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6. Motion Control

Wankyun Chung, Li-Chen Fu, Su-Hau Hsu†

This Chapter will focus on the motion control of
robotic rigid manipulators. In other words, this
Chapter does not treat the motion control of
mobile robots, flexible manipulators, and manip-
ulators with elastic joints. The main challenge in
the motion control problem of rigid manipulators
is the complexity of their dynamics and uncer-
tainties. The former results from nonlinearity and
coupling in the robot manipulators. The latter is
twofold: structured and unstructured. Structured
uncertainty means imprecise knowledge of the
dynamic parameters and will be touched upon
in this Chapter, whereas unstructured uncertainty
results from joint and link flexibility, actuator
dynamics, friction, sensor noise, and unknown
environment dynamics, and will be treated in
other Chapters.

In this Chapter, we begin with an introduc-
tion to motion control of robot manipulators from
a fundamental viewpoint, followed by a survey
and brief review of the relevant advanced mater-
ials. Specifically, the dynamic model and useful
properties of robot manipulators are recalled in
Sect. 6.1. The joint and operational space control
approaches, two different viewpoints on control of
robot manipulators, are compared in Sect. 6.2.
Independent joint control and proportional–
integral–derivative (PID) control, widely adopted
in the field of industrial robots, are presented in
Sections 6.3 and 6.4, respectively. Tracking con-
trol, based on feedback linearization, is introduced
in Sect. 6.5. The computed-torque control and its
variants are described in Sect. 6.6. Adaptive control
is introduced in Sect. 6.7 to solve the problem of
structural uncertainty, whereas the optimality and
robustness issues are covered in Sect. 6.8. Since
most controllers of robot manipulators are imple-
mented by using microprocessors, the issues of
digital implementation are discussed in Sect. 6.9.
Finally, learning control, one popular approach to
intelligent control, is illustrated in Sect. 6.10.
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6.1 Introduction to Motion Control

The dynamical model of robot manipulators will be

recalled in this section. Furthermore, important prop-

erties of this dynamical model, which is useful in

controller design, will then be addressed. Finally, dif-

ferent control tasks of the robot manipulators will be

defined.

6.1.1 Dynamical Model

For motion control, the dynamical model of rigid

robot manipulators is conveniently described by La-

grange dynamics. Let the robot manipulator have n

links and let the (n ×1)-vector q of joint variables be

q = [q1, . . . , qn]⊤. The dynamic model of the robot

manipulator is then described by Lagrange’s equa-

tion [6.1–6]:

H(q)q̈ +C(q, q̇)q̇ +τg(q)= τ , (6.1)

where H(q) is the (n ×n) inertia matrix, C(q, q̇)q̇ is

the (n ×1)-vector of Coriolis and centrifugal forces,

τg(q) is the (n ×1)-vector of gravity force, and τ is

the (n ×1)-vector of joint control inputs to be designed.

Friction and disturbance input have been neglected

here.

Remark.

• Other contributions to the dynamic description of

the robot manipulators may include the dynamics

of the actuators, joint and link flexibility, friction,

noise, and disturbances. Without loss of generality,

the case of the rigid robot manipulators is stressed

here.

The control schemes that we will introduce in this

Chapter are based on some important properties of the

dynamical model of robot manipulators. Before giving

a detailed introduction to these different schemes, let us

first give a list of those properties.

Property 6.1
The inertia matrix is a symmetric positive-definite ma-

trix, which can be expressed

λh In ≤ H(q)≤ λH In , (6.2)

where λh and λH denote positive constants.

Property 6.2
The matrix N(q, q̇) = Ḣ(q)− 2C(q, q̇) is skew-

symmetric for a particular choice of C(q, q̇) (which is

always possible), i. e.,

z⊤N(q, q̇)z = 0 (6.3)

for any (n ×1)-vector z.

Property 6.3
The (n ×n)-matrix C(q, q̇) satisfies

‖ C(q, q̇) ‖≤ co ‖ q̇ ‖ (6.4)

for some bounded constant co.

Property 6.4
The gravity force/torque vector satisfies

‖ τg(q) ‖≤ go (6.5)

for some bounded constant go.

Property 6.5
The equation ofmotion is linear in the inertia parameters.

In other words, there is a (r ×1) constant vector a and

an (n × r) regressor matrix Y(q, q̇, q̈) such that

H(q)q̈ +C(q, q̇)q̇ +τg(q)= Y(q, q̇, q̈)a . (6.6)
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Motion Control 6.2 Joint Space Versus Operational Space Control 135

The vector a is comprised of link masses, moments of

inertia, and the link, in various combinations.

Property 6.6
The mapping τ → q̇ is passive; i. e., there exists α ≥ 0

such that
t∫

0

q̇⊤(β)τ(β)dβ ≥ −α , ∀t < ∞ . (6.7)

Remarks.

• Properties 6.3 and 6.4 are very useful since they

allow us to establish upper bounds on the nonlinear

terms in the dynamicalmodel. Aswewill see further,

several control schemes require knowledge of such

upper bounds.

• In Property 6.5, the parameter vector a is com-

prised of several variables in various combinations.

The dimensionality of the parameter space is not

unique, and the search over the parameter space is

an important problem.

• In this section, we assume that the robot manipulator

is fully actuated and this indicates that there is an

independent control input for each degree of freedom

(DOF). In contrast, the robot manipulators with joint

or link flexibility are no longer fully actuated and the

control problems are more difficult in general.

6.1.2 Control Tasks

It is instructive for comparative purposes to classify

control objectives into the following two classes:

• Trajectory tracking is aimed at following a time-

varying joint reference trajectory specified within

the manipulator workspace. In general, this desired

trajectory is assumed to comply with the actuators’

capacity. In other words, the joint velocity and accel-

eration associated with the desired trajectory should

not violate, respectively, the velocity and accelera-

tion limit of themanipulator. In practice, the capacity

of actuators is set by torque limits, which result in

bounds on the acceleration that are complex and state

dependent.

• Regulation sometimes is also called point-to-point

control. A fixed configuration in the joint space is

specified; the objective is to bring to and keep the

joint variable at the desired position in spite of torque

disturbances and independently of the initial condi-

tions. The behavior of transients and overshooting,

are in general, not guaranteed.

The selection of the controllermay depend on the type of

task to be performed. For example, tasks only requiring

the manipulator to move from one position to another

without requiring significant precision during themotion

between these two points can be solved by regulators,

whereas such as welding, painting, and so on, require

tracking controllers.

Remarks.

• The regulation problem may be seen as a special

case of the tracking problem (for which the desired

joint velocity and acceleration are zero).

• The task specification above is given in the joint

space and results in joint space control, which is

the main content of this Chapter. Sometimes, the

task specification of the robot manipulators in terms

of the desired trajectory of the end-effector (e.g.,

control with eye-in-hand) is carried out in the task

space and gives rise to the operational space control,

which will be introduced in Sect. 6.2.

6.1.3 Summary

In this section, we introduced the dynamical model of

the robot manipulators and important properties of this

dynamical model. Finally, we defined different control

tasks of the robot manipulators.

6.2 Joint Space Versus Operational Space Control

In a motion control problem, the manipulator moves to

a position to pick up an object, transports that object

to another location, and deposits it. Such a task is an

integral part of any higher-level manipulation tasks such

as painting or spot-welding.

Tasks are usually specified in the task space in terms

of a desired trajectory of the end-effector, while con-

trol actions are performed in the joint space to achieve

the desired goals. This fact naturally leads to two kinds

of general control methods, namely joint space con-
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136 Part A Robotics Foundations

trol and operational space control (task space control)

schemes.

6.2.1 Joint Space Control

The main goal of the joint space control is to design

a feedback controller such that the joint coordinates

q(t) ∈ Rn track the desired motion qd(t) as closely as

possible. To this end, consider the equations of mo-

tion (6.1) of an n-DOF manipulator expressed in the

joint space [6.2, 4]. In this case, the control of robot

manipulators is naturally achieved in the joint space,

since the control inputs are the joint torques. Neverthe-

less, the user specifies a motion in terms of end-effector

coordinates, and thus it is necessary to understand the

following strategy.

Figure 6.1 shows the basic outline of the joint space

controlmethods. Firstly, the desiredmotion, which is de-

scribed in terms of end-effector coordinates, is converted

to a corresponding joint trajectory using the inverse

kinematics of the manipulator. Then the feedback con-

troller determines the joint torque necessary to move

the manipulator along the desired trajectory specified

in joint coordinates starting from measurements of the

current joint states [6.1, 4, 7, 8].

Since it is always assumed that the desired task is

given in terms of the time sequence of the joint mo-

tion, joint space control schemes are quite adequate in

situations where manipulator tasks can be accurately

preplanned and little or no online trajectory adjustments

are necessary [6.1, 4, 7, 9]. Typically, inverse kinemat-

ics is performed for some intermediate task points, and

the joint trajectory is interpolated using the intermedi-

ate joint solutions. Although the command trajectory

consists of straight-line motions in end-effector coordi-

nates between interpolation points, the resulting joint

motion consists of curvilinear segments that match

Inverse

kinematics
ManipulatorControllerxd

qd τ

+
–

q

Fig. 6.1 Generic concept of joint space control

ManipulatorControllerxd
fc+

–

x

Fig. 6.2 Basic concept of operational space control

the desired end-effector trajectory at the interpolation

points.

In fact, the joint space control includes simple

PD control, PID control, inverse dynamic control,

Lyapunov-based control, and passivity-based control, as

explained in the following sections.

6.2.2 Operational Space Control

In more complicated and less certain environments, end-

effectormotionmay be subject to onlinemodifications in

order to accommodate unexpected events or to respond

to sensor inputs. There are a variety of tasks in manu-

facturing where these type of control problem arise. In

particular, it is essential when controlling the interaction

between the manipulator and environment is of concern.

Since the desired task is often specified in the

operational space and requires precise control of the

end-effector motion, joint space control schemes are not

suitable in these situations. This motivated a different

approach, which can develop control schemes directly

based on the dynamics expressed in the operational

space [6.10, 11].

Let us suppose that the Jacobian matrix, denoted by

J(q) ∈ Rn×n , transforms the joint velocity (q̇ ∈ Rn) to

the task velocity (ẋ ∈ Rn) according to

ẋ = J(q)q̇ . (6.8)

Furthermore, assume that it is invertible. Then, the

operational space dynamics is expressed as follows:

fc = Λ(q)ẍ+Γ (q, q̇)ẋ+η(q) , (6.9)

where fc ∈ Rn denotes the command forces in the oper-

ational space; the pseudo-inertia matrix is defined by

Λ(q)= J−⊤(q)H(q)J−1(q) , (6.10)

and Γ (q, q̇) and η(q) are given by

Γ (q, q̇)= J−⊤(q)C(q, q̇)J−1(q)−Λ(q) J̇(q)J−1(q) ,

η(q)= J−⊤(q)τg(q) .

