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Abstract

In this paper we propose and analyze qualitative models efntitogen-activated protein kinase (MAPK)
pathway in a neural cell model organism. Experiments shawtttis MAPK pathway exhibits an input-dependent
topology, leading to different dynamic behaviors of thehpaty output and ultimately to different cell fates. Our
analysis is based on invariant set theory and non-smootpun@v functions. We demonstrate that the network
behaviors and stability properties are structurally delpen on its topology, and do not depend on specific
parameter values of the underlying biochemical interastio

|. INTRODUCTION

One of the goals of systems biology is that of understandavg living organisms embed their functionalities
in complex biochemical network5I[1]. In terms of adaptapifind robustness, such networks often outperform
engineered devices, even though they exhibit remarkaldimsic variability in their parameters and reagents
concentrations. Well-known examples of robust biologietivorks include bacterial chemotaxi$ [2], [3] ahd [4];
the heat shock response iin coli [5]; and bacterial phosphorylation cascadés [6], [7].

A special class of phosphorylation cascades is given by fl@gen-activated protein kinase (MAPK) pathway.
MAP kinases are proteins that respond to the binding of drdedttors to cell surface receptors. The pathway
consists of three enzymes, MAP kinase (MAP1K), MAP kinasm&e (MAP2K) and MAP kinase kinase kinase
(MAP3K) that are activated in series following an upstreagmaling event. This pathway is conserved across
a large number of living organisms. Several studies havilipigted the presence of a positive feedback loop in
the MAPK cascade and the consequent bi—stability of thisegyswhich can generate switch-like and oscillatory
responsed [8]. A standard ODE model for a MAPK cascade fonn@nopusocites is proposed inl9], where
the authors demonstrated bi—stability of the system byyapplthe general theory of monotone systeims [10].
In rat neural cells, the operation of the MAPK network hagead been shown to exhibit a context-dependent
topology: two negative feedback loops are present in th&ar&tupon stimulation by epidermal growth factor
(EGF), which then causes the cells to proliferate. Two p@sfeedback loops, and an additional negative loop,
are instead present upon stimulation by neural growth fg®M&F), which then induces cell differentiation.

In this work, we consider the two input-dependent topolsgexperimentally investigated in_[11].
Starting from our previous efforts in a parameter-free ysial of the MAPK pathway [[12], we derive
qualitative graphs describing the interactions of the MAR#agents and propose a model for each of the
two topologies. Under biologically plausible assumptiars the network interconnections, we analytically
demonstrate that the qualitative dynamic behaviors of baplologies are structurally guaranteed. Specifically,
such behaviors are independent of specific chemical irtteraparameters. Thus, our results demonstrate
that the MAPK cascade yields biologically robust behaviomsistently with other results in the literaturel[13].

The mathematical tools employed to analyze and explaindbhastness of biochemical systems encompass
integral feedback]4][15], linear matrix inequalitiés J14tructural analysid [15], Lyapunov metho@sl[16] and the
deficiency theory for chemical reaction networkk [YI.1[1Apwever, numerical analysis is often the preferred
tool to explore parameter-independent, robust behavibdsiaxhemical systems [18]/[19]. Throughout this
work, we employ classical control theoretic tools such asirs@riance and non-smooth Lyapunov functions,
without resorting to any numerical simulation.



II. MODELING THE MAPK PATHWAY

In this section we provide further details on the biologisiginificance of the MAPK pathway in PC12 cells,
a useful model system to study neuronal differentiation.tim propose a general MAPK pathway dynamic
model, which is consistent with the literature and can bestonted from qualitative graphs. The topology of
the general model is finally modified to account for the addail input-dependent feedback loops determining
the pathway response and ultimately the cell fate.

A. The MAPK pathway of PC12 cells exhibit a context-depetnidgmology

The MAPK pathway is a signaling cascade that has been catsémoughout evolution across a broad range
of organisms from yeast to mammals. MAP kinases are prothiatsrespond to the binding of a variety of
growth factors to cell surface receptors. The pathway st sif three enzymes, MAP3K, MAP2K and MAP1K
that are activated in series. By activation or phosphantatve mean the addition of a phosphate group to the
target protein. Extracellular signals can activate MAP@IKjch in turn phosphorylates MAP2K at two different
sites, forming species MAP2K-P and MAP2K-PP; in the lastndjuMAP2K phosphorylates MAP1K at two
different sites, forming the species MAP1K-P and MAP1K-FPRe graphs of the network proposed [nl[11]
and the well-known models in the literatuiig [9]] [8] prongbties to schematically represent the core behavior
of the cascade as in Figurk 1 A. Following a standard conweriti the biology literature, the pointed arrows
indicate that the end-species concentration increasesinprease of the source species; blunted arrows instead
indicate a reduction of the end species caused by an inchedbe source species. Solid lines indicate strong
and statistically relevant interactions, while dasheddimdicate weak interactions. The solid “forward arrows”
in the cascade denote the fact that upon external stimnlatiee cascade equilibrium is naturally shifted to
increase the concentration of MAP1K protein output. In theemce of additional feedback, this system has
indeed been demonstrated to behave monotonidally [10].

Rat adrenal pheochromocytoma (PC12) cells have been usethadel system to understand the relationship
between their cellular fate and the MAPK signaling pathwagration [11]. The proteins involved in the PC12
MAPK pathway are Erk (MAP1K), Mek (MAP2K) and Raf (MAP3K). €hMAP3K protein is activated by
membrane sensing of external growth factors such as theeEpa Growth Factor (EGF) or the Neuronal
Growth Factor (NGF). Sensing of either of these growth fictiiggers the previously mentioned MAPK
activation cascade: however, EGF stimulation inducesileglproliferation, while NGF stimulation induces cell
differentiation. The cell fate decision is correlated watlspecific time response of the MAP1K protein Erk, the
last element of the cascade11]. Specifically, the timearse of the MAP1K active protein concentration to
EGF stimulation is a spike, followed by a relaxation to th#iah pre-stimulation amount of phosphorylated
MAP1K: thus, the circuit is asymptotically stable at low MAR concentrations. The time response of active
MAP1K to NGF stimulation is instead a sustained increaseoimcentration, even after NGF is removed: the
network therefore exhibits bi-stability with hysteresis.

