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Matricola IN000438

New Optimal Algorithms on Pointer Machines

Relatore R. Giacobazzi
Co-Relatori A. Dovier

E. Pontelli
D. Ranjan

ANNO ACCADEMICO 2001-2002

Verona, 10 Luglio 2002



2



Contents

1 Introduction 7

2 Pointer Machines 11

2.1 Introduction to Pointer Machines . . . . . . . . . . . . . . . . . . . . . . . . 11

2.1.1 Kolmogorov-Uspenskii Machines . . . . . . . . . . . . . . . . . . . . 12

2.1.2 Storage Modification Machines . . . . . . . . . . . . . . . . . . . . . 12

2.1.3 Knuth’s Linking Automaton . . . . . . . . . . . . . . . . . . . . . . . 13

2.1.4 Generalized Atomistic Pointer Machines . . . . . . . . . . . . . . . . 13

2.1.5 Jones’ I Language . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.2 Complexity of Pointer Algorithms . . . . . . . . . . . . . . . . . . . . . . . 14

2.3 Pure Pointer Machines . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.4 Parallel Pointer Machines . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.5 An Example of Pointer Algorithm . . . . . . . . . . . . . . . . . . . . . . . 17

3 The OP-Problem 19

3.1 Introduction to the OP-Problem . . . . . . . . . . . . . . . . . . . . . . . . 19

3.2 Applications to Parallel Logic Programming . . . . . . . . . . . . . . . . . . 20

3.3 Formal Definition of the Problem . . . . . . . . . . . . . . . . . . . . . . . . 22

3.4 Lower Bound Time complexity . . . . . . . . . . . . . . . . . . . . . . . . . 23

3.5 Existing Solutions to OP-Problem . . . . . . . . . . . . . . . . . . . . . . . 24

3.6 Our Solution to OP-Problem . . . . . . . . . . . . . . . . . . . . . . . . . . 24

3.6.1 A Gist of the Solution . . . . . . . . . . . . . . . . . . . . . . . . . . 25

3.6.2 Auxiliary Data Structures . . . . . . . . . . . . . . . . . . . . . . . . 25

3.6.3 The expand Operation . . . . . . . . . . . . . . . . . . . . . . . . . . 25

3.6.4 The dereference Operation . . . . . . . . . . . . . . . . . . . . . . . . 27

3.6.5 Relaxing the Restrictions . . . . . . . . . . . . . . . . . . . . . . . . 28

3



4 CONTENTS

3.7 OP-Problem on Pointer Machines . . . . . . . . . . . . . . . . . . . . . . . . 28

3.8 OP-Problem on Pure Pointer Machines . . . . . . . . . . . . . . . . . . . . . 29

3.9 Handling Multiple Occurrences . . . . . . . . . . . . . . . . . . . . . . . . . 29

3.9.1 Motivations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

3.9.2 A Simple Solution . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

3.10 Our O(lg n) Solution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

3.10.1 The expand operation . . . . . . . . . . . . . . . . . . . . . . . . . . 33

3.10.2 Attributes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

3.10.3 The dereference operation . . . . . . . . . . . . . . . . . . . . . . . . 34

3.10.4 Correctness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

4 The nca Problem 39

4.1 Introduction to the nca Problem . . . . . . . . . . . . . . . . . . . . . . . . 39

4.2 Our Solution to the nca Problem . . . . . . . . . . . . . . . . . . . . . . . . 40

4.3 A compression scheme for trees . . . . . . . . . . . . . . . . . . . . . . . . . 41

4.3.1 The H-Tree . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

4.3.2 Answering ncas Using H-Trees . . . . . . . . . . . . . . . . . . . . . 44

4.4 An Algorithm for Static nca Queries . . . . . . . . . . . . . . . . . . . . . . 45

4.5 Applications of Optimal nca Algorithm . . . . . . . . . . . . . . . . . . . . . 49

4.6 An Algorithm for Dynamic nca Queries . . . . . . . . . . . . . . . . . . . . 50

4.6.1 The nca∗ algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

4.6.2 The ncaS algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

4.6.3 Handling deletions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

4.7 From Sequential to Parallel . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

4.8 A Parallel Compression Scheme for Trees . . . . . . . . . . . . . . . . . . . 56

4.9 An Algorithm for Parallel nca . . . . . . . . . . . . . . . . . . . . . . . . . 56

4.9.1 The H-Tree . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

4.9.2 Answering Parallel nca Queries Using H-Trees . . . . . . . . . . . . 62

4.10 Parallel nca Algorithms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

4.11 nca : Pointer Machines vs PPMs . . . . . . . . . . . . . . . . . . . . . . . . 63

5 Implementation Details 67

5.1 An O(lg n) PPM Solution for nca . . . . . . . . . . . . . . . . . . . . . . . 67

5.2 Predecessors List . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67



CONTENTS 5

5.2.1 Creating the p-lists . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

5.2.2 Updating the Directional Fields . . . . . . . . . . . . . . . . . . . . . 68

5.3 Computing the nca . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

5.4 A Parallel Algorithm For The TP Problem . . . . . . . . . . . . . . . . . . 73

6 Conclusions 77



6 CONTENTS



Chapter 1

Introduction

In this thesis we study the lower bound complexity of two data structural problems arising
in Computer Science and new methods matching that lower bounds as well. This thesis
presents a collection of new optimal Pointer Machine algorithms for the resolution of the
Or-Parallelism Problem (OP-Problem) and the Nearest Common Ancestor Problem (nca

Problem). Those problems have been intensively studied in the past with computational
models like the Random Access Machines and already optimal algorithms have been dis-
covered. Even though RAM is the most commonly used reference model in studies of
complexity of sequential algorithms, the Pointer Machine models have received increasing
attention as viable model to study complexity of algorithms. The Pointer Machine model is
particularly advantageous for complexity studies involving finer level of details [56]. Many
lower bound results have been developed using the Pointer Machine model [6, 35, 56].
Moreover, the näıve translation of the existing RAM algorithms or more refined versions so
far proposed does not match the optimal running time. The most obvious question would
be about the reason that lead us to research for new algorithms with this new model. To
answer this question we need to briefly describe the Pointer Machine models.

The Pointer Machine model is a computational model that provides a good base for
modelling implementation of linked data structures, like trees and lists. It is simpler than
other commonly used models, thus making it more suitable for analysis of lower bounds
of time complexity [6, 35, 47, 56]. A simple formalization can be outlined describing the
memory as a collection of records. Each record can point to other records or store some
kind of alphabet. The only way to reach a specific record is following the path (performing
repeated memory accesses) between a given entry point and the desired record. The Pointer
Machine model is a restricted version of a RAM: the relevant difference is that there is no
direct access to the memory. This limitation suggests that a simple operation will cost more
in terms of memory accesses.

Later we will also refer to the Pure Pointer Machine (PPM) model, which applies another
restriction to the Pointer Machine model: there is no support for the representation or
management of numbers. Every number or arithmetic operation has to be coded and, thus,

7



8 CHAPTER 1. INTRODUCTION

to be accounted for while analyzing the computational costs. RAM commonly hides the
actual cost of arithmetic operations, by allowing operations on numbers of size up to lg n

(n being the size of the input to the problem) to be treated as constant time operations
(uniform cost assumption). Pure Pointer Machines instead make these (relevant) costs
explicit. Indeed, one of the major characteristics of PPMs is the lack of arithmetic. Numbers
have to be explicitly represented, e.g., as linked lists of bits. This is realistic in the sense
that, for arbitrarily large problems requiring arithmetic operations, the time to perform
each arithmetic operation will be a function of the size of the problem. Note that the PPM
model is close to the Turing Machine model with respect to the fact that the complexity
of the arithmetic operations has to be accounted for while analyzing the complexity of an
algorithm.

In this framework we decided to study new optimal algorithms for the OP-Problem and
nca Problem. The first problem arises in the development of a parallel implementation
of non-deterministic programming languages and systems (e.g., logic programming, con-
straint programming, search-based AI systems). The most important issue is the dynamic
management of the binding environments — i.e., the ability to associate with each parallel
computation the correct set of bindings/values representing the solution generated by that
particular branch of the non-deterministic computation. The problem has been abstracted
and formally studied previously [25, 42], but to date only relatively inefficient data struc-
tures [26, 41, 42] have been developed to solve it. Intuitively this problem can be imagined
as a tree problem where some nodes are marked and a query can be described as finding
the lowest marked ancestor of a given node.

In [41, 42] it was proved that the problem has a lower bound time complexity of O(lg n)
per operation on Pointer Machines where n is the number of nodes in the dynamic tree. A
new data structure that allows the problem to be solved with a worst-case time complexity
O( 3
√

n) per operation was also presented there. This was a significant improvement over
the solutions used in the implementations of or-parallel logic and constraint programming
systems, as well as binding management in object-oriented systems, which typically incur
a worst-case cost of Ω(n) per operation.

We provide an efficient and simple solution to the OP-Problem. This solution relies on the
use of simple data structures (AVL trees and generalized linked lists) and has a worst-case
time complexity O(lg n) per operation on both RAM and Pointer Machines (with unit-
cost arithmetic), where n is the number of nodes in the tree. In particular, in the case of
Pointer Machines this data structure is optimal. We also show how the data structure can
be used to provide a O(lg2 n) solution on Pure Pointer Machines. By reducing the worst-
case time complexity from polynomial to polylog, these solutions provide an exponential
improvement over the previous best-known solutions (e.g., the Θ̃( 3

√
n) solution presented

in [42]) to the problem. In addition, the solution provides further indication that the
existing data structures adopted to solve this problem in practice (e.g., concurrent logic
and constraint programming systems) are not optimal and can be improved. We also
propose a generalization of the problem to handle multiple occurrences of attributes along
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each branch of the tree. This generalization is necessary when the OP-Problem is used to
model the type of search arising in the context of Object Oriented Systems supporting late
binding [41]. In this thesis we show that even this generalized problem can be solved with
the same time complexity (O(lg n) per operation).

We briefly describe the second problem studied in this thesis. The nca is a structural
problem, where given a tree and two nodes in it, one may be asked to find the lowest node
which is parent of both given nodes. For this problem we consider the static case where
we suppose the original tree is known in advance as well as queries. We analyze then the
dynamic case, where the tree is built during the running time and queries can be asked
at any time. Finally we move on the parallel static case (which can be easily extended
to the parallel dynamic case), where the tree is known and many processors can elaborate
simultaneously the information. To achieve our results we map the problem on a generic
tree in a log n depth tree problem, where n is the number of nodes in the original tree. We
show that the mapping preserves the needed information: it is possible to answer a query
using the result of an nca query over the second tree. This second task has already been
shown in [44]. We recall how to compute efficiently an answer on Pointer Machines if a
log n depth tree is provided. Hence, our aim is to find the appropriate mapping obtained
with a tree compression scheme and how to compute the answer on the original tree.

