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Abstract

Timeline-based planning is a well-established approach suc-
cessfully deployed in a number of application domains. A very
restricted fragment, featuring only bounded temporal relations
and token durations, is expressive enough to capture action-
based temporal planning. As for computational complexity, it
has been shown to be EXPSPACE-complete when unbounded
temporal relations, but only bounded token durations, are al-
lowed. In this paper, we present a novel automata-theoretic
characterization of timeline-based planning where the exis-
tence of a plan is shown to be equivalent to the nonemptiness
of the language recognized by a nondeterministic finite-state
automaton that suitably encodes all the problem constraints
(timelines and synchronization rules). Besides allowing us
to restate known complexity results in a fairly natural and
compact way, such an alternative characterization makes it
possible to finally establish the exact complexity of the full
version of the problem with unbounded temporal relations
and token durations, which was still open and turns out to be
EXPSPACE-complete. Moroever, the proposed technique is
general enough to cope with (infinite) recurrent goals, which
received little attention so far, despite being quite common in
real-word application scenarios.

Introduction

In this paper, we illustrate a novel automata-theoretic ap-
proach to timeline-based planning, which turns out to be
beneficial in a twofold perspective. On the one hand, known
complexity results can be restated in a clean and compact
way by making use of nondeterministic, finite state automata
(NFAs); on the other hand, it allows us to fill the last com-
plexity gap. Moreover, an easy generalization of the proposed
solution, that replaces NFAs by Biichi automata, makes it
possible to cope with recurring goals when the problem is
interpreted over infinite timelines.
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In the timeline-based framework, the planning domain is
modeled as a set of independent, but interacting, components.
Each component is represented by a number of state variables,
whose behavior over time (the timelines) is governed by a
set of temporal constraints (transition functions and synchro-
nization rules). Compared to the well-known action-based
planning paradigm, this approach allows for a more declara-
tive description of the problem domain, which does not focus
on what an agent has to do, but rather on what has to happen.
In particular, there is no explicit separation between states and
actions, but rather, the timelines represent both the current
state of the system and the ongoing tasks being performed.

Despite the successful application of timeline-based plan-
ning in a number of relevant domains (see, for instance,
(Muscettola 1994; Jénsson et al. 2000; Frank and Jons-
son 2003; Cesta et al. 2007; Chien et al. 2010; Barreiro
et al. 2012)), the problem of determining its computational
complexity has been addressed only very recently (Gigante
et al. 2016; 2017). As a first step, Gigante et al. (2016)
showed that timeline-based planning with bounded tem-
poral relations and token durations, and no temporal hori-
zon, is EXPSPACE-complete and expressive enough to cap-
ture action-based temporal planning. The proof proceeds
as follows: they first provide a polynomial-time reduction
of action-based temporal planning, which is known to be
EXPSPACE-complete, to timeline-based planning, and then
develop an EXPSPACE procedure for the latter (a nondeter-
ministic Turing machine using only an exponential amount
of space). Later, in (Gigante et al. 2017), it has been proved
that EXPSPACE-completeness still holds for timeline-based
planning with unbounded interval relations. The core of the
proof of EXPSPACE-completeness is a small model theorem
showing that any satisfiable timeline-based planning problem
has a solution at most doubly exponentially long. Such a result
is then exploited to build a nondeterministic guess-and-check
procedure, that runs in nondeterministic exponential space.
The very same procedure gives a NEXPTIME bound when
we restrict ourselves to exponentially sized solutions, that
is, the problem is proved to be NEXPTIME-complete when
a bound on the solution horizon is required as part of the
input. As a matter of fact, there seems to be no easy way to
accomodate the small model argument to unbounded token
durations.

Here, we prove that timeline-based planning with both



unbounded temporal relations and unbounded token dura-
tions is EXPSPACE-complete by using a completely different
automata-theoretic construction. More precisely, we show
that any instance of the timeline-based planning problem can
be encoded into a suitable nondeterministic finite-state au-
tomaton (NFA) A such that the language recognized by A,
say, L(A), is nonempty if and only if a solution plan exists.

The proof consists of two main steps: we first build the NFA
A and show that it recognizes exactly those finite words that
represent solution plans for the given problem; then, we check
the nonemptiness of L(.A) by solving a suitable reachability
problem over A, as usual. In order to respect the EXPSPACE
complexity bound, we must control both the structural com-
plexity of A and the complexity of the reachability algorithm.
To this end, we merge the construction of the automaton and
the reachability check into a unique on-the-fly procedure. This
technique allows us to finally characterise the computational
complexity of the full problem without introducing any ar-
tificial restriction on the syntax of transition functions and
synchronization rules.

Compared to the combinatorial argument used in (Gigante
et al. 2017), the automata-theoretic proof given here is
definitely simpler and cleaner. Moreover, it can be easily ex-
tended to the case of infinite timelines, where synchronization
rules can be exploited to express recurrent goals. Despite the
existence of a number of natural application scenarios, to the
best of our knowledge, the case of infinite plans has not been
investigated in the context of timeline-based planning. Here
we show that a natural extension of the proposed approach,
that replaces NFSs by Biichi automata, actually solves the
problem with no increase in computational complexity.

The paper is organized as follows. The next section pro-
vides some background knowledge on timeline-based plan-
ning. The third one describes the encoding of an instance of
the timeline-based planning problem into an NFA, and then it
shows how to exploit the resulting automaton to solve it. The
fourth section generalizes the proposed solution to the case
of infinite timelines. Conclusions provide a short assessment
of the work done and outline future research directions. Proof
details are omitted because of lack of space.

