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Time and logics

Studying time and its structure is of great importance in computer
science :

Artificial Intelligence .
Planning, Natural Language Recognition, . . .

Databases .
Temporal Databases.

Formal methods .
Specification and Verification of Systems and Protocols, Model
Checking, . . .
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Points vs. intervals

Usually, time is formalized as a (usually linearly ordered) set of points
(without duration).

In point-based temporal logics, formulas are interpreted directly over
points.
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Points vs. intervals

Usually, time is formalized as a (usually linearly ordered) set of points
(without duration).

In point-based temporal logics, formulas are interpreted directly over
points.

Definition (What is an interval?)
We consider intervals as pairs of time points.

In interval-based ones, they are interpreted over intervals . In this
case, intervals can also be given of a duration .

It is well-known that interval-based logics are much more difficult to
deal with.
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Allen’s binary relations

There are 13 different binary relations between intervals:

together with their inverses.

Between points we have only three binary ordering relations!
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Allen’s binary relations

There are 13 different binary relations between intervals:

later

together with their inverses.

Between points we have only three binary ordering relations!
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Allen’s binary relations

There are 13 different binary relations between intervals:

later

after/meets

together with their inverses.

Between points we have only three binary ordering relations!
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Allen’s binary relations

There are 13 different binary relations between intervals:

later

after/meets

overlaps

together with their inverses.

Between points we have only three binary ordering relations!
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Allen’s binary relations

There are 13 different binary relations between intervals:

later

after/meets

overlaps

ends/finishes

together with their inverses.

Between points we have only three binary ordering relations!
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Allen’s binary relations

There are 13 different binary relations between intervals:

later

after/meets

overlaps

ends/finishes

during

together with their inverses.

Between points we have only three binary ordering relations!
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Allen’s binary relations

There are 13 different binary relations between intervals:

later

after/meets

overlaps

ends/finishes

during

begins/starts

together with their inverses.

Between points we have only three binary ordering relations!
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Allen’s binary relations

There are 13 different binary relations between intervals:

later 〈L〉

after/meets 〈A〉

overlaps 〈O〉

ends/finishes 〈E〉

during 〈D〉

begins/starts 〈B〉

together with their inverses.

Between points we have only three binary ordering relations!
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Allen’s binary relations

There are 13 different binary relations between intervals:

later 〈L〉 〈L〉
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Halpern-Shoham’s modal logic of interval relations

Every interval relation gives rise to a modal operator over interval
structures. Thus, a multimodal logic arises:

Syntax of Halpern-Shoham’s logic, hereafter called HS:

φ ::= p | ¬φ | φ ∧ ψ | 〈B〉φ | 〈E〉φ | 〈B〉φ | 〈E〉φ | 〈A〉φ | 〈A〉φ.

Interval model:

M = 〈I(D),V 〉,

where V : AP 7→ 2I(D).
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Halpern-Shoham’s modal logic of interval relations

Every interval relation gives rise to a modal operator over interval
structures. Thus, a multimodal logic arises:

Syntax of Halpern-Shoham’s logic, hereafter called HS:

φ ::= p | ¬φ | φ ∧ ψ | 〈B〉φ | 〈E〉φ | 〈B〉φ | 〈E〉φ | 〈A〉φ | 〈A〉φ.

Interval model:

M = 〈I(D),V 〉,

where V : AP 7→ 2I(D).
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Formal semantics of HS

〈B〉: M, [d0, d1] 
 〈B〉φ iff there exists d2 such that d0 ≤ d2 < d1 and M, [d0, d2] 
 φ.

〈B〉: M, [d0, d1] 
 〈B〉φ iff there exists d2 such that d1 < d2 and M, [d0, d2] 
 φ.

〈E〉: M, [d0, d1] 
 〈E〉φ iff there exists d2 such that d0 < d2 ≤ d1 and M, [d2, d1] 
 φ.

〈E〉: M, [d0, d1] 
 〈E〉φ iff there exists d2 such that d2 < d0 and M, [d2, d1] 
 φ.

〈A〉: M, [d0, d1] 
 〈A〉φ iff there exists d2 such that d1 < d2 and M, [d1, d2] 
 φ.