We present a simple, arithmetic-free, efficient scheme to compress trees maintaining the
nca information. We use this compression scheme to provide an O(n + q lg lg n) solution
for solving the nca problem on Pure Pointer Machines in both the static and dynamic case,
where n is the number of add-leaf/delete operations and q is the number of nca queries. This
solution is optimal. Using the nca result, we also provide improved and/or optimal solutions
to several other problems including the generalized linked list order maintenance problem
on PPMs. Moreover, our nca algorithm has the same complexity as an optimal solution
for the problem on Pointer Machines that do allow constant-time arithmetic operations [2].
Hence, our result shows that use of arithmetic is not essential for solving the nca problem
optimally. This is pleasing because intuitively nca is a structural and not an arithmetic
problem.

We also present an efficient parallel compression scheme for trees. This algorithm requires
O(lg n) parallel time and O(n) processors for pre-processing where n is the number of
nodes in the tree. Thereafter, it can answer any nca query in O(lg lg n) time using a single
processor. To our knowledge, this is the best known Parallel Pointer Machine algorithm for
the nca problem. Our nca algorithm requires an efficient parallel solution of the temporal
precedence problem [47]. We provide an efficient Parallel Pointer Machine algorithm to
solve this problem as well.

Interestingly, we show for the nca problem that any optimal Pointer Machine algorithm
can be translated in a PPM algorithm without incurring any penalty in the running time.

This thesis is organized as follows: Chapter 2 presents an excursus over the Pointer
Machine model. Section 2.1 briefly describes the Pointer Machine model and how it com-
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pares to other models of computation. Section 2.2 recalls how to analyze the complexity
of a Pointer Algorithm. In Sections 2.3 and 2.4 the models of Pointer Machine (Pure and
Parallel, respectively) here assumed are defined.

Chapter 3 presents the OP-Problem: Sections 3.1 and 3.2 introduce the problem. In
Section 3.3 it is given a formal definition of this problem. Section 3.4 presents the already
proved lower bounds. In Section 3.5 we revise the known solutions to this problem. In
Section 3.6 is presented our first solution to the problem. Sections 3.7 and 3.8 show the
complexity of the solution presented above assuming the Pointer Machine and PPM com-
putational models. Section 3.9 introduces the multiple label occurrences extension to the
OP-Problem. Finally, in Section 3.10 we provide our optimal solution for the extended
problem.

Chapter 4 presents the nca Problem: Section 4.1 introduces this problem and describes
the state of the art. Section 4.2 describes our solution and the results we achieved. Sec-
tion 4.3 presents the novel compression scheme for trees and how it can be used for nca

calculations. Section 4.4 describes the optimal nca algorithm for the static case. Section 4.5
describes some applications of an optimal nca algorithm. Section 4.6 describes the optimal
nca algorithm for the dynamic case. The dynamic algorithm presented assumes that the
tree is modified using only add-leaf and delete operations although the extension to allow
link operations is straightforward. In Section 4.7 we introduce the parallel version of the
problem and discussing why straightforward parallelizations of the compression scheme fail.
In Section 4.8 we present our parallel compression scheme and in Section 4.9 we finally
describe our parallel algorithm. We prove that our algorithm works correctly and that it
requires O(lg n) parallel time. In Section 4.10 we compare and contrast our algorithm with
other parallel nca algorithms. We conclude this Chapter with an interesting result presented
in Section 4.11 : we prove that any optimal Pointer Machine algorithm for the nca problem
using arithmetic can be translated to a PPM algorithm without incurring any penalty in
the running time.

In Chapter 5 we provide some implementation details: in Section 5.1 and followings we
explain how to efficiently solve the nca Problem on a PPM. Our nca algorithm requires an
efficient parallel solution of the temporal precedence problem [47]. In Section 5.4 we present
a parallel version of the Temporal Precedence Problem. To our knowledge, this is the first
proposed solution to this problem.

In Chapter 6 we conclude this thesis and summarize the work presented.



Chapter 2

Pointer Machines

2.1 Introduction to Pointer Machines

Abstract machines were introduced in Computer Science to formalize the intuitive notion
of algorithm. The most popular examples of such models are the Turing Machine and the
RAM [59, 61]. Usually these machines make use of media for input and output, conven-
tionally described as tapes on which symbols from a finite alphabet Σ are written. Thus,
algorithms defined over these models compute functions from Σ∗ to Σ∗. It is possible to
compare the power of various models by comparing the complexity of the same problem
implemented on different machines or comparing the complexity of simulating one model
by another.

The differences between the models are usually the storage structure used and the set of
operations available to form a program. It is often desired that the internal operations of a
machine have a discrete nature as argued by Kolmogorov and Uspenskii [34]:

The mathematical notion of Algorithm has to preserve two properties...

1. The computational operations are carried out in discrete steps, where every
step uses a bounded part of the result of all preceding operations.

2. The unboundedness of memory is only quantitative: i.e. we allow an un-
bounded number of elements to be accumulated, but they are drawn from
a finite set of types, and the relations that connect them have limited com-
plexity.

Schönhage referred in [52] to abstract machines that have these properties as atomistic.

The form of storage suggested by Kolmogorov and Uspenskii, as well as by Schönhage,
is a collection of nodes that are interconnected by pointers. All machine models that have
this type of storage structure can be described as atomistic Pointer Machines. All models
of Pointer Machines share the common characteristic of disallowing indexing into an array
(i.e., pointer arithmetic), as opposed to RAM models.

11



12 CHAPTER 2. POINTER MACHINES

2.1.1 Kolmogorov-Uspenskii Machines

The Kolmogorov-Uspenskii model (KUM) [34] represents storage as an undirected finite
graph (see Figure 2.1), in which every edge has a label chosen from a finite set and edges
incident to the same node must have different labels. This implies a finite bound on the
degree of the graph. At any moment during the computation, one node is designated as
the active node. The neighborhood of the active node, defined by some fixed radius, is
called the active zone. In the original formulation, each step of the machine consists of
applying a fixed transformation that maps every possible form of the active zone into a
subgraph that has the same boundary. For example, the active zone can be contracted,
with the effect that nodes that were previously too far are pulled inside for inspection. A
more conventional programming formulation, which serves to bring this model under the
common framework described above, defines a program to be a sequence of instructions
that include the following types: input, output, unconditional and conditional branch, and
storage modification. The conditional branch instruction specifies two strings of labels, not
longer than the radius of the active zone; the destination of the branch is determined by
whether the two paths starting at the active node, and specified by the given labels, lead
to the same node. A storage modification instruction can add a node, remove one, add or
remove an edge.

a

a

b

c

d

a

labels={a,b,c,d}

active node

node

node in active zone
(radius = 1)

Figure 2.1: An Example of Storage on KUMs

2.1.2 Storage Modification Machines

The Storage Modification Machines (SMM) model, introduced by Schönhage, differs from
the KUM by representing storage as a directed finite graph (see Figure 2.2); apart from that
the description in the last paragraph applies. Schönhage did not include the requirement
of a fixed radius for the active zone, but mentioned that this change may give a “more
precise and realistic” measure of running time. In contrast with KUMs, here the finite size
of the set of labels only restricts the out-degree of nodes; an unbounded number of pointers
may lead to a single node. Observe that using a set of two distinct labels, i.e. nodes of
out-degree two, any algorithm using a larger out-degree can be simulated with at most a
constant factor loss in running time as well as in the number of nodes in storage. This is
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true for both the SMM and the KUM.

a

a

a

c

b

a

labels={a,b,c}

active node

node

b

Figure 2.2: An Example of Storage on SMMs

2.1.3 Knuth’s Linking Automaton

The Linking Automaton (KLA) was defined by Knuth [33] as a model that may help to
understand better the capabilities of algorithms that operate on linked structures. It is
defined the same as the SMM except that every node has, in addition to the fixed number
of out-going pointers, also a fixed number of value fields. Each value field stores one symbol
out of a given alphabet (see Figure 2.3 for an example). The program has the capabilities
of moving symbols around and of comparing value fields for equality of contents.

labels = {a,b,c}

active node

node

0 1 1

Outpointers:

Value fields:

Σ = { 0 , 1 }

Figure 2.3: An Example of Data Structure for a Node in KLAs

2.1.4 Generalized Atomistic Pointer Machines

Shvachko [53] suggested to study machines which operate on graphs, under different spec-
ifications of the class of allowable graphs. He mentions the KUM and SMM as particular
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examples, where the former is obtained by selecting undirected graphs of bounded degree
and the latter by selecting directed graphs of bounded out-degree. In addition to these
models, he considers “tree pointer machines”. These are naturally obtained by restrict-
ing the graphs to be bounded-degree trees. We remark that Shvachko applies the original
programming style of Kolmogorov and Uspenskii for all the models he considers.

2.1.5 Jones’ I Language

An interesting observation on the “abstract machine” way of formalizing algorithms, is
that once a programming language is defined, with proper semantics and cost functions
(to evaluate complexity), a computational model has been fully specified. In a model thus
obtained, the notion of algorithm is identified with that of a program and not of machine.

Jones [32] took this approach, and presented two programming languages, I and Isu, that
can be used as general computational models. He used denotational semantics; however,
the natural choice of a model for operational semantics is, in the case of Isu, an SMM of
out-degree two. This makes the Isu model a programming-oriented alternative to the SMM.
It only differs by the restriction of the out-degree (which could be easily relaxed), and the
fact that the Isu language is structured, while the SMM is programmed using gotos.

The I language is a restricted version of Isu: in this language, the destination of a pointer
may only be set when the node it emanates from is created. In programming terms, it has a
cons instruction but not a setcar or rplaca instruction (according to LISP dialects). This
results in the memory graph being always acyclic. It is widely believed that this makes the
model weaker in an asymptotic sense, a conjecture that has not yet been proved.

2.2 Complexity of Pointer Algorithms

In the study of Pointer Algorithms, problems we are interested in may be generally described
as data-structure problems. A common representation for such structures is a directed graph,
implemented as a network of records in memory with edges represented by pointers from
one record to another. We assume that our data structure is the one of the above kind,
without entering in implementation details. The complexity of performing data-structure
operations is measured by the number of modifications or accesses to the graph. Thus we
define the class of pointer algorithms as algorithms for performing some given data structure
operations on a graph representation of the structure. Clearly, the concrete relationship of
the graph to the represented structure has to be defined specifically for each problem. In
general this relationship should be of such nature that the data-structure operations accept
pointers to nodes in the graph as input and deliver their output in form of such pointers.
To measure the time complexity of a pointer algorithm we consider the number of edges
followed by the algorithm, i.e., the length of the shortest path leading from the set of
input nodes up to every member of the set of output nodes. We also count the number
of edges added or removed during the operation. Note that, while a particular algorithm
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may traverse the same edge more than once, we only count the number of edges used. This
may underestimate the cost of an algorithm, but this is inherent in the use of this kind
of model, and it turns out that tight lower bounds are nonetheless obtained for various
problems. Thus the Pointer Machine model is a good tool for the study of lower bounds.
Space complexity is sometime measured by the number of nodes in the graph.

