that .
|lz(k) —z|| < 0||xo — || A" fOr any k£ >0
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| Definitions - 2

¢ Ry — R Is a Kfunction if it is continuous, strictly increasing
with ¢(0) =0

¢: Ry — R Is a K, function if it is continuous, strictly
Increasing with ¢(0) = 0 and ¢(z) — oo for x — oo
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A stability
re_sult

Let X° C R" be a positively invariant set for the system
z(k+ 1) = f(z(k))
containing a neighborhood N of the equilibrium z =0

Let w,v¥,r Dbe class K functions and assume that there exists a
nonnegative scalar function Vv :Xx°— R, ,V(0) =0 such that

V(z) >w(|lz|l), VoeX°
V() <y (|zf]), VYeeN
AV(z) < —r(||lz]]), VeeX°

}

then the origin is an asymptotically stable equilibrium in xe.
Moreover, if w(|lzl]) :=allzl|?,¢ (=]} == bll=||7,r (llz]}) := c|l=||°

for some a,b,c,0 > 0 and N =X° then the origin is exponentially
stable in x°
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|Proof-1

Stability
Take n>0 such that
By:={z € R"||lzl| <n} CN

Then, for any 0< ¢< 1 one can choose 6<(0,¢) such that y(d)<w(e).
Forany zo € Bs € X it follows that

o S V(z(k+ 1)) < V(z(k)) < ... < V(z(0)) <

Y ([[zol]) < ¢ (6) <w(e)
Since V(x) > w(e) forany = € X°\Bc , it follows that © € Be
for any k = 0 and the origin is stable.
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|Proof-2

Attractivity

Since V(x)>0 and AV (x) < 0, there exists lim_,.,V (x(k)) = V.
Then lim;_, AV (xz(k)) =V, — V;, = 0.

Since 0 < r (|lxz(k)||) < —AV (x(k), it follows that

limp_, o7 (||$(/€)||) =0
Suppose that it is not true that lim_, . ||z(k)|| = O, then there
exist 1>0 and a subsequence {a:(kn)} such that ||:13(l<:n)|| > p> 0

fAr anv > O thirn cinero 7 NnNntnnNna anA nr\cl'h\ o thic nlia
U1 aity 1 In wurn, since r 1Is Monoione ana pUSIU Ve, thiS |||||J||CQ

that r (Ha;(kn)ﬂ) > r(u) > 0 forany n > 0. This contradicts the fact
that r (||xz(k)||) converges to zero. Therefore

limpg_,o0 |l (k)| = O
for any xg € X° and the origin is asymptotically stable in X©.
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|Proof-3

Exponential stability
Recall that X0 = N is positively invariant, therefore

V(z(k) <y (lz(k)l) » AV(z(k)) < —r(|lz(k)|)
for any k and

V(f(z(k)—=V(z(k)) < —cllz(k)[|” = =g ([[z(R)]) <
—;V (z(k))

This implies 0 < V(f(z(k))) < (1 - g) V(z(k)),k > 0 and

V(@) < (1-£) V(o) k>0

Note that p := 1 — ¢ € [0, 1) since b,c> 0 and V(x(k))=0.
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| Proof -4

Moreover it holds that

0 <V (f(z(k)) < V(z(k))—cllz(k)]|” <o ([l=(k)])—
cllz(k)]|” = (b—c) [lz(R)|°

and

allz(k)||” < V(z(k)) < pFV (zg) < pPb|zg||”

sothat |lz(k)|| < 0 |lzg|| \¥ foranyzg € X% andk > 0

with 0 := (Q)% > 0, )\ 1= ,0% € [0,1)

a
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| Interpretation

The result extends the Lyapunov theory by considering non
continuous Lyapunov functions (the cost function in
constrained MPC control)

V(z) Zw(lz]), VzeX°
o /AV(m) < —r(|z|), V&eX°

V(z) <4 (lzl)), VvVzeN
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| RH and IH-LQ control - 1

Consider again the linear system with measurable state
x(k+ 1) = Ax(k) + Bu(k)

and the performance index

N-1

J(@(k),u(-) = > (lzte+ ) + lulk +DIF) + llz(e + N3
1=0

where R>0 and (for simplicity) Q>0
If the RH approach is used and S = P where
P=A'PA+Q-A'PB(R+BPB)  B'PA

the resulting closed-loop control law coincides with the IH-LQ
solution, which is stabilizing under the usual assumptions
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| RH and IH-LQ control - 2