〈A〉: M, [d0, d1] 
 〈A〉φ iff there exists d2 such that d2 < d0 and M, [d2, d0] 
 φ.

current interval:

〈B〉φ:
φ

〈B〉φ:
φ
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Formal semantics of HS

〈B〉: M, [d0, d1] 
 〈B〉φ iff there exists d2 such that d0 ≤ d2 < d1 and M, [d0, d2] 
 φ.

〈B〉: M, [d0, d1] 
 〈B〉φ iff there exists d2 such that d1 < d2 and M, [d0, d2] 
 φ.

〈E〉: M, [d0, d1] 
 〈E〉φ iff there exists d2 such that d0 < d2 ≤ d1 and M, [d2, d1] 
 φ.

〈E〉: M, [d0, d1] 
 〈E〉φ iff there exists d2 such that d2 < d0 and M, [d2, d1] 
 φ.

〈A〉: M, [d0, d1] 
 〈A〉φ iff there exists d2 such that d1 < d2 and M, [d1, d2] 
 φ.

〈A〉: M, [d0, d1] 
 〈A〉φ iff there exists d2 such that d2 < d0 and M, [d2, d0] 
 φ.

current interval:

〈E〉φ:
φ

〈E〉φ:
φ
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Formal semantics of HS

〈B〉: M, [d0, d1] 
 〈B〉φ iff there exists d2 such that d0 ≤ d2 < d1 and M, [d0, d2] 
 φ.

〈B〉: M, [d0, d1] 
 〈B〉φ iff there exists d2 such that d1 < d2 and M, [d0, d2] 
 φ.

〈E〉: M, [d0, d1] 
 〈E〉φ iff there exists d2 such that d0 < d2 ≤ d1 and M, [d2, d1] 
 φ.

〈E〉: M, [d0, d1] 
 〈E〉φ iff there exists d2 such that d2 < d0 and M, [d2, d1] 
 φ.

〈A〉: M, [d0, d1] 
 〈A〉φ iff there exists d2 such that d1 < d2 and M, [d1, d2] 
 φ.

〈A〉: M, [d0, d1] 
 〈A〉φ iff there exists d2 such that d2 < d0 and M, [d2, d0] 
 φ.

current interval:

〈A〉φ:
φ

〈A〉φ:
φ
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Formal semantics of HS - contd’

〈L〉: M, [d0, d1] 
 〈L〉φ iff there exists d2, d3 such that d1 < d2 < d3 and M, [d2, d3] 
 φ.

〈L〉: M, [d0, d1] 
 〈L〉φ iff there exists d2, d3 such that d2 < d3 < d0 and M, [d2, d3] 
 φ.

〈D〉: M, [d0, d1] 
 〈D〉φ iff there exists d2, d3 such that d0 < d2 < d3 < d1 and
M, [d2, d3] 
 φ.

〈D〉: M, [d0, d1] 
 〈D〉φ iff there exists d2, d3 such that d2 < d0 < d1 < d3 and
M, [d2, d3] 
 φ.

〈O〉: M, [d0, d1] 
 〈O〉φ iff there exists d2, d3 such that d0 < d2 < d1 < d3 and
M, [d2, d3] 
 φ.

〈O〉: M, [d0, d1] 
 〈O〉φ iff there exists d2, d3 such that d2 < d0 < d3 < d1 and
M, [d2, d3] 
 φ.

current interval:

〈L〉φ:
φ

〈L〉φ:
φ
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Formal semantics of HS - contd’

〈L〉: M, [d0, d1] 
 〈L〉φ iff there exists d2, d3 such that d1 < d2 < d3 and M, [d2, d3] 
 φ.

〈L〉: M, [d0, d1] 
 〈L〉φ iff there exists d2, d3 such that d2 < d3 < d0 and M, [d2, d3] 
 φ.

〈D〉: M, [d0, d1] 
 〈D〉φ iff there exists d2, d3 such that d0 < d2 < d3 < d1 and
M, [d2, d3] 
 φ.

〈D〉: M, [d0, d1] 
 〈D〉φ iff there exists d2, d3 such that d2 < d0 < d1 < d3 and
M, [d2, d3] 
 φ.

〈O〉: M, [d0, d1] 
 〈O〉φ iff there exists d2, d3 such that d0 < d2 < d1 < d3 and
M, [d2, d3] 
 φ.

