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Undecidability in interval logics: the initial shock

Theorem. The validity in HS, in the non-strict semantics, over any
class of ordered structures containing at least one with an infinitely
ascending sequence is r.e.-hard.

J. Halpern and Y. Shoham, A Propositional Modal Logic of Time
Intervals, Journal of the ACM, 38:279–292, 1991

Thus, in particular, HS is undecidable over the classes of all
(non-strict) linear models, all discrete models, all dense models, N,
Z, Q, R, etc.

Proof idea: reduction from the non-halting problem for Turing
machines to testing satisfiability in HS.



First undecidability results for interval logics Undecidability of the interval logics via tiling

Undecidability in interval logics: the initial shock

Theorem. The validity in HS, in the non-strict semantics, over any
class of ordered structures containing at least one with an infinitely
ascending sequence is r.e.-hard.

J. Halpern and Y. Shoham, A Propositional Modal Logic of Time
Intervals, Journal of the ACM, 38:279–292, 1991

Thus, in particular, HS is undecidable over the classes of all
(non-strict) linear models, all discrete models, all dense models, N,
Z, Q, R, etc.

Proof idea: reduction from the non-halting problem for Turing
machines to testing satisfiability in HS.



First undecidability results for interval logics Undecidability of the interval logics via tiling

Undecidability in interval logics: the initial shock

Theorem. The validity in HS, in the non-strict semantics, over any
class of ordered structures containing at least one with an infinitely
ascending sequence is r.e.-hard.

J. Halpern and Y. Shoham, A Propositional Modal Logic of Time
Intervals, Journal of the ACM, 38:279–292, 1991

Thus, in particular, HS is undecidable over the classes of all
(non-strict) linear models, all discrete models, all dense models, N,
Z, Q, R, etc.

Proof idea: reduction from the non-halting problem for Turing
machines to testing satisfiability in HS.



First undecidability results for interval logics Undecidability of the interval logics via tiling

Undecidability in interval logics: it can be even worse...

Theorem. The validity in HS over any class of Dedekind-complete
ordered structures containing at least one with an infinitely
ascending sequence is Π1

1-hard.

In particular, the validity in HS over any of the orderings of the
natural numbers, integers, or reals is not recursively axiomatizable.

Proof idea: reduction from the problem of existence of a
computation of a given non-deterministic Turing machine that
enters the start state infinitely often to testing satisfiability in HS.
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Undecidability in interval logics: ... and worse

Undecidability occurs even without existence of infinitely ascending
sequences. A class of ordered structures has unboundedly
ascending sequences if for every n there is a structure in the class
with an ascending sequence of length at least n.

Theorem. The validity problem in HS interpreted over any class of
Dedekind-complete ordered structures having unboundedly
ascending sequences is co-r.e. hard.

In particular, satisfiability of HS formulae in the finite is r.e. hard.

Proof idea: reduction from the halting problem for Turing
machines to testing satisfiability in HS.
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Some details of Halpern-Shoham’s reduction

Main ingredients for the reduction from the non-halting problem
for Turing machines to testing satisfiability in HS.

Fix a Turing machine M = 〈{0, 1},Q, q0, qf , δ〉.

Atomic propositions:
L = {0, 1, ∗,#, corr , (q, 0), (q, 1), (q,B) : q ∈ Q}

Truth in all future intervals: [F ]φ := [A]φ ∧ [L]φ

Truth at the beginning/end of the current interval:

[[BP]]φ := [B](π → φ); [[EP]]φ := [E ](π → φ)
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Reduction from the halting problem - 1

Every cell on the tape represented by an interval satisfying

cell(l) := [[BP]]# ∧ [[EP]]# ∧ [D]l ∧ 〈D〉l

for some l ∈ L with l 6= #

cell :=
∨

l∈L, l 6=#

cell(l)

Every computation of M is a sequence of configurations:

∗ID1 ∗ ∗ID2 ∗ ∗ID3 ∗ ∗ . . .