Timeline-based planning

This section introduces notation and terminology of timeline-
based planning, mostly borrowed from (Gigante et al. 2016;
Della Monica et al. 2017) and extensively discussed in
(Cialdea Mayer, Orlandini, and Umbrico 2016).

Definition 1 (State variable) A state variable x is a triple
V. Ty, D,,), where:

o V., is the finite domain of the variable x;

o T, : V. — 2V is the value transition function, which
maps each value v € V to the set of values that x can take
immediately after v;

e D :V, - NXNU ({+o0}) is a function that maps
eachv € V, to a.pair oqulu'es 0<d - S d -, Whl:C]’l
represent respectively the minimum and maximum duration

of an interval over which x takes value v.

Which value is taken by a state variable over a specified
time interval is stated by means of fokens.

Definition 2 (Token) A token for x is a tuple T = (x,v,d),
where x is a state variable, v € V., and d € N is the duration
of the token, with d =" < d < d;~.

It is worth pointing out that, according to Definition 1, the
duration of a token can be arbitrarily long (this is the case
when +co is taken as the maximum duration of the token). The
proof of EXPSPACE-completeness given in (Gigante et al.
2017) excludes such a possibility: it assumes the duration of
tokens to be bounded, and there is no way to generalize it in or-
der to admit arbitrarily long tokens. The proof given in this pa-
per naturally handles this case, without any special treatment.

The time-varying behavior of a state variable is modeled
by means of a finite sequence of tokens, called a timeline.

Definition 3 (Timeline) A timeline for a state variable x =
(Vy, Ty, D) is a finite sequence T = (zy, ..., 1) of tokens
for x, where v, € T, (v;) fori € {1,...,k—1}.

Notice that the values of x in two consecutive tokens do
not need to be different. A time interval can be associated
with any token 7; = (x, v;,d;) in a timeline T = (74, ..., 7)
by means of the functions start_time(r;) = Z;_:ll d; and
end_time(z;) = start_time(r;) + d;. The end time of the last
token of a timeline is called the horizon of the timeline. In the
following, when there is no ambiguity, we will interchange-
ably refer to a token and to the associated time interval. More-
over, to refer to a token 7 = (x,v,d) we will often write
7 = (v, d) when the intended state variable is understood.

The behavior of state variables is constrained by a set of
synchronization rules, which relate tokens, possibly belong-
ing to different timelines, through temporal relations among
intervals or among intervals and time points.

To express these temporal constraints, we adopt the com-
pact notation proposed in (Gigante et al. 2016). Let £ =
{a,b,c, ...} be a set of token names used to refer to tokens.

Definition 4 (Atom) An atom is either a clause of the form
a Sj]’*z b (interval), or of the form a <' t, a >"' t (time-
point), where a,b € X, t € N, I is either [l,u] or [I,+c0),
with l,u € N, and |, %, are either start_time or end_time,
respectively s and e for short.

As an example, the atom a ssfu b constrains the token a to

start before the end of b, and the distance between the two
related endpoints to be between / and u.

Definition 5 (Synchronization rule) Let SV be a set of
state variables.
An existential statement is an expression of the form:

day[x; =v¢]...a,0x,=0v,].C

where C = py A ... A p,, is a conjunction of atoms, and
x; €SV, q; €X, andv; €V, with 1 <i < n. The elements
a;[x; = v;] are called quantifiers. A token name used in C,
but not occurring in any quantifier, is said to be free.

A synchronization rule R is a clause of one of the following
forms:

ao[XO = Uo] — 81 V82V ng



T—>81\/€2V\/Ek

where ay € X, xg € SV, vy € V,, and &, ..., & are
existential statements where only ay may appear free. In
rules of the first form, the quantifier aglxq = vy] is called
trigger. Rules of the second form are said to be trigger-less.

Definition 5 can be read as follows. The trigger is a univer-
sal quantifier, which says that for all the tokens a,, where the
variable x takes the value v, at least one of the existential
statements & must be true. The existential statements in turn
assert the existence of tokens ay, ..., a,, where the respec-
tive state variables take the specified values, that satisfy the
temporal constraints given by C. Trigger-less rules simply
assert the satisfaction of the existential statements. Given an
existential statement £ = Ja,[x; = v{]...q,lx, =v,] . C,
its existential prefix is the sequence of quantifiers Ja,[x; =
vy]...a,[x, = v,]. The length of the existential prefix of £
is defined as the number of quantifiers occurring in it.

Definition 6 (Semantics of atoms) Let I” be a set of tokens
andlet 1 : £ — I be a function that assigns a token to each
token name.

An interval atom a Sf;’*z b is satisfied by A if | <

#(A(0)) — *1(A(a)) < u.
A time-point atom of the form a S’fl gl (resp., a 2’["1 4l t)is
satisfied by A if | < t—x(A(a)) < u(resp., | < x(A(a))—t < u).

Definition 7 (Semantics of synchronization rules) Ler T
be a set of tokens and let A . L — T be a function that
assigns a token to each token name.

A quantifier a[x = v] is satisfied by A if A(a) = (x,,v,,d,),
with x, = x and v, = v.

An existential statement £, with conjunct clause C, is satis-
fied by A if all the quantifiers of € and all the atoms in C are
satisfied by A.

A synchronization rule R of the form aglx, = vg] —
EIVE V...V E, is satisfied by T if, for every token v =
(x;,0,,d,) €T, with x, = xg and v, = v, there is an
existential statement £; and a mapping A : ¥ — I such that
Magy) = 7 and A satisfies ;.