A more precise way of defining this model is as an implementation of a given abstract data
structure by means of the abstract data structure directed graph. This structure provides a
well-defined set of operation: add node, add pointer, get pointer and delete pointer. The
time complexity of the implementation is defined by the number of these operations and
the space by the number of add node operations.

We now compare the pointer-algorithm model with the abstract machine approach to
computational complexity of problems. An essential characteristic of the abstract machine
approach is the machine-independent representation of the problem, as a function over
strings, integers etc. This machine-independence allows us to ask for the complexity of the
same problem on different models and, in fact, to compare different models for their power.
To contrast, in the pointer-algorithm model the problem definition is all but machine-
independent: it makes use of pointers, an entity which has no external representation. The
fact that input and output are given as pointers is essential to the model [3].

2.3 Pure Pointer Machines

A Pure Pointer Machine (PPM) is a restricted version of a Pointer Machine, that does not
allow constant time arithmetic operations. The Pure Pointer Machine model here assumed
is essentially the Linking Automaton model and is a representative of the atomistic Pointer
Machine model.

We now provide a more detailed definition of this machine. A PPM consists of a finite but
expandable collection of records and a finite collection of registers. Each record is uniquely
identified through an address. A special address nil is used to denote an invalid address.
Each record is a finite collection of fields and all the records have the same structure, i.e.,
they all contains the same number of fields. Each field may contain either a data or an
address. The PPM is also supplied with two finite collections of registers, d1, d2, . . . (data
registers) and r1, r2, . . . (pointer registers). Each register di can contain a data element,
while each register ri can contain an address. The machine can execute programs; the
instructions in a program allow one to move addresses and data between registers and
between registers and records’ fields. Special instructions are used to create a new record
and to perform conditional jumps. The only conditions allowed in the jumps are equality
comparisons between pointer registers. Observe that the content of the data fields will never
affect the behavior of the computation. In terms of analysis of complexity, it is assumed
that each instruction has a unit cost.
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2.4 Parallel Pointer Machines

As with sequential Pointer Machine model, various versions of Parallel Pointer Machines
have been proposed. They all share the common characteristic that no pointer arithmetic is
allowed; these models commonly differ in the way interprocessor communication is realized.
All models rely on the presence of a number of processors; each processor is essentially a
sequential Pointer Machine, and all processors execute the same program in a synchronous
fashion. At one end of the spectrum, we have the CRCW Parallel Pointer Machine [23],
where arbitrary (concurrent) read and write operations on a shared memory are allowed
(although the shared memory cannot be accessed as an array). At the other end of the spec-
trum, we have the Parallel PPM model [11]. The Parallel PPM is defined by a collection of
finite state synchronous machines (thus ruling out the use of constant time arithmetic), each
of which can rearrange its communication links by a bounded amount in one step. Each
finite state machine has an ordered set of input lines (also called links), that can be thought
as taps on other processors’ outputs. The usual Parallel PPM model allows for unbounded
fan-out but only constant fan-in. Each finite state machine has the ability to change its
links in a restricted way: in particular, a finite state machine may redirect one of its links to
point to another unit at a “pointer distance” no more than two from it. It has been shown
that Parallel PPMs are surprisingly powerful. The details of what exactly constitute a Par-
allel PPM can be found in [11]. There is a number of models whose computational power
lies between that of the two models defined above, e.g., the CREW/EREW Parallel Pointer
Machines, the CROW (Concurrent-Read Owner-Write model), and the SIMDAG model
with its variants [22]. Several interesting results regarding their computational power have
been established. In particular, an n−processor CROW PRAM running in time O(lg n) can
be simulated by a Parallel PPM in time O(lg n lg lg n) using polynomially many processors.
In addition any step-by-step simulation of an n processors CROW PRAM by a Parallel
PPM requires time Ω(lg lg n) per step [17].

In

Out

1 2 3 4

1 2 3 4

3’ 4’2’1’

Figure 2.4: An Example of PPM Program
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2.5 An Example of Pointer Algorithm

We provide an example of a simple pointer algorithm (see Figure 2.4). Let In be a list of
nodes. The pointer l to the head of the list is given as input to the program. The algorithm
returns a pointer r to a list Out such that |Out| = 2|In|. We assume that a node n can
store a pointer p to another node m (m = n.p in a more compact form). We also assume
that the tail of the list is pointing to nil. A possible implementation could be:

1: head=l;
2: while (l 6= nil)
3: temp:=new node();
4: temp.p=l.p;
5: l.p=temp;
6: l=temp.p;
7: loop
8: return head;

Note that the variables can contain only nodes and/or nil. The function new node()
allocates a new node in the memory.
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Chapter 3

The OP-Problem

3.1 Introduction to the OP-Problem

Non-determinism arises in many areas of computer science. Artificial intelligence and
constraint-based optimizations are two such areas where non-determinism is commonly
found. Non-determinism naturally arises when there are multiple (potential) solutions to
a problem. For instance search problems, generate-and-test problems and constrained op-
timization problems. Non-determinism is incorporated in many programming languages:
logic programming languages (e.g., Prolog), constraint programming languages (e.g., Chip [60]),
concurrent constraint languages (e.g., AKL [48]), and rule-based languages (e.g., OPS5 [7])
being some of the salient examples.

Non-determinism present in a problem offers a rich source of parallelism. A problem is
usually expressed as a goal to be achieved/proved/solved together with rules (or clauses)
that specify how a given goal can be reduced to other subgoals. Given a (sub-)goal, there
may be multiple ways of reducing it (non-determinism). Translating non-determinism into
concurrent execution leads to what is commonly referred to as Or-parallelism [26]. Or-
parallelism has been shown as a practical and effective methodology to provide transparent
parallelization from the execution of non-deterministic systems, leading to speedups on large
classes of applications (e.g., [26, 39]).

The OP-Problem represents an abstraction of a key problem that occurs in the devel-
opment of or-parallel implementations of non-deterministic programming languages, such
as logic and constraint programming languages. The problem is essentially dynamic man-
agement of binding environments during a parallel execution, where each active processor
needs to maintain a correct view of the variable bindings produced along its branch of the
computation tree [26]. This problem—commonly referred to as the binding environment
problem in the logic programming literature—has been shown to be the major source of
complexity in the development of an or-parallel implementation. The analogous problem
can be observed in parallel implementations of search-based systems (e.g., [18, 39]).

19
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In [42] it was demonstrated that the binding environment problem that arises in logic,
constraint, and search-based computations can be abstractly described as a dynamic tree
data structure problem, where the computation is naturally abstracted as a dynamic tree
and bindings are abstracted as attributes attached to the tree nodes. In [41] it was also
demonstrated that a similar abstraction originates from the management of binding between
attributes and their definition in object-oriented systems, leading to a very similar abstract
problem. This single abstract data structure problem has been named the OP-Problem.

3.2 Applications to Parallel Logic Programming

The OP-Problem was originally proposed in [40, 42]. In that context, the OP-Problem rep-
resents a correct abstraction of the problem of dynamically handling binding environments
during an or-parallel execution of logic programming languages (e.g., Prolog).

An or-parallel execution can be described as the dynamic development of a tree, called the
or-tree. Each node contains a goal obtained from the computation. The root node is labelled
with the initial goal. During a Prolog execution, the leftmost subgoal in the goal of each
node is selected and the matching program clauses are found. For each matching clause, a
child node is created. If B1, . . . , Bn is the goal at the node, for each clause Hj : −D1

j , . . . , D
m
j

such that θj is the most general unifier of Hj and B1, a child node labelled with the goal
(D1

j , . . . , D
m
j , B2, . . . , Bn)θj is created [36]. Note also that the child node vi corresponding

to a matching clause Ci that textually precedes another matching clause Cj is placed to the
left of vj , where vj is the child node corresponding to Cj . Sequential execution corresponds
to building the or-tree one node at the time, in depth-first order. Or-parallel executions
correspond to concurrently growing the or-trees at multiple sites (nodes).

In the or-tree, each branch maintains a local view of the substitution computed. This
is essential because, during a reduction like the one mentioned above, the substitutions
θj produced by unification may potentially conflict and must be kept separate in different
branches in the or-tree. For example, if a node containing a goal p(X) is expanded into two
branches due to the two matching clauses,

p(1) :- .... p(2) :- ....

then the variable X receives a different binding from each of the two clauses. These bindings
need to be represented and maintained separately, as they will each lead to a different
solution (X=1 and X=2) for the initial goal. X=1 and X=2 represent different instances of X
and they need to be separately maintained and properly associated to the correct thread of
execution (i.e., the correct branch in the or-tree).

One of the main issues, thus, in designing an implementation scheme capable of efficiently
supporting or-parallelism is the development of an efficient way of associating the correct set
of bindings to each branch of the or-tree. The näıve approach of keeping θj for each branch
is highly inefficient, since it requires the creation of complete copies of the substitution
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(which can be arbitrarily large) every time a branching takes place [26, 42].

The abstraction of an or-parallel execution should account for the various issues present
in OP-Problem, (e.g., management of variables and of their bindings, creation of tasks
etc.). Previous research, as well as development of practical implementations, [1, 26, 37]
have demonstrated that variable management is indeed one of the key issue in an or-parallel
system. Actual or-parallel systems have experimentally demonstrated the impact of variable
management [54]; furthermore, concurrent exploitation of and/or-parallelism exacerbates
the problem [24, 27, 38, 63], making variable management one of the basic problems, if not
the fundamental one.

The development of the or-parallel execution (creation of tasks, execution of resolution
steps) can be easily abstracted as the construction and management of a tree using the
create tree, expand, and remove operations. Variables that arise during execution, whose
multiple bindings have to be correctly maintained, can be modelled as attributes of nodes.
Binding a variable X in the goal represented by node u can be directly abstracted using the
operation assign(u) = X. Similarly, retrieving the value of the variable X when solving the
goal in node u can be abstracted using the operation dereference(X, u). In [42] it is shown
that, to complete the abstraction of or-parallelism, we need an additional operation:

• alias two attributes X1 and X2 at node u; this means that for every node v such that
v º u every reference to X1 in v will produce the same result as X2 and vice-versa.

This operation is needed to abstract Prolog’s ability to alias unbound variables. Never-
theless, as discussed in [42], the addition of alias to the OP-Problem does not modify the
problem’s complexity—the alias operation can be efficiently implemented using union-find
techniques [35].

In the previous abstraction we have assumed the presence of one variable binding per
node. This restriction can be made without loss of generality (we can always assume that
the number of bindings in the node is bound by a program dependent constant). It is also
important to observe that in this framework we are assuming that each attribute is assigned
at most once along each branch of the tree—this models the single-assignment nature of
bindings in logic and constraint programming. This abstraction has been argued to be
correct in [40].