The task space variables are usually reconstructed

from the joint space variables, via the kinematic map-

pings. In fact, it is quite rare to have sensors to directly

measure end-effector positions and velocities. Also, it is

worth remarking that an analytical Jacobian is utilized

since the control schemes operate directly on task space

quantities, i. e., the end-effector position and orientation.

The main goal of the operational space control is

to design a feedback controller that allows execution

of an end-effector motion x(t) ∈ Rn that tracks the de-
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Motion Control 6.3 Independent-Joint Control 137

sired end-effector motion xd(t) as closely as possible.

To this end, consider the equations of motion (6.9) of

the manipulator expressed in the operational space. For

this case, Fig. 6.2 shows a schematic diagram of the

operational space control methods. There are several

advantages to such an approach because operational

space controllers employ a feedback loop that directly

minimizes task errors. Inverse kinematics need not be

calculated explicitly, since the control algorithm em-

beds the velocity-level forward kinematics (6.8), as

shown in the figure. Now, motion between points can

be a straight-line segment in the task space.

6.3 Independent-Joint Control

By independent-joint control (i. e., decentralized con-

trol), we mean that the control inputs of each joint only

depends on the measurement of the corresponding joint

displacement and velocity. Due to its simple structure,

this kind of control schemes offers many advantages.

For example, by using independent-joint control, com-

munication among different joints is saved. Moreover,

since the computational load of controllers may be re-

duced, only low-cost hardware is required in actual

implementations. Finally, independent-joint control has

the feature of scalability, since the controllers on all

the joints have the same formulation. In this section,

two kinds of design of independent-joint control will

be introduced: one focused on the dynamical model

of each joint (i. e., based on the single-joint model)

and the other based on the analysis of the overall dy-

namical model (i. e., the multijoint model) of robot

manipulators.

6.3.1 Controller Design Based
on the Single-Joint Model

The simplest independent-joint control strategy is to

control each joint axis as a single-input single-output

(SISO) system. Coupling effects among joints due to

varying configuration during motion are treated as dis-

turbance inputs. Without loss of generality, the actuator

is taken as a rotary electric direct-current (DC) mo-

tor. Hence, the block diagram of the control scheme

of joint i can be represented in the domain of the com-

plex variables as shown in Fig. 6.3. In this scheme, θ

is the angular variable of the motor, J is the effective

inertia viewed from the motor side, Ra is the arma-

ture resistance (auto-inductance being neglected), and

kt and kv are, respectively, the torque and motor con-

stants. Furthermore, Gv denotes the voltage gain of the

power amplifier so that the reference input is the input

voltage Vc of the amplifier instead of the armature volt-

age Va. It has also been assumed that Fm ≪ kvkt/Ra,

i. e., the mechanical (viscous) friction coefficient has

been neglected with respect to the electrical coefficient.

Now the input–output transfer function of the motor can

be written as

M(s)=
km

s(1+ sTm)
, (6.11)

where km = Gv/kv and Tm = Ra J/kvkt are, respectively,

the voltage-to-velocity gain and the time constant of the

motor.

To guide selection of the control structure, start by

noticing that an effective rejection of the disturbance d

on the output θ is ensured by

1. a large value of the amplifier before the point of

intervention of the disturbance;

2. the presence of an integral action in the controller so

as to cancel the effect of the gravitational component

on the output at the steady state (i. e., constant θ).

In this case, as shown in Fig. 6.4, the types of control

action with position and velocity feedback are charac-

terized by [6.4]

Gp(s) = KP , Gv(s)= KV
1+ sTV

s
, (6.12)

where Gp(s) and Gv(s) correspond to the position and

velocity control actions, respectively. It is worth not-

ing that the inner control action Gv(s) is in a form of

propositional–integral (PI) control to yield zero error in

the steady state under a constant disturbance d. Further-

more, kTP and kTV are both transducer constants, and

the amplifier gain KV has been embedded in the gain

Σ Σ
θ
·

θ
··

θ
Gv

kv

kt

Ra

d

1
s

1
J

1
s

Vc Va

+ +
–

–

Fig. 6.3 Block scheme of a joint-driven system (after [6.4])
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ΣΣ Σ
θ
·

θ
··

θ

kv

kTV

kTP

Gv (s)Gp (s) Σ

d

1
s

1
J

kt

Ra

1
s

θ  r Va

+ +
–

+
– –

+

–

Fig. 6.4 Block scheme of position and velocity feedback (after [6.4])

of the inner controller. From the scheme of Fig. 6.4, the

transfer function of the forward path is

P(s)=
kmKPKV(1+ sTV)

s(1+ sTm)
, (6.13)

while that of the return path is

H(s)= kTP

(
1+ s

kTV

KPkTP

)
. (6.14)

The zero of the controller at s = −1/TV can be chosen

so as to cancel the effects of the real pole of the mo-

tor at s = −1/Tm. Then, by setting TV = Tm, the poles

of the closed-loop system move on the root locus as

a function of the loop gain, kmKVkTV. By increasing the

position feedback gain KP, it is possible to confine the

closed-loop poles to a region of the complex plane with

large absolute real part. Then, the actual location can be

established by a suitable choice of KV.

The closed-loop input–output transfer function is

Θ(s)

Θr(s)
=

1

kTP

1+
skTP

KPkTP
+

s2

kmKPkTPKV

, (6.15)

which can be comparedwith the typical transfer function

of a second-order system

W(s) =

1

kTP

1+
2ζs

ωn
+

s2

ω2
n

. (6.16)

It can be recognized that, with a suitable choice of the

gains, it is possible to obtain any value of natural fre-

quency ωn and damping ratio ζ . Hence, if ωn and ζ are

given as design specifications, the following relations

can be found

KVkTV =
2ζωn

km
and KPkTPKV =

ω2
n

km
. (6.17)

For given transducer constants kTP and kTV, KV and

KP will be chosen to satisfy the two equations above,

respectively. On the other hand, the closed-loop distur-

bance/output function is

Θ(s)

D(s)
=

sRa

ktKPKTPKV(1+ sTm)

1+
skTV

KPkTP
+

s2

kmKPkTPKV

, (6.18)

which shows that the disturbance rejection factor is

XR(s) = KPkTPKV and is fixed, provided that KV and

KP have been chosen via the approach above. Con-

cerning the disturbance dynamics, the zero at the origin

introduced by the PI, a real pole at s = −1/Tm, and the

pair of complex poles with real part−ζωn should be kept

in mind. In this case, an estimate TR of the output recov-

ery time needed by the control system to recover from

the effect of a disturbance on the joint position can be

evaluated by analyzing models of the transfer function

above. Such an estimate can reasonably be expressed as

TR =max{Tm, 1/ζω}.

6.3.2 Controller Design Based
on the Multijoint Model

In recent years, independent-joint control schemes based

on the complete dynamic model of the robot manipula-

tors (i. e., a multijoint model) have been proposed. For

example, following the approach of computed-torque-

like control, [6.12] dealt with the regulation task for

horizontal motions, and [6.13] and [6.14] handled the

tracking task for arbitrary smooth trajectories. Since the

overall dynamic model is considered, the effects of cou-

pling among joints are handled. These schemes will be

introduced in detail in Sect. 6.6.
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6.3.3 Summary

In this section, we have presented two independent-joint

control schemes: one is based on the single-joint model

and the other is based on the multijoint model. The

former focuses on the dynamics of a single joint and

regards the interaction among joints as a disturbance.

This control scheme is simple but may not be suitable

for high-speed tracking. Hence, we introduce the latter,

which considers the overall dynamical model of robot

manipulators such that the interaction among joints can

be handled.

Further Reading
There are different types of feedback applied in the

independent-joint control based on the single-joint

model (such as pure position feedback or position,

velocity, and acceleration feedback). A complete dis-

cussion is given in [6.4]. When the joint control

servos are required to track reference trajectories with

high speeds and accelerations, the tracking capabil-

ities of the above schemes are inevitably degraded.

A possible remedy is to adopt decentralized feed-

forward compensation to reduce tracking errors [6.4,

5].

6.4 PID Control

Traditionally, control design in robot manipulators can

be understood as the simple fact of tuning of a PD

or PID compensator at the level of each motor driv-

ing the manipulator joints [6.1]. Fundamentally, a PD

controller is a position and velocity feedback that has

good closed-loop properties when applied to a double

integrator system.

The PID control has a long history since Ziegler and

Nichols’ PID tuning rules were published in 1942 [6.15].

Actually, the strong point of PID control lies in its sim-

plicity and clear physical meaning. Simple control is

preferable to complex control, at least in industry, if the

performance enhancement obtained by using complex

control is not significant enough. The physical meanings

of PID control [6.16] are as follows:

P-control means the present effortmaking a present state

into desired state;

I-control means the accumulated effort using the ex-

perience information of previous states;

D-controlmeans the predictive effort reflecting the in-

formation about trends in future states.

6.4.1 PD Control for Regulation

A simple design method for manipulator control is to

utilize a linear control scheme based on the linearization

of the system about an operating point. An example of

this method is a PD control with a gravity compensation

scheme [6.17, 18]. Gravity compensation acts as a bias

correction, compensating only for the amount of forces

that create overshooting and an asymmetric transient

behavior. Formally, it has the following form

τ = KP(qd −q)− KVq̇ +τg(q) , (6.19)

where KP and KV ∈ Rn×n are positive-definite gain

matrices. This controller is very useful for set-point reg-

ulation, i. e.,qd = constant [6.7,18].When this controller

is applied to (6.1), the closed-loop equation becomes

H(q)q̈ +C(q, q̇)q̇ + KVq̇ − KPeq = 0 , (6.20)

where eq = qd −q, and the equilibrium point is

y = [e⊤
q , q̇⊤]⊤ = 0. Now, the stability achieved by PD

control with gravity compensation can be analyzed ac-

cording to the closed-loop dynamic (6.20). Consider the

positive-definite function

V =
1

2
q̇⊤H(q)q̇ +

1

2
e⊤
q KVeq .

Then, the derivative of function becomes negative

semidefinite for any value of q̇ by using Property 6.2

in Sect. 6.1, i. e.,

V̇ = −q̇⊤KVq̇ ≤ −λmin(KV)‖q̇‖2 , (6.21)

where λmin(KV) means the smallest eigenvalue of KV.