In fact, recall that the RH solution is

wl(k) = —K(0)z(k)
where

K(0) = (R + B’P(l)B)_l B'P(1)A

PA)=Q+ APG+1)A—- AP>Gi+1)B (R + B'PGi + 1)B)_1 B'PGE+1)A
P(N) =S

Then §$=P — P(i)=P,i=0,1,..,N-1,K(0) =K
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| RH and IH-LQ control - 3

Interpretation of the result

From the IH-LQ control theory

ok + N)Pe(k+N) = 3 (Hm(’““)”gﬁHKLQ‘T(]‘“JFOHQ
1=N

Then, with the choice s = P the terminal cost is the “cost to
go” from N to infinity when the auxiliary control law

u(k) = —Kpgu(k)

IS assumed to be used from the end of the prediction horizon
onwards. The resulting J is the classical IH-LO cost function.

With a suitable choice of the terminal cost, the RH control
law guarantees stability in the unconstrained case
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|The fake Riccati equation - 1

If S# P ,recalling that

w(k) = —-K(0)z(k) , K(0)= (R 4 B’P(l)B)_l B'P(1)A
P(1) can be seen as the solution of the stationary fake Riccati
equation

P(1)=P(1)—-P(0)4+Q+ A'P(1)A— A'P(1)B (R + B’P(l)B)_l B'P(1)A
Q

if P(1)—-P(0)>0 —> (@ >0 andthe RH control law can be

seen as the IH-LQ solution of

©@

Tl (k),u()) = 3 (leCh 4+ )| + llulk +)|3)
1=0

and stability is still guaranteed under the usual assumptions
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| The fake Riccati equation - 2

When P(1) - P(0) >0 ?

Theorem (not proven)
If P(é+1)>P(:) forany >0, then P(i4+1—k)>P(i—k),i>k>0

Then, If at any iteration of the Riccati equation the solution is
decreasing, it is decreasing in all the following iterations. In view
of this result, if

S = P(N) > P(N —1)

The RH control law is stabilizing for any positive value of N.
The choice of S satisfying the above condition is not trivial
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Constrained .
IH-LQ control -1

Consider now the following IH constrained problem

oo

Poo = min Joo (x(k),u()) = 3 (lelk + )3 + luk + )I|%)
1=0
x(k+i)eX , >0
wlk+i)eU , i>0

where U and X are closed sets containing the origin, Q>0, R>0

The solution of this problem can not be computed with the
HJB equation or with the “open-loop” solution in view of
the infinite number of constraints to be considered
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Constrained
IH-LQ control - 2

An important result (to be proven later):

The solution of the stated optimization problem can be found by
solving, with a sufficiently long prediction horizon N and with
the RH strateqgy , the FH optimal control problem

N-1
Py = minJy(@(k),u(-)) = 3 (lelk+ D)3+ lulk +DIF) + =k + N3

1=0
v(k+i)eX , i=0,.,N—1 /

wk+i)eU , i=0,..N-1

An intuitive proof:

For N sufficiently long, by solving problem P, the state at the
end of the prediction horizon is near the origin, where the
state and control constraints are not active
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Constrained
IH-LQ control - 3

It must be assumed that x(k) belongs to the positively invariant
admissible set for P~ , that is the set of states which can be
satisfied by fulfilling the state and control constraints.

X={z(k)|Fu(-)eU: :z(k+i)e X, i>0, and JI, < o}

Define now the positively invariant admissible set X;.g
associated to the IH-LQ control law w(k) = —Kgz(k)

v(k+i) = (A— BKpg) (k) € Xq , i>0

LU(]C) EXLQ — {

How to compute X ?
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Constrained
IH-LQ control - 4

First note that 2Pz —c=0,c> 0is alevel line of the Lyapunov
function V (z) = &/ Pz for the closed-loop system with the IH-LQ
control law. Therefore, in the unconstrained case

Xe = {:13 ‘:B/PCU < c}

IS a positively invariant set for the closed-loop system with IH-
LQ control. Now, if it possible to find a set

rz{x‘xEXandu:—KLQa;EU}

for any ¢ such that
X.CrI

it follows that X. is the required set Xr¢
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Constrained 20
IH-LQ control -5

where P
has a solution

Positively invariant set
for the IH-LQ control
law u=-K, x e

where unconstrained IH-LQ
Is feasible (u=-K,yx U)
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Constrained
IH-LQ control - 6