A timeline-based planning domain is specified by a set of
state variables and a set of synchronization rules representing
their admissible behaviors. Trigger-less rules can be used to
express initial conditions, domain invariants, and goals.

Definition 8 (Timeline-based planning problem) A time-
line-based planning problem is a pair P = (SV, S), where
SV is a set of state variables and S is a set of synchronization
rules over SV

Definition 9 (Solution plan) Let SV = {x,,...,x,} be a
set of state variables.

A plan over SV is a set of timelines r = {T,,...,T,}, one
foreach x; € SV.

A solution plan (o7, simply, a solution) for a timeline-based
planning problem P = (SV, S) is a plan & over SV such that
all the synchronization rules in S are satisfied by the set T of
all the tokens involved in =, that is, T = {z |t € T,T € x}.

A timeline-based planning problem is satisfiable if a solution
for it exists.

We conclude the section with a short account of known
complexity results. In (Gigante et al. 2017), it has been shown
that establishing whether a solution plan exists for a given
timeline-based planning problem is EXPSPACE-complete,
but only if tokens with unbounded duration are forbidden,
that is, only if d;‘;}’j # +oo forallx € SV and v € V..

The EXPSPACE decision procedure is based on the fol-
lowing small-model property.

Proposition 1 (Gigante ef al. 2017) Let P be a timeline-
based planning problem where unbounded durations are for-
bidden. If P admits any solution plan, then there exists at
least one solution plan of length at most doubly exponential
in the size of P.

Such a small-model property allows one to devise a nonde-
terministic guess-and-check algorithm that nondeterministi-
cally guesses a doubly exponentially long candidate solution
plan for the problem and then checks if it satisfies all the con-
straints of the problem in exponential space. Doing the check
in exponential space is possible by sliding an exponentially
long window over the solution that is being guessed, without
storing the entire candidate plan at once.

The above result is proven by a contraction procedure,
where a plan supposedly longer than the bound is cut in suit-
able parts to obtain a shorter one, which is justified by a rather
involved combinatorial argumen that cannot be applied to the
case of unbounded token durations. The complexity of the
full problem has therefore remained open until now.

EXPSPACE-completeness

In this section, we define the encoding of a timeline-based
planning problem, with both unbounded temporal relations
and unbounded tokens, into a nondeterministic finite state
automaton (NFA), and then provide an EXPSPACE decision
procedure to check the resulting NFA for nonemptiness.

Throughout the paper, let P = (SV,.S) be a specific in-
stance of the planning problem, where we let x = (V,, T, D,.)
and (d)>0, d>=Y) = D,(v) for all x € SV and v € V,;; more-
over,let V.= J,cqp Vs

The alphabet X of the automaton is defined as the set of
functions assigning a legitimate value (or the special symbol
YD) to each variable in SV. Formally, X = {c : SV - VU
{D} | o(x) € V,u{D} forall x € SV'}. Notice that we can
equivalently define X as the cartesian product X, g (V, U{D
}). The elements of Z are called foken symbols. Among them,
we identify the starting token symbols and collect them in the
setXg = {o € Z|o(x) #O forall x € SV}. Observe that
IZ| < (|P] + DSV that is, the number of token symbols is
at most exponential in the size of P.

The following correspondence can be naturally established
between finite words in Z¢>* and finite plans. First of all,
we associate a natural number (an index) with each posi-
tion in a word, that is, the first element of a word w is in-
dexed by 0 and denoted by w[0], the second element is in-
dexed by 1 and denoted by w[1], and so on. Given a word
w € LgX* U {€} and a state variable x, we define the time-
line for x associated with w, denoted by T)’f , as the time-
line ((v;, iy = ig)s vy, iy = iy), ..., (U _ s ig — ig_1)), Where
ligsigsosigor } = {i | wlil(x) #0}, iy = |wl|, and i;_; <



ijforall j € {1,...,k}. We define the plan associated with
w, denoted by T*, as the set of timelines {TY | x € SV'}.

We say that a word in £* is a solution for P if the plan
associated with it is a solution for P. Hence, it holds that P
admits a solution plan if and only if the language {w € Z* |
w is a solution for P} is not empty.

Automaton construction

We now show how to build, for any given planning problem
P, an NFA over X that accepts exactly those words that are
solutions for P. Notice that the ith element of a word w € X*
can be viewed as a snapshot of the values of the variables at
the ith time-point of the plan associated with w.

An informal account. Intuitively speaking, the states of
the automaton contain patterns of tokens (called blueprints,
see below for their formal definition) with some pieces of
information about their positioning along the plan. While
blueprints specify the qualitative information about the
relative position of such tokens (e.g., token a occurs before
token b), they abstract away, to some extent, quantitative
information about how far apart tokens are, by making use
of a pumping machinery. This will allow us to deal with
unbounded temporal relations and durations.

As an example, consider blueprint B; in Figure 1. It is
an abstraction representing all scenarios where the three to-
kens a; (for x(, with value vy), a; (for x;, with value v5),
and a, (for x(, with value v;) occur in the following rela-
tive positions: a; occurs entirely before than g, which, in
turn, occurs entirely before than a,. As already mentioned,
information about how long and how far apart the intervals
are is abstracted away. Technically, this is done thanks to
the presence of pumping points (filled circles in the picture),
which allow for stretching the distances through the addition
of points. Roughly speaking, a pumping point can be replaced
by a series of points.

Such a blueprint can be instantiated in two different ways
in the plan depicted in Figure 1:

e by instantiating tokens ag, a;, a, in B, with tokens [6, 8],
[0,4], and [14, 18] in the plan, respectively;

e by instantiating tokens ay, a;, a, in B; with tokens [8, 12],
[0,4], and [14, 18] in the plan, respectively.