By invoking the Lyapunov stability theory and LaSalle’s

theorem [6.1], it can be shown that the regulation er-

ror will converge asymptotically to zero, while their

high-order derivatives remain bounded. This controller

requires knowledge of the gravity components (structure

and parameters), though it is simple.

Now, consider simple PD control without gravity

compensation

τ = KP(qd −q)− KVq̇ , (6.22)

then the closed-loop dynamic equation becomes

H(q)q̈ +C(q, q̇)q̇ +τg(q)+ KVq̇ − KPeq = 0 .

(6.23)
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Consider the positive definite function

V =
1

2
q̇⊤ H(q)q̇ +

1

2
e⊤
q KVeq +U(q)+U0 ,

where U(q) denotes the potential energy with the rela-

tion of ∂U(q)/∂q = τg(q) and U0 is a suitable constant.

Taking time derivative of V along the closed-loop dy-

namics (6.23) gives the same result (6.21) with previous

one using gravity compensation. In this case, the control

system must be stable in the sense of Lyapunov, but it

can not conclude that the regulation error will converge

to zero by LaSalle’s theorem [6.1]. Actually, the system

precision (the size of th eregulation error vector) will de-

pend on the size of the gain matrix KP in the following

form:

‖eq‖ ≤ ‖K−1
P ‖g0 , (6.24)

where g0 is that in Property 6.4 in Sect. 6.1. Hence, the

regulation error can be arbitrarily reduced by increasing

KP; nevertheless, measurement noise and other unmod-

eled dynamics, such as actuator friction, will limit the

use of high gains in practice.

6.4.2 PID Control for Regulation

An integral action may be added to the previous PD con-

trol in order to deal with gravity forces, which to some

extent can be considered as a constant disturbance (from

the local point of view). The PID regulation controller

can be written in the following general form:

τ = KP(qd −q)+ K I

∫
f (qd −q)dt − KVq̇ ,

where K I ∈ Rn×n is a positive-definite gain matrix, and

if f (qd −q)= qd −q, we have PID control,

if K I

∫
(−q̇)dt is added, we have PI2D control,

if f (·) = tanh(·), we have PD + nonlinear integral

control.

Global asymptotic stability (GAS) by PID control

was proved in [6.12] for robotic motion control sys-

tem including external disturbances, such as Coulomb

friction. Also, Tomei proved the GAS of PD control

in [6.19] by using an adaptation for gravity term. On the

other hand,Ortega et al. showed in [6.20] that PI2D con-

trol could yield semiglobal asymptotic stability (SGAS)

in the presence of gravity and bounded external distur-

bances. Also, Angeli proved in [6.21] that PD control

could achieve the input-output-to-state stability (IOSS)

for robotic systems. Also, Ramirez et al. proved the

SGAS (with some conditions) for PID gains in [6.22].

Also, Kelly proved in [6.23] that PD plus nonlinear

integral control could achieve GAS under gravity.

Actually, a large integral action in PID control can

cause instability of the motion control system. In order

to avoid this, the integral gain should be bounded by an

upper limit of the following form [6.1]:

kPkV

λ2H

> kI ,

where λH is that in Property 6.1 in Sect. 6.1, KP = kP I,

K I = kI I, and KV = kV I. This relation gives the guide-

lines for gain selection implicitly. Also, PID control has

generated a great variety of PID control plus something,

e.g., PID plus friction compensator, PID plus gravity

compensator, PID plus disturbance observer.

6.4.3 PID Gain Tuning

The PID control can be utilized for trajectory tracking as

well as set-point regulation. True tracking control will

be treated after Sect. 6.5. In this section, the simple but

useful PID gain tuning method will be introduced for

practical use. The general PID controller can be written

in the following general form:

τ = KVėq + KPeq + K I

∫
eq dt ,

or, in another form,

τ =

(
K +

1

γ 2
I

)(
ėq + KPeq + K I

∫
eq dt

)
.

(6.25)

In a fundamental stability analysis of tracking con-

trol systems, Qu et al. proved in [6.24] that PD control

could satisft uniform ultimate boundedness (UUB).

Also, Berghuis et al. proposed output feedback PD

control, which satisfies semiglobal uniform ultimate

boundedness (SGUUB) in [6.25] under gravity and

a bounded disturbance. Recently, Choi et al. suggested

inverse optimal PID control [6.26], assuring extended

disturbance input-to-state stability (ISS).

Actually, if a PID controller (6.25) is repeatedly ap-

plied to the same set point or desired trajectory, then the

maximum error will be proportional to the gains in the

following form:

max
0≤t≤tf

‖eq(t)‖ ∝
γ 2

√
2kγ 2 +1

, (6.26)

where tf denotes the final execution time of a given task

and K = kI. This relation can be utilized to tune the gain

of a PID controller and is referred to as the compound
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tuning rule [6.16]. The compound tuning rule implicitly

includes simple tuning rules as follows:

Square tuning: max ‖eq‖ ∝ γ 2 , for a small k ,

Linear tuning: max ‖eq‖ ∝ γ , for a large k .

For example, suppose we select positive constant di-

agonal matrices KP = kP I, K I = kI I, while satisfying

k2P > 2kI. For small k, the maximum error will be re-

duced by 1
4
according to the square tuning rule, if we

reduce the value γ by 1
2
. For large k, the maximum er-

ror will be proportionally reduced as γ according to the

linear tuning rule. This means that we can tune the PID

controller using only one parameter γ when the other

gain parameters are fixed [6.16]. Although these rules

are very useful in tuning the control performance, they

can be utilized only for repetitive experiments for the

same set point or desired trajectory because the tuning

rules consist of proportional relations.

Further Reading
PID-type controllers were designed to solve the reg-

ulation control problem. They have the advantage of

requiring knowledge of neither the model structure

nor the model parameters. Also, the stability achieved

by PID-type controllers was presented in this section.

A range of books and papers [6.1, 15, 16, 22, 27, 28]

are available to the robotics audience, detailing the in-

dividual tuning methods used in PID control and their

concrete proofs.

6.5 Tracking Control

While independent PID controls are adequate in most

set-point regulation problems, there are many tasks that

require effective trajectory tracking capabilities such as

plasma-welding, laser-cutting or high-speed operations

in the presence of obstacles. In this case, employing lo-

cal schemes requires moving slowly through a number

of intermediate set points, thus considerably delay-

ing the completion of the task. Therefore, to improve

the trajectory tracking performance, controllers should

take account of the manipulator dynamic model via

a computed-torque-like technique.

The tracking control problem in the joint or task

space consists of following a given time-varying trajec-

tory qd(t) or xd(t) and its successive derivatives q̇d(t) or

ẋd(t) and q̈d(t) or ẍd(t), which describe the desired vel-

ocity and acceleration, respectively. To obtain successful

performance, significant effort has been devoted to the

development ofmodel-based control strategies [6.1,2,7].

Among the control approaches reported in the litera-

ture, typical methods include inverse dynamic control,

the feedback linearization technique, and the passivity-

based control method.

6.5.1 Inverse Dynamics Control

Though the inverse dynamics control has a theo-

retical background, such as the theory of feedback

linearization discussed later, its starting point is me-

chanical engineering intuition based on cancelling

nonlinear terms and decoupling the dynamics of each

link. Inverse dynamics control in joint space has the

form

τ = H(q)v+C(q, q̇)q̇ +τg(q) (6.27)

which, applied to (6.1), yields a set of n decoupled linear

systems, e.g., q̈ = v, where v is an auxiliary control input

to be designed. Typical choices for v are

v = q̈d + KV(q̇d − q̇)+ KP(qd −q) (6.28)

or with an integral component

v = q̈d + KV(q̇d − q̇)+ KP(qd −q)

+ K I

∫
(qd −q)dt , (6.29)

leading to the error dynamics equation

ëq + KVėq + KPeq = 0

for an auxiliary control input (6.28), and

e(3)q + KVëq + KPėq + K Ieq = 0

if an auxiliary control input (6.29) is used. Both error

dynamics are exponentially stable by a suitable choice

of the gain matrices KV and KP (and K I).

Alternatively, inverse dynamics control can be

described in the operational space. Consider the oper-

ational space dynamics (6.9). If the following inverse

dynamics control is used in the operational space,

fc = Λ(q)(ẍd + KVėx + KPex)+Γ (q, q̇)ẋ+η(q) ,

where ex = xd − x, the resulting error dynamics is

ëx + KVėx + KPex = 0 , (6.30)
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and it is also exponentially stable. One apparent advan-

tage of using this controller is that KP and KV can be

selected with a clear physical meaning in operational

space. However, as can be seen in (6.10),Λ(q) becomes

very largewhen the robot approaches singular configura-

tions [6.8]. Thismeans that large forces in somedirection

are needed to move the arm.

6.5.2 Feedback Linearization

This approach generalizes the concept of inverse dynam-

ics of rigid manipulators. The basic idea of feedback

linearization is to construct a transformation as a so-

called inner-loop control, which exactly linearizes the

nonlinear system after a suitable state space change

of coordinates. One can then design a second stage or

outer-loop control in the new coordinates to satisfy the

traditional control design specifications such as tracking,

disturbance rejection, etc. [6.5,29]. The full power of the

feedback linearization scheme for manipulator control

becomes apparent if one includes in the dynamic de-

scription of the manipulator the transmission dynamics,

such as the elasticity resulting from shaft windup, gear

elasticity, etc. [6.5].

In recent years, an impressive volume of litera-

ture has emerged in the area of differential-geometric

methods for nonlinear systems. Most of the results

in this area are intended to give abstract coordinate-

free descriptions of various geometric properties of

nonlinear systems and as such are difficult for the non-

mathematician to follow. It is our intention here to give

only the basic idea of the feedback linearization scheme

and to introduce a simple version of this technique

that finds an immediate application to the manipulator

control problem. The reader is referred to [6.30] for

a comprehensive treatment of the feedback linearization

technique using differential-geometric methods.

Let us now develop a simple approach to the de-

termination of linear state-space representations of the

manipulator dynamics (6.1) by considering a general

sort of output ξ ∈ Rp:

ξ = h(q)+ r(t) , (6.31)

where h(q) is a general predetermined function of the

joint coordinate q ∈ Rn and r(t) is a general predeter-

mined time function. The control objective will be to

select the joint torque inputs τ in order to make the

output ξ(t) go to zero.

The choice of h(q) and r(t) is based on the control

purpose. For example, if h(q) = −q and r(t) = qd(t),

the desired joint space trajectory we would like the

manipulator to follow, then ξ(t) = qd(t)−q(t) ≡ eq(t)

is the joint space tracking error. Forcing ξ(t) to zero

in this case would cause the joint variables q(t) to

track their desired values qd(t), resulting in a manipu-

lator trajectory-following problem. As another example,

ξ(t) could represent the operational space tracking er-

ror ξ(t)= xd(t)− x(t)≡ ex (t). Then, controlling ξ(t) to

zero would result in trajectory following directly in

operational space where the desired motion is usually

specified.