The authors ofi[11] investigated the MAPK pathway respowseding on its topology. Applying the Modular
Response Analysis (MRA) technique [20] the network wasesystically perturbed, allowing the derivation of
local response coefficients describing the interactioms&dsen the kinases. The global steady state perturbations
were measured with respect to the total concentrations afonend bi-phosphorylated MAP kinases. The
qualitative graphs derived inJlL1] are reproduced in Fidlit€ and G: solid lines correspond to local response
coefficients measured with high probability across the grpents performed, while dashed lines correspond to
coefficients inferred with low probability. In this work, ware not interested in the specific values of the local
response coefficients, but rather on the qualitative dyaamerconnections that may underlie the measured
responses. Figuld 1 C shows that the EGF-stimulated netiwptdogy presents two strong negative feedback
loops (solid red interconnections) in addition to the corARK pathway network (gray arrows, shown as in
Figured A); FigurddlL G shows that the NGF-stimulated netwmdsents instead two strong positive feedback
loops (solid green lines) and one strong negative feedbamk in addition to the core MAPK graph.
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Fig. 1. Topologies of the MAPK pathway considered in this paper ACore pathwayB Topology induced by EGF inpu€ Topology
induced by the NGF input.

B. Derivation of qualitative graphs and dynamic models toe MAPK topologies

In the remainder of this section, we propose a methodologgetrive a dynamic model for each of these
networks, based on biologically plausible interactiondertying the graph topologies. Let us refer to Table |
and denote each species in the MAPK networkzgsi = 1,...,7. We define a graph where théh node is
associated to specias, and every arc connecting nodeand; is defined according to the qualitative dynamic
interactions of the biological species, ;.

Given two nodes andj, we say that j affects:” if the derivative;(¢) includes a function of;. Following
the notation we introduced in a recent wofk1[12], we clasdifg possible interactions in four categories.



TABLE |
DEFINITION OF THE STATE VARIABLES FOR THEMAPK NETWORK

xy T2 €3 T4 Ts Ze Xrr
MAP3K/Raf MAP2K/Mek MAP2K-P/Mek-P  MAP2K-PP/Mek-PP  MAPEtk  MAP1K-P/Erk-P  MAP1K-PP/Erk-PP

This categorization allows us to focus our analysis on fumelatal functional relationships between the system
variables, neglecting specific numerical parameters.

« a—interactions. This category includes positive activatitynamics, possibly unbounded, from spegide
speciesi and is associated to functions of the fou)(-)x;. Note thata;;(-) may be a function of one or
more other species in the network. The arc type associatédtiis interaction isj =

« b—interactions. This category includes negative inhibititynamics, possibly unbounded, from spegids
speciesi and is associated to functions of the fobg(-)x;. The termb;;(-) may be a function of one or
more other species in the network; we assumén, -) = 0. Arc type:j —e< ;

o c—interactions. This category includes increasing—butnlded, positive activation dynamics caused by
speciesj on species and is associated to functions of the foeg(z;). Arc type:j —> ¢

« d—interactions. This category includes decreasing, bodinpiasitive activation dynamics caused by species
J on species. This interaction type is associated to functions of therfak,(x;). Arc type:j —— i

The “proportionality” coefficients,;; andb;; in the termsa;;(-)z; andb;;(-)z; are introduced to evidence the
fact that the described phenomena may be far from linearftantinear case is a possible specification of these
terms.

The following definition will be useful in the sequel.

Definition 1: Function f(z) is a sigmoidal function if it is non decreasing, fi0) = 0, f/(0) = 0, 0 <
f(o0) < oo and its derivative has a unique maximum point. Functfdn) is a complementary sigmoidal
function if f(0) — f(x) is a sigmoid function.

Examples of sigmoidal and complementary sigmoidal fumctiare in Figur&l2.
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Fig. 2. Sigmoidal (left) and complementary sigmoidal (tjgtunctions

Let us now derive a qualitative dynamical model of the MAPkKthweay by restricting our attention to
the simple cascade of Figuié 1 A. We will derive a slightly mm@omplex graph, shown in Figuté 1 B, by
incorporating more biological information in the systensciiption. We assume that MABK, wherei = 1,2, 3,
is produced and degraded at some rate. Referring to the gradgigure[1 B, and based on the four interaction
categories previously introduced, we can associate thduption of each species to a positive and bounded
activation function of type:;o; degradation can be plausibly associated to a functiga:;)x;. Each MAR?)K,
for ¢ = 2,3, mediates the phosphorylation of MAR-1)K through a Hill-type activation process, transforming it
into a MAP(; — 1)K-P, phosphorylated at a single site; additionally, MAIK mediates the addition of a second
phosphate group, transforming MA&R-1)K-P into MAP(i —1)K-PP. Consider the nodes of the graph at Fidllire 1
B associated ta;, zo andzs: it is natural to connect nodes, andx3 with a function of typea;s(x2)xs.
Similarly for z; andz,, and for activation ofrg, 27 by 4. Due to mass conservation, if MAPK causes the
increase of MAR; — 1)K-P and MAR: — 1)K-PP, then MAR:)K also causes a decrease of MAP 1)K and
MAP(i — 1)K-P: this effect is taken into account by the ates, bs1, b4 andbg, in Figure[l B. Furthermore,
one can assume a spontaneous loss of phosphate groupgi ¥APand MAR)K-PP decay into MAR;)K



and MAR(#)K-P respectively (mass conservation still holds). Thisrmed decay effect is taken into account,
together with other kinase degradation processes, bybasc$.4, bes andb;7; the simple loss of a phosphate
group causes a bounded increase of the concentration of(MIRRnd MAP(i)K-P, taken into account through
the arcseas, cs4, cs6 andcgy. We ignore the input-mediated phosphorylation dynamicthefMAP3K protein,
as done for instance inl[9].