Contrarily, blueprint By cannot be instantiated by associating
ag with [1, 6] in the plan because, even though state variable
and value of a; match the ones of [1, 6], there is no token for
x, ending before point 1 in the plan, meaning that the relative
positioning of tokens imposed by B; cannot be fulfilled.

Each blueprint is functional to the satisfaction of a syn-
chronization rule. Pushing forward with our running example,
consider the following synchronization rule:

ao[xO = Uo] - Elal[xl = U3]a2[XO = Ul]'

S,S e,s
(@) < o) G0 A A0

o) 02 R)

Its meaning is the following: for every token a; for x; with
value v, there must exist a token a; for x; with value v; and
a token a, for x, with value v, such that the starting point of
token a; occurs strictly before the starting point of a; and the
ending point of a; occurs strictly before the starting point of

a,. Such a rule is triggered by tokens [1, 6], [6, 8], and [8, 12]
in the plan in Figure 1. Blueprint B; can be used to certify
the fulfillment of such a rule when triggered by [6, 8] (resp.,
[8, 12]), because B satisfies (R), i.e., it conforms with the
constraints (R) imposes, and there is an instantiation of B
which associate a, with [6, 8] (resp., [8, 12]).

The automaton scans the plan (associated with the input
word w) from left to right, nondeterministically instantiating
(abstract) tokens in blueprints with (concrete) ones as they
are discovered along the plan, while obeying to (qualitative
and quantitative) positioning constraints. A word is accepted
if every token that triggers a synchronization rule is involved
in some instantiation of a blueprint that satisfies the rule.

A formal definition. The intuitive account given above can
be turned into a formal definition as follows.

Blueprints. Let us fix the following two quantities:

e N is the largest constant appearing in P for temporal rela-
tion and duration bounds;

e M is the length of the largest existential prefix of an exis-
tential statement occurring inside a synchronization rule
in P (e.g., if P only features rule (R), then M = 2).

Notice that N may be exponential in the size of P if constants
are expressed in binary while M is linear in the size of P. We
lete K=2-(N+1)+2-(N+1)-(M+1)and, fori,j €N,
welet [i,j1={i,i+1,...,j—1,j} and [i] = [0, {].

Definition 10 (Blueprint) A blueprint B is a tuple B =
(m7fs7fe’fSV7fV7p)r Wlthm € [M]: f_yafg : [m] - [K]:
fsy tml = SV, fp i Iml -V, andP C {x—-1 €
N\ (Img(f) U Img(f,)) | x € [2(N + 1), KN (Img(f,) U
Img(f,))}, such that for all i € [m]:

(a) f5(D) < f.();
(D) if fsy (i) = (Vy, Ty, Dy), then fy,(i) € V,;
(c) (disjointness) for each j € [m], if fs, (i) = fsi(j), then
exactly one of the following holds:
o fo(D) < f()
o f() 2 f()
o [f(D), feD] =0, fe(D] and fr(i) = fr()).

We refer to P as the set of pumping points of B.

Two blueprints, B and B, are shown in Figure 1 (top).

Let B be the set of blueprints. By Definition 10, it follows
that |B| € O(M - KM . KM .| Sy |M . |p|M .22M) e the
number of blueprints is at most exponential in the size of P.

Given a synchronization rule R = gy[xy = vyl = & V...V
&, and a blueprint B = (m, f, f., fsv, fy. P), we say that B
fulfills R, written B F R, if and only if there exists i € [1, k],
with & = da[x; = v(]... a,lx,, = v, ](A] A ... AA}), such
that for each j € [m], fg,(j) = x; and f,(j) = v;, and for
each j € [1, h], the following conditions hold:

IA

o if A, = akls[l"u]zakn for some k', k" € [m], then [

fu =1 () < wand [f, (K. f., (KNP = @

. _ *1,%) !
o ifA; = ST for some k', k" € [m], then [

f*z(k”)_f*l (k,)7

IA
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a|[x; = vs]

~ fsO=1  fo0=5 fsy©=xy  fpO)=vg B a, [XO — UOJ a, [xo — Ul]
By =13, (=0 , fe()=3 . fsy(D=x; , fp(h=v3 , {2468} = [
fs@)=7 fe()=9 Ssy @=xq fy@)=v; o) @) ® @) ® o) ® o) ® @)
o 1 2 3 4 5 6 7 8 9
a[x; = v3]
[s(0)=4 fe(0)=6 fsy 0)=xq Sy©0)=vy _ _
- _ ap[xp = vo] a[xp = vy]
By =13, fs()=0 , fe)=2 , fgy(h=x; , fp(h=v3 , {13,579} = [ [
Ss=8 Le@=10 - sy @=xo fy@=uy 0O ® 0O ® O ® O ® O ® O
0o 1 2 3 4 5 6 7 8 9 10
X; =103 X] =y Xp =10y X] = U4
(b) X1t t t
X =0y X = Vg Xo = Uy X9 = Uy Xg =10y X = Uy Xg =0y
Xo | t } } t } t {
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(By.5))

2191 -
(B).4)]

(Bg,6)} - (Bo,6)} - (Bo,6)}} - {(Bo.6}} -
(B.4) S) = H(BLS)T - H(B1.5)
(B).6)—(B1. 1) - (B1. Ty - +(By.7)

(By.8)} - 4(By.8)} - (B“.S)(B(,B)” (By.9)
(B1.9)F - +(B1.9) - +(B,.9) (B).10); -1(B,.10),

Figure 1: A run of the automaton (d) over the plan (b) associated with word w (c); automaton states contain blueprints B, and B, (a).

o if A; = ay <y, . for some k' € [m], then ! < t—f, (k') <

—lu]

u;

o ifA; = ak’ZE} at for some k’ € [m], then ! < f,(K')—t <
u;

o ifA; = ak,SE‘Hoo)t for some k' € [m], then ! < t—f,(k");

. _ *
[ ] lfAj —ak/Z

11 +oo)! for some k' € [m], thenl < f,(k")—t.