To determine a linear state-variable model for

manipulator controller design, let us simply differentiate

the output ξ(t) twice to obtain

ξ̇ =
∂h

∂q
q̇ + ṙ = Tq̇ + ṙ , (6.32)

ξ̈ = Tq̈ + Ṫq̇ + r̈ , (6.33)

where we defined a (p×n) transformation matrix of the

form

T(q)=
∂h(q)

∂q
=

(
∂h

∂q1

∂h

∂q2
· · ·

∂h

∂qn

)
. (6.34)

Given the output h(q), it is straightforward to compute

the transformation T(q) associated with h(q). In the

special case where ξ̇ represents the operational space

velocity error, then T(q) denotes the Jacobian matrix

J(q).

According to (6.1),

q̈ = H−1(q)[τ −n(q, q̇)] (6.35)

with the nonlinear terms represented by

n(q, q̇) = C(q, q̇)q̇ +τg(q) . (6.36)

Then (6.33) yields

ξ̈ = r̈ + Ṫq̇ + T(q)H−1(q)[τ −n(q, q̇)] . (6.37)

Define the control input function

u = r̈ + Ṫq̇ + T(q)H−1(q)[τ −n(q, q̇)] . (6.38)

Now we may define a state y(t) ∈ R2p by y = (ξ ξ̇) and

write the manipulator dynamics as

ẏ =

(
0 Ip

0 0

)
y +

(
0

Ip

)
u . (6.39)

This is a linear state-space system of the form

ẏ = Ay + Bu , (6.40)

driven by the control input u. Due to the special form of

A and B, this system is called the Brunovsky canonical

form and it is always controllable from u(t).
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Since (6.38) is said to be a linearizing transformation

for the manipulator dynamic equation, one may invert

this transformation to obtain the joint torque

τ = H(q)T+(q)(u− r̈ − Ṫq̇)+n(q, q̇) , (6.41)

where T+ denotes the Moore–Penrose inverse of the

transformation matrix T(q).

In the special case ξ = eq(t), and if we select u(t) so

that (6.39) is stable by the PD feedback u = −KPξ −
KVξ̇ , then T = −In and the control input torque τ(t)

defined by (6.41) makes the manipulator move in such

a way that y(t) goes to zero. In this case, the feedback

linearizing control and the inverse dynamics control

become the same.

6.5.3 Passivity-Based Control

This method explicitly uses the passivity properties of

the Lagrangian system [6.31,32]. In comparisonwith the

inverse dynamics method, passivity-based controllers

are expected to have better robust properties because

they do not rely on the exact cancellation of the manipu-

lator nonlinearities. The passivity-based control input is

given by

q̇r = q̇d +αeq , α > 0 ,

τ = H(q)q̈r +C(q, q̇)q̇r +τg(q)+ KVėq + KPeq .

(6.42)

With (6.42), we obtain the following closed-loop system

H(q)ṡq +C(q, q̇)sq + KVėq + KPeq = 0 , (6.43)

where sq = ėq+αeq. Let us choose a Lyapunov function

V (y, t) as follows:

V =
1

2
y⊤

(
αKV + KP +α2H αH

αH H

)
y

=
1

2
y⊤ Py . (6.44)

Since the above equation is positive definite, it has

a unique equilibrium at the origin, i. e., y = (e⊤
q , ė⊤

q )
⊤

= 0. Moreover, V can be bounded by

σm‖y‖2 ≤ y⊤ Py ≤ σM‖y‖2 , σM ≥ σm > 0. (6.45)

The time derivative of V gives

V̇ = −ė⊤
q KVėq −αeqKPeq = −y⊤Qy < 0 , (6.46)

where Q = diag[αKP, KV]. Since Q is positive definite

and quadratic in y, it can be also bounded by

κm‖y‖2 ≤ y⊤Qy ≤ κM‖y‖2 , κM ≥ κm > 0.

(6.47)

Then, from the bound of the Lyapunov function V , we

get

V̇ ≤ −κm‖y‖2 = −2ηV , η =
κm

σM
(6.48)

which finally yields

V (t)≤ V (0)e−2ηt . (6.49)

It has been shown that the value of α affects the track-

ing result dramatically [6.33]. The manipulator tends to

vibrate for small values of α. Larger values of α allow

better tracking performance and protect sq from being

spoiled by the velocity measurement noise when the

position error is small. In [6.34], it was suggested that

KP = αKV (6.50)

be used for quadratic optimization.

6.5.4 Summary

In this section, we have reviewed some of the model-

based motion control methods proposed to date. Under

some control approaches, the closed-loop system the-

oretically, gives either asymptotic stability or globally

exponential stability. However, such ideal performance

cannot be obtained in practical implementation be-

cause factors such as sampling rate, measurement noise,

disturbances, and unmodeled dynamics will limit the

achievable gain and the performance of the control

algorithms [6.33, 35, 36].

6.6 Computed-Torque Control

Through the years many kinds of robot control schemes

have been proposed. Most of these can be considered

as special cases of the class of computed-torque control

(Fig. 6.5) which is the technique of applying feedback

linearization to nonlinear systems in general [6.37, 38].

In the section, computed-torque control will be first

introduced, and its variant, so-called computed-torque-

like control, will be introduced later.

P
a
rt

A
6
.6



144 Part A Robotics Foundations

H (q)

C (q,q· )q· + τg(q)

Manipulators
υ τ

Σ
+

+ q

q·

Fig. 6.5 Computed-torque control

6.6.1 Computed-Torque Control

Consider the control input (6.27)

τ = H(q)v+C(q, q̇)q̇ +τg(q) ,

which is also known as computed-torque control; it con-

sists of an inner nonlinear compensation loop and an

outer loop with an exogenous control signal v. Substi-

tuting this control law into the dynamical model of the

robot manipulator, it follows that

q̈ = v . (6.51)

It is important to note that this control input converts

a complicated nonlinear controller design problem into

a simple design problem for a linear system consisting of

n decoupled subsystems. One approach to the outer-loop

control v is propositional–derivative (PD) feedback, as

in (6.28):

v = q̈d + KVėq + KPeq ,

in which case the overall control input becomes

τ = H(q)(q̈d+ KVėq + KP eq)+C(q, q̇)q̇ +τg(q) ,

and the resulting linear error dynamics are

ëq + KVėq + KPeq = 0 . (6.52)

According to linear system theory, convergence of the

tracking error to zero is guaranteed [6.29, 39].

Remark.

• One usually lets KV and KP be (n ×n) diag-

onal positive-definite gain matrices (i. e., KV =
diag(kV,1, · · · , kV,n)> 0, KP = diag(kP,1, · · · , kP,n)

> 0) to guarantee the stability of the error sys-

tem. However, the format of the foregoing control

never leads to independent joint control because

the outer-loop multiplier H(q) and the full non-

linear compensation term C(q, q̇)q̇ + τg(q) in the

inner loop scramble all joint signals among different

control channels.

6.6.2 Computed-Torque-Like Control

It is worth noting that the implementation of computed-

torque control requires that parameters of the dynamical

model are accurately known and the control input is

computed in real time. In order to avoid those problems,

several variations of this control scheme have been pro-

posed, for example, computed-torque-like control. An

entire class of computed-torque-like controllers can be

obtained by modifying the computed-torque control as

τ = Ĥ(q)v+ Ĉ(q, q̇)q̇ + τ̂(q) , (6.53)

where ˆ represents the computed or nominal value and
indicates that the theoretically exact feedback lineariza-

tion cannot be achieved in practice due to the uncertainty

in the systems. The overall control scheme is depicted

in Fig. 6.6.

Computed-Torque-Like Control
with Variable-Structure Compensation

Since there is parametric uncertainty, compensation is

required in the outer-loop design to achieve trajectory

tracking. The following shows a computed-torque-like

control with variable-structure compensation

v = q̈d + KVėq + KP eq +∆v , (6.54)

where the variable-structure compensation∆v is devised

as

∆v =





−ρ(x, t) B⊤ Px

‖ B⊤ Px ‖
if ‖ B⊤ Px ‖6= 0

0 if ‖ B⊤ Px ‖= 0 ,

(6.55)

where x = (e⊤
q , ė⊤

q )
⊤, B = (0, In)

⊤, P is a (2n ×2n)

symmetric positive-definite matrix satisfying

P A+ A⊤ P = −Q (6.56)

Ĥ (q)

Ĉ (q,q· )q· + τ̂s(q)

Manipulators
υ τ

Σ
+

+ q

q·

Fig. 6.6 Computed-torque-like control
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with A being defined as

A =

(
0 In

−KP −KV

)
, (6.57)

Q being any appropriate (2n ×2n) symmetric positive-

definite matrix,

ρ(x, t)=
1

1−α
[αβ+ ‖ K ‖‖ x ‖ +H̄φ(x, t)] ,

(6.58)

where α and β are positive constants such that

‖H−1(q)Ĥ(q)− In‖ ≤ α < 1 for all q ∈ Rn and

supt∈[0,∞) ‖ q̈d(t) ‖< β, respectively, K is the (n ×2n)

matrix defined as K = [KP KV], λ̄H being a positive

constant such that ‖ H−1(q) ‖≤ λ̄H for all q ∈ Rn , and

the function φ being defined as

‖[Ĉ(q, q̇)−C(q, q̇)]q̇ +[τ̂g(q)−τg(q)]‖

≤ φ(x, t) . (6.59)

Convergence of the tracking error to zero can be shown

using the Lyapunov function

V = x⊤ Px , (6.60)

following the stability analysis in [6.5, 40].

Remarks.

• By Property 6.1 in Sect. 6.1, there exist positive con-

stants λ̄H and λ̄h such that λ̄h ≤‖ H−1(q) ‖≤ λ̄H for

all q ∈ Rn . If we choose

Ĥ =
1

c
In , where c =

λ̄H+ λ̄h

2
, (6.61)

it can be shown that

‖ H−1(q)Ĥ(q)− In ‖≤
λ̄H− λ̄h

λH + λ̄h
≡ α < 1 ,

(6.62)

which indicates that there is always at least one

choice of Ĥ for some α < 1.