〈O〉: M, [d0, d1] 
 〈O〉φ iff there exists d2, d3 such that d2 < d0 < d3 < d1 and
M, [d2, d3] 
 φ.

current interval:

〈D〉φ:
φ

〈D〉φ:
φ
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Formal semantics of HS - contd’

〈L〉: M, [d0, d1] 
 〈L〉φ iff there exists d2, d3 such that d1 < d2 < d3 and M, [d2, d3] 
 φ.

〈L〉: M, [d0, d1] 
 〈L〉φ iff there exists d2, d3 such that d2 < d3 < d0 and M, [d2, d3] 
 φ.

〈D〉: M, [d0, d1] 
 〈D〉φ iff there exists d2, d3 such that d0 < d2 < d3 < d1 and
M, [d2, d3] 
 φ.

〈D〉: M, [d0, d1] 
 〈D〉φ iff there exists d2, d3 such that d2 < d0 < d1 < d3 and
M, [d2, d3] 
 φ.

〈O〉: M, [d0, d1] 
 〈O〉φ iff there exists d2, d3 such that d0 < d2 < d1 < d3 and
M, [d2, d3] 
 φ.

〈O〉: M, [d0, d1] 
 〈O〉φ iff there exists d2, d3 such that d2 < d0 < d3 < d1 and
M, [d2, d3] 
 φ.

current interval:

〈O〉φ:
φ

〈O〉φ:
φ
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The zoo of fragments of HS

Technically, there are 212 = 4096 fragments of HS.

However, up to expressiveness they are much fewer because some of
the modal operators are definable in terms of others.

Expressiveness classification problem: classify the fragments of HS
with respect to their expressiveness.

We focus here on the class of all linear orders.
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Technically, there are 212 = 4096 fragments of HS.

However, up to expressiveness they are much fewer because some of
the modal operators are definable in terms of others.

Expressiveness classification problem: classify the fragments of HS
with respect to their expressiveness.

We focus here on the class of all linear orders.
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The problem of comparing expressive power of HS
fragments

L1,L2 HS-fragments
L1 L2
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The problem of comparing expressive power of HS
fragments

L1,L2 HS-fragments
L1 {≺,≡,≻, 6≈} L2
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The problem of comparing expressive power of HS
fragments

L1,L2 HS-fragments
L1 {≺,≡,≻, 6≈} L2

does L1 translate
into L2 (L1 � L2)?

does L2 translate
into L1 (L2 � L1)?

does L2 translate
into L1 (L2 � L1)?

≡ ≺ ≻ 6≈

yes no

yes no yes no
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Truth-preserving translation

L2 is at least as expressive as L1 (L1 � L2)
iff

There exists a truth-preserving translation of L1 into L2
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Truth-preserving translation

L2 is at least as expressive as L1 (L1 � L2)
iff

There exists a truth-preserving translation of L1 into L2

For each modal operator 〈X 〉 of L1 there exists a L2-formula ϕ(p) s.t.

〈X 〉p ≡ ϕ
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Truth-preserving translation

L2 is at least as expressive as L1 (L1 � L2)
iff

There exists a truth-preserving translation of L1 into L2

For each modal operator 〈X 〉 of L1 there exists a L2-formula ϕ(p) s.t.

〈X 〉p ≡ ϕ

212 fragments... 212
·(212

−1)
2 comparisons
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Inter-definability equations

Notation: X1X2 . . .Xn will denote the frag-
ment of HS containing the modalities
〈X1〉, 〈X2〉, . . . , 〈Xn〉

From Halpern and Shoham (1991):
〈L〉p ≡ 〈A〉〈A〉p
〈O〉p ≡ 〈E〉〈B〉p
〈D〉p ≡ 〈E〉〈B〉p
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Inter-definability equations

Notation: X1X2 . . .Xn will denote the frag-
ment of HS containing the modalities
〈X1〉, 〈X2〉, . . . , 〈Xn〉
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〈L〉p ≡ 〈A〉〈A〉p 〈L〉� A
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Inter-definability equations

Notation: X1X2 . . .Xn will denote the frag-
ment of HS containing the modalities
〈X1〉, 〈X2〉, . . . , 〈Xn〉