Observe that the similar situation would also occur in any parallel execution where the
management of the binding environment is dynamic. For example, a parallel execution of a
functional language (e.g., Lisp) making use of dynamic scoping would encounter analogous
problems and require analogous solutions. The same problem occurs in the management
of search-parallelism in the context of constraint programming [50] and in a variety of AI
applications [18, 39].

It is important to underline that the ability to handle the dynamic binding environ-
ment is the single most important aspect in the efficient development of a parallel search
computation.
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3.3 Formal Definition of the Problem

Given a direct graph G = 〈N, E〉, where N is the set of all the nodes in the tree and E is
the set of the edges between the nodes, G is rooted if there is exactly one node (root) in
N which has no incoming edges. G is acyclic if for each node a in N there are no paths
in the form (a = a1, a2)(a2, a3)...(ak−1, ak = a), for all k ≤ |N | and (ai, ai+1) ∈ E. A tree
T = 〈N,E〉 is an acyclic, rooted, and directed graph. Without loss of generality we restrict
our attention to the case of binary trees. In fact it is possible to map a generic tree with
bounded degree into a binary one, preserving the information we are interested in. For
example, each set (with at least three nodes) of children of a given node, can be rearranged
as complete binary tree rooted at that node. The structure of the trees is manipulated
using three instructions:

1. create tree() which creates a tree containing only the root;

2. expand(n, b1, b2) which, given a node n and labels b1, b2, creates two new nodes and
adds them as children of n (b1, b2 can be thought of as the “names” of the new nodes);

3. remove(n) which, given a leaf n of the tree, removes it from the tree. This instruction
cannot be applied directly to an internal node. To remove a subtree R of T , one
should repeatedly remove all nodes in R starting from leaves.

These three operations are assumed to be the only ones available for modifying the “physical
structure” of the tree.

The tree implements a partial ordering between the nodes in the tree. Given two nodes
n and n′, we write n ¹ n′ if n is an ancestor of n′; n ≺ n′ additionally says that n 6= n′.
The root is the bottom of the ordering.

We also consider a set of attributes Γ, with |Γ| = O(|N |). These attributes are used
in association with the nodes of the tree—we assume that attributes from the set Γ are
attached to given nodes of the tree. At each node u of the tree, two operations are possible:

• assign(u) = X: N → Γ ∪ {?}, this labelling function attaches the attribute X to the
node u. If assign(u) has not been executed, then assign(u) =?.

• dereference(X, u): this operation identifies the closest ancestor v of node u such that
assign(X, v) has been executed. More precisely, the operation is used to retrieve the
node v(= dereference(X, u)) such that

assign(v) = X ∧ v ¹ u ∧ ∀z.(v ≺ z ⇒ assign(z) =?)

The OP-Problem is the problem of handling any arbitrary, correct, on-line sequence of
operations create tree, expand, remove, assign, and dereference.

We impose the additional requirement that each attribute can be used at most once along
each branch of the tree; formally, for each pair of distinct nodes u1, u2 in the tree belonging
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to the same branch (i.e., u1 ¹ u2 or u2 ¹ u1) and for each attribute X, we have that
assign(u1) = X implies assign(u2) 6= X. This restriction is motivated by the dynamic bind-
ing environments that arise during Prolog and constraint programming computations: here
attributes are used to represent logical variables, and each logical variables can be assigned
at most once along each non-deterministic branch of computation. Later, in Section 3.9, we
will extend this problem to the case handling multiple occurrences of an attribute along a
branch.

In the formalization above we have assumed the presence of only one attribute per node.
This restriction can be made without loss of generality (we can always assume that the
number of bindings in the node is bound by a program dependent constant).

Figure 3.1 illustrates an example of a tree with various operations performed on it.

1

2 3

4 5

6 7

8 9

10 11

assign(a1) assign(a1)

assign(a2)

node 8: dereference(a1) = node 8
node 10: dereference(a1) = node 9
node 11: dereference(a1) = node 9
node 10: dereference(a2) = node 2

Figure 3.1: OP Operations on a Tree

3.4 Lower Bound Time complexity

The complexity of the OP-Problem on Pointer Machines has been studied previously [42].

In [41, 42] the following result regarding the worst-case time complexity of the OP-

Problem was established.

Theorem 3.4.1 On both Pointer Machines and Pure Pointer Machines, the worst case
time complexity of OP-Problem is Ω(lg n) per operation, where n is the number of instruc-
tions executed.

The basic idea of the proof is that since there is no direct addressing and no pointer
arithmetic in the Pointer Machines, starting from a particular node only a “small” number
of nodes can be accessed in a small number of steps.
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3.5 Existing Solutions to OP-Problem

As mentioned earlier, the OP-Problem originates from the abstraction of problems aris-
ing in the context of parallel execution of Prolog programs and from the management of
late-binding in object-oriented languages. The existing methodologies used to solve such
problems in the respective domain, provide sub-optimal solutions in our abstractions. For
example, most solutions proposed in the context of parallel Prolog boil down to a worst-case
time complexity O(n) per operation, where n is the size of the tree.

In [40, 42] a solution is presented for the OP-Problem on (Pure) Pointer Machines that
makes use of tables to summarize the assignment of attributes along each branch. It is
proved that this solution has a worst-case time complexity of O( 3

√
n) per operation. To our

knowledge, this is the best solution ever proposed for this problem.

3.6 Our Solution to OP-Problem

We present a solution to the OP-Problem that has a time complexity of O(lg n) per opera-
tion. For now, we assume the RAM model for complexity analysis. The next two sections
discuss the complexity of the solution on Pointer Machine models.

We start by looking at a simplified version of the problem. We focus on a growing only
tree. Thus, the only operation allowed on the tree is expand(u,X1, X2) which expands the
leaf u by appending two successors n1 and n2, respectively labelled with attributes X1 and
X2. Here we are assuming, as mentioned above, that each node in the tree has bounded
degree; thus, without loss of generality, we can as well restrict our attention to binary trees.
Also, for simplicity we assume that X1 and X2 are the actual attributes associated to such
nodes—i.e., we avoid explicit use of assign. Only leaves can be expanded. The tree is
coupled with the labelling function:

assign: N → Γ ∪ {?}
where N is the set of all the nodes in the tree and Γ is the finite set of attributes. Given
this, we can define the function

dereference: Γ × N → N ∪ {⊥}
which given a label X and a node u returns the node v (if any) on the path (from the root)
ending in u which is labelled X. Our problem now reduces to the efficient implementation
of the two operations expand and dereference.

Recall that for each pair of distinct nodes u1, u2 belonging to the same branch (i.e., u1 ≺
u2 or u2 ≺ u1) and for each attribute X, we have that assign(u1) = X implies assign(u2) 6=
X. This means that each attribute X can be assigned at most once in each branch of
the tree. Note that this condition is always satisfied when modelling computations that
originate from execution of declarative languages (e.g., logic and constraint programming),
where variables are mathematical entities that can be instantiated at most once along each
(non-deterministic) computation.
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3.6.1 A Gist of the Solution

Our solution to the problem can be described briefly as follows: For each attribute X, order
the nodes according to pre-order traversal of the dynamic tree. While doing expansion,
maintain these nodes in a structure where binary search can be performed efficiently. The
operation dereference(X, u) can then be performed by doing a binary search on the structure
for X and making repeated use of the ancestor test. The details of the solution are provided
in the following sections.

3.6.2 Auxiliary Data Structures

The solution makes use of an efficient solution to the ancestor problem. The ancestor prob-
lem for dynamic trees has been studied extensively [4, 10, 29, 44, 58]. The ancestor problem
can be solved in worst-case time O(1) per operation on Random Access Machines [58].

We also use AVL trees in our solution [12]. Nevertheless, any equivalent method that
allows to maintain insertion and deletion of nodes in a binary search tree maintaining a
balanced structure with O(lg n) length branches can be substituted for AVL trees in our
solution.

Another data structure that we use is a data structure for the management of generalized
linked lists. A generalized linked list allows one to perform three operations:

• insert(x, y): inserts x immediately after y in the list;

• delete(x): removes x from the list;

• compare(x, y): returns true if x occurs before y in the list.

An efficient solution for managing generalized linked lists has been proposed, for example,
in [57]. The solution is based on the use indexed BB[α] trees and allows to perform n

insertion/deletions in time O(n) and each comparison in time O(1) on RAMs and (non-
pure) Pointer Machines. For the sake of simplicity we will also consider the following two
additional operations in the generalized linked list, previous(x) and next(x) that respectively
return the predecessor and successor of element x in the linked list. Both operations can
be easily supported in time O(1).

3.6.3 The expand Operation

We explain how the operation expand(u,X1, X2) is accomplished. Each node created is
inserted in a regular tree structure implemented using a record per node; we assume that
each node u in the tree contains pointers to its parent (parent(u)) and to its left and right
child (left(u), right(u)). In addition, following the idea used in [57, 58], we maintain two
generalized linked lists along with the main tree. The first linked list (pre-list) maintains
the nodes of the trees according to a pre-order traversal of the main tree, while the second
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linked list (post-list) maintains the nodes of the tree according to a post-order traversal.1

This situation is illustrated in a simple example in Figure 3.2.

Each node u in the main tree contains two pointers, one indicating its representa-
tive in the pre-list (pre(u)) and one pointing to the node’s representative in the post-list
(post(u)). Since our only operation to introduce nodes in the tree is expand, which adds
new nodes as leaves of the tree, then managing the pre-list and post-list is fairly simple. For
expand(v, X1, X2), if u1 and u2 are the new nodes created (respectively left and right child of
v), then the following steps are required: insert(pre(u), pre(u1)) and insert(pre(u1), pre(u2))
in the pre-list, and insert(previous(post(u)), post(u1)) and insert(post(u1), post(u2)) in the
post-list. Thus, considering that inserting the node in the main tree can be done in O(1)
time, the management of the pre-list and post-list requires O(γ) per expand, where γ is
the complexity of insert in the generalized linked list. Using the results from [57], we can
ensure that an arbitrary collection of n expand can be accomplished in time O(n) (w.r.t.
the management of pre-list and post-list).

PRE-LIST POST-LIST

Figure 3.2: OP: Main Tree, pre-list, and post-list

Handling Attributes

The steps described above allows to handle only one part of the expand operation, i.e., the
addition of new nodes in the trees. To complete the execution of this operation we need to
also handle the attributes associated to the new nodes. We extend our picture by adding a
collection of AVL binary trees used to keep track of occurrences of attributes in the main
tree. We make use of a separate AVL tree for each attribute used in the tree. Whenever a
new occurrence of a certain attribute is introduced in the tree (in node u), then a new node
(alink(u)) is added to the AVL tree for that attribute. In this context we assume, without
loss of generality, that attributes are represented simply as pointers to the root of the AVL

1In [57] it is also shown how to combine both information in a single linked list.
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tree for that particular attribute.

Let u be a node in the main tree, and let X be the attribute stored in u (attr(u) = X). We
will assume that u stores a pointer (alink(u)) to the node in the AVL tree of X representing
that particular occurrence of the attribute. We also assume that each node in each AVL
tree has a pointer back to the corresponding node in the main tree.