Every ID is a sequence of cells, represented by an interval satisfying

ID := 〈B〉cell(∗) ∧ 〈E 〉cell(∗) ∧ 〈D〉cell ∧ ¬〈D〉cell(∗)
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Reduction from the halting problem - 2

Starting/Final configurations:
startID := ID∧〈D〉(cell((q0, 0))∨cell((q0, 1))∨cell((q0,B)))

finalID := ID∧〈D〉(cell((qf , 0))∨cell((qf , 1))∨cell((qf ,B)))
where (q, a) means that the content of the cell is a, that the head
is pointing at the cell, and that M is in state q.

The following formula force the existence of an infinite sequence of
IDs or a finite one ending with a final ID:
IDsequence := [F ]((ID ∧ ¬finalID)→ 〈a〉ID)

In order to ensure that any such sequence matches the transition
relation δ, the atomic proposition corr is used, which is true of an
interval iff it starts and ends with cells that are corresponding in
two consecutive IDs.
Describing corr properly is the most ingenious and expressiveness
demanding part of the reduction.
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Reduction from the halting problem - 3

Some of the conditions that must be imposed on corr:

• an interval over which corr is true starts and ends with a cell:
cellRule := corr→ (〈B〉cell ∧ 〈E 〉cell)

• one corr interval may not properly contain another one:
notContainscorr := corr→
(¬〈B〉corr ∧ ¬〈D〉corr ∧ ¬〈E 〉corr)

In the long run, the formula computation is defined, which is true
of an interval iff it encodes a legitimate computation of M.

Now, non-halting is expressed by

NoHalt := computation ∧ [F ]¬ finalID.

Hence, the reduction from non-halting of M to SAT(NoHalt).

For the satisfiability of NoHalt, any interval structure with an
infinite ascending chain suffices.
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Reduction from the halting problem - 4

Note, that halting cannot be expressed by

computation ∧ 〈F 〉 finalID.

because there may be non-standard models, e.g. on dense orders.

Such non-standard models can be eliminated on Dedekind
complete orders by using the formula

NoTelescope := ¬〈B〉[E ]〈D〉cell.

Eventually, the halting problem for M is reduced to satisfiability of

Halt := computation ∧ standard ∧ 〈B〉startID ∧ 〈E 〉finalID,

where standard is a formula ensuring that any interval starting
and ending with IDs can be subdivided into a finite number of IDs.

On Dedekind complete structures one can also express the property
of a computation to visit infinitely often its starting state.
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Sharpening the undecidability: first results

An inspection of the formulae in the construction shows that any
of the fragments ABE and ABE suffices for these reductions.

Halpern and Shoham raised, inter alia, the questions of the
decidability of BE and of DD.

By refining Halpern and Shoham’s reduction, Lodaya proved in
2000 the following:

Theorem. The BE -fragment of HS is undecidable over the classes
of dense linear interval structures, and consequently, over all linear
interval structures.

K. Lodaya, Sharpening the Undecidability of Interval Temporal Logic,
ASIAN 2000

Corollary. The Chop logic C is undecidable over the classes of all
(dense) linear interval structures.

Lodaya shows that the construction can be carried out on the
ordinal ω2, and even on ω + 1.
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More recent undecidability results
Bresolin, Della Monica, Goranko, Montanari, Sciavicco 2007-2010.
The following fragments of HS (and all their extensions) have
undecidable satisfiability problems on any class of interval
structures containing a structure with infinitely ascending, resp.,
infinitely descending, sequence of points:

• BE , BE , BE ;

• all proper (more expressive) extensions of any of AA, AD∗,
and AD∗, where D∗ ∈ {D,D,D<,D<};

• O and O.

In 2011, Marcinkowski and Michaliszyn showed undecidability of D
over the classes of finite and discrete linear orderings.

J. Marcinkowski and J. Michaliszyn, The Ultimate Undecidability Result
for the Halpern-Shoham Logic, LICS 2011
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Undecidability via tiling of the Compass Logic

Compass Logic [Venema’90]: a two-dimensional temporal logic,
that is, a multi-modal logic interpreted on abstract planes being
products of two linear orders, with modal operators for each of the
4 geographic directions.

Marx and Reynolds [JLC’97] proved undecidability of Compass
Logic by an ingenious encoding of the tiling problem for N× N
into it.

By means of the geometric interpretation of interval structures, HS
can be embedded into Compass Logic, and the above encoding can
be (non-trivially) modified to be carried out in HS; however, it
requires its full expressiveness.