From Halpern and Shoham (1991):
〈L〉p ≡ 〈A〉〈A〉p 〈L〉� A 〈L〉� A
〈O〉p ≡ 〈E〉〈B〉p 〈O〉� EB 〈O〉� EB
〈D〉p ≡ 〈E〉〈B〉p 〈D〉� EB 〈D〉� EB

From this paper:

〈L〉p ≡ 〈B〉[E ]〈B〉〈E〉p 〈L〉� BE 〈L〉� BE
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Inter-definability equations

Notation: X1X2 . . .Xn will denote the frag-
ment of HS containing the modalities
〈X1〉, 〈X2〉, . . . , 〈Xn〉

From Halpern and Shoham (1991):
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From this paper:

〈L〉p ≡ 〈B〉[E ]〈B〉〈E〉p 〈L〉� BE 〈L〉� BE

The above set is sound and complete!
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Inter-definability equations

Notation: X1X2 . . .Xn will denote the frag-
ment of HS containing the modalities
〈X1〉, 〈X2〉, . . . , 〈Xn〉

From Halpern and Shoham (1991):
〈L〉p ≡ 〈A〉〈A〉p 〈L〉� A 〈L〉� A
〈O〉p ≡ 〈E〉〈B〉p 〈O〉� EB 〈O〉� EB
〈D〉p ≡ 〈E〉〈B〉p 〈D〉� EB 〈D〉� EB

From this paper:

〈L〉p ≡ 〈B〉[E ]〈B〉〈E〉p 〈L〉� BE 〈L〉� BE

The above set is sound and complete!

Soundness: all equations are valid
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Inter-definability equations

Notation: X1X2 . . .Xn will denote the frag-
ment of HS containing the modalities
〈X1〉, 〈X2〉, . . . , 〈Xn〉

From Halpern and Shoham (1991):
〈L〉p ≡ 〈A〉〈A〉p 〈L〉� A 〈L〉� A
〈O〉p ≡ 〈E〉〈B〉p 〈O〉� EB 〈O〉� EB
〈D〉p ≡ 〈E〉〈B〉p 〈D〉� EB 〈D〉� EB

From this paper:

〈L〉p ≡ 〈B〉[E ]〈B〉〈E〉p 〈L〉� BE 〈L〉� BE

The above set is sound and complete!

Soundness: all equations are valid SIMPLE
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Inter-definability equations

Notation: X1X2 . . .Xn will denote the frag-
ment of HS containing the modalities
〈X1〉, 〈X2〉, . . . , 〈Xn〉

From Halpern and Shoham (1991):
〈L〉p ≡ 〈A〉〈A〉p 〈L〉� A 〈L〉� A
〈O〉p ≡ 〈E〉〈B〉p 〈O〉� EB 〈O〉� EB
〈D〉p ≡ 〈E〉〈B〉p 〈D〉� EB 〈D〉� EB

From this paper:

〈L〉p ≡ 〈B〉[E ]〈B〉〈E〉p 〈L〉� BE 〈L〉� BE

The above set is sound and complete!

Soundness: all equations are valid SIMPLE

Completeness:
every other equation

follows from the others
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Inter-definability equations

Notation: X1X2 . . .Xn will denote the frag-
ment of HS containing the modalities
〈X1〉, 〈X2〉, . . . , 〈Xn〉

From Halpern and Shoham (1991):
〈L〉p ≡ 〈A〉〈A〉p 〈L〉� A 〈L〉� A
〈O〉p ≡ 〈E〉〈B〉p 〈O〉� EB 〈O〉� EB
〈D〉p ≡ 〈E〉〈B〉p 〈D〉� EB 〈D〉� EB

From this paper:

〈L〉p ≡ 〈B〉[E ]〈B〉〈E〉p 〈L〉� BE 〈L〉� BE

The above set is sound and complete!