We define B F R in a similar way when R is trigger-less.

Viewpoints. A viewpoint is a pair (B, k), where B is a
blueprint and —1 < k < K. States of the automaton are
sets of viewpoints (examples of automaton states are given
in Figure 1, bottom). Intuitively, a viewpoint is a blueprint
equipped with a pointer (the second element of the pair) that
maps (abstract) points/tokens in a blueprint to (concrete) ones
in the plan (word) that is being processed by the automaton.
Such a connection is as follows: suppose that, after reading
the token symbol w[i] in the input word w, the automaton
reaches a state that contains the viewpoint (B, k); then, point
k of B is matched with point i of the input plan/word.

The set of viewpoints is denoted by V; its size is at most
exponential in the size of P, i.e., |V| € O(K - |B|). We
say that a viewpoint ((m, f;, f,. fsv. fy, P), k) is closed if
k > max(Img(f,)); it is an initial viewpoint if k = —1.

Pumping and stepping. Since blueprints are compact repre-
sentation of (parts of) a plan, a point in a blueprint may corre-
spond to several points in the plan. In particular, this is the case
with pumping points, that is, if k is a pumping point of B, then
the automaton computation can (nondeterministically) move
to a state where viewpoint (B, k) is left unchanged, while the
input head move to from wl[i] to w[i + 1], meaning that the
kth point of the blueprint is associated with both points i and
i + 1 of the plan: it abstracts several points of the plan.
Being in a pumping point k is a necessary condition for a
viewpoint to be allowed to pump the blueprint (at k), i.e., to
keep its pointer still while the input head moves to the next
token symbol and the computation moves to the next step;

however, it is not a sufficient one. To precisely state when a
viewpoint can pump the blueprint, we introduce the notions
of active variables (and their values) in a viewpoint, as well
as the one of pumping symbol for a viewpoint.

Let value : VX SV — V be a partial function that returns
the value of a state variable x in a viewpoint V', defined as:

; 31.( f@) < k < f,(DA >
Afsy(@) =xA fpi)=v

undefined otherwise

value(V,x) =

Thanks to the disjointness of the tokens for x in the blueprint
(condition (¢) in Definition 10), value is well defined.! A
variable x € SV is active in V if value(V , x) is defined.

Definition 11 (Pumping symbol) A token symbol 6 € X is
a pumping symbol for a viewpoint V' = (B, k), with P being
the set of pumping points of B, ifk € PU{—1} and 6(x) =9
holds for every x that is active in V.

The above definition captures the fact that a viewpoint V' is
allowed to pump when the next symbol read by the automaton
is a pumping symbol for V. The second part of the condition
(o(x) =9O for all active variables x) reflects the fact that a
point in a blueprint cannot hide a point that correspond in the
input plan to the end of the active token: this would cause
the active token to span two or more tokens in the plan, thus
violating the (qualitative) structure of the plan itself.

Besides pumping, a viewpoint can evolve during the com-
putation by synchronizing with the plan, that is, the pointer
of the viewpoint moves along the blueprint as the input
head moves along the plan. In this case, we say that the
viewpoint steps upon reading a given token symbol. This
is captured by means of the following notions. A viewpoint
V =((m, f, fo. Fsv. [y, P), k) is said to start (resp., end) a
state variable x if there exists i such fgy, (i) = x and f (i) = k
(resp.. £,(i) = k).

This disjointness condition directly follows from the definition
of timeline, and plays a major role in the construction of the NFA.



Definition 12 (Step symbol) Let V = (B, k) be a viewpoint.
A token symbol ¢ € Z is a step symbol for V' if the following
conditions hold:

(a) forall x € SV, if (B,k + 1) starts x, then it holds that
value((B, k + 1), x) = o(x), and

(b) forall x € SV with x being active in V', (B, k + 1) ends x
if and only if 6(x) £9O.

The evolution of viewpoints along computations can be
described by means of a ternary relation -€ VX Z XV,
defined as follows: (V,0,V") €—, with V = (B, k), if and
only if one of the following holds:

e ¢ is a pumping symbol for V and V' =V,
e o isastep symbol for V and V' = (B, k + 1),
e Visclosedand V' = V.

We use the more intuitive notation V3V’ to denote
(V,0,V")e—. It is worth noticing that the notions of pump-
ing and step symbols are not mutually exclusive, meaning that
a symbol can be both a pumping and a step symbol for a given
viewpoint. Consequently, a viewpoint V'=(B, k) can pump
and step at the same time, thus leading to a state containing
the two viewpoints V;=V (obtained through pumping) and
V,=(B, k+1) (obtained through stepping). Roughly speak-
ing, in such a case the viewpoint splits into two copies, i.e.,
two viewpoints with the same blueprint but different pointers.
Such a splitting corresponds to different instantiations of the
same blueprint in order to satisfies a synchronization rule that
is triggered by different tokens in the plan.