Thus, other ideas and more refined encodings of tiling problems
were needed for undecidability results on fragments of HS.



First undecidability results for interval logics Undecidability of the interval logics via tiling

Undecidability via tiling of the Compass Logic

Compass Logic [Venema’90]: a two-dimensional temporal logic,
that is, a multi-modal logic interpreted on abstract planes being
products of two linear orders, with modal operators for each of the
4 geographic directions.

Marx and Reynolds [JLC’97] proved undecidability of Compass
Logic by an ingenious encoding of the tiling problem for N× N
into it.

By means of the geometric interpretation of interval structures, HS
can be embedded into Compass Logic, and the above encoding can
be (non-trivially) modified to be carried out in HS; however, it
requires its full expressiveness.

Thus, other ideas and more refined encodings of tiling problems
were needed for undecidability results on fragments of HS.



First undecidability results for interval logics Undecidability of the interval logics via tiling

Undecidability via tiling of the Compass Logic

Compass Logic [Venema’90]: a two-dimensional temporal logic,
that is, a multi-modal logic interpreted on abstract planes being
products of two linear orders, with modal operators for each of the
4 geographic directions.

Marx and Reynolds [JLC’97] proved undecidability of Compass
Logic by an ingenious encoding of the tiling problem for N× N
into it.

By means of the geometric interpretation of interval structures, HS
can be embedded into Compass Logic, and the above encoding can
be (non-trivially) modified to be carried out in HS; however, it
requires its full expressiveness.

Thus, other ideas and more refined encodings of tiling problems
were needed for undecidability results on fragments of HS.



First undecidability results for interval logics Undecidability of the interval logics via tiling

Undecidability via tiling of the Compass Logic

Compass Logic [Venema’90]: a two-dimensional temporal logic,
that is, a multi-modal logic interpreted on abstract planes being
products of two linear orders, with modal operators for each of the
4 geographic directions.

Marx and Reynolds [JLC’97] proved undecidability of Compass
Logic by an ingenious encoding of the tiling problem for N× N
into it.

By means of the geometric interpretation of interval structures, HS
can be embedded into Compass Logic, and the above encoding can
be (non-trivially) modified to be carried out in HS; however, it
requires its full expressiveness.

Thus, other ideas and more refined encodings of tiling problems
were needed for undecidability results on fragments of HS.



First undecidability results for interval logics Undecidability of the interval logics via tiling

Undecidability via tiling of the Compass Logic

Compass Logic [Venema’90]: a two-dimensional temporal logic,
that is, a multi-modal logic interpreted on abstract planes being
products of two linear orders, with modal operators for each of the
4 geographic directions.

Marx and Reynolds [JLC’97] proved undecidability of Compass
Logic by an ingenious encoding of the tiling problem for N× N
into it.

By means of the geometric interpretation of interval structures, HS
can be embedded into Compass Logic, and the above encoding can
be (non-trivially) modified to be carried out in HS; however, it
requires its full expressiveness.

Thus, other ideas and more refined encodings of tiling problems
were needed for undecidability results on fragments of HS.



First undecidability results for interval logics Undecidability of the interval logics via tiling

The Octant Tiling Problem

This is the problem of establishing whether a given finite set of tile
types T = {t1, . . . , tk} can tile the 2nd octant of the integer plane:

O = {(i , j) : i , j ∈ N ∧ 0 ≤ i ≤ j},

while respecting the color constraints.

Proposition. The Octant Tiling Problem is undecidable.

Proof: by reduction from the tiling problem for N× N, using
König’s Lemma.



First undecidability results for interval logics Undecidability of the interval logics via tiling

The Octant Tiling Problem

This is the problem of establishing whether a given finite set of tile
types T = {t1, . . . , tk} can tile the 2nd octant of the integer plane:

O = {(i , j) : i , j ∈ N ∧ 0 ≤ i ≤ j},

while respecting the color constraints.

Proposition. The Octant Tiling Problem is undecidable.

Proof: by reduction from the tiling problem for N× N, using
König’s Lemma.



First undecidability results for interval logics Undecidability of the interval logics via tiling

The Octant Tiling Problem

This is the problem of establishing whether a given finite set of tile
types T = {t1, . . . , tk} can tile the 2nd octant of the integer plane:

O = {(i , j) : i , j ∈ N ∧ 0 ≤ i ≤ j},

while respecting the color constraints.