• Due to the discontinuity in ∆v, chattering phe-

nomenon may occur when the control scheme is

applied. It is worth noting that chattering is often un-

desirable since the high-frequency component in the

control can excite unmodeled dynamic effect (such

as joint flexibility) [6.6, 29, 38]. In order to avoid

chattering, the variable-structure compensation can

be modified to become smooth, i. e.,

∆v =

{
−ρ(x, t) B⊤ Px

‖B⊤ Px‖
if ‖ B⊤ Px ‖> ε ,

−ρ(x,t)
ε

B⊤ Px if ‖ B⊤ Px ‖≤ ε ,

(6.63)

where ε is a positive constant and is used as the

boundary layer. Following this modification, con-

vergence of tracking errors to a residual set can be

ensured, and the size of this residual set can be made

smaller by use of a smaller value of ε.

Computed-Torque-Like Control
with Independent-Joint Compensation

Obviously, the previous compensation scheme is cen-

tralized, which implies that the online computation load

is heavy and high-cost hardware is required for practical

implementation. In order to solve this problem, a scheme

with independent-joint compensation is introduced be-

low. In this scheme, a computed-torque-like control is

designed with estimates as

Ĥ(q)= I , Ĉ(q, q̇)= 0 , τ̂(q)= 0 . (6.64)

Then, we use the outer-loop v as

v = KVėq + KPeq +∆v , (6.65)

where the positive constants KP and KV are selected

to be sufficiently large, and the i-th component ∆vi of

∆v = (v1, . . . , vn)
⊤ is

∆vi =





−
[
β⊤w(qd, q̇d)

]2 si
εi

if | si |≤
εi

β⊤w(qd, q̇d)
,

−β⊤w(qd, q̇d)
si

|si |

if | si |>
εi

β⊤w(qd, q̇d)
.

(6.66)

In this compensation, si = ėq,i +λieq,i , i ∈ {1, . . . , n},
and λi , i ∈ {1, . . . , n} are positive constants. Further-

more, following the properties of robot manipulators,

we have

‖ H(q)q̈d+C(q, q̇)q̇d +τg(q) ‖

≤ β1 +β2 ‖ q ‖ + ‖ q̇ ‖= β⊤w(q, q̇)

for some suitable positive constants β1, β2, and β3,

where β = (β1, β2, β3)
⊤ and

w(q, q̇)= [1, ‖ q ‖, ‖ q̇ ‖]⊤ . (6.67)

Finally, εi , i ∈ {1, . . . , n}, is the variable length of the
boundary layer, satisfying

ε̇i = −gi εi , ε(0)> 0 , gi > 0 . (6.68)
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It is worth pointing out that the term w in this con-

trol scheme is devised as the desired compensation

rather than feedback. Furthermore, this scheme is in

a form of independent-joint control and hence has the

advantages introduced before. The convergence of the

tracking error to zero can be shown using the Lyapunov

function

V =
1

2

(
e⊤
q ė⊤

q

)
(

λKP H

H λH

)(
eq

ėq

)
+

n∑

i=1

g−1
i εi ,

(6.69)

whose time derivative along the trajectory of the closed-

loop systems follows

V̇ = −α

∣∣∣∣∣

(
eq

ėq

)∣∣∣∣∣

2

(6.70)

with α being some positive constant, if sufficiently large

KP and γ are used. The detailed analysis of stability,

which requires Properties 6.3 and 6.4, can be found

in [6.13].

Remark.

• Similar to computed-torque-like control with

variable-structure compensation, we can consider

the nonzero boundary layer as

ε̇i = −giεi , ε(0)> 0 , gi , αi > 0 . (6.71)

Following this modification, tracking errors con-

verge to a residual set. The size of this residual set

can be made smaller by the use of a smaller value of

ε (i. e., smaller αi ).

For the task of point-to-point control, one PD con-

troller with gravity compensation is designed with the

estimates

Ĥ(q)= I , Ĉ(q, q̇)= 0 , τ̂g(q)= τg(q) (6.72)

with τg(q) being the gravity term of the dynamicalmodel

of the robot manipulators. Then, we use the outer-loop

v as

v = KVėq + KPeq , (6.73)

such that the control input becomes

τ = KVėq + KPeq +τg(q) . (6.74)

This scheme is much simpler to implement than

the exact computed-torque controller. The convergence

of the tracking error to zero can be shown using the

Lyapunov function

V =
1

2
ė⊤
q H(q)ėq +

1

2
e⊤
q KPeq , (6.75)

whose time derivative along the solution trajectories of

the closed-loop system is

V̇ = −ė⊤
q KVėq . (6.76)

The detailed analysis of stability is given in [6.12]. It

is necessary to note that this result is for the case of

regulation, rather than for the case of tracking, since

the former theoretical base, which relies on LaSalle’s

lemma, requires the system be autonomous (time invari-

ant) [6.38, 41, 42].

Remark.

• If we neglect gravity in the dynamical model of the

robot manipulators, then the gravity estimation can

be omitted here, i. e., τ̂g(q) = 0, so that the control

law becomes

τ = v = KVėq + KPeq , (6.77)

which leads to pure PD control. The gain matrices,

KP and KV, can be selected to be diagonal so that

this PD control is in a form of independent-joint

control developed based on the multijoint dynamic

model.

6.6.3 Summary

In this section, we have presented two control schemes:

the computed-torque and computed-torque-like con-

trol. The former transforms a multi-input multi-output

(MIMO) nonlinear robotic system into a very simple de-

coupled linear closed-loop system whose control design

is a well-established problem. Since the practical imple-

mentation of the former control requires preknowledge

of all the manipulator parameters and its payload, which

may not be realistic, the latter was introduced to relax the

foregoing requirement and still to achieve the objective

of tracking subject to system’s uncertainty.

Further Reading
The PD control with different feedforward compensa-

tion for tracking control is investigated in [6.43]. An

adaptive control scheme based on PD control is pre-

sented in [6.19].
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6.7 Adaptive Control

An adaptive controller differs from an ordinary con-

troller in that the controller parameters are time varying,

and there is a mechanism for adjusting these parameters

online based on some signals in the closed-loop systems.

By the use of such control scheme, the control goal can

be achieved even if there is parametric uncertainty in

the plant. In this section, we will introduce several adap-

tive control schemes to deal with the case of imperfect

knowledge of dynamical parameters of the robot ma-

nipulators. The control performance of those adaptive

control schemes, including adaptive computed-torque

control, adaptive inertia-related control, adaptive con-

trol based on passivity, and adaptive control with desired

compensation, are basically derived from Property 6.5.

Finally, the condition of persistent excitation, which is

important in parameter convergence, will be addressed.

6.7.1 Adaptive Computed-Torque Control

The computed-torque control scheme is appealing,

since it allows the designer to transform a MIMO

highly coupled nonlinear system into a very simple

decoupled linear system, whose control design is a well-

established problem. However, this method of feedback

linearization relies on perfect knowledge of the system

parameters, and failure to have this will cause erroneous

parametric estimates, resulting in a mismatch term in the

closed-loop model of the error system. That term can be

interpreted as a nonlinear perturbation acting at the input

of the closed-loop system. In order to solve the problem

due to parametric uncertainty, we instead consider the

inverse dynamics method with parameter estimates of

τ = Ĥ(q)(q̈d+ KVėq + KPeq)+ Ĉ(q, q̇)q̇ + τ̂g(q) ,

(6.78)

where Ĥ, Ĉ, τ̂g have the same functional form as H, C,

τg. From Property 6.5 of the dynamics model, we have

Ĥ(q)q̈ + Ĉ(q, q̇)q̇ + τ̂g(q)= Y(q, q̇, q̈)â , (6.79)

where Y(q, q̇, q̈), called the regressor, is a known (n ×r)

function matrix and a is the (r ×1) vector that sum-

marizes all the estimated parameters. Substituting this

control input τ into the manipulator dynamics gives the

following closed-loop error model

Ĥ(q)(ëq + KVėq + KPeq) = Y(q, q̇, q̈)ã , (6.80)

where ã = â−a. In order to acquire an appropriate adap-

tive law, we first assume that the acceleration term q̈ is

measurable, and that the estimated inertia matrix Ĥ(q) is

never singular. Now, for convenience, the error equation

is rewritten as

ẋ = Ax+ BĤ
−1
(q)Y(q, q̇, q̈)ã (6.81)

with x =
(

e⊤
q , ė⊤

q

)⊤
,

A =

(
0n In

−KP −KV

)
, B =

(
0n

In

)
. (6.82)

The adaptive law is considered as

˙̂a = −Γ −1Y⊤(q, q̇, q̈)Ĥ
−1
(q)B⊤ Px , (6.83)

where Γ is an (r × r) positive-definite constant matrix,

and P is a (2n×2n) symmetric positive-definite constant

matrix satisfying

P A+ A⊤ P = −Q , (6.84)

with Q being a symmetric positive-definite constant ma-

trix with coherent dimension. In this adaptive law, we

made two assumptions:

• the joint acceleration q̈ is measurable, and

• the bounded range of the unknown parameter is

available.

The first assumption is to ensure that the regressor

Y(q, q̇, q̈) is known a priori, whereas the second as-

sumption is to allow one to keep the estimate Ĥ(q)

nonsingular by restricting the estimated parameter â to

lie within a range about the true parameter value.

Convergence of the tracking error and maintaining

boundedness of all internal signals can actually be guar-

anteed by Lyapunov stability theory with the Lyapunov

function

V̇ = −x⊤Qx . (6.85)

Detailed stability analysis is given in [6.2].

Remark.

• For practical and theoretical reasons, the first as-

sumption above is hardly acceptable. In most cases,

it is not easy to obtain an accurate measure of accel-

eration; the robustness of the above adaptive control

scheme with respect to such a disturbance has to be

established. Moreover, from a pure theoretical view-

point, measuring q, q̇, q̈ means that not only do we
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need the whole system state vector, but we also need

its derivative.

6.7.2 Adaptive Inertia-Related Control

Another adaptive control scheme is now introduced.

This proposed scheme does not require the meas-

urement of the manipulator’s acceleration nor does it

require inversion of the estimated inertia matrix. Hence,

the drawbacks of the adaptive computed-torque con-

trol scheme are avoided. Let us consider the control

input

τ = Ĥ(q)v̇+ Ĉ(q, q̇)v+ τ̂g(q)+ KDs , (6.86)

where the auxiliary signals v and s are defined as v =
q̇d +Λeq and s = v− q̇ = ėq +Λeq, with Λ being an

(n ×n) positive-definite matrix. Following Property 6.5

of the dynamic model, we have

H(q)v̇+C(q, q̇)v+τg(q)= Ȳ(q, q̇, v, v̇)a , (6.87)

where Ȳ(·, ·, ·, ·) is an (n × r) matrix of known time

functions. The formulation above is the same type of

the parameter separation that was used in the formu-

lation of the adaptive computed-torque control. Note

that Ȳ(q, q̇, v, v̇) is independent of the joint acceleration.