The graphs in Figuld 1 A and B are derived with different pchres. However, both graphs aim at representing
the same underlying positively and negatively correlatgdathic interactions among the kinases, with different
levels of complexity. From the detailed graph in Figlite 1 Bljymamic model can be immediately written as
follows:

Ty = Hcio— bii(zr)xy

By = —ba(x2)w1 — baa(2)w2 + c23(23) + c20

3 = azi(@2)r1 — b31(ws)ry — baz(ws)rs + cza(ws) (1)
gy = agq(23)rr — baa(wa)2s

&5 = +cso — bsa(s)ra — bss(w5)T5 + c56(76)

6 = aea(ws5)rs — bea(we)rs — bes(26) 6 + cor(27)

&7 = ar(we)rs — brr(w7)27.

The following qualitative properties are assumed. All fumies are nonnegative. Functiobys (x1)x1, baa(z2)x2,
b33($3).’£3 and b44($4)1‘4, b54(1‘5), a74(:106) and b77(1‘7)$7 fUﬂCtiOﬂSng(xg), boy (,TQ), a41(x3), and functions
es6(ws), bsa(xs), aza(xe) are assumed strictly increasing with positive derivatiugrthermore, all these function
are null at zero. Mass conservation allows us to assume tlweving equalities:az (z2) = b1 (z2), c3a(xq) =
bas(x4)w4, b31(23) = as1(x3), b3z(w3)rs = co3(w3) andaga(xs) = bsa(xs), co7(27) = brr(w7)w7, besa(ws) =
ars(x6), bes(xe)xs = cs6(xs). The degradation of, andxs is given by the loss of a phosphate group and
decay toxrs andzo. (Similarly for z7 andxg, turning intoxg andxs; respectively.) Conversely, andxs have
their own degradation given by termhs, (z2)z2 and bss(z5)zs. The termsceg, c20 andcsy are non—negative
constants.

The literature provides several well-known ordinary diffietial equations models describing the phosphory-
lation process at each node of the cascade. In particutadehvation of our model was aided by the biological
assumptions made inl[9]. Our model is indeed consistent thithone proposed inl[9], as we outlined also in
our previous work[[12].

In the next sections we will consider the two different tappés for the PC12 MAPK pathway that have
been shown to arise upon stimulation by EGF and NGF inputasgn

IIl. EGF INDUCED MAPK TOPOLOGY

According to [11], when stimulated with EGF the MAPK topojogresents two strong negative feedback loops
between the MAPK and the MAP2K proteins, and between the MARKMAP3K proteins. The corresponding
dynamic behavior of the MAPK output{) is a characteristic spike, as schematically shown in EfubD. We
chose to neglect the positive feedback loop between the MaxRi3the MAP kinases, because it is statistically
insignificant according tao_[11]. We propose to model the tiggdeedback loops as positive, decreasing and
bounded interactions of typé;(-), mediated by the doubly phosphorylated form of the MAPK eirotz-.
The graph is shown in Figufd 1 F. The qualitative ODE modellmaustraightforwardly derived from the graph



as follows:

1 = +cio — bu(xr)xr + dir(xr)

By = —ba(x2)w1 — baa(2)w2 + c23(23) + dar(27)

&3 = azi(w2)rr — ba1(ws)rr — baz(xs)xs + c3a(xs) (2)
gy = aq(23)rr — baa(wa)24

&5 = +cso — bsa(s)ra — bss(w5)T5 + c56(76)

6 = aea(ws5)rs — bea(we)rs — bes(26)T6 + cor(27)

&7 = ar(xe)rs — brr(a7)2y

The functional properties of the ODE terms are defined ashiergeneral mode[11). In addition, we assume
that termsds7(z7) (which substitutes and comprises the tersg in model [1), accounting for the influence
of z7) di4(z4) are strictly decreasing, with negative derivative; thesens may naturally be represented by
complementary sigmoidal functions, however this is not eessary assumption.

Termds; is a complementary sigmoidal function (see Figllle (2) jigittich is assumed to be constant below
some threshold, and null above some second threshold.

d27($7) = d27(0) = 9, for zr <1
d27($7) =0, for T > f,

This special assumption is introduced to explain the “sgjkinature of the system in a reasonably simple way.

Term by1(x1)x; has a positive derivative and is unbounded (suctbias; with constantby; > 0). This
assumption is necessary to consider arbitrarily largerpatesignals.

A. Steady state analysis of the EGF-induced MAPK topology

In this section, we will first derive qualitative steady stakpressions for, andzz (the doubly-phosphorylated
kinases) as a function of the input. We will then prove thegueness of the equilibrium. We will provide, in
passing, useful information for the next subsection.

The steady state conditions are achieved by assuriing 0. Let us consider the first four equations and
write them as follows

+cio—bu(zi)zr = —dir(xr) 3
—bo1(x2)x1 — bag(x2)xe + coz(x3) = —dor(xr) (4)
asi(z2)x1 — bai(z3)x1 — bag(z3)ws +caa(zs) = 0 5)
aq1(x3)rr — baa(za)zs = 0 (6)
In view of the equality assumptions, the condition
To+T3+T4=0
becomes
— baa(z2)x2 + dor(27) =0 (7)

For a fixed inputc;g equations[{B)£l6) give, in an implicit forny;, =2, x3 andz4 as functions ofr; andcyq.
Lemma 1:We can express the steady statergfas:

x4 = ¢(x7,c10) (8)

Functiony is well-defined. It is decreasing with respectutp and increasing with respeet,.

The proof is reported in the appendix.



Let us now consider the equations = 0, 2 = 0 andz; = 0 written as follows

0 = Hcs0— bsa(zs)xs — bss(z5)xs + cs6(26) 9
0 = aes(ws)rs — bea(we)rs — bes(we)rs + cov(w7) (10)
0 = ara(xe)rs — brr(ar)zy (11)

Summing them up ass + ¢ + 7 = 0, and eliminating the equal terms, we get
— bss(w5)25 + €50 = 0 (12)
We can now state a second lemma.
Lemma 2:We can express the steady staterefas:
x7 = (24, ¢50)- (13)
Function is well-defined and increasing in both variables.