Proposition. The Octant Tiling Problem is undecidable.

Proof: by reduction from the tiling problem for N× N, using
König’s Lemma.



First undecidability results for interval logics Undecidability of the interval logics via tiling

The Octant Tiling Problem

This is the problem of establishing whether a given finite set of tile
types T = {t1, . . . , tk} can tile the 2nd octant of the integer plane:

O = {(i , j) : i , j ∈ N ∧ 0 ≤ i ≤ j},

while respecting the color constraints.

Proposition. The Octant Tiling Problem is undecidable.

Proof: by reduction from the tiling problem for N× N, using
König’s Lemma.



First undecidability results for interval logics Undecidability of the interval logics via tiling

The Octant Tiling Problem

This is the problem of establishing whether a given finite set of tile
types T = {t1, . . . , tk} can tile the 2nd octant of the integer plane:

O = {(i , j) : i , j ∈ N ∧ 0 ≤ i ≤ j},

while respecting the color constraints.

Proposition. The Octant Tiling Problem is undecidable.

Proof: by reduction from the tiling problem for N× N, using
König’s Lemma.



First undecidability results for interval logics Undecidability of the interval logics via tiling

Undecidability of interval logics via tiling: generic
construction - 1

Given a finite set of tiles, we consider a signature containing, inter
alia, special propositional letters u, tile, Id, t1, . . . , tk, cbb, cbe,
ceb, corr, and possibly others. The letters ti represent the tiles.

We set our tiling framework by forcing the existence of a (usually
unique) infinite chain of unit-intervals (u-intervals) on the linear
order, which covers an initial segment of the interval model.

Unit intervals are used to place tiles and delimiting symbols.

Then, ID-intervals are introduced to represent the layers of tiles.
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Undecidability of interval logics via tiling: generic
construction - 3

Each ID-interval must have the right number of tiles, and they
must match horizontally: the Right-Neighbor relation.

The most challenging part usually is to ensure that the consecutive
ID-intervals match vertically: the Above-Neighbor relation.

For that, we use several auxiliary propositional letters to refine and
implement the idea of corr: cbb for matching the beginning point
of a tile to the beginning point of the corresponding tile above;
cbe, for matching beginning point with ending point above, and
ceb for matching ending point with a beginning point above.
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Undecidability of interval logics via tiling: generic
construction - 5

Eventually, we encode the given Octant tiling problem by
specifying the matching conditions between adjacent tiles.

The specific part of the construction is to use the given fragment
of HS to set the chain of unit intervals and to express all necessary
properties of IDs, the propositional letters for correspondence
intervals, and the tile matching conditions.

For instance, using modality A, matching conditions can be
expressed as follows (where [F ]p := [A]p ∧ [A][A]p):

[F ]((tile ∧ 〈A〉tile)→
∨

right(ti )=left(tj )

(ti ∧ 〈A〉tj)),

[F ](〈A〉tile→
∨

up(ti )=down(tj )

(〈A〉ti ∧ 〈A〉(cbb ∧ 〈A〉tj)))
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Undecidability of O over discrete structures

In the long run, for every finite set of tiles T , we build a formula
φT ∈ O such that

φT is satisfiable in a discrete linear ordering

iff

T can tile the 2nd octant.

Theorem. The satisfiability problem for the logic O (resp., O) is
undecidable over any class of discrete linear orderings that contains
at least one linear ordering with an infinite ascending (resp.,
descending) sequence.

D. Bresolin, D. Della Monica, V. Goranko, A. Montanari, and G.
Sciavicco, Undecidability of the Logic of Overlap Relation over Discrete
Linear Orderings, Electronic Notes in Theoretical Computer Science
(Proceedings of the 6th Workshop on Methods for Modalities - M4M 6,
2009), 262:65–81, 2010
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Summary

• Interval logics are generally undecidable, even under very weak
assumptions.

• In particular, most fragments of HS (current statistics: over
90%) on most natural classes of interval structures have been
proved undecidable.

• Not all results transfer (easily) to the strict semantics, and
between dense, (weakly) discrete, and general classes of
interval structures.

• There are still a very few unknown cases, the most challenging
one being D.
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