Soundness: all equations are valid SIMPLE

Completeness:
every other equation

BISIMULATIONS
follows from the others
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Bisimulation between interval structures

Z ⊆ M1 × M2 is a bisimulations wrt the fragment X1X2 . . .Xn iff
1 Z -related intervals satisfy the same propositional letters, i.e.:

(i1, i2) ∈ Z ⇒ (p is true over i1 ⇔ p is true over i2)

2 the bisimulation relation is “preserved” by modal operators, i.e., for
every modal operator 〈X 〉:
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Bisimulation between interval structures

Z ⊆ M1 × M2 is a bisimulations wrt the fragment X1X2 . . .Xn iff
1 Z -related intervals satisfy the same propositional letters, i.e.:

(i1, i2) ∈ Z ⇒ (p is true over i1 ⇔ p is true over i2)

2 the bisimulation relation is “preserved” by modal operators, i.e., for
every modal operator 〈X 〉:

M1

M2

i1

i2

i ′1
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Bisimulation between interval structures

Z ⊆ M1 × M2 is a bisimulations wrt the fragment X1X2 . . .Xn iff
1 Z -related intervals satisfy the same propositional letters, i.e.:

(i1, i2) ∈ Z ⇒ (p is true over i1 ⇔ p is true over i2)

2 the bisimulation relation is “preserved” by modal operators, i.e., for
every modal operator 〈X 〉:

(i1, i2) ∈ Z

M1

M2

i1

i2

i ′1

Z
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Z ⊆ M1 × M2 is a bisimulations wrt the fragment X1X2 . . .Xn iff
1 Z -related intervals satisfy the same propositional letters, i.e.:

(i1, i2) ∈ Z ⇒ (p is true over i1 ⇔ p is true over i2)

2 the bisimulation relation is “preserved” by modal operators, i.e., for
every modal operator 〈X 〉:

(i1, i2) ∈ Z
(i1, i ′1) ∈ X

}

⇒ ∃i ′2 s.t.
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Bisimulation between interval structures

Z ⊆ M1 × M2 is a bisimulations wrt the fragment X1X2 . . .Xn iff
1 Z -related intervals satisfy the same propositional letters, i.e.:

(i1, i2) ∈ Z ⇒ (p is true over i1 ⇔ p is true over i2)

2 the bisimulation relation is “preserved” by modal operators, i.e., for
every modal operator 〈X 〉:

(i1, i2) ∈ Z
(i1, i ′1) ∈ X

}

⇒ ∃i ′2 s.t.
{

(i ′1, i
′

2) ∈ Z
(i2, i ′2) ∈ X
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Bisimulation between interval structures - cont’d

Theorem Let Z be a bisimulation between M1 and M2 for the language
L and let i1 and i2 be intervals in M1 and M2, respectively. Then, truth
of L-formulae is preserved by Z , i.e.,

If (i1, i2) ∈ Z , then for every formula ϕ of L:

M1, i1 
 ϕ iff M2, i2 
 ϕ
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How to use bisimulations to disprove definability

Suppose that we want to prove:

〈X 〉 is not definable inL
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How to use bisimulations to disprove definability

Suppose that we want to prove:

〈X 〉 is not definable inL

It suffices to provide:
1 two models M1 and M2

2 a bisimulation Z ⊆ M1 × M2 wrt fragment L
3 two interval i1 ∈ M1 and i2 ∈ M2 such that

a. i1 and i2 are Z -related
b. M1, i1 
 〈X〉p and M2, i2 
 ¬〈X〉p
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How to use bisimulations to disprove definability

Suppose that we want to prove:

〈X 〉 is not definable inL

It suffices to provide:
1 two models M1 and M2

2 a bisimulation Z ⊆ M1 × M2 wrt fragment L
3 two interval i1 ∈ M1 and i2 ∈ M2 such that

a. i1 and i2 are Z -related
b. M1, i1 
 〈X〉p and M2, i2 
 ¬〈X〉p

Argument:
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How to use bisimulations to disprove definability

Suppose that we want to prove:

〈X 〉 is not definable inL

It suffices to provide:
1 two models M1 and M2

2 a bisimulation Z ⊆ M1 × M2 wrt fragment L
3 two interval i1 ∈ M1 and i2 ∈ M2 such that

a. i1 and i2 are Z -related
b. M1, i1 
 〈X〉p and M2, i2 
 ¬〈X〉p

Argument: Truth of 〈X 〉p should have been preserved by Z , but 〈X 〉p
is true in i1 (in M1) and false in i2 (in M2)
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How to use bisimulations to disprove definability

Suppose that we want to prove:

〈X 〉 is not definable inL

It suffices to provide:
1 two models M1 and M2

2 a bisimulation Z ⊆ M1 × M2 wrt fragment L
3 two interval i1 ∈ M1 and i2 ∈ M2 such that

a. i1 and i2 are Z -related
b. M1, i1 
 〈X〉p and M2, i2 
 ¬〈X〉p

Argument: Truth of 〈X 〉p should have been preserved by Z , but 〈X 〉p
is true in i1 (in M1) and false in i2 (in M2) ⇒ 〈X 〉 is not definable in L
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An example: the operator 〈D〉

Semantics:

M, [a,b] 
 〈D〉ϕ
def
⇔ ∃c,d such that a < c < d < b and M, [c,d ] 
 ϕ

〈D〉ϕ

ϕ

Expressiveness of the Interval Logic of Allen’s Relations: Complete Classification (GAMES 2011) D. Della Monica



An example: the operator 〈D〉

Semantics:

M, [a,b] 
 〈D〉ϕ
def
⇔ ∃c,d such that a < c < d < b and M, [c,d ] 
 ϕ

〈D〉ϕ

ϕ

Operator 〈D〉 is definable in BE 〈D〉ϕ ≡ 〈B〉〈E〉ϕ
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An example: the operator 〈D〉

Semantics:

M, [a,b] 
 〈D〉ϕ
def
⇔ ∃c,d such that a < c < d < b and M, [c,d ] 
 ϕ

〈D〉ϕ

ϕ

Operator 〈D〉 is definable in BE 〈D〉ϕ ≡ 〈B〉〈E〉ϕ

To prove that 〈D〉 is not definable in any other fragment, we must prove
that:

1) 〈D〉 is not definable in ALBOALBEDO

2) 〈D〉 is not definable in ALEOALBEDO

Expressiveness of the Interval Logic of Allen’s Relations: Complete Classification (GAMES 2011) D. Della Monica



〈D〉 is not definable in A
A bisimulation wrt fragment A but not D

Bisimulation wrt A (AP = {p}):
models: M1 = 〈I(N),V1〉,M2 = 〈I(N),V2〉

◮ V1(p) = {[1, 2]}
◮ V2(p) = ∅

bisimulation relation Z : ([x , y ], [w , z]) ∈ Z iff
1 [x , y ] = [w , z] = [0, 3]
2 [x , y ] = [w , z] and x ≥ 3

0 1 2 3 4 5 6 7 8 9

0 1 2 3 4 5 6 7 8 9
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〈D〉 is not definable in A
A bisimulation wrt fragment A but not D

Bisimulation wrt A (AP = {p}):
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2 [x , y ] = [w , z] and x ≥ 3
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M1, [0,3] 
 〈D〉p and M2, [0,3] 
 ¬〈D〉p
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〈D〉 is not definable in A
A bisimulation wrt fragment A but not D

Bisimulation wrt A (AP = {p}):
models: M1 = 〈I(N),V1〉,M2 = 〈I(N),V2〉

◮ V1(p) = {[1, 2]}
◮ V2(p) = ∅

bisimulation relation Z : ([x , y ], [w , z]) ∈ Z iff
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2 [x , y ] = [w , z] and x ≥ 3
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p

¬p

M1, [0,3] 
 〈D〉p and M2, [0,3] 
 ¬〈D〉p ⇒ the thesis
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Harvest

In the strict semantics (excluding point-intervals), and in the class of all
linear orders, there are

1347

expressively different fragments of HS. This number comes from a
computer assisted classification that uses the completeness result we
have just shown.

Expressiveness of the Interval Logic of Allen’s Relations: Complete Classification (GAMES 2011) D. Della Monica



Conclusions

Changing the assumptions might change it all! For example, even
the addition of point-intervals makes our classification incomplete;
moreover, restricting the class of models invalidates some of our
proofs;

The problem is important: 4 universities, ∼ 10 people, and more
than 8 years have been devoted to outline the ‘big picture’ of
interval temporal logics (i.e., classifying all fragments between
decidable and undecidable);

To complete the picture we needed this expressivity result. Now,
we know the decidability/undecidability status of around 95% of all
fragments in each of the cases, but the number changes as the
assumption change.
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