Theorem

Let z(k) € X. Then, given aset X there exists a
(computable) sufficiently long prediction horizon N such
that the solution of the associated problem P, is such that

x(k + N) EXLQ

The computation of an upper bound of N can be performed
with results available in the literature. Assuming that this
value has been determined, in view of the dynamic
programming approach the solution of P coincides with the
solution of P~ . In fact, the terminal cost of Px is the cost to

go of the IH problem.
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| Proof

If, for a given N, one has z(k 4+ N) ¢ X, then z(k N) ¢ X10
for N < N. Now take p and g such that

0 < g<gm= inf {2Qu
Jnr (#'Qx)

0 < p<pm inf <a'Px
o {#'Prf

Then

Th@®) = % (Ilz(k + DB + luk + DIIE) + etk + N)||% >
=0

N-1
> > etk + )G+ lz(k + N[5 > Ng+p
1=0

and, for N — oo, one has J, — oo, which contradicts z(k) € X.
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Constrained
IH-LQ control - 7

Main ingredients of the solution:

» a stabilizing auxiliary control law v(k) = —Krgz(k) ;
> aterminal cost (the cost to go to infinity) |lz(k + N)|2

» aterminal positively invariant set X for the auxiliary
control law where the control constraints are satisfied;

> aterminal constraint z(k+ N) € Xy , which can be
automatically fulfilled with a suitable choice of the prediction
horizon N.
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Constrained
IH-LQ control - 8

Instead of using a long prediction horizon N which automatically
fulfills the terminal constraint z(k 4+ N) € X1, it is possible to
explicitly force it at the price of obtaining a non optimal (in the
LQ sense) solution.

The new problem consists of solving with respect to the
sequence u(k),u(k + 1),...,u(k + N — 1) the optimization problem

N—-1
P=minJ(z(k),u(-)) = 3 (letk+ D3+ lulk + D)%) + llz(k + N)||?
1=0
c(k+id)eX , i=0,..N—-1
wk+id)eU , i=0,.,N—1

x(k+ N) EXLQ

Riccardo Scattolini Dip. di Elettronica e Informazione - I POLITECNICO DI MILANO




Constrained
IH-LQ control - 9

Theorem

If at a given time k there exists a feasible solution for
problem P, the origin of the closed-loop system obtained
with the corresponding RH solution is an asymptotically

stable equilibrium point.

The proof hinges on a classical way of
reasoning in predictive control

which is the stability region?
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Constrained
IH-LQ control - 10

Proof
Let

U°(k) = [ wP(k) uQ(k+1) - u@(k+N—-2) uf(k+ N —1) ]
be the optimal solution at t time kand J°(z(k)) the
corresponding value of the cost function. In view of the RH
principle, only w2 (k) is applied.
At k+1 the new state Is

z°(k + 1) = Az (k) + Buj(k)

and

U(k):[ug(k+1) w(k+2) - uQ(k+N—1) —KLQa;O(kJrN)}

IS a feasible solution for P (in fact z°(k+ N) € X1 ). \
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Constrained
IH-LQ control - 11

However, the value J(z(k + 1),k + 1) of the cost function
corresponding toU (k) Is not the minimal one (this is not the
optimal solution J°(z°(k + 1))) and

J(z°(k+ 1)) < J(2°(k + 1)

From the definition of the cost function one has

T(2°(k + 1)) = J°(2°(k)) < [l=(k + N 4+ 1|3 — [[«°(k + N)||3
+ (Ha:o(k + NI + ||~ Krgz®(k + N)||2)

- (na:(k)né + H—me(k)Hi)
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Constrained
IH_-LQ control - 12
or
T(@(k + 1)) — J(a°(k)) < ||Az®(k + N) — B 0a(k + N)Hf5 — Jla°k + N) |12

+ (on(k + N+ |- KL=k + N)Hz)
— (le®)13 + lu k) 13)

Now note that
Ak + N) = BE LGk + N7, = oGk + N7+
(122Ck + NI + |-Krgu®Ch + M) =
2% (k + N) [Q + (A - BKLQ)’P (A - BKLQ) — P+ KiQRKLQ} 2°(k+ N) =0

Therefore

T(2°(k 4+ 1)) — J°(°(K)) < — (=B + [u®(k) %)
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Constrained
IH-LQ control - 13

Recalling that

Jo(z°(k+ 1)) < J(z°(k+ 1)
one has

JO(z%(k+ 1)) — J°(z°(k)) < — (Ilw(k)Ilé + IIU"(k)II%)
Since by assumption @ > 0, J°(z,k) >0 and