Insertion of new nodes in the AVL tree has to be made in a position that reflects the
pre-order of nodes in the main tree. This can be accomplished using a simple binary search
in the AVL tree, using the pre-list to determine at each step if we need to move left or right
in the AVL tree. This is sketched in the following code fragment where u is the new node
in the main tree and X is its attribute:

1: r := root of AVL tree of X;
2: last := nil;
3: while (r 6= nil) do
4: last := r;
5: rmain := node in the main tree corresponding to r;
6: if compare(pre(rmain), pre(u)) then
7: r := right(r);
8: else
9: r := left(r);
10: endwhile
11: rlast := node in the main tree corresponding to last;
12: if compare(pre(rlast), pre(u)) then
13: add alink(u) as right child of last in AVL tree of X

14: else
15: add alink(u) as left child of last in AVL tree of X

Note that the tests in lines 6 and 12 can be performed in O(1) using the generalized linked
list used for the pre-list.

This additional component of the expand operation requires O(lg kX), where kX is the
number of occurrences of X in the main tree.

Combining these components we can conclude that the expand operation can be per-
formed in O(lg n).

3.6.4 The dereference Operation

The operation dereference(X, u) can be accomplished by performing a binary search using
the AVL tree for attribute X. The idea is use the pre-list to find a node in the AVL tree
for X that is an ancestor of u. This process is illustrated in the following code fragment:
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1: r := root of AVL tree of X;
2: while (r 6= nil) do
3: rmain := node in the main tree corresponding to r;
4: if compare(pre(rmain), pre(u)) then
5: if (rmain is an ancestor of u) then
6: return rmain;
7: else
8: r := right(r);
9: else
10: r := left(r);
11: endwhile
12: return nil;

Observe that:

• the test in line 4 can be done in O(1) using the pre-list;

• the test in line 5 can be also performed in O(1): rmain is an ancestor of u iff r appears
before u in the pre-list and after u in the post-list. Thus, two compare tests (in two
generalized linked lists) are sufficient to answer the question.

Thus, the overall cost of this operation is simply O(lg kX) where kX is the number of
occurrences of the attribute X in the main tree. Overall, this operation is O(lg n).

To summarize, we can conclude:

Proposition 3.6.1 The OP-Problem can be solved on RAM with worst-case time complex-
ity O(lg n) per operation, where n is the number of nodes in the tree.

3.6.5 Relaxing the Restrictions

Most of the restrictions imposed on the problem description studied above, such as using
binary trees and combining expand and assign, can be made without any loss of generality.

The problem we tackled earlier deals with growing tree only. Nevertheless, the manage-
ment of the remove operation does not introduce any extra complication. Removing a node
for the main tree requires adjusting the auxiliary data structures—i.e., removing the node
from the AVL tree and from the generalized linked lists. All these steps can be accomplished
in O(1) time.

3.7 OP-Problem on Pointer Machines

The construction described above does not make use of any of the peculiar features of the
RAM model. This is because in no place we have used the ability to perform random
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access—that represents the key difference between Pointer Machines and RAM. Addition-
ally, the management of the generalized linked lists provided in [57] works also on Pointer
Machines (with arithmetic capabilities). This allows us to conclude:

Proposition 3.7.1 The OP-Problem can be solved on Pointer Machines with worst-case
time complexity O(lg n) per operation, where n is the number of nodes in the tree.

This result is particularly important since this shows that our solution is optimal, as the
complexity matches the lower bound on Pointer Machines proved in [42].

3.8 OP-Problem on Pure Pointer Machines

The O(lg n) solution to the problem on RAM and Pointer Machines does not immediately
provide an O(lg n) solution on Pure Pointer Machines, i.e., Pointer Machines without arith-
metic capabilities. While the construction of the main tree and the AVL trees can be
realized also on Pure Pointer Machines without added complexity, the problem arises from
the management of generalized linked lists. The solution proposed in [57], as well as the
other solutions proposed in the literature, make use of arithmetic, which cannot be repro-
duced on Pure Pointer Machines (without adding a significant cost penalty). For example,
a simplified version of the generalized linked list, where insertion can be performed only at
the end of the list and no removals are allowed, has been shown to have a worst case time
complexity Ω(lg lg n) per operation [47].

A simple solution for the OP-Problem on Pure Pointer Machines can be derived by
replacing the generalized linked lists used for the pre-list and post-list with AVL trees. In
this case, the cost of performing insert and compare becomes O(lg n). This leads to the
simple proposition:

Proposition 3.8.1 The OP-Problem can be solved on Pure Pointer Machines with worst-
case time complexity O(lg2 n) per operation, where n is the number of nodes in the tree.

Although this solution is not optimal (the best known lower bound is still Ω(lg n)), it is still
exponentially better than the previously best known solution, which is Õ( 3

√
n) [42].

3.9 Handling Multiple Occurrences

The original definition of the problem relies on the essential assumption that each attribute
can be used at most once along each branch of the tree—i.e., for each pair of distinct tree
nodes u1, u2 such that u1 ¹ u2 or u2 ¹ u1, and for each attribute X we have that

assign(u1) = X ⇒ assign(u2) 6= X

In this section we provide two solution to the OP-Problem supporting also multiple occur-
rences of the same attribute along the same branch.
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3.9.1 Motivations

Allowing multiple occurrences of the same attribute along each branch of the tree is mo-
tivated by the needs of modelling alternative search problems. In [41] we argued that the
same construction provided by the OP-Problem represents a correct abstraction for the
problem of managing late-binding in the context of object-oriented languages.

The abstraction of an object-oriented execution should account for the various issues
present in object-oriented programming, (e.g., definition of new classes/objects, inheritance
of attributes etc.). Previous research, as well as experience gained from the development of
practical implementations [21, 49, 55, 62] shows that management of objects’ attributes is
indeed one of the key issue in the implementation of an object-oriented system. The fact that
the efficiency of attribute management has a significant impact on the performance of an
object-oriented system has been experimentally demonstrated [15, 16, 30, 64]; furthermore,
exploitation of parallelism and adoption of more complex approaches to object orientation
make the problem of attribute management even more complex and difficult to implement.

As described earlier, one of the main issues in dealing with inheritance in object-oriented
programming is the search of a given attribute. This search may be needed when a
class/object is created (in order to detect which variables should be included in each object)
or during execution (in order to detect what is the correct method to execute in response
to a given message). In the rest of the discussion we will adopt the following assumptions:
the hierarchy is represented by a single-rooted tree which can dynamically grow and shrink;
each node either introduces one attribute or redefines one. In [41] we have shown that it is
not restrictive to focus on binary trees. A hierarchy—here assumed to be represented by a
dynamic tree of either classes (class-based system), or objects (prototype-based system)—is
dynamically created. Each new leaf created in the tree refines the object(s) defined at its
parent node, by adding attributes and/or shadowing existing ones. The structure (set of
attributes) of an object at node n (denoted by S(n)) is thus determined by a combination
d(n, d(n1, d(n2, . . .))) of the definitions present in the nodes ni, where ni is the ancestor of
n at distance i from node n. d is a function with signature

d : Nodes× 2Nodes ×Attr → 2Nodes ×Attr

where Attr is the set of possible attributes and Nodes is the set of nodes in the hierarchy.
Intuitively, each object is described by a set of pairs 〈n, ψ〉, where each pair identifies one
attribute composing the object; ψ determines the attribute and n determines the node
(class/prototype) from where we are going to inherit the definition of ψ. If γ(n) is the
attribute introduced in node n, then d(n,S) is defined as

d(n,S) = {〈n, γ(n)〉} ∪ {〈m,ψ〉 | 〈m,ψ〉 ∈ S ∧ ψ 6= γ(n)}

We can assume that a total of M attributes are available—i.e., there are M variables and
methods. If the computation tree has size N , then we can assume that M = O(N) (see
also Section 3.6.5).
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If 〈m,ψ〉 ∈ S(m) and there are no further definitions of ψ in the sequence of the path
from m to a descendent node n, then the path from m to n is said to be ψ-free.

At each node n two operations on attributes are possible:

1. assign an attribute ψ to a node n; as a consequence, every reference to ψ in a node
m º n (such that the path from n to m is ψ-free) will produce n as result—i.e.,
identifies that 〈n, ψ〉 is present in S(m).

2. dereference an attribute ψ at a node n—that is identify the node

max¹{M |m defines ψ ∧ m ¹ n}

equivalently, we want to determine the node m such that 〈m,ψ〉 ∈ S(n).

Also in this case, the formalization of the problem can be completed by adding an alias

operation—used to subsume constructions like the ability to access redefined properties by
using superclass names as qualifiers (as in C++), and the super (Smalltalk) and resend
(Self), as well as the “inverted” behavior of languages like Beta (with the inner construct).
The fact that the OP-Problem correctly abstracts the problem of handing attribute binding
in object-oriented systems of the described type has been shown to be correct in [41].

3.9.2 A Simple Solution

We start by providing a simple solution to this generalized version of the problem. The
solution will provide the ability to detect the attribute with a time complexity O(lg2 n)
where n is the number of nodes in the tree. The idea is to reduce the situation to the simpler
problem described in the previous sections—i.e., to the problem of detecting occurrences of
attributes along a branch under the assumption that each attribute is used at most once
in each branch. To accomplish this, we organize the various occurrences of attribute X in
the tree in separate lists, that we call `X

1 , `X
2 , . . . The list `X

i contains the nodes of the tree
that are labelled with attribute X and that represent the ith occurrence of X on the path
to the root of the tree (see also Figure 3.3). Intuitively, we consider the elements of `X

i as
if they were labelled with a different attribute (Xi)—that clearly will occur at most once in
each branch of the tree. This allows us to reuse the algorithms from the previous section to
perform dereference and verify whether a given leaf v has an ancestor labelled Xi. If such
ancestor is not found, then this means that on the path from the root to v there are less
than i occurrences of X; on the other hand, if an ancestor of v is found in `X

i , then we know
that there are at least i occurrences of X on the path from the root to v. This property
can be used to impose a binary search on the lists `X

i , using the result of the local searches
on each list to decide how to proceed. I.e., if we have k lists `X

i (e.g., `X
1 , . . . , `X

k ) then we
can start doing the first search on the list `X

k/2; if this tells us that there are fewer than k/2
occurrences of X on the path, then we can repeat the process on `X

k/4, otherwise we should
continue the search by processing `X

3k/4, and so on.
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For each attribute X we need to use a set of AVL trees, let us call them X1, X2 , ... , Xn.
Each tree Xi contains nodes vj assigned to X such that vj is the ith node assigned to X

in the branch starting from the root of the tree and ending in vj . Nodes in Xi are ordered
following the pre-list order. For each attribute X we define an AVL tree called X-tree. Each
X-tree contains ordered nodes numbered from 1 to n, such that a node j points to the root
of the corresponding Xj AVL tree. We also use the previously described pre and post lists.
Figure 3.3 shows an example of these data structures.

x

x x

x
x

x
x

i

i+1
i

i+1

PreList

Xi+1: the AVL tree for Xi+1 list

AVL tree: X-TreeMain Tree

Figure 3.3: Data structures for a simple solution for the OP-Problem

The expand operation

This operation updates the pre-list and post-list, as already described in the previous sec-
tions. Let us assume that a new node u is added and assigned to the X attribute. Let
v=dereference(X, u)—i.e., v represents the closest ancestor of u that has also been assigned
to the same attribute X. Assuming that v is in the Xi tree, then we need to add u to the
Xi+1 tree, according to pre-list order. This last operation can be executed in O(lg n). Thus
the total cost is O(lg n + cost of dereference).