Proof It is immediately seen that giveryg, x5 is given by [IR), and given,, z¢ is uniquely defined by[{9).
x7 is determined by[{A1). For fixeckq, x5 is fixed. If z, grows, [®) implies thatg grows. Thenz; grows in
view of (). Similarly, if z4 is fixed, increasingsg increasesss by (I2). From [[P) and{d2), we have thag
increases. Fronf{11) we see thatalso grows. L]

Remark 1:It is legitimate to assum&][9] that the amount+ x¢ + 27 = ( is constant (or varying on a much
slower timescale than the cascade dynamics). We can therefmsider a reduced system with variahigs
27, With g = ( — x5 — x7. At steady-stategs = 0, o7 = 0, namely

0 = +cs0— bsa(ws)ws — bss(ws)ws + c56(C — 5 — 27)

0 = a7(C— x5 —x7)T4 — br7(27)27
Then it can be shown that in this case is an increasing function of,. This same property will be proved
for the NGF-induced topology, in Lemni 4.

A

Fig. 3. The intersection betweerny = p(z7) andzy = p(z4)

Combining Lemmakl1 arld 2 we have the following.

Proposition 1: For fixed values of the input;o and c5o there can be at most one equilibrium point. The
equilibrium value ofz; is an increasing function of both, and csg.



Proof The equilibrium condition are achieved by the two condision

x4 = (27, c10) (14)
T = w($4, 050). (15)

The qualitative behavior of the functions above is sketahdelgure[3. Since» is decreasing andg is increasing,
the first part of the proof is immediate.

For the second part of the proof note that in viewl[dfl (14),if increases for fixeds, eitherz, or z7 must
increase. Ifz; increases, the proof is complete.af increases, then alse; increases because ¢fJ15) and
Lemmal2. Conversely if5 increases, given o, then equation{15) implies that eithef increase, as we wish
to prove, orz, decreases. In the latter case increases, as a consequencelof (14) Lefma 1. L]

In essence, increasing, shifts they—curve downward, and increasieg, shifts thep—curve upwards.
The following proposition completes the steady—state yesisl
Proposition 2: There are no equilibria in the high region > €.

The proposition is due to the fact thatzr, c19) = 0 for 7 > ¢ and an immediate consequence of the next
Lemmal3B.

B. The dynamic response of the MAP1K concentration to a st&f5F concentration is robustly characterized
by a spike followed by a relaxation to the initial, pre-stiosiequilibrium.

The following lemma is a key step to prove that fap large enoughg(t) exhibits an overshoot (spike)
followed by a relaxation to the unique equilibrium. In simplords, this lemma states that if the MAP1K-PP
concentrationz; achieves values above the threshgldhen its concentration will necessarily decrease below
¢ after some time.

Lemma 3:Assume that at a certain time> 0, z7(f) > £. Then there necessarily exists> ¢ such that
:Z?7(t) S f

Proof Assume by contradiction that;(¢) > ¢ for all ¢ > ¢. Define the variable

K(t) = 22(t) + z3(t) + 24(t) (16)
which, in view of the equality assumptions, satisfies theatiqn

k= —baa(x2)x2 + dar(x7) (17)

Since we assume thdb;(x7) = 0 for 27 > £, we havek = —bas(x2)x2, which implies thats is monotonically
non-increasing and it converge to> 0 from above and and alse — 0. From [IT) this means.(t) — 0.

Consider the equation af,
&g = —bo1(x2)x1 — bao(x2)x2 + co3(23)

Sincex, andiy converge to zerogss(z3) converges also to zero, heneg(t) converges to zero. Consider the
equation foriy.

&4 = aq1(x3)z1 — baa(xa) 24
Sincez;3(t) — 0 asymptotically we havey = —by4(x4)z4, Which implies thatzy(¢t) — 0. Thenk = zo(c0) +
x3(00) + x4(00) = 0.

Consider the equation fai;
@7 = ara(we)rs — br7(27)27



The conditionse,(t) — 0 leads toiy; = —brr(z7)z7 < —br7(€)E as long aser(t) > €. Then fort large enough,
will reach a valuer;(t) < ¢

It is harder to demonstrate thatdf, large enoughy; has robustly exhibits an overshoot. This can be shown
only if da27(0) = 6 is sufficiently large. We introduce the following additidresssumptions:

Al) The production and degradation fog cancel each other, and we can assume mass conservation of the
MAP1K protein [9]. This allows us to remove the terts (z5)z5 andcso. The dynamics of:s are therefore:

&5 = —bsa(ws) s + c56(ws). (18)
Accordingly we can eliminate the argument from ¢ in the steady state expressi@nl(13):
w7 = p(w4). (19)

Assumption Al allows us to complete easily our analysis; exgjecture that this assumption may be removed.
This assumption is equivalent to assuming mass consenvatio

5+ dg + 7 = 0,
x5(t) + x6(t) + x7(t) = ¢ = const. (20)
A2) Definex(0) = x2(0) + 23(0) + 24(0), such that for a gived,
b(x(0)) > ¢

where is the equilibrium condition in[{29).

Assumption A2 basically means that the two chains are Ihitéharged enough in terms af = x5 + 235+ 24
and( = x5 + z¢ + 7 in order to be able to “boost” a spike fox.

A3) z7(0) < 7.
The last assumption just means that the system is init@lizehe “low level region”.

A

(o)

»

t

Fig. 4. Qualitative overshoot and relaxation behavior leited by the EGF-induced MAPK pathway.

Theorem 1: i) Under Assumptions Al), A2) A3) and far,g large enough there is a peak in the sense that
x7(t) rises over¢ and then comes back below (see Hig 4).
ii) Such a peak is upper bounded by (but arbitrarily closeut(y(0)).

Proof In view of Lemma [[B) we need just to prove thaftr) at some time reaches a value arbitrarily close, but
below ¢ (x(0)).