JO(x%(k+1)) — J?(z®(k)) <O

for any = # 0 . In conclusion, j° Is a Lyapunov function and
the result follows (continuity of the Lyapunov function?).
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Explicit constrained
IH-LQ - 1
||

It has been shown that, for a sufficiently large value of N, the IH
constrained LQ control is equivalent to

N—-1
Py = min Jy(@(k),u() = Y (ot + DI+ luk+DIE) + l=(k+ N3
u(k—41) i—0
Ymin < Co(k+4) <ymax , ¢=0,.,N—-1
umin < uw(k+i) <umax , ¢=0,...N—1

Moreover, with standard arguments, the problem can be
formulated as

In(@(k), u(-)) = o' (k) A'QAx(k) + 22" () A'QBU (k) + U’ (k) (B'QB + R)U (k)
Y F P,

GU(k) <W + Ex(k)
where detH#0 and W contains the values u,;, U, ...V minYmax
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Explicit constrained
IH-LQ - 2

By neglecting the terms which do not depend on U(k), the
problem can be reformulated as follows

P = u?;f) {U’(k)HU(k) + 2:1:’(k)FU(l~c)}

(T7( L
TN

) \V.V4 LY L
U\R)

VvV + u%(ry)

VAN

Now define the auxiliary variable

2(k) =U(k) + H 1 Fz(k)

which iIs a linear function of U and x.

It is easy to show that

%z/(k)Hz(k) = %U’(k)H U(k) + ' (k) FU (k) + %m’(k)F H™ F'z(k)
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Explicit constrained
IH-LQ - 3

Moreover, constraint GU(k) < W + Ex(k) can be written as

Gz(k) < W 4+ Sxz(k)
where S=FE+GH 'F’
Therefore, the original optimization problem is equivalent to the

multiparametric optimization problem (it depends on the vector x
which enters in the definition of z)

— mint.
P, = ggllcr)le (k)Hz(k)
Gz(k) < W + Sxz(k)

It is possible to solve with respect to z as a function of x
(z=k,(x)) and then to find U as a function of x (recall the
definition z(k) = U(k) + H~'F'z(k) ). Finally, obtain u=x,(x).
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Explicit constrained
IH-LQ - 4
||

How to solve the multiparametric programming problem?

» Take a state x, belonging to the set X of admissible states
(P, has a solution).

»Given x,, solve the QP problem and find z,,.
»Compute the subset of active constraints.
G%%o = S% o + W*°
where G%, 5% w* are the (linearly independent) rows of G, S, W
corresponding to the active constraints.

»Now, we want to find the region CRO0, containing x,, where
these constraints are active for the optimal solution of P,, as

well as the value of z and of the Lagrange multipliers inside
CRO.
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Explicit constrained
IH-LQ -5

The Lagrangian function associated to P, is

L= %Z’Hz—l—)\/ (Gz W — Sa:)

Setting to zero the derivative respect to z one has
»=—H 1G'\
Moreover recall that

)\/(GZ—W—SJ:) =0
A>0
Gz(k) <W + Sz(k)

N (—GH_IG’)\ W — Sx) =0
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Explicit constrained
IH-LQ - 6

N (—GH_lG’A W — sa;) =0

\/

Non active constraints: A(¥) = 0

Active constraints: —GeH1g¥ (@) _we _gap =0 | A@ 5 g

\

Ale) = _ (G“H—lG“’)_l (W + Sz)
_ —1 ~a/ arr—1~ar L a a
= —H 1G/'\ =P z=H 'GY(G*"H 'GY) " (W*+ Sz)
This is the required linear function z=x,(x), which also allows

one to compute the linear control law
u = KgoRry® + YOR,

which holds true inside CRO.
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IH-LQ - 7
||

How to compute CRO?
It is defined by the inequalities

—(GHGY) T (WO %) 20— 2@ >0
GH'GY (GUHT1GY) T (W 4 %) < W 4 Sa(k)

~

Gz(k) < W + Sz(k)

Once CRO has been computed, the same procedure can be
repeated outside it and new regions R; can be found together
with the associated linear control laws.

X
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IH-LQ - 8

Comments

» The final number of regions can be very large, and it is
necessary to compute on-line the “active” region
(computationally very demanding).

» The same linear control law can be computed for different
(adjacent) regions.

» The optimal cost function is continuous and piecewise
guadratic. It can be used as a Lyapunov function.

» The method has been extended in many directions
(tracking, disturbance rejection, ...).

» The method can be used to compute gain scheduling
controllers (PID type).

»Matlab SW is available.
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