The dereference operation

Let assume dereference(X,u) is requested and the main tree contains n nodes. The search
starts from the root r of the X-tree. Let assume that r points to the Xr tree root. As
described before we perform a binary search on the Xr tree, searching for an ancestor of u

only looking at Xr nodes (in O(lg n) time). If this search finds an ancestor of u, we iterate
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this process on the right child of r, else the ancestor can only be found in a previous level
and we proceed with a left child of r. This double bisection takes (O(lg2 n)) time as the
expand operation.

3.10 Our O(lg n) Solution

Let us now see how we can efficiently solve this more general version of the problem. To
handle this problem we make use of an extension of the data structure presented in [44]
called ancestor-Tree. This structure supports the following operations:

• add node(x, p): adds the node x as child of node p

• nca (u, v): returns the nearest common ancestor of u and v

The data structure presented in [44] is based on the use of the so-called p-lists associated to
each node of the tree; the p-lists maintain a collection of pointers to selected ancestors of the
given node, providing the ability to perform a binary search on each branch of the tree when
looking for nearest common ancestors (see Section 5.1 for further details). Thanks to such
data structure, it is possible to perform both the above mentioned operations (add node

and (nca) in worst-case time O(lg n) on a Pure Pointer Machine (in the complete dynamic
case—i.e., without the need of any pre-processing of the tree).

The intuition behind our solution is to maintain with the main tree two different traver-
sals: a pre-order traversal (as done in the previous solution) as well as reversed pre-order,
where the right subtree is traversed before the left subtree. The use of these pre-orders
allows us to facilitate detecting the ancestor of interest, by detecting two nodes (one from
each traversal), lying respectively to the left and to the right of the ancestor of interest.

3.10.1 The expand operation

Whenever an expand operation is performed, the new node is inserted in the regular tree.
The two linked lists, PreLR-list and PreRL-list, maintain the nodes of the regular tree
according to a pre-order visit. The PreLR-list (PreRL-list) lists the pre-order visit executed
choosing first the left (right) child of a node and after the right (left) one. For each node u

in the main tree, we will call preLR(u) (preRL(u)) the node in the PreLR-list (PreRL-list)
associated to u. For expand(u,X1, X2) it is possible to maintain the two orders in time
O(1), as already discussed earlier.

3.10.2 Attributes

We use two distinct AVL trees (LR AVL tree and RL AVL tree) for each attribute. One
refers to the PreLR-list and the other to the PreRL-list, and they are managed as described
earlier.
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1

2 3

4 5 6

7 8

PreLR: 1 2 4 3 5 6 7 8

PreRL: 1 3 6 8 7 5 2 4

Figure 3.4: Example of preLR and preRL visits

When an attribute X is assigned to a node u, we assume that X stores two pointers
(LRlink(X) and RLlink(X)) to the roots of the two AVL trees (LR AVL tree and RL AVL
tree respectively) associated to the attribute X. We assume that each node in each AVL
tree has a pointer back to the corresponding node in the main tree and has a pointer to the
corresponding node in the ancestor-Tree structure. The intuition behind the ancestor-Tree
for an attribute X is the following: if u and v are two nodes in the main tree that have
been assigned X, and u is the nearest ancestor of v having attribute X, then u will be the
immediate parent of v in the ancestor-Tree of X.

When an attribute X is assigned for the first time, we create the root node in the
ancestor-Tree for the X attribute. We assume that each node n in each ancestor-Tree has
a pointer (back(n)) back to the corresponding node in the main tree. We also assume that
for all root node rX , back(rX) = nil. Let X be assigned to the node n in the main tree and
dereference(X,u) = v. Thus, the node v is the nearest ancestor of u that is also assigned the
attribute X. This operation can be performed in O(lg n) time, as we will show later. Thus,
we insert a new node in the ancestor-Tree structure using the operation add node(u, v),
with a constant time cost. We assume that the new node u has a pointer back to the
corresponding node in the main tree.

According to this, the expand operation incurs a cost of O(lg n).

3.10.3 The dereference operation

The operation dereference(X, u) can be realized with the following steps:

1. first of all, we can execute the following code fragment on PreLR-list (PreRL-list)
using the corresponding AVL tree to find the closest node XLR (XRL) to node u
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1

2 3x

5 6x

8

           x   x   x x
PreLR: 1 2 4 5 7 8 3 6
       
         x x       x x
PreRL: 1 3 6 2 5 8 7 4

3

7 6

6

3 4

LR AVL Tree RL AVL Tree

ancestor Tree

nil

4 7 3

4 7

 dereference (X,5)=nil

 XLR=7, XRL=7
 X’LR=4, X’RL=6
 NCA(4,6)=nil

4x

7x

6

Figure 3.5: OP-Problem: Example 1 - A nil dereference

1: r := root of AVL tree of X;
2: last := nil;
3: while (r 6= nil) do
4: last := r;
5: rmain := node in the main tree corresponding to r;
6: if compare(preLR(rmain), preLR(u)) then
7: r := right(r);
8: else
9: r := left(r);
10: endwhile
11: return last;

This algorithm will spend O(lg n) time to find the closest node XLR (XRL). For
example, referring to Figure 3.5, we want to calculate dereference(X, 5). Running the
fragment code above on PreLR-list XLR is 7, and on PreRL-list XRL is 7. Another
example of a dereference operation is presented in Figure 3.6.

2. if compare(preLR(XLR), preLR(u)) then X ′
LR=XLR else X ′

LR=the previous node
starting from XLR using the PreLR-list order. (This can be done in O(lg n) time). In
the example, the node 7 is after the node 5, and X ′

LR is 4.

3. if compare(preRL(XRL), preRL(u)) then X ′
RL=XRL else X ′

RL=the previous node
starting from XRL using the PreRL-list order.
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4. return nca (X ′
LR,X ′

RL), i.e., compute the nearest common ancestor of the two nodes
X ′

LR and X ′
RL in the ancestor-Tree. This operation can be performed in worst-case

time O(lg n), using, for example, the techniques studied in [44].

Combining these steps together, one can observe that the operation of dereference has a
worst-case time O(lg n).

1x

2 3x

5 6x

8

       x   x   x   x x
PreLR: 1 2 4 5 7 8 3 6
       
       x x x       x x
PreRL: 1 3 6 2 5 8 7 4

3

4 6

3

1 7

LR AVL Tree RL AVL Tree

ancestor Tree

1

4 7 3

1 6

 dereference (X,8)=1

 XLR=7, XRL=6
 X’LR=7, X’RL=6
 NCA(7,6)=1

4x

7x

6

7 4
nil

Figure 3.6: OP-Problem: Example 2

3.10.4 Correctness

In this section we want to prove that nca (X ′
LR,X ′

RL) = dereference(X, u).

Let X-node be a node n such that assign(n) = X. The basic idea is that, given the node
v = dereference(X,u), then the path between u and v does not contain any other X-node.
X-nodes can be found in the partitioning subtrees of v called A, B, C in Figure 3.7. An
X-node in the A (B) subtree will appear between v and u in the PreLR-list (PreRL-list),
but after u in the PreRL-list (PreLR-list). X-nodes in the C subtree will always be after
the node u in both pre-lists. X-nodes X ′

LR and X ′
RL are before u in both pre-lists. Hence

X ′
LR is in A (or B) and X ′

RL in B (or A) and nca (X ′
LR, X ′

RL) will be the root v of the two
subtrees A and B.

We now provide a formal proof of correctness. Let v=dereference(X, u). Let us assume
that node u is in the subtree rooted in the right son of v. Let L1 be the sublist of PreLR
list containing all left children of v, R1 the sublist of PreLR list starting from the right son
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vX

u

qX
tX

wX

A

C

B

Figure 3.7: OP-Problem: A, B, C partitioning of v subtree

of v until u and R2 the sublist of PreRL list starting from the right son of v until u. See
figure 3.8.

v  ... a1 ... a2 ... ak ... u  ...

v   ... b1 ... b2 ... bl ... u   ...

v

L R

L1 R

R L
R2

R1

u

Figure 3.8: OP-Problem: Correctness

Thus, u is either in R1 or R2. We can distinguish two cases:

• R2 does not contain any X-node. This implies that X ′
RL = v and nca (X ′

LR, v) = v,
since X ′

LR is a child of v.

• R2 contains l X-nodes. Let a1...ak be the X-nodes in R1 and b1...bl the X-nodes in
R2. By construction we have that ak = X ′

LR and bl = X ′
RL. For all i in {1 . . . k} and

for all j in {1 . . . k}, we have that ai 6= bj . For the sake of contradiction, let us assume
that there are i and j such that ai = bj ; as a consequence, the node ai has to be an
X-node parent of u. This goes against the assumption that v is the result of a the
dereference operation.

Given this construction, it follows that nca (ak, bl) is in the subtree rooted in v. Let
us assume that t=nca (ak, bl) 6= v, where t is the corresponding in the regular tree
of an X-node stored in the ancestor-Tree structure. Let <LR and <RL be the two
partial orders induced by the PreLR and PreRL traversals. Thus, v <LR t <LR u and
v <RL t <RL u. From the second disequality, it follows that t is in R2. Let us assume
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that m is such that t = bm. Since all nodes in R2 are not in R1, then it follows that
a can only be in L1. This leads to a contradiction, because any node in L1 cannot be
an ancestor of a node in R1.

These facts allow us to conclude that nca (X ′
LR, X ′

RL)=dereference(X,u).



Chapter 4

The nca Problem

4.1 Introduction to the nca Problem

The Nearest Common Ancestor (nca) Problem can be broadly defined as follows: Given a
tree T and two nodes x, y ∈ T , find the nearest common ancestor of x and y in T . In the
static version of the problem, T is known in advance. In the dynamic version T is modified
via some pre-defined operations. In the offline version, T as well all the nca queries are
known in advance.