As a first step, we observe that can grow arbitrarily large in an arbitrarily small time f6Y, large enough.
From:
&1 = +c10 — bii(r1)x1 + di7(x7) > +c10 — bii (1)1,

we have that for arbitrary smaty > 0 and for any arbitrary: > 0, z1(t) > p for ¢t > 7.
For ¢t > 71, in view of the equation fori
ig = —ba1(w2)x1 — bao(w2)x2 + c23(w3) + dor(27) < —boy(z2)r1 + c23(0) + dar(0)
and, sincer; > p can be arbitrarily large after arbitrarily small > 7 z2(¢t) can be made arbitrarily small,
xa(t) < e for t>m

Now consider the variable(t) = z2(t) + z3(t) + x4(t), defined in [IB) satisfying equatioh{1%.is non-
increasing and it decreasing can be made arbitrarily slow: B 7

k=& + &3+ &4 = —baa(x2)x2 > —baa(€2)€2

Then, fort >
K(t) > K(72) — [baz(e2)e2](t — 72)

From [IT)% < d27(0), thens is upper bounded:(t) < x(0)+tda7(0). ON [0, 2], k(t) < k(0) + €2da7(0) = o
Thenzso(t) < k(t) < k2 0on [0, 72]. On the other hand; > —bas(x2)22 thus we have

H(TQ) Z K(O) — bQQ(RQ)RQTQ.
Combining the two bounds we get, for> m,
Ii(t) Z IQ(O) — bQQ(I_QQ)KQTQ — [b22(62)€2](t — 7'2)
Sincer, andey can be arbitrarily small this is equivalent to say tlatan be sustained arbitrarily close to
x(0) for an arbitrary large period, precisely, given an arbjtiarge 7" ande,, there exists:;o such that

k(t) > Kk(0) —e,, foral 0<¢t<T

Let us now conside, whose equation isy = a41(x3)z1 — baa(z4)x4. FOr o <t < T. Remembering that
Ty >

i4 2 41 (H(t) — T2 — $4(t)).€(:1 — b44($4)$6‘4 Z Q41 ( max{O, K(O) — €x — €2 — $4(t)} ),u — b44($4).’[]4

This inequality implies that fop. arbitrarily large, the argumemhax{0, x(0) — €, — e3 — x4(t)} of a4y, Must
converge to zero arbitrarily fast. Thus given> m, with 74, — 75 arbitrarily small and giver, arbitrarily small,
the condition

24(t) > K(0) —€x — €2 — €4 =Tg, for , <t <T

Note that, by continuity, being the “epsilons” small, thdéldwing condition can be granted
Tr =(Ts) > €
which is a key point of the proof.

We need now to show that;(t) converges, either in finite time or asymptoticallyig > ¢. To this aim we
consider the second chain—x¢—r7, and we eliminaterg = ¢ — x5 — 27 (see eq.[[20))

5 = —bsa(ws)rs + c56(¢ — 25 — x7) (21)
x'7 = a4 (C — Ty — x7)x4 - b77($7)x7 (22)
The equilibrium conditions which link, to z7 = ¢(z4) are

O = —b54(.’f5)1_74 4+ 056(< — f5 — 57) (23)
0 = an(C—T5 —T7)Ts — brr(T7)77. (24)
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We use the Lyapunov-like piecewise affine function (see reifi)
V(ZC5 — 1_75, Ty — 1_77) = max{a:5 — f5, f7 — X7, O} (25)

which is zero only forzs < Zs andx; > Z7. Forry <t < T such a function is either decreasing or zero.

A
X
.,
V=0
> V= X~ Xg
% x
V=X
X

Fig. 5. Qualitative representation of the Lyapunov functi@d)

For x5 — Z5 > Ty — 27, namely,zs + x7 > 75 + Z7 (in the right sector in FigurEl5) by taking into account

&) and [(ZB) we have
&5 = —bsa(ws) s + ¢56(C — x5 — T7) = —bsa(@s) s + bsa(T5)Ts + c56(C — x5 — T7) — ¢56(¢C — Ts — T7) < 0
thusV = x5 — Z5 is decreasing

For x5 — Z5 < T7 — 7, Nnamely,zs + z7 < Ts + Z7 (in the lower sector in Figurg 5) by taking into account
&2) and [(ZK) we have
B = a7a(C — x5 — 27)T4 — brr(w7) 27 = a74(C — 25 — 27) 24 — A74({ — T5 — T7)Ta — byr(w7) 27 +b77(T7)T7 > 0
ThusV = z; — x7 is decreasing.

Since the horizorl” can be arbitrarily large(zs(t), z7(¢)) “has the time to approach” the region in which

V = 0 (top—left sector in FigurEl5), and ther has the time to arbitrarily approaah thus exceeding, and
this concludes the proof.

Remark 2:No stability of the unique equilibrium has been proven. Hegrave claim that in the low region
x7 < n the equilibrium is stable. This can be proven using the samehimery adopted in the next section.

IV. NGF MAPK TOPOLOGY

When stimulated with NGF the MAPK topology presents stroogitive feedback loops between the MAPK
and the MAP3K proteins, and a strong negative interactidwdéen the MAPK and MAP2K proteins. We recall
that the behavior of the MAPK outputr{) is bistable, as schematically shown in Figlite 1 H. Addiibn
the experiments in_[11] show that the system exhibits hgsterupon removal of the NGF input. We propose
to model the positive feedback loops as positive, incrgaaimd bounded interactions of-type mediated by
the doubly phosphorylated forms of the kinasgsand z;. The negative interaction between the MAPK and
MAP2K proteins is hypothesized to beda-type term that acts on the unphosphorylated MAP2K variable
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The corresponding graph is shown in Figlite 1 1. The resul@F-induced MAPK network is thus described
by the following equations:

1 = Hecir(rr) +co — bui(zr)z: (26)
Tg = 623(173) - 521(12)171 - b22(172)502 + d27($7) (27)
&3 = asi(@2)rr + c3a(x4) — bs1(w3)w1 — b3z (w3)w3 (28)
gy = agq(23)r1 — baa(wa)24 (29)
t5 = c56(26) — bsa(ws)ws + c51(w1) — bss(25)T5 (30)
e = aea(ws)rs + ce7(27) — bea(w6)ra — bes(T6)T6 (31)
&7 = ar(xe)rs — brr(w7)27. (32)

We assume the same functional qualitative properties aseigéneral modell1). The termis; (z7) is again
assumed to be strictly decreasing, with negative derigathermb;;(x1)x; has a positive derivative and is
unbounded (such as iz, with constantb;; > 0). This assumption is necessary to consider arbitrarilgdar
external signals.