Similar to the formulation above, we also have

Ĥ(q)v̇+ Ĉ(q, q̇)v+ τ̂g(q)= Ȳ(q, q̇, v, v̇)â . (6.88)

Substituting the control input into the equation of mo-

tion, it follows that

H(q)q̈ +C(q, q̇)q̇ +τg(p)

= Ĥ(q)v̇+ Ĉ(q, q̇)v+ τ̂g(q)+ KDs .

Since q̈ = v̇− ṡ, q̇ = v− s, the previous result can be

rewritten as

H(q)ṡ +C(q, q̇)s + KDs = Ȳ(q, q̇, v, v̇)ã , (6.89)

where ã = â −a. The adaptive law is considered as

˙̂a = −Γ Ȳ
⊤
(q, q̇, v, v̇)s . (6.90)

The convergence of the tracking error to zero with

boundedness on all internal signals can be shown

through Lyapunov stability theory using the following

Lyapunov-like function

V =
1

2
s⊤ H(q)s +

1

2
ã⊤Γ −1ã , (6.91)

whose time derivative along the trajectories of the

closed-loop systems can be found to be

V̇ = −s⊤KDs . (6.92)

The detailed stability analysis is given in [6.32].

Remark.

• The restrictions for adaptive computed-torque con-

trol formerly seen have been removed here.

• The term KDs introduces a PD-type linear stabiliz-

ing control action to the error system model.

• The estimated parameters converge to the true par-

ameters provided the reference trajectory satisfies

the condition of persistency of excitation,

α1 Ir ≤

t0+t∫

t0

Y⊤(qd, q̇d, v, v̇)Y(qd, q̇d, v, v̇)dt

≤ α2 Ir ,

for all t0, where α1, α2, and t are all positive con-

stants.

6.7.3 Adaptive Control Based on Passivity

Taking a physics viewpoint of control, we see that the

concept of passivity has become popular for the devel-

opment of adaptive control schemes. Here, we illustrate

how the concept of passivity can be used to design a class

of adaptive control laws for robotmanipulators. First, we

define an auxiliary filtered tracking error signal r as

r = F−1(s)eq , (6.93)

where

F−1(s) =

[
sIn +

1

s
K (s)

]
(6.94)

and s is the Laplace transform variable. The (n ×n) ma-

trix K (s) is chosen such that F(s) is a strictly proper,

stable transfer function matrix. As in the preceding

schemes, the adaptive control strategies has close ties

to the ability to separate the known functions from the

unknown constant parameters. We use the expression

given above to define

Zϕ = H(q)[q̈d + K (s)eq]

+ V(q, q̇)

[
q̇n +

1

s
K (s)eq

]
+τg(q) ,

where Z is a known (n × r) regression matrix and ϕ is

a vector of unknown system parameters in the adaptive

context. It is important to note that the above can be

arranged such that Z and r do not depend on the meas-

urement of the joint acceleration q̈. The adaptive control

scheme given here is called the passivity approach be-

cause the mapping of −r → Zϕ̃ is constructed to be
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a passive mapping. That is, we develop an adaptive law

such that

t∫

0

−r⊤(σ )Z(σ )ϕ̃(σ )dσ ≥ −β (6.95)

is satisfied for all time and for some positive scalar con-

stant β. For this class of adaptive controllers, the control

input is given by

τ = Zϕ̂+ KDr , (6.96)

Detailed analysis of stability is given in [6.44].

Remarks.

• If K (s) is selected such that H(s) has a relative degree

of one, Z and r will not depend on q̈.

• Many types of control schemes can be generated

from the adaptive passive control approach by se-

lected different transfer function matrices K (s) in

the definition of r.

• Note that, by defining K (s) = sΛ such that F(s) =
(sIn +Λ)−1, we have the control input

τ = Zϕ̂− KDr ,

with

Zϕ̂ = Ĥ(q)(q̈d+Λėq)+ Ĉ(q, q̇)(q̇d +Λeq)

+ τ̂g(q) .

The adaptive law may be chosen as

˙̂ϕ = Γ Z⊤(ėq +Λeq)

to satisfy the condition of passive mapping. This

indicates that adaptive inertia-related control can be

viewed as a special case of adaptive passive control.

6.7.4 Adaptive Control
with Desired Compensation

In order to implement the adaptive control scheme, one

needs to calculate the elements of Y(q, q̇, q̈) in real

time. However, this procedure may be excessively time

consuming since it involves computations with highly

nonlinear functions of joint position and velocity. Conse-

quently, the real-time implementation of such a scheme

is rather difficult. To overcome this difficulty, the adap-

tive control with desired compensation was proposed

and is discussed here. In other words, the variables q,

q̇, and q̈ are replaced with the desired ones, namely, qd,

q̇d, and q̈d. Since the desired quantities are known in

advance, all their corresponding calculations can be per-

formed offline, which renders real-time implementation

more plausible. Let us consider the control input

τ = Y(qd, q̇d, q̈d)â + kas + kpeq + kn‖eq‖
2s ,

(6.97)

where the positive constants ka, kp, and kn are suffi-

ciently large, and the auxiliary signal s is defined as

s = ėq + eq. The adaptive law is considered as

˙̂a = −Γ Y⊤(qd, q̇d, q̈d)s . (6.98)

It is worth noting that the desired compensation is

adopted in both the control and adaptive laws such that

the computational load can be drastically reduced. For

the sake of this analysis, we note that

‖Y(q, q̇, q̈)a −Y(qd, q̇d, q̈d)â‖

≤ ζ1‖eq‖+ ζ2‖eq‖
2 + ζ3‖s‖+ ζ4‖s‖‖eq‖ ,

where ζ1, ζ2, ζ3, and ζ4 are positive constants. In order

to achieve trajectory tracking, it is required that

ka > ζ2 + ζ4 ,

kp >
ζ1

2
+

ζ2

4
,

kv >
ζ1

2
+ ζ3+

ζ2

4
,

(i. e., the gains ka, kp, and kv must be sufficiently

large). The convergence of the tracking error to zero

with boundedness on all internal signals can be proved

through application of Lyapunov stability theory with

the following Lyapunov-like function

V =
1

2
s⊤ H(q)s +

1

2
kpe⊤

q eq +
1

2
ã⊤Γ −1ã , (6.99)

whose time derivative along the trajectories of the

closed-loop system can be derived as

V̇ ≤ −x⊤Qx , (6.100)

where

x =

(
‖eq‖

‖s‖

)
, Q =

(
kp − ζ2/4 −ζ1/2

−ζ1/2 kv − ζ3 − ζ4/4

)
.

Detailed stability analysis can be found in [6.45].

6.7.5 Summary

Since the computed-torque control suffers from para-

metric uncertainty, a variety of adaptive control schemes
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have been proposed. Firstly, we have presented an adap-

tive control scheme based on computed-torque control.

Then, in order to overcome the mentioned drawbacks

such as the measurability of the joint acceleration and

the invertibility of the estimated inertia matrix, we pre-

sented an alternative adaptive control scheme that is free

of these drawbacks. Recently, to incorporate a physics

viewpoint into control, adaptive passivity-based control

has become popular, and hence is introduced and dis-

cussed here. Finally, to reduce the computational load of

the adaptive schemes, we presented an adaptive control

with desired compensation.

Further Reading
A computationally very fast scheme dealing with

adaptive control of rigid manipulators was presented

in [6.46]. The stability analysis was completed by as-

suming that the joint dynamics are decoupled, i. e., that

each joint is considered as an independent second-order

linear system. Other pioneering works in the field can

be found, for example, in [6.47, 48]; although none of

the fundamental dynamic model properties are used, the

complete dynamics are taken into account, but the con-

trol input is discontinuous and may lead to chattering.

Positive definiteness of the inertia matrix is explicitly

used in [6.49], although it was assumed that some

time-varying quantities remain constant during the adap-

tation. It is interesting to note that all of these schemes

were based on the concept of model reference adaptive

control (MRAC) developed in [6.50] for linear systems.

Therefore, they are conceptually very different from the

truly nonlinear schemes presented in this section.

A passive-based modified version of the least-

squares estimation scheme has been proposed in [6.51]

and [6.52], which guaranteed closed-loop stability of the

scheme. Other schemes can be found in [6.53], where

no use is made of the skew-symmetry property, and

in [6.54], where the recursive Newton–Euler formula-

tions is used instead of the Lagrange formulation to

derive the manipulator dynamics, and thus computation

is simplified to facilitate practical implementation.

Even though adaptive control provides a solution to

the problem of parametric uncertainty, the robustness

of adaptive controllers remains a topic of great interest

in the field. Indeed, measurement noise or unmodeled

dynamics (e.g., flexibility) may result in unbounded

closed-loop signals. In particular, the estimated param-

eters may diverge; this is a well-known phenomenon

in adaptive control and is called parameter drift. So-

lutions inspired from the adaptive control of linear

systems have been studied [6.55, 56], where a modi-

fied estimation ensures boundedness of the estimates.

In [6.57], the controller in [6.32] is modified to enhance

robustness.

6.8 Optimal and Robust Control

Given a nonlinear system, such as robotic manipulators,

one can develop many stabilizing controls [6.29,41]. In

other words, the stability of the control system can-

not determine a unique controller. It is natural that

one seeks an optimal controller among the many sta-

ble ones. However, the design of an optimal controller

is possible provided that a rather exact information on

the target system is available, such as an exact system

model [6.34,58]. In the presence of discrepancy between

the real system and its mathematical model, a designed

optimal controller is no longer optimal, and may even

end up being instable in the actual system. Generally

speaking, the optimal control design framework is not

the best one to deal with system uncertainty. To handle

system uncertainty from the control design stage, a ro-

bust control design framework is necessary [6.59]. One

of main objectives of robust control is to keep the con-

trolled system stabile even in presence of uncertainties

in the mathematical model, unmodeled dynamics, and

the like.

Let us consider an affine nonlinear system described

by nonlinear time-varying differential equation in the

state x = (x1, x2, · · · , xn)
⊤ ∈ Rn

ẋ(t)= f (x, t)+ G(x, t)u+ P(x, t)w , (6.101)

where u ∈ Rm is the control input, andw ∈ Rw is the dis-

turbance.Without disturbances or unmodeled dynamics,

the system simplifies to

ẋ(t)= f (x, t)+ G(x, t)u . (6.102)

Actually, there are many kinds of methods describ-

ing the nonlinear system according to the objective of

control [6.1, 16, 21, 23, 34, 53].