The nca problem has been studied extensively. For the static case, the original work
by Harel and Tarjan [29] provides a constant-time algorithm for performing the nca(x, y)
operation after a linear-time preprocessing of the input tree. This result was later simplified
and parallelized by Schieber and Vishkin [51]. A nice exposition of this result can be
found in [28]. Later, Bender and Farach-Colton [4] provided an easily understandable and
effectively implementable algorithm which provides constant time execution of nca(x, y)
operation with linear-time preprocessing of the tree. In all the three algorithms above,
complexity analysis is done assuming the RAM model. For the dynamic case, a work by
Tsakalidis [58] provides algorithms with O(lg h) worst-case time for the nca operation and
almost amortized constant time for add-leaf and delete operations in a dynamic tree, where
h is the height of the tree. The algorithm is developed for a Pointer Machine model under
the uniform cost measure assumption (constant time arithmetic for Θ(lg n)-size integers).
This result has been recently improved in [2], where it is shown that the nca problem can be
solved in worst-case O(lg lg n) time per operation, and that it can be solved in O(n+q lg lg n)
time, where n is the number of link operations and q is the number of nca queries. Once
again, the Pointer Machine model with uniform cost measure for arithmetic is assumed.
The algorithms of Cole and Hariharan [10] provide the ability to insert (leaves and internal
nodes) and delete nodes (leaves and internal nodes with one child) in a tree and execute
the nca (x, y) operation in worst-case constant time. Both methods make use of arithmetic
capabilities of the respective machine models. For the offline version of the problem, a
linear-time algorithm on Pointer Machines (with arithmetic) was given by Buchsbaum et

39
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al. [8].

The best known parallel nca algorithms on PRAMs (e.g., the algorithm by Schieber and
Vishkin [51]) require O(lg n) parallel time for preprocessing using O(n/ lg n) processors, and
answers the nca queries in O(1) time. Berkman and Vishkin [5] also show that if an Euler
tour of the tree and the levels of all nodes are known in advance, then the nca problem
can be solved with Im(n) parallel preprocessing using an optimal number of processors, and
O(m) query time, where Im(n) = min{i |A(m, i) ≥ n} and A is the Ackermann’s function.
If this extra information is not known in advance, then the parallel preprocessing time is
increased to O(lg n) and each query can be processed in O(1) time. We are not aware of
any Parallel Pointer Machine algorithm for the nca problem. It is possible to translate the
known PRAM algorithms to Parallel Pointer Machine algorithms, although it is not clear
how one will avoid a penalty of at least of factor of lg n in this translation (recall that
PRAMs allow constant time arithmetic on numbers of size up to lg n and indexing into
arrays using integer addresses, unlike Pointer Machines).

4.2 Our Solution to the nca Problem

We present a simple, arithmetic-free, efficient scheme to compress trees maintaining the nca

information. This compression scheme is different from the ones previously used in literature
(based on heavy/light edges [29] or centroid paths [10]). It has several nice features. In
particular, it does not make any use of arithmetic. We use this compression scheme to
provide an O(n + q lg lg n) solution for solving the nca problem on PPMs in both the static
case and the dynamic case where n is the number of add-leaf/delete operations and q is the
number of nca queries. This solution is optimal, because of a previously known matching
lower bound [29]. Moreover, it has the same complexity as that of an optimal solution for
the problem on Pointer Machines that do allow constant-time arithmetic operations. Hence
our result shows that use of arithmetic is not essential for doing nca calculations optimally.
This is intellectually satisfying because intuitively nca is a structure and not an arithmetic
problem.

The result is also interesting because it shows that, for the nca problem, it is possible to
totally avoid the polylog penalty that one has to incur in a generic translation of an algorithm
designed for pointer machines with arithmetic to PPMs. We use this optimal solution
to the nca problem to improve the solutions for many previously defined problems. In
particular, we obtain an optimal solution to the generalized linked list maintenance problem
on PPMs and we improve the solution of the OP-Problem to worst case O(lg n lg lg n) from
the previously described above O(lg2 n) [45].

Moreover, the scheme proposed is very local in nature and hence seems eminently par-
allelizable. We present (see Section 4.9) an efficient Parallel Pointer Machine algorithm
for the nca problem for trees in the static case. The algorithm assumes that the tree T is
known in advance. Our algorithm requires O(lg n) parallel time and O(n) processors for
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pre-processing the tree, where n is the number of nodes. Thereafter, the algorithm can
answer any nca query in O(lg lg n) time using a single processor. To our knowledge, this is
the best known Parallel Pointer Machine algorithm for the nca problem. Our nca algorithm
requires an efficient parallel solution of the temporal precedence problem [47]. We provide
an efficient Parallel Pointer Machine algorithm to solve this problem as well.

4.3 A compression scheme for trees

The compression algorithm we propose starts from the initial tree T = T0 and repeatedly
performs two types of compressions, thus generating a sequence of trees: T0, T1, T2, . . . until
a tree Tk containing a single node is obtained. The trees in this sequence are used to build
a second tree structure (called H-Tree), that summarizes the nearest common ancestor
information of T . The key property of the H-Tree is that its depth is at most logarithmic
in the number of nodes T . This allows a fast nca calculation.

Given Ti, T a
i+1 is the result of a leaf-compression of Ti, is obtained by merging each leaf

of Ti with its parent. If a leaf ` is merged with its parent parent(`), then parent(`) is said
to be the direct representative of `. A path-compression of a tree T a

i+1 returns a tree Ti+1,
where each path containing only nodes with a single child and ending in a leaf of T a

i+1 is
replaced by the head of such path. If a path containing nodes v0, v1, . . . , vk is compressed
to the node v0, then v0 is said to be the direct representative of v0, . . . , vk. A compression
of a tree Ti is the tree Ti+1, where Ti+1 is the path-compression of T a

i+1, and T a
i+1 is the

result of a leaf-compression on Ti. In this notation let T = T0.

Figure 4.1 shows an example of repeated compression of T . Both leaf and path-compressions
start at the frontier of each tree. Each time a leaf-compression is applied, all leaves are
merged with their parents. For example, in Figure 4.1 leaf-compression removes nodes
10−15 (Figure 4.1.1) by merging them with their parents (Figure 4.1.2). A path-compression
merges all paths ending in a leaf into their heads. For example, in Figure 4.1.3 the path
composed by nodes 4, 6, 9 has been collapsed to the single node 4 (node 4 is the direct
representative of 4,6 and 9).

The tree is always compressed starting from the leaves and moving towards the root,
when possible. In Figure 4.1 we have marked the representatives of each compression with
darker nodes.

4.3.1 The H-Tree

In order to compute nca queries in optimal time, it is useful to collect the information about
representatives in a separate tree, called Horizontal Tree (H-Tree). The H-Tree, H, can be
constructed from the sequence of trees obtained during the compression process (e.g., the
sequence of trees shown in Figure 4.2).

If a leaf-compression is applied to node v in tree Ti and ` is the direct representative of
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1.Original Tree 2.After Leaf-Compression 3.After Path-Compression

4.After Leaf-Compression 5.After Path-Compression

1

2 3 4

5 6

7 8 9

10 11 12 13 14 15

T0 Ta1 T1

Ta2 T2

Figure 4.1: nca : An Example of Compression

v in such compression, then node v is connected to the last occurrence of ` in a tree Tj

(i < j), where ` appears in Tj as a direct representative of a leaf-compression. If all the
children of a node a in Ti are leaf-compressed at the same time, then the representative
of such children is node a in T a

i+1 (as for leaves 10, 11 in Figure 4.2). If the children of a

are leaf-compressed at different points in time (e.g., the children of 1 in Figure 4.2), then
the representative of such leaf is the last occurrence of its direct representative in a tree as
representative in a leaf-compression.

If a path-compression is applied, then all nodes in the path are connected to the head of
the list in the next tree, as shown in Figure 4.2. Such node is said to be the representative
of all nodes in the path.

H is obtained using the single node in the last compressed tree (e.g., the node in T2 in
Figure 4.2) as the root and using the links between nodes and representatives as edges (e.g.,
the dark edges in Figure 4.2).
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Figure 4.2: nca : Building the H-Tree

Observe that the leaves of the original tree are leaves in H although H might have
additional leaves. Also, each internal node in T is present in H as each internal node is
either a representative in a leaf compression or is involved in a path compression. More
importantly, observe that H has at most 2n nodes, since each node can appear in H because
of (possibly many) leaf-compressions at most once and can be involved in a path-compression
at most once. Moreover, if a node v ∈ T appears twice in H, then it must be the case that
one occurrence of v in H is due to the fact that v was a head in a path compression
and is a direct representative in leaf compressions which precede the aforementioned path
compression. Moreover, note that one occurrence of v in H must be a child of the other
occurrence of v in H.

Next lemma provides a result critical to the efficiency of the compression scheme. Let
subtreeT (v) be the subtree of T rooted at node v.

Lemma 1 If a node v of T still exists in Tk then the subtreeT (v) has at least 2k nodes.

Proof. Let us prove this result by induction on k.

Base: for k = 0 the result is trivial, since the subtree rooted at v contains at least one (i.e.,
20) node.

Let us consider the case k = 1. For each node v in T1 let us call w1 a leaf of subtreeT1(v).
The node w1 is the result of the previous path-compression on T a

1 . Let us call w2 the leaf
in T a

1 compressed in w1. The node w2 cannot be a leaf in T0, otherwise it would have been
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compressed with its parent. It follows that w2 has at least one child, let us call it w3. This
implies that v is different from w3. This proves that subtreeT (v) contains at least 21 nodes.

Inductive Step: Let us consider the case k = i, and let us assume by inductive hypothesis
that the results hold for i− 1.

For each node v in Ti let us indicate with w1 a leaf of subtreeTi(v) (see also Figure 4.3).
The node w1 is the result of the previous path-compression applied to T a

i . Let us call w2

the leaf in T a
i that has been compressed with w1. The node w2 cannot have been a leaf of

Ti−1, else it would have been compressed with its parent. It follows that w2 has at least
one child, let us call it w3. The node w3 in Ti−1 is the result of a path-compression applied
to T a

i−1. If w3 was the only child of w2, then the path-compression would not have ended in
w3. Thus, w3 has a sibling in Ti−1—let us call it w4. Using the inductive hypothesis applied
to nodes w3 and w4 in Ti−1, we can conclude that subtreeT (v) has at least 1 + 2i−1 + 2i−1

nodes.
2

v

w1

v

w1

w2

v

w1

w2

w3 w4

Ti-1 Tai Ti

Figure 4.3: nca : Generic compression

Corollary 4.3.1 Let n be the number of nodes in T and let k be the minimum integer such
that Tk has a single node. Then k ≤ lg n. In other words, T gets compressed to a single
node within lg n compressions.

4.3.2 Answering ncas Using H-Trees

Given the query nca(x, y), where x, y ∈ T , it is possible to answer the query using H. In
particular, computation of the nca of two nodes in T can be computed by first considering
an nca of the “entry-points” for x and y in H. The entry-point in H for x is simply the lower
(or the only) occurrence of x in H. We provide an intuitive description of this method—the
formal algorithm called ncaH is presented in Section 4.4.