The following specific assumptions are further made. Tega(z,) is strictly increasing, with positive
derivative and bounded (typically a sigmoidal-like funacs).

Termc;7 is a sigmoidal function (see Figurl (2)) which is exactlylmund exactly constant below and above

some thresholds
017($7) = 07 for 7 < n

cr(z7) = c17(0),  for @7 >,

This special assumption is introduced to explain the “bbisitg with hysteresis” nature of the system in a
reasonably simple way.

Finally we introduce assume that the generation term faakégz, matches its degradation. This is equivalent
to assuming mass conservation for the MAP2K protein comagah [9]. This allows us to remove the terms
bao(x2)x2 anddser(27) and to consider the simplifiedh dynamics:

&g = ca3(x3) — ba1(x2) .

Moreover:
x2(t) + x3(t) + x4(t) = k = constant (33)

A. Steady state analysis of the NGF MAPK topology

As done for the EGF-induced pathway, we begin our analysietling for an expression of the steady state
as a function of variables; andz;.

Given z; the two conditionsty = 0 24 = 0, equivalent to (in view of[(33))
—bo1(x2)r1 +ca3(k—w2—24) = O (34)
asgi(k — x2 — x4)x1 — baa(xs)rs = 0 (35)

These equations implicitly define the equilibrium:of as a function ofr; and of the total available amount
of MAP2K.

Lemma 4:The steady state af; can be expressed as:
Ty = <P4,1k($1, K). (36)
Functiongy 1, (21, k) is well defined and increasing in both arguments.
The proof is reported in the appendix. Let us now define theabbr
5(t) + w6 (t) + w7(t) = ((¢) @37
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which satisfies, in view of the equality assumptions in Sabee[l-B the equation

¢ = cs1(w1) — bss(xs)xs. (38)

Consider the steady—state equatidggs= 0, i; = 0 and¢ = 0

cs6(26) — bsa(ws) s + cs1(w1) — bss(x5)rs = 0 (39)
ary(w)xs — brr(w7)27 = 0 (40)
cs1(21) = bss(ws)rs = 0 (41)

These equations allow to state another lemma.
Lemma 5:The equilibria ofxz; can be expressed implicitly as:
r7 = p7.14(21, 24). (42)
Functionyz 14(z1, ) is well defined and increasing in both arguments.
Proof Given z;, (@) determines:; and, givenzy, [39) determinesy. Finally, {40) determines;.

It is easy to see that if; increases (and, does not decrease) thesg increases fromi{41). In view of{#1)
rewrite [39) as

cs6(we) — bsa(ws)ra =0

thenzg increases. Fron{#0); increases. Ifr, increase anck; does not decrease; does not decrease, the
last equation implies thats increases. Fron[{#0); increases. L]

Combining the lemmas we have the following propositions.
Proposition 3: The composed function defined as

(21, k) = 07,14 (71, Pa1x(21, K)) (43)
is well defined an increasing in both argument. Moreover faedix > 0

lim ¢(x1,k) = p, <O0.

T1—00

Proof The proof of the first part of the proposition is immediate.eTéecond part can be easily proved
noting that thatcs; (z1) is bounded, and that, is upper bounded by: due to expressior{B3). Indeed,

Hmml—»oo @4,1/@(:511 fi) = R.

Consider now the steady state equatign= 0 written as:
c17(27) + c10 = bur(21) 21
From this equation we implicitly derive a function

x1 = (a7, c10) (44)

as the unique solution of the equation. Such a function iscatsly non—decreasing. It is not difficult to see
that, for fixedey, if is a sigmoid plus a constant asdtisfies essentially the same assumptiba, 7 («7), being
constant below; and abovet. Both functionsy and ) are depicted in FigurEl 6. We are in the position of
drawing the following conclusions.

« Curvez; = ¢(x1, k) has a vertical asymptote which is moved on the right is augmented. The curve
x7 = P(x7,c10) is raised by augmenting.

« For smallx there is a single equilibrium which is non—trivial if and gnf c¢;o > 0. In particular for
px < 7 there is a single intersection (point A in Figude 6).
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X, =0(x, k)

X;=W(X,,C1p)

\/

P X

Fig. 6. The functionsy and+ and their intersections

« For large values ok, in particular forx > £ two new equilibria may appear (points B and C in Figlre 6).
Such equilibria are more likely to appear wheg is sufficiently large.

In the next subsection we will investigate the stability loé tequilibria.

B. Bi-stability and hysteresis of the NGF-induced MAPK togyg

We will analyze stability by assuming at most three equiipwhich we categorize as follows:

A-type: Equilibria achieved foft; < n (point A in Figure[®).
C-type: Equilibria achieved fof; > ¢ (point C in Figure®b).
B-type: Equilibria appearing fop < 77 < £, between A-type and C-type steady states (point B in Fiflre 6

Remark 3:It should be pointed out that, in principle, multiple eqoiila in the rangey < z; < £ are possible.
This case would be difficult to deal with without considerisgecific functions and values. However, we can
conclude that this would be a “fragile” situation anywaydd&ed:) has a “high slope” in the intervéh, £]. Thus
multiple equilibria in[n, £] means that the two curves have about the same slope, whidtesniiagility in the
sense that these equilibria might disappear for small inptiations.

The first result concerns the stability of points A and C.
Proposition 4: Equilibria occurring forz; < n (A-type) andz; > £ (C-type) are locally stable.
Proof The proof is an extension to of the case reported.in [12] Fsibpa 6..

If zr <, thency7(Z7) = 0 and the variable;; is not affected by, i.e. the feedback is not active. Therefore,
the system is a cascade of the, the xo—r4 and thers—ze—x7.

It is immediate thatr; stably converge to its equilibriun¥;. The stability of subsystems,—z, can be
immediately seen by considering the Jacobian, written @mahpendix (eq{49)) (seE]12] for details). Then
also xo—x4 converge to their steady—state values.