6.8.1 Quadratic Optimal Control

Every optimal controller is based on its own cost

function [6.60, 61]. One can define a cost function

as [6.62, 63]

z = H(x, t)x+ K (x, t)u
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such that H⊤(x, t)K (x, t)= 0, K⊤(x, t)K (x, t)= R(x, t)

> 0, and H⊤(x, t)H(x, t)= Q(x, t)> 0. Then, we have

1

2
z⊤z =

1

2
x⊤Q(x, t)x+

1

2
u⊤ R(x, t)u .

The quadratic optimal control for the system (6.102)

is found by solving, for a first order differentiable

positive-definite function V (x, t), the Hamilton–Jacobi–

Bellman (HJB) equation [6.34, 58]

0= HJB(x, t; V )= Vt(x, t)+ Vx(x, t) f (x, t)

−
1

2
Vx(x, t)G(x, t)R−1(x, t)G⊤(x, t)V⊤

x (x, t)

+
1

2
Q(x, t) ,

where Vt =
∂V

∂t
and Vx =

∂V

∂x⊤
. Then the quadratic

optimal control is defined by

u = −R−1(x, t)G⊤(x, t)V⊤
x (x, t) . (6.103)

Note that the HJB equation is a nonlinear second-order

partial differential equation in V (x, t).

Unlike the aforementioned optimal control problem,

the so-called inverse quadratic optimal control problem

is to find a set of Q(x, t) and R(x, t) for which the

HJB equation has a solution V (x, t). Then the inverse

quadratic optimal control is defined by (6.103).

6.8.2 Nonlinear H∞ Control

When disturbances are not negligible, one can deal with

their effect such that

t∫

0

z⊤(x, τ)z(x, τ)dτ ≤ γ 2

t∫

0

w⊤wdτ , (6.104)

where γ > 0 specifies the L2-gain of the closed-

loop system from the disturbance input w to the cost

variable z. This is called the L2-gain attenuation re-

quirement [6.62–64]. One systematic way to design an

optimal and robust control is given by the nonlinear

H∞ optimal control. Let γ > 0 be given, by solving the

following equation:

HJIγ (x, t; V )

= Vt(x, t)+ Vx(x, t) f (x, t)

−
1

2
Vx(x, t){G(x, t)R−1(x, t)G⊤(x, t)

−γ−2P(x, t)P⊤(x, t)}V⊤
x (x, t)

+
1

2
Q(x, t)≤ 0 , (6.105)

then the control is defined by

u = −R−1(x, t)G⊤(x, t)V⊤
x (x, t) . (6.106)

The partial differential inequality (6.105) is called

the Hamilton–Jacobi–Isaac (HJI) inequality. Then one

can define the inverse nonlinear H∞ optimal control

problem that finds a set of Q(x, t) and R(x, t) such that

the L2-gain requirement is achieved for a prescribed

L2-gain γ [6.65].

Two things deserve further comment. The first is that

the L2-gain requirement is only valid for disturbance sig-

nals w whose L2-norm is bounded. The second is that

H∞ optimal control is not uniquely defined. Hence, one

can choose a quadratic optimal among many H∞ opti-

mal controllers. Precisely speaking, the control (6.106)

should be called H∞ suboptimal control, since the de-

sired L2-gain is prescribed a priori. A true H∞ optimal

control is to find a minimal value of γ , such that the

L2-gain requirement is achieved.

6.8.3 Passivity-Based Design
of Nonlinear H∞ Control

There are many methodologies for the design of optimal

and/or robust controls. Among these, passivity-based

controls can take full advantage of the properties

described above [6.31]. They consist of two parts:

one coming from the reference motion compensation

while preserving the passivity of the system, and the

other to achieve stability, robustness, and/or optimal-

ity [6.65, 66].

Let us suppose that the dynamic parameters are

identified as Ĥ(q), Ĉ(q, q̇), and τ̂g(q), whose counter-

parts are H(q), C(q, q̇), and τg(q), respectively. Then,

passivity-based control generates the following tracking

control laws

τ = Ĥ(q)q̈ref+ Ĉ(q, q̇)q̇ref + τ̂g(q)−u , (6.107)

where q̈ref is the reference acceleration defined by

q̈ref = q̈d + KVėq + KPeq , (6.108)

where KV = diag{kV,i} > 0 and KP = diag{kP,i} > 0.

Two parameters are involved in generating the refer-

ence acceleration. Sometimes the following alternative

method can be adopted

q̈ref = q̈d + KVėq .

This reduces the order of the closed-loop system be-

cause the state x = (e⊤
q , ė⊤

q )
⊤ is sufficient for the system
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Fig. 6.7 The closed-loop system according to (6.109)

description, while the definition of (6.108) requires the

state x = (
∫

e⊤
q , e⊤

q , ė⊤
q )

⊤.

The closed-loop dynamics under the control is given

by

H(q)ëref +C(q, q̇)ėref = u+w , (6.109)

where

ëref = ëq + KVėq + KPeq ,

ėref = ėq + KVeq + KP

∫
eq .

If d(t) = 0 and Ĥ = H, Ĉ = C, τ̂g = τg, then w = 0.

Otherwise, the disturbance is defined as

w = H̃(q)q̈ref+ C̃(q, q̇)q̇ref + τ̃g(q)+ d(t) ,

(6.110)

where H̃ = H − Ĥ, C̃ = C − Ĉ, and τ̃g = τ̂g − τg. It

is of particular interest that the system (6.109) defines

a passive mapping between u+w and ėref.

According to the manner in which the auxiliary con-

trol input u is specified, passivity-based control can

achieve stability, robustness, and/or optimality.

6.8.4 A Solution
to Inverse Nonlinear H∞ Control

Let us define the auxiliary control input by the reference-

error feedback

u = −αR−1(x, t)ėref , (6.111)

where α > 1 is arbitrary. Then, the control provides the

inverse nonlinear H∞ optimality.

Theorem 6.1 Inverse Nonlinear H∞ Optimality [6.65]
Let the reference acceleration generation gain matrices

KV and KP satisfy

K2
V > 2KP . (6.112)

Then for a given γ > 0, the reference error feedback

u = −Kėref = −K

(
ėq + KVeq + KP

∫
eq

)

(6.113)

satisfies the L2-gain attenuation requirement for

Q =




K2
PKγ 0 0

0 (K2
V −2KP)Kγ 0

0 0 Kγ


 , (6.114)

R = K−1 , (6.115)

provided that

Kγ = K −
1

γ 2
I > 0 . (6.116)

Given γ , one can set K = α 1
γ 2

I forα > 1. This yields

Kγ = (α−1) 1
γ 2

I.

When the inertia matrix is identified as a diagonal

constant matrix such as Ĥ = diag{m̂i}, one should set
Ĉ = 0. In addition, one can set τ̂g = 0. Then this results

in a decoupled PID control of the form

τi = m̂i

(
q̈d,i + kV,i ėq,i + kP,ieq,i

)

+α
1

γ 2

(
ėq,i + kV,ieq,i + kP,i

∫
eq,i

)

for α > 1, which can be rewritten as

τi = m̂i q̈d,i +

(
m̂ikV,i +α

1

γ 2

)
ėq,i

+

(
m̂ikP,i +α

kV,i

γ 2

)
eq,i +α

kP,i

γ 2

∫
eq,i .

(6.117)

This leads to a PID control with the desired acceleration

feedforward [6.67] given by

τi = m̂i q̈d,i + k∗
V,i ėq,i + k∗

P,ieq,i + k∗
I,i

∫
eq,i ,

(6.118a)

where

k∗
V,i = m̂ikV,i +α

1

γ 2
, (6.118b)

k∗
P,i = m̂ikP,i +α

kV,i

γ 2
, (6.118c)

k∗
I,i = α

kP,i

γ 2
. (6.118d)
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6.9 Digital Implementation

Most controllers introduced in the previous sections are

digitally implemented on microprocessors. In this sec-

tion basic but essential practical issues related to their

computer implementation are discussed. When the con-

troller is implemented on a computer control system,

the analog inputs are read and the outputs are set with

a certain sampling period. This is a drawback compared

to analog implementations, since sampling introduces

time delays into the control loop. Figure 6.8 shows the

overall block diagram of control system with a boxed

digital implementation part. When a digital computer

is used to implement a control law, it is convenient

to divide coding sequence in the interrupt routine into

four process routines, as shown in Fig. 6.9. Reading the

input signal from sensors and writing the control sig-

nal to digital-to-analog (D/A) converters synchronized

at the correct frequency is very important. Therefore,

these processes are located in the first routine. After

saving counter values and extracting D/A values, which

are already calculated one step before, the next rou-

tine produces reference values. Control routines with

filters follow and produce scalar or vector control out-

puts. Finally, the user interface for checking parameter

values is made and will be used for tuning and debug-

ging.

6.9.1 Reference Trajectory Generation

Reference trajectory generation is a starting point and

is used as a target value of control. It is a set of

R (t)
Rk Uk

Yk

Y (t)

Digital implementation

A/D
D/A

hold

Sensor

Actuator
+

–

Controller

C (z)

Plant

P (s)

A/D

Clock

Fig. 6.8 Digital implementation of system control

values referred to the set point in every interrupt of

the control processor and is therefore called the mo-

tion profile. Proper design of this profile is important

because tracking and settling errors are very sensitive

to it, since the target of the practical servo control is

not regulating but tracking. A general trapezoidal shape

profile is simple to calculate and constant current is

required during acceleration and deceleration periods.

However, large jerks occur at both ends of the motion,

resulting in vibration. Large jerks (rapid change in ac-

celeration, and therefore rapid changes in force) could

cause substantial damage to the dynamic systems and in-

duce unwanted vibrations, therefore a smoother profile

is required, although this needs more calculation time.

A simple motion profile using a third-order polynomial

is as follows.

y(t)= a +bt + ct2 +dt3 ,

ẏ(t)= b+2ct +3dt2 ,

ÿ(t)= 2c+6dt .

In practice, the motion profile equations are normalized

and programmed as functions. With the constraints

y(0)= 0 , y(1) = 1 ,

ẏ(0)= 0 , ẏ(1)= 0 ,

the program code takes the form shown in (6.119) when

moving time and distance are normalized. P
a
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Encoder access

D/A, A/D access

Reference
generation

Controller

Digital "lter

Interrupt END

Control_interrupt()

{

Read_Write();

Reference_Generate();

Output_process();

Output_Debug();

}

Interrupt start

Fig. 6.9 The sequence in the interrupt routine for digital

control

y

(
t

T

)
=

[
3

(
t

T

)2

−2

(
t

T

)3
]

S ,

ẏ

(
t

T

)
=

[
6

T

(
t

T

)
−

6

T

(
t

T

)2
]

S ,

ÿ

(
t

T

)
=

[
6

T 2
−
12

T 2

(
t

T

)]
S ,

...
y

(
t

T

)
= −

12

T 3
S , (6.119)

where S is the distance and T is the time for motion.