Figure 1(d) depicts how viewpoints based on blueprints
By and B; (Figure 1(a)) evolve with respect to word w
(Figure 1(c))—stepping is represented through solid arrows,
pumping is represented through dashed ones. Let us focus on
blueprint B;. As already pointed out, it can be used to certify
the fulfillment of synchronization rule (R), when triggered
by [6, 8] and [8, 12], through different instantiations: g is
associated with [6, 8] in one of them, while it is associated
with [8,12] in the other. This is done by exploiting the
above described splitting mechanism. At the beginning, after
reading the first token symbol (w[0]={xy—v,x;—0v3}),
the viewpoint Vy=(By,0) is created, thus establishing the
correspondence between point 0 in By and point 0 in the
plan. It is easy to check that w[l]={xg—>vy, x;—=> D} is
a step symbol (but it is not a pumping one) for Vj, thus
the computation leads to viewpoint V;=(Bj, 1), and so on.
Before reading token symbol w[6]={x— vy, x;— D}, the
state contains viewpoint V3=(By,3); since w[6] is both
a pumping and a step symbol for V3, viewpoint V5 splits
into V3’=V3 and V,=(By,4). Viewpoint V, (created through
stepping) establishes a correspondence between point 4 in B,
and point 6 in the plan, thus commencing the instantiation
of token [4, 6] in B, with [6, 8] in the plan (which is a trigger
for (R)). On the other hand, viewpoint V3’ (created through
pumping) will be used to fulfill (R) when it will be triggered
by token [8, 12] in the plan. To this end, V3’ will pump point
3 until token symbol w[8]={xy—vy, x;—~ D} is reached;
at that point it steps to viewpoint V4’=(Bl,4), thus paving
the way to relating token [4, 6] in B with [8, 12] in the plan
(which is another trigger for (R)).

We are now ready to define the NFA we are looking for.
As a matter of fact, it is obtained by intersecting two basic au-
tomata, A p and £p, that respectively deal with the following
two variants of the timeline-based planning problem.

Definition 13 (Relaxed planning problem) Let P = (SV/,
S) be a timeline-based planning problem. The relaxation
of P is the problem relaxed(P) = (SV',S), where SV’ is
obtained from SV by replacing the transition and duration
Sunctions T, and D, of each x € SV by, respectively, the
trivial functions T and D'_such that T (v) = V, and D' (v) =
(0,400), forallv e V,.

Definition 14 (Unconstrained planning problem) Ler P=
(SV,S) be a timeline-based planning problem. The uncon-
strained version of P is the problem basic(P) = (SV, @).

Automaton Ap. Given a timeline-based planning problem P,
we first build an automaton A p = v, =, 0y, F, A), where:

o 2V is the finite set of states (states are sets of viewpoints),
whose size is 2!V, i.e., at most doubly exponential in the
size of P;

e X is the input alphabet;

e O, C 2V is the set of initial states, such that Y € Q, if and
only if k = —1 for all (B, k) € Y and for every trigger-less
synchronization rule R, there exists a viewpoint (B, —1) €
Y such that B E R;

e F C 2V is the set of final states, defined as:
F={Yc2¥Y|Visclosedforall V € Y};

e A C2V x¥x2Vis the transition relation, which reflects
the aforementioned transition —. Roughly speaking, a set
of viewpoints Y evolves into another one, say it Y, upon
reading token symbol ¢ if, and only if, each viewpoint
V € Y evolves into a viewpoint ¥/ € Y’ according to
relation — and, vice versa, each viewpoint V' € Y is the
image of a viewpoint V' € Y with respect to relation —.

Formally, (Y, 6,Y”) € A if and only if it holds that:
(1) if Y € Q,, then o is a starting symbol;
(2) foreach V € Y there exists ¥/ € Y’ such that V5V';

(3) for each V'Y’ there exists V €Y such that V5>V";

(4) if there is a synchronization rule R = gy[xy = vyl =
&V ...V &, in § such that 6(xy) = vy, then there
exists (B, k) € Y/ such that B E R, (B, k) starts x, and
value((B, k), x) = vy.

For every token in the plan that triggers a synchronization
rule, condition (4) forces the existence of a viewpoint (B, k)
to be used to satisfy that rule when triggered by that token.
In particular, this condition forces the split of a viewpoint in
situations analogous to the one described above, i.e., when
the blueprint of the viewpoint must be used to satisfy a rule
triggered by two different tokens of the plan: indeed, if the
viewpoint were not split, then one of the two triggers would
never be instantiated and the computation would halt when the
token symbol corresponding to the beginning of such token
is read, without reaching a final state. Instead, satisfaction of
trigger-less rules is guaranteed by the presence of suitable
viewpoints in every initial state belonging to Q.



It is worth pointing out that A p has two sources of nonde-
terminism: one is represented by the nondeterministic choice
of the set of viewpoints contained in the initial states, while
the other is given by viewpoints that can both pump and step
in correspondence of some token symbol.

It holds that | A p| € O(|Z]| - 2IV1), that is, the size of A p
is at most doubly exponential in the one of P.

It is possible to show that the language accepted by Ap,
denoted by L(Ap), characterizes the solutions of relaxed (P)
(see Definition 13).

Lemma 1 Let P be a planning problem. L(Ap) = {w €
2¢Z* U {e} | T? is a solution for relaxed(P)}.

Automaton E€p. We now show how to build an NFA £p that
characterizes the solutions of basic(P) (see Definition 14),
that is, that captures the evolution of values and durations
along timelines, as imposed by functions T, and D,, for all
xeSV.