We need to show the stability of thes—zg—x7 subsystem for fixedr; and z4. Consider expressiong_{30),
B2) and [[(3B), and recall thgt= x5 + x + x7:

5 = ¢56(C — @5 — 27) — bsa(ws)xs + c51(21) — bss(5)2s
¢ = csi(x1) —bss(xs)ws

Ty = ara(C— x5 — x7)T4 — brr(ar)r
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The Jacobian turns out to be

—[(bss(w5)x5)" + b5, Ta + chg] i —Cs6
J = —(b55($5)1‘5)/ 0 0
—any ary  —[a7,Ta + (brr(z7)27)']

Apply the following similarity transformationst’}) add columnl to column2 and subtract rov2 from row 1;
T5) change sign to the first row and column. We achieve the similatrix

—[b54%4 + 5] +b54T4 +ckg
J =1 +(bss(xs)xs)  —(bss(xs)zs) 0
+ar, 0 —[a7y + (br7(x7)27)]

Stability of this matrix can be proven in several ways. Fitee matrix is weakly diagonally dominant with
negative diagonal elements and with the third row strictynéhant. Otherwise one can see that the matrix is
Metzler (it has nonnegative non—diagonal entries) and sodtable if and only if the characteristic polynomial
has positive coefficients. This condition is indeed fuléllley our system.

The previous result is not surprising, since it is known ttiet MAPK is open—loop stable and monotone.
Several results along this line have been derived basedaphgtheoretic considerations and Hill-type models
[@l, [21]. Similarly one could prove that points of B-typarfn < z7 < &, are necessarily unstable. We do not
provide here a formal proof, which would be along the lineghaf results in[1B]).

The result we prove in the next paragraphs is instead of ardift nature, since we are able to prove global
stability of the system adopting a Lyapunov function for thexs—x7 subsystem. This result is quite useful to
prove the possibility of hysteresis.

Theorem 2:For fixed values ofz; and z4, the equilibrium pointzs—z¢—z7 of the subsystem governed by
@0 (31) andI3R) is globally stable and, denotinggy= x5 — z5, 26 = x¢ — Tg, 27 = 7 — T7, it admits the
polyhedral (see]22]/123]) Lyapunov function

V(zs, 26—, 27) = max{|zs + 26 + 27|, |26 + 27|, |27]}

The proof is reported in the Appendix.
We can also prove the following corollary:
Corollary 1: The sets
ZV =25, 26,27 z5+26+27 >0, 26+ 27 >0, 27 >0}
and
Z7 ={z5,26,27: 2z5+26+27 <0, z6+27 <0, 27 <0}

are positively invariant. Moreover, using the same notatitroduced for Theorerl 2, assume thatand z,4
are perturbed ta; > 7; andz4 > 74. ThenZ* remains positively invariant.

The proof is reported in the Appendix.

Theorenf® and Corollafl 1 have an important consequencemeshat the input is low and that the system
is at a relaxed, A-type, steady state foy. Assume also that, at the same timg, > ¢ is an admissible
equilibrium. Then, if the input is increased enough to brihg state in theZ* then the output will remain
at the high level even after removal of the input stimulusosaly speaking, a temporary but sufficiently high
injection of c¢;o will shift the stable equilibrium of:; to a high valuex; > £. To be more precise we formalize
this concept in the following proposition.

Proposition 5: Let ¢, an input value for which both a; < n andz; > £ equilibria are admissible (namely,
k is large enough to assure the existence of an equilibiym- €). Let z; and z, the corresponding steady
state-levels ofr; andz4 and letZ+ be the corresponding invariant set, as defined in Corollad§ the input
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c1p is large enough to bring the state &1, x4 abovez, andz; abovez,, then the system will converge to
Z7 > &, even after removal of the inputy.

Proof It is a simple matter of noticing thaZ* is invariant and in such regiowr;7(z7) is constant. Then both
x1 andz4 converge to their steady state from above. Convergencesigexs by Theorerl 2. L]

Remark 4:The equilibriumz,; > ¢ is maintained even after the input is removed, under thenastan
T2 + x3 + x4 = K, Wherex is constant. The latter is a reasonable assumption in thd shon, since we
hypothesize mass conservation for theA P2 K protein, or slowly varying total/ AP2K concentration. Our
model predicts that if degradation is taken into accountianhe long runs < 0, then this could lead to the
situation in which the highe; equilibrium cannot be sustained and the system is reset tovar} amount.
The overall situation is depicted in Figurk 7. If the systenini a low stable concentration af,, (left-top), a
step in the input can shift the equilibrium to a high valuglfti-top). After restoring the input to zero (left—
bottom), the system will remain in a high; equilibrium. If there is a decrease of the total availableoam
of MAP2K = x5 + 3 + 4, then thex; output is driven back to a low value (right—bottom).

A

>
>

X

Fig. 7. Possible equilibria configurations for the NGF-ioéld topology. Left-top: uninduced system, law concentration; Right—top:
sustained double phosphorylation for the MAP1K output;ttieéttom: hysteresis, the equilibrium of; concentration remains high after
removal of the input; Right-bottom: relaxation of the etilm of z7 to low concentrations.

V. CONCLUSIONS

By means of the framework suggestedini[12], we have exantimethput-dependent topologies of the MAPK
pathway, arising in PC12 neural cells [11]. Such topologiesespond to different dynamic behaviors of the
MAPK pathway output and correspond to different cell fateisiens. We have proposed qualitative models
that capture the essential feature of these systems, whgkecting specific parameter values for the chemical
interactions within the network species. These modelsvaktbus to demonstrate that the two topologies robustly
exhibit the experimentally verified behaviors induced ie tretwork by EGF and NGF inputs. To prove our
results, we relied on classical control theoretic analysésed on invariant set theory and Lyapunov functions,
without the need for numerical simulations.
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APPENDIX
A. Proof of Lemmé&ll

Consider the equation§&l(313-(6) that implicitly defimg i = 1,...,4, as functions ofr; and c;o. We can
replace the equatiofll(5) bl (7) (namely= 0). Also, in view of ), [@) can be rewritten aE{46) below.