For high-speed servo systems, the jerk profile is con-

stant during runtime with large changes at start and stop.

This means that high mechanical stiffness is required.

Even though the calculation load increases, either fifth-

or seventh-order polynomial profiles can be designed in

order to satisfy acceleration or jerk constraints.

The motion profile is often saved in read-only mem-

ory (ROM) in the form of a table or located in the

interrupt routine Reference_Generate() in the form of

a function, as shown in Fig. 6.9. In most tracking servo

control problem, a position profile is generated. How-

ever, velocity and acceleration are also calculated in the

interrupt routine in real time to be used as inputs for

the feedforward control. These are able to improve the

tracking performance, and the algorithm is as follows:

Posref = PosTable(pointer)× Distance ;

Velref = Posref − Posref,OLD

Accref = Velref − Velref,OLD

... (6.120)

where Velref and Accref do not mean the real refer-

ence velocity and acceleration, but the reference velocity

scaled by the interrupt time interval and the acceleration

scaled by the square of the interrupt time interval, re-

spectively, for practical use. Also, the limited size of the

registers of a digital signal processor (DSP) or proces-

sor can cause errors due to the loss of significant digits

when the velocity profile is calculated from the position

profile using the simple difference formula in (6.120).

This means that the velocity profile includes a periodic

noise signal. This kind of numerical error creates real

noise in the motion and reduces the performance of the

control system when profiles of velocity, acceleration,

and jerk are used as inputs for the feedforward control

system for high-speed tracking.

Instead of the simple difference in (6.120), numeri-

cal differential equations can be used. Equation (6.121)

shows the first-order backward-difference equations,

which are the simplest form,

ẏk =
yk − yk−1

∆t
,

ÿk =
yk −2yk−1 + yk−2

∆t2
,

...
y k =

yk −3yk−1 +3yk−2 − yk−3

∆t3
. (6.121)

Saving each profiles in the form of a table can be

another good method if the memory is large enough.

The important thing is that the maximum specifi-

cation for the movement of controlled system, such as

speed or acceleration or even jerk, should be considered

in the profile design step. If the profile forces the system

to breach the maximum specification, the possibility for

the system to be driven recklessly is greatly increased

due to missing of encoder pulses.

6.9.2 Z-Transform for Coding

Continuous-time systems are transformed into discrete-

time systems by using the Z-transform. A discrete-time

system is used to obtain a mathematical model that gives

the behavior of a physical process at the sampling points,

although the physical process is still a continuous-time

P
a
rt

A
6
.9



Motion Control 6.10 Learning Control 155

system. A Laplace transform is used for the analysis of

control system in the s-domain. Inmost cases, the design

of controllers and filters are done using tools in the s-

domain. In order to realize those results in program code,

understanding the Z-transform is essential. All con-

trollers and filters designed in the s-domain can be easily

translated to a program code through a Z-transform

because it has the formof digitized difference sequences.

A coding PID controller is used as an example.

In transfer-function form, this controller has the basic

structure

Y (s)

E(s)
= KP +

KI

s
+ sKV . (6.122)

There are several methods for transformation from the

frequency to the discrete domain. For stability conser-

vation, backward Euler and Tustin algorithms are often

used. Though the Tustin algorithm is known as the more

exact one, the backward Euler algorithm is utilized in

the following procedure.

After substituting the backward Euler equation

into (6.122),

s ∼=
z −1

zT

the following discrete form is produced

Y (z)

E(z)
=

α+βz−1 +γ z−2

T (1− z−1)
, (6.123)

where

α = KIT
2 + KPT + KV ,

β = −KPT −2KV ,

γ = KV .

Now, this is rearranged using the difference equation:

T (yk − yk−1)= αek +βek−1 +γek−2 ,

yk = yk−1 +
1

T
(αek +βek−1 +γek−2) ,

yk − yk−1 = +
α

T
ek +

β

T
ek−1 +

γ

T
ek−2 . (6.124)

This can be directly coded in the program as follows:

ek = pk,ref − pk ,

ev
k = vk,ref −vk

= (pk,ref − pk−1,ref)− (pk − pk−1)

= ek − ek−1 ,

sumk = sumk−1 + ek =

k∑

j=0

ek ,

yk = KP,cek + KV,c (ek − ek−1)+ KI,csumk ,

yk − yk−1

= (KP,cek − KP,cek−1)

+[KV,c(ek − ek−1)]− [KV,c(ek−1 − ek−2)]

+ (KI,csumk − KI,csumk−1)

= (KP,c + KV,c + KI,c)ek

− (KP,c +2KV,c)ek−1 + KV,cek−2 , (6.125)

where pk is the present position, vk is the present

velocity, ref means reference, and c means code.

Comparing the parameters in (6.124) and (6.125),

one obtains
α

T
= KP+

KV

T
+ KIT = (KP,c + KV,c + KI,c) ,

β

T
= −KP−

2KV

T
= −(KP,c +2KV,c) ,

γ

T
=

KV

T
= KV,c ,

which shows that there is a relation between the designed

and coded forms of the gains:

KP,c = KP ,

KV,c =
KV

T
,

KI,c = KIT . (6.126)

As the sampling frequency is increased in the same sys-

tem, the coded KV gain should be increased and the

coded KI gain should be decreased. Using this method,

the designed controller can be coded in a DSP or micro-

processor. However, sufficient analysis and simulation

for control algorithms should be performed beforehand

to obtain successful control system performance.

6.10 Learning Control

Since many robotic applications, such as pick-and-place

operations, paintings, and circuit-board assembly, in-

volve repetitive motions, it is natural to consider the use

of data gathered in previous cycles to try to improve the

performance of the manipulator in subsequent cycles.

This is the basic idea of repetitive control or learn-
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ing control. Consider the robot model given in Sect. 6.1

and suppose that one is given a desired joint trajectory

qd(t) on a finite time interval 0 ≤ t ≤ T . The reference

trajectory qd is used in repeated trails of the manipu-

lator, assuming either that the trajectory is periodic,

qd(T ) = qd(0), (repetitive control) or that the robot is

reinitialized to lie on the desired trajectory at the begin-

ning of each trail (learning control). Hereafter, we use

the term learning control to mean either repetitive or

learning control.

6.10.1 Pure P-type Learning Control

Let τk be the input torque during the k-th cycle, which

produces an output qk(t), 0≤ t ≤ Tbnd. Now, let us con-

sider the following set of assumptions:

• Assumption 1: Every trial ends at a fixed time of

duration Tbnd > 0.

• Assumption 2: Repetition of the initial setting is

satisfied.

• Assumption 3: Invariance of the system dynamics is

ensured throughout these repeated trails.

• Assumption 4: Every output qk can be measured and

thus the error signal ∆qk = qk −qd can be utilized

in the construction of the next input τk+1.

• Assumption 5: The dynamics of the robot manipu-

lators is invertible.

The learning control problem is to determine a re-

cursive learning law L

τk+1 = L[τk(t), ∆qk(t)] , 0≤ t ≤ Tbnd , (6.127)

where ∆qk(t) = qk(t)−qd(t), such that ‖∆qk‖ → 0 as

k → ∞ in some suitably defined function norm, ‖ · ‖.
The initial control input can be any control input that pro-

duces a stable output, such as PD control. Such learning

control schemes are attractive because accurate models

of the dynamics need not be known a priori.

Several approaches have been used to generate a suit-

able learning law L and to prove convergence of the

output error. A pure P-type learning law is one of the

form

τk+1(t)= τk(t)−Φ∆qk(t) , (6.128)

and is given this name because the correction term for

the input torque at each iteration is proportional to the

error∆qk. Now let τd be defined by the computed-torque

control, i. e.,

τd(t)= H[qd(t)]q̈d(t)+C[qd(t), q̇d(t)]q̇d(t)

+τg[qd(t)] . (6.129)

One should recall that the function τk actually does not

need to be computed; it is sufficient to know that it exists.

Considering the P-type learning control law, we have

∆τk+1(t)= ∆τk(t)−Φ∆qk(t) , (6.130)

where ∆τk(t)= τk(t)−τd(t), so that

‖∆τk+1(t)‖
2 ≤ ‖∆τk(t)‖

2 −β‖Φ∆qk(t)‖
2

(6.131)

provided there exist positive constant λ and β such that

Tbnd∫

0

e−λt
∆qk

⊤
∆τk(t)dt ≥

1+β

2
‖Φ∆qk(t)‖

2

(6.132)

for all k. It then follows from the inequality above that

∆qk → 0 in the norm sense as k → ∞. Detailed stability

analysis of this control scheme is given in [6.68, 69].

6.10.2 P-Type Learning Control
with a Forgetting Factor

Although pure P-type learning control achieves the de-

sired goal, several strict assumptions may be not valid

in actual implementations, for example, there may be an

initial setting error. Furthermore, there may be small but

nonrepeatable fluctuations of dynamics. Finally, there

may exit a (bounded) measurement noise ξk such that

∆qk(t)+ ξk(t)= [qk(t)+ ξk(t)]−qd(t) . (6.133)

Thus the learning control scheme may fail. In order

to enhance the robustness of P-type learning control,

a forgetting factor is introduced in the form

τk+1(t)= (1−α)τk(t)+ατ0(t)

−Φ[∆qk(t)+ ξk(t)] . (6.134)

The original idea of using a forgetting factor in learning

control originated with [6.70].

It has been rigorously proven that P-type learning

control with a forgetting factor guarantees convergence

to a neighborhood of the desired one of size O(α). More-

over, if the content of a long-term memory is refreshed

after every k trials, where k is of O(1/α), then the

trajectories converge to an ε-neighborhood of the de-

sired control goal. The size of ε is dependent on the

magnitude of the initial setting error, the nonrepeat-

able fluctuations of the dynamics, and the measurement

noise. For a detailed stability investigation, please refer

to [6.71, 72].
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6.10.3 Summary

By applying learning control, the performance of repeti-

tive tasks (such as painting or pick-and-place operation)

is improved by utilizing data gathered in the previous cy-

cles. In this section, two learning control schemes were

introduced. First, pure P-type learning control and its ro-

bustness problem were described. Then P-type learning

control with a forgetting factorwas presented, enhancing

the robustness of learning control.

Further Reading
Rigorous and refined exploration of learning control is

first discussed independently in [6.2, 12].
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