Let &p = (0, %, qg, F, A"), where:

0 = (VU {e}) X [N + 1]V is the finite set of states,
that is, states are pairs of functions (v, /), where v : SV —
VYuU{e}land! : SV - {0,...,N + 1};

X is the input alphabet;
g0 = (€,0)15Y1 € Q is the initial state;
F is the set of final states, defined as:
F={(v,NE0\{qp} | d-"<l(x)<d*>0™ for all xeSV};

min ax

e the transition relation A’ C QO X X X Q is such that
((v,D), 0, 1") € A if and only if it holds that:
(1) if (v,1) = gy, theno € T, V' (x) = o(x) and I'(x) = 1
forall x € SV,
(2) if (v,1) # gy, then, for each x € SV:

- if 6(x) #9, then o(x) € T, (v(x)), d;i;v(x) <I(x) <
di.i?i"‘), V'(x) =o(x),and I'(x) = 1;
- if O-(-x) =9, then U,(x) = U(x) and

/(x) = I(x)+1 ifl(x)<N +1
TN +1 otherwise

It is easy to see that |Ep| € O(Z| - (N - | VISV, that is,
it is at most exponential in the size of P.

Lemma 2 Let P be a planning problem. L(Ep) = {w €
Xe2X* U {e} | TY is a solution for basic(P)}.

The main technical result of the paper is the next theorem,
which is an immediate consequence of the following observa-
tion: a plan is a solution for P if and only if it is a solution
for both relaxed(P) and basic(P).

Theorem 1 P is satisfiable iff L(Ap) N L(Ep) # D.

On-the-fly reachability check

The size of the automaton A p M Ep, obtained from the inter-
section between A p and £p, is at most doubly exponential
in the size of P. Therefore, a trivial procedure consisting in
building the automata and then checking it for (non)emptiness
would require too much space.

However, an EXPSPACE procedure can be obtained by
merging the construction of the automaton and the reach-
ability check into a unique on-the-fly procedure. A nonde-
terministic procedure has simply to guess a sequence of au-
tomaton states, starting from the initial one, choosing each
among the possible successors of the current one. If a final
state is reached within »n steps, with n = | Ap N £p|, then
the procedure returns a positive answer; otherwise, the pro-
cedure terminates with a negative answer after n + 1 steps.
The procedure only uses exponential space because it only
needs to count (in binary) up to n. A deterministic equiva-
lent procedure can be obtained by the well-known fact that
EXPSPACE = NEXPSPACE.

Coupling our analysis with the known hardness result for
the satisfiability checking for timeline-based planning prob-
lems (Gigante et al. 2016), we can state our main theorem.

Theorem 2 Deciding whether a given timeline-based plan-
ning problem admits a solution plan is EXPSPACE-complete.

A solution plan for the problem can be effectively extracted
from the sequence of automaton states found by the above pro-
cedure. As a consequence, if the problem admits any solution,
this procedure finds a solution of length bounded above by
the doubly exponential size of the automaton. This is formally
stated by the following corollary.

Corollary 1 Let P be a timeline-based planning problem. If
P admits any solution plan, then there exists at least one solu-
tion plan of length at most doubly exponential in the size of P.

It is worth pointing out that a similar small-model the-
orem is the core of the result provided by (Gigante et al.
2017), whose proof, however, does not hold in the case of
unbounded token durations and it involves non-trivial combi-
natorics arguments. Here, instead, it follows naturally from
our construction.

Recurrent goals and infinite timelines

In this section, we show that the construction described in the
previous section can be suitably adapted to deal with recurrent
goals and infinite timelines. The formulation of infinite solu-
tion plans for recurrent goals (recurrent solution plans) to a
large extent coincides with the standard one. The only change
is the replacement of (finite) timelines with infinite ones.
First of all, we replace Definition 3 with the following one.

Definition 15 (Infinite timeline) Az infinite timeline for a
state variable x = (V,,T,, D) is an infinite sequence T =
(z1, 7y ...) of tokens for x, where v;,; € T,(v;) fori € Nt.

The notion of recurrent solution plan is a simple reformula-
tion of the standard notion of solution plan (see Definition 9)
where (finite) timelines have been replaced by infinite ones.

Definition 16 (Recurrent solution plan) Let SV = {x|,
....X,} be a set of state variables.

A recurrent plan over SV is a set of infinite timelines © =
{T,....T,}, oneforeach x; € SV.

A recurrent solution plan (or, simply, recurrent solution)
for a timeline-based planning problem P = (SV,S) is a
recurrent plan & over SV such that all the synchronization
rules in S are satisfied by the set I of all the tokens involved
inm thatis, T'={7r |z €T, T € n}.
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Figure 2: A run of the Bﬁchi automaton for the planning problem P = ({({vy, v,}, Ty, D)}, {apglx = vyl = Ja,[x = v,1(q, < 0+°o) a,),aplx =
v;] = da;[x = vyl(a, < —[0 oo) a,)}) where T,(v;) = {vy,v,} and D, (v;) = (1, 1) for alli € {0, 1}. Final states are highlighted.
s o . . L= — =
In order to deal with infinite timelines, nondeterministic (2) if Y ¢ Fthen(Y,0,Y) € A;
finite state automata must be replaced by Biichi ones. Let = — ,
= (SV,S) be a timeline-based planning problem. We (3) if Y € FthenV =7
show that the existence of a recurrent solution plan for P can Informally, for dealing with recurrent plans we run two
be reduced to the nonemptiness of the intersection language copies of A p in parallel and thus the states of Bp are pairs
iichi © i v . .
of two Buchl automata, namely Bp and £, that sultably (Y, Y). The first computation, whose state is represented by V',
generalize the NFAs Ap and £p from the previous section. i.e., the first component of the pair, proceeds exactly like a run
The finite case can actually be recovered as a special case. of Ap and its duty is to ensure that every token that triggers
The automaton £%, which is meant to characterize infinite a synchronization rule is involved in some instantiation of a
solutions of basic(P) (see Definition 14), that is, which cap- blueprint that satisfies the rule. However, due to the possible
tures the evolution of values and durations along timelines, presence of recurrent goals, i.e., rules imposing constraints
as imposed by functions 7, and D, for all x € SV, is the to be verified infinitely often along the plan (see the example
same as Ep, the only difference dwelling in the acceptance in Figure 2), such first component might be forced to never
condition (a Biichi condition for the acceptance of infinite reach states in 7.
words, or simply w-words, rather than finite ones). To overcome this issue, we introduce a second copy of