+ecio—bu(zi)zr = —dir(zr) (45)
—bai(x2)x1 + co3(x3) = 0 (46)
—baa(x2)r2 = —dar(w7) (47)
ag1(r3)w1 — baa(x4)rs = 0 (48)
The Jacobiary of the transformation is

—(bll(ml)xl)’ 0 0 0

g —ba (x2) —byy (w2)w1  chy(ws) 0

0 —(b22($2)$2)/ 0 0

a1 (23) 0 ag (z3)rr —(baa(za)zs)’

The sign matrix is

sign(J) =


www.cds.caltech.edu/~elisa/BlaFra2010.html
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The determinant of such a Jacobian is positive and thus thetifun ¢ is well defined.
The proof could proceed with tedious derivative computatMye give here a simple qualitative reasoning.

Assume thatr; increases for constamrty. Then—d;7(z7) increases. Fron{#7) we have that does not
increase. Since;y = const and—d;7(z7) increases, fron{{45), we have that must decrease. lf; decreases,
from {@8) x3 must also decrease. Froln48), a decrease;aindz; causes a decrease of.

Assume that;, increases with constant. Thenz, is constant by[{47). Froni.(#5); must increase. If;
increasesrs increases by[{46) and, finally, increases by[(48).

B. Proof of Lemm#&l4

The Jacobian of the transformation with respecttcand z4 is

—(byy (w2)z1 + 0/23) Cl23
J = 49
—ajy; 71 —(ajyy 71 + (baa(wa)z4)") (49)

and is invertible. Thug, andxz, are well defined functions.
To prove thatp is increasing, note that since
b21(I2)£C1 = 023(/€ — T2 — 504)

x1 increasing implies either, increasing orry decreasing. In the first case, we are done, otherwise, we note
that from
ag1(k — xo — x4)x1 = baa(xs) 24

xo decreasing implies, increasing.

Similarly, since the argumerit — x5 — x4 appears in bot equations, faf constant, we have that, or x4
or both decrease or both increase. The first equation impibse¢sf « increases, then either, or x4, must
increase.

C. Proof of Theorerfil2 and Corollafy 2

Let z; andZ, andcs; = ¢51(Z;1) be fixed. Consider the variabl€s= x5 + 26 + z7, w = 7 and
o=z +x7=(—T5

so thatzs = ¢ — 0, ¢ = 0 — w. From [30)3R) we have

( = =bss(C—0)((—0)+Cs (50)

6 = ags(¢—0)Ty —bes(oc —w)(o —w) (51)

w = anu((—w)—br(ww (52)
The steady state conditions are

0 = —bss5(¢—3)(C—0)+Es (53)

0 = aps(C—5)T4 — bes(c —@)(G — @) (54)

0 = anu(l—o)—br@o (55)

The candidate Lyapunov function in the new variables is
V = max{|z5 + 26 + 27, |26 + 27|, |27]} = max{+(¢ — (), £(0 — 7), +(w — @)}
To prove both Theorem and Corollary we sglitin two components a& = max{V_,V, }. Let

V- =max{~(¢ — (), ~(0 = 7), —(w — @), 0}
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then we show that_ decreases until the set in which itGs namely¢ > ¢, ¢ > & andw > @ is reached.
Outside this set we distinguish three regions in each of fwkic is equal to one of its affine components.
¢-region: V_ = —(¢ — ¢). Here we necessarily have(¢ — ) > —(o — &) then
(—0<(-0
The derivative is (note thats; — ¢51(Z1) = 0):
%(E— ) =—{=+[bs5(¢ — 0)(¢ — 0) = bs5({ — 7)({ — )] + 51 — 1 (T1) <O (56)
unless¢ — o = { — & for which the equality holdg = 0.

o-region: V_ = & — 0. As above here we have(c —5) > —(¢( —¢) and—(c — 7) > —(w — @):

0-(<5-( o-w<o—0,

then (we assume, = z,4)

%(5’— O') =—0= —[a64(C —U)$4 - a64(§—6)i4] + [bﬁﬁ(a—w)(U —w) _b66(5 —(D)(a' —@)] <0 (57)

unlessoc — 7 = ( — ( = w — @, for which caser = 0.
w—region: V = —(w — @). Here we have-(w — @) > —(¢ —¢) and —(w — @) > 0:
W = < <w-— 57 w<w,
then (again we assume, = Z,4)
d
dt
unlessw —w = ¢ — ¢ andw = @, for which caseu = 0.

(@ —w) = -0 = —[a74(¢ — W)y — ars({ — @)Z4] + [brr(w)w — brr(@)@] < 0O (58)

Since its derivative is non—positivE, is never increasing. To show that it is decreasing, unlesgfo= 0, we
consider the fact that its derivative is negative, unlessatfidenced special conditions, in which the derivative is
zero, occur. We need then to use Krasowskii arguments to #iewhese conditions do not persist #6r > 0,
precisely, it they happen af they will not be true in a right neighborhodd< ¢t <t + e.

The critical condition’ = 0 in the (—region, namely, — ¢ = o — 7, is only possible at the boundary with the
o—region. Permanence of the situation, would imply that @se 0, which is possible only at the intersection
of the previous regions with the—region, namelyl — { = ¢ — é = w — @. Again this condition can endure
only if alsow = 0. Then the critical condition is persistent onlydif= ¢ = & = 0, henceV_ = 0.

Similar considerations show that also the critical situadi evidenced for the—region and for thev—region
cannot endure.

The fact thatl’_ is decreasing, implies thg(t), o(t), w(t), converge to the regiot > ¢, o > & andw > @.
Exactly in the same way we can prove that
Vi = max{+(¢ = (), +(0 = 7), +(w — @), 0}
is decreasing, hence that the origifal= max{V,,V_} is decreasing.

The first part of of Corollar{]l is proven, because we have searl”_ (1) is non—increasing, thus st~
(Z1) cannot be escaped.

We have just to prove thaf* remains invariant also if we increase andxz,. This is quite easy, since if
we taker; > 7, andz4 > 74 the inequalities[[36)[1%$8) and{57) still hold.
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