Ap, i.e., the second component Y, that works on separate,

We turn now to the definition of the automaton Bp, based F . ' -
adjacent chunks of the input word, focusing each time on,

on Ap. In the following, we assume that %, Q,, F, and - ! A
A are defined exactly as they are defined in the previous previously triggered, synchronization rules that have not yet
section for Ap. Given a planning problem P, we define been fulfilled at the beginning of the current chunk. When all

_ (Vv % v c these synchronization rules (ignoring further synchronization
(27 x 272,09 X Qp,2" X F, &) where 4, < rules that might be trlggered after the begmnmg of the chuck)

have been satisfied (i.e., Ye F), the state (Y, Y) is final for
the automaton Bp. Wlth the next transition, leading to a new

(2Y x 2Y) x = x (2Y x 2V) is the transition relation between
states of Bp or, equivalently, between pairs of states of Ap.

Formally, «r,M,o, (Y',?/)) € A, if and only if it holds , = ) ]
that: state (Y',Y ), a new chunk is started by “taking a snapshot”

(1) (V,0,Y") € A; of the first state component Y”, that is, Y’ is copied into Y.



Let us now consider the example depicted in Figure 2. The
timeline-based planning problem is given over a single time-
line for the variable x which can assume two possible values,
vg and v,. Moreover, tokens for x are constrained to have du-
ration exactly 1. Basically, such a problem forces the timeline
for x to represent a word on the alphabet {v, v; }. By means
of two simple synchronization rules we may impose that ev-
ery v, token is followed eventually by a v; token and, vice
versa, that every v; token is followed eventually by a v, token.
This means that there cannot be a finite solution for such a
timeline-based planning problem. However, we can easily
find a recurrent solution for it; a trivial one is represented by
the infinite timeline T = ((vy, 1), (1, 1), (v, 1), (01, 1) ...)
or, equivalently, the w-word (vyv)®, which presents an in-
finite strict alternation of v, and v; tokens. In Figure 2, we
depicts the prefix of a run of the Biichi automaton over the -
word w = (vyugvv;)®, which represents another recurrent
solution to the problem. For the sake of completeness, we
show in Figure 2 four blueprints, even though only blueprints
B, and B, are needed for the solution; intuitively, blueprint
By (resp., B3) matches with parts of the timeline where a vy,
(resp., vy) token is immediately followed by a v, (resp., vg)
one, while blueprint B, (resp., B,) captures patterns where a
vy (resp., v;) token is eventually followed by a vy (resp., vy)
one, with at least one time point in between the two tokens.
Final states are highlighted in Figure 2: we have the final states

(B27 _1)3 (B27 0)9 (BZs 2),} ~~ >
Y= .Y ={(B,.4
< {(32,4), (By,—1),(By, 1) (B0}

(BZs _1)9 (BZ’ 0)7 (BZ’ 2)9 (BZs 4)’

Y = ,
_ {(B4s_1)9 (B4, 1)’ (B4a4) }
Y ={(By.4).(By.4)}

occurring, respectively, after reading the prefixes vgvvyv; Uy
and VoUgVyU1 VgV VyU1 Uyl V.

Observe that final states in 3p are determined only by the
second component Y (i.e., (Y, Y) is final in Bp if and only if
Y is final in A p) and that the state, say it (Y, Y), that follows

a final one along a run of Bp satisfies ¥ =Y.

Moreover, we point out that finding (if any) a recurrent so-
lution for a timeline-based planning problem is more general
than finding a solution for it. As a matter of fact, it is possi-
ble to show that a timeline-based planning problem P can be
translated into a timeline-based planning problem P’ that only
admits recurrent solutions, for which there exists an isomor-
phism between solutions for P and solutions for P’ such that
the former ones correspond to finite prefixes of the latter ones.

Finally, we observe that the considerations we made in
the previous section on size and final state reachability check
for the automaton A p M Ep (obtained from the intersection
between A p and £p) still hold for size and final state recur-
rent reachability check for automaton Bp, thus yielding the
following complexity characterization for the problem find-
ing (infinite) recurrent solutions for timeline-based planning
problems.

Theorem 3 Deciding whether a given timeline-based plan-
ning problem admits a recurrent solution plan is EXPSPACE-
complete.

Conclusions

In this work, we completely characterised the complex-
ity of timeline-based planning problems showing that find-
ing whether a solution plan exists for a given problem is
EXPSPACE-complete. Such a complexity bound was previ-
ously found in (Gigante et al. 2017) but only for problems
where unbounded token duration were forbidden. Here we ad-
dress the complexity of the full problem, without any artificial
restriction on the syntax of synchronization rules.

The automata-theoretic proof technique employed here is
simpler and cleaner than the rather involved combinatorial
argument employed in (Gigante et al. 2017), and can be easily
generalized to the case of infinite timelines, which were still
an unexplored variant of the problem. The complexity of
the plan existence problem is then proved to be EXPSPACE-
complete also in this case.
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