We show now that the H-Tree preserves enough nca information from T . Let z be the
ncaH(x, y). If z is a representative of a leaf-compression, then z is also the nca of x, y ∈ T .
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Otherwise let z0, z1, . . . , zk be the nodes belonging to the path that has been compressed to
z. There are two distinct nodes zi, zj in this path such that the subtree rooted at zi (zj)
contains x (y) In this case, the nca of x and y is the highest node between zi and zj . Thus,
answering an nca query in T boils down to computing an nca query in H.

From Corollary 4.3.1, we can infer that the height of H is O(lg n). In [44] it was shown
that there is a (dynamic) PPM algorithm given a tree with height h allows the computation
of the nca of any two nodes in the tree in worst case time complexity O(lg h) per query. A
summary of the method used in the algorithm presented in [44] is presented in Section 5.1.
Using this result, we can compute the nca of x, y in H in worst-case time O(lg lg n). This
allows the computation of the nca in T with worst-case time complexity O(lg lg n).

4.4 An Algorithm for Static nca Queries

In the following sections, as in [2], we use a more general definition of nca: nca(x, y) =
(z, zx, zy), where z is the nca of x and y, and if x = z (y = z) then zx = z (zy = z) else zx

(zy) is the ancestor of x (y) such that zx (zy) is a child of z.

In the static case T is pre-processed before any query is executed. Conceptually, the
preprocessing creates 2k + 1 trees, named T0, T

a
1 , T1, T

a
2 , . . . , T a

k , Tk, for some k ≤ lg |n|
where n is the number of nodes in T . The T0 tree is equal to T and each other tree is the
result of the corresponding compression. To improve the time and space required, Ti and
T a

i trees are not explicitly created. Each time only the nodes being encountered for the first
time are created anew, except that during a path compression a new node is created for
the head of the path. H is composed of the union of all nodes created during the various
compression phases.

Data structures (see Figures 4.4 and 4.5): For each w in T , let entry(w) be the entry
point of w in H. Note that each node in a tree Ti or T a

i is a copy of a node existing in T ; if
the node v ∈ H is a copy of node u ∈ T , then node(v) is a pointer to u. Let children(v) be
a pointer to a list of nodes containing the children of node v in H, and let parent(v) denote
the parent of node v in H. During the pre-processing phase, we will also make use of two
flags associated to each node of H:

• a flag leaf -compr(v) that indicates whether the node v is the result of a leaf compres-
sion;

• a flag is-leaf(v) that indicates if the representative produced by a leaf compression
is a leaf in the new tree.

Construction of the H-Tree: To answer the nca queries, we require the ability to compare
the depth of nodes that appear on the same branch. To efficiently accomplish this, we attach
to each node information representing the depth of the node in T . This can be accomplished
by making use of the data structures developed to solve the Temporal Precedence (T P)
problem [43, 47]. These data structures allow one to efficiently maintain a list, where new
elements can be added at the end of the list (insert) and elements can be compared (precedes)



46 CHAPTER 4. THE NCA PROBLEM

1

2 3 4

repr(1)

a

node(a)

sons(a)

sons(1)

repr(4)

Figure 4.4: nca : Data Structure Involved During Leaf-compression
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Figure 4.5: nca : Data Structure Involved During Path-compression

to determine which one was inserted first. From [43] we know that this two operations can
be performed on-line in a PPM with worst-case time complexity O(lg lg n) per precedes and
amortized O(1) per insertion. Thus, the labelling of nodes of T with their depth information
can be performed in O(n) time.

The preprocessing algorithm used to construct H is described in Figure 4.6. With one
visit of T , one can create the leaves of T0, by simply copying each leaf v of T to a new
node u and updating both entry(v) = u and node(u) = v. (lines 1-4 of Figure 4.6). After
this, the process proceeds by repeatedly applying leaf-compression (lines 7-19 in Figure
4.6) and path-compression (lines 21-41). The process stops as soon as we are left with a
tree containing a single node. The last Tk, k ≤ lg(n), has only one node.
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0: Build TP instance for the nodes of T ordered with a depth first visit.

1: For each leaf v of T do

2: create a node u in T0;

3: entry(u)=v;

4: node(v)=u;

5: while last Ti has more than one node

6: //begin of leaf compression

7: for each v in Ti

8: if (entry(parent(node(v))) not defined)

9: {create w in T a
i+1;

10: entry(parent(node(v)))=w;

11: node(w)=parent(node(v));

12: leaf-compr(w)=true};
13: add v to children(w);

14: parent(v)=w;

15: for each w in T a
i+1

16: if (w is a leaf in T a
i+1)

17: is-leaf(w)=true;

18: else

19: is-leaf(w)=false;

20: //begin of path compression

21: for each v in T a
i+1 such that is-leaf(v)=true

22: create w in Ti+1;

23: leaf-compr(w)=false;

24:

25: iteration

26: parent(v)=w;

27: add v in children(w);

28: if (node(v)==root) break iteration;

29: if (parent(v) has at least 2 sibling in T a
i+1)

30: break iteration; //the path is ending on v

31: else

32: if (entry(parent(node(v))) not defined)

33: {create x in Ti+1;

34: entry(parent(node(v)))=x;

35: node(x)=parent(node(v));}
36: v′=entry(parent(node(v)));
37: entry(parent(node(v)))=w;

38: v=v′;
39: iterate;

40: node(w)=node(v);

41: //end of path compression

42: end while

43: preprocess the horizontal tree adding p-lists

Figure 4.6: nca : Static Preprocessing Algorithm
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Lemma 2 The time required to construct H is O(n), where n is the number of nodes in T .

Proof. Let us start by observing that each node v in T appears at most 2 times in H (once
as representative of a leaf-compression and once as a representative of a path-compression).
Let us call c(v) the number of children of v in T . Each node v can be involved in:

• at most 1 leaf compression where v is a leaf;

• at most 1 path compression.

As we will show in the successive two subsections, each individual leaf- and path-compression
can be performed in worst-case time complexity O(1) per node.

Observe that during a leaf-compression, each node v can either

• be compressed to its parent;

• be the direct representative of any of its (c(v)) children.

By distributing the cost of leaf-compressions to the leaf nodes, the amortized cost of leaf
compressions is O(1) per node.

Observe now what happens during a path compression; let us assume that node v gets
path-compressed to a representative w:

• if v 6= w, then v will not be present in the Ti tree obtained from the path compression;

• if v = w, then v will appear as a leaf in the Ti tree resulting from the path-compression;
this also means that v will be removed at the next step (when v is leaf-compressed).

As before, by distributing the cost of path compression to the nodes involved, the amor-
tized cost is O(1) per node.

Hence, the total cost over all compressions is at most
∑

v∈T 1 + 1 = 2n.
2

Leaf Compression: For each leaf v in Ti, a leaf-compression is applied. A new represen-
tative w for the parent of v in T (entry(parent(v)) = w) is added to the tree T a

i+1, if this
is the first time a node is compressed to w (lines 8-12). After this check, the node v is
compressed to its parent w (lines 13-14). Once all the leaves of Ti are processed, for each
node w in T a

i+1 we set the flag is-leaf(w) = true if w is a leaf in T a
i+1 (lines 15-19). The

is-leaf flag indicates the nodes from where the next path-compression will start.

Observe that the determination of the leaves of the tree can be performed very efficiently.
A simple way to accomplish this is to maintain a copy of T , and remove nodes from it as
they get compressed. In the copy of the tree we can keep the frontier as a linked list. This
can be accomplished in O(1) time on PPMs [46].
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Path compression: Path-compression is initiated from each node v in T a
i , such that is-

leaf(v) = true. Execution of path-compression starting from v leads to the addition of a
node w to the tree Ti+1. w will be the representative of the compressed path starting from v

(lines 20-24). When the path compression stops, the node w will be assigned to the correct
node in T—i.e., the representative of the path.

The following iteration (lines 25-27) assigns to each v in the current path the direct rep-
resentative w, and tries to extend the path leading to the root with parent(v), if parent(v)
is still part of the path (lines 28-39). When the iteration stops, the current node v is the
head of the path, and its representative w in Ti+1 is a copy of the node v (lines 40-42).
The check that verifies whether a node is part of a path can be implemented in constant
time without the use of arithmetic (as described before).

Final Preprocessing Step: Once H has been constructed, it is further processed to enrich
it with the data structures required to support the computation of ncas in O(lg h) time (h
being the height of H). The details of this data structure have been described in [44] and
summarized in Section 5.1. The process requires the creation of the p-list data structure for
each node in H. Since the height of H is at most O(lg n), the p-list of each node v contains
depth(v) elements, and each element of a p-list can be built in O(1) time, the process of
creating these additional data structures requires O(n lg lg n) time. It is possible to improve
this pre-processing time, reducing it to O(n), through the use of the MicroMacroUniverse
approach described in [2] and in Section 4.6: in this case H is partitioned in µTrees (Micro-
Trees) with depth at most lg lg n.

Answering nca Queries:

To compute the nca of x, y ∈ T , the algorithm ncaH(x, y) works as follows:

1. Compute the nca(entry(x), entry(y)) = (z, zx, zy), z ∈ H. The computation can be
performed using the algorithm in [44], based on the p-lists described in Section 5.1.

2. If leaf -compr(z) = true then return (node(z),node(zx)node(zy)).

3. Otherwise z is the result of a path compression. In this case if zx is higher than zy

in H, the nca is (node(zx), w1, w2), where w1 is the node corresponding to the child of zx

that is ancestor of entry(x) in H and w2 is the node in T corresponding to the left sibling
of zx in H. w1 can be obtained by using p-lists in time O(lg lg n) and w2 can be found in
constant time. The case where zy is higher than zx is symmetric.

The test to check if zx is higher than zy can be performed in time O(lg lg n) using the
previously maintained depth information.

4.5 Applications of Optimal nca Algorithm

The availability of an optimal solution to the nca problem allows us to improve the solution
of other interesting problems on PPMs. In particular it allows us to obtain an optimal
solution to the generalized linked list problem [57]. This problem is the maintenance of
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a linked list where new elements x can be inserted immediately after any existing element
y. The two operations allowed are: insert(x, y) and compare(x, y) which returns true iff x

occurs before y in the list. The following algorithm can be used to optimally solve this
problem on PPMs.

To preserve the relationships between inserted nodes, we maintain a tree T ′ processed to
answer nca queries and a data structure maintaining a Temporal Precedence order. Every
time an insert(x, y) is done, the node x is inserted as rightmost child of y in T ′. Since the
tree T ′ cannot support an ordering of children of a node, we also insert the node y in the
Temporal Precedence data structure. Note that a leftmost depth first visit of T ′ reconstructs
the list. Thus the nca of two nodes either precedes both the nodes in the order or is equal
to one of them. To answer a query compare(x, y), we find the nca(x, y)=(z, zx, zy) in T . If
z=zx then return true, because x=z and x is an ancestor of y in T ′. If z=zy then return
false, because y is an ancestor of x and y cannot have been inserted before x. Otherwise
return precedes(zx, zy) in the Temporal Precedence order.

Another problem whose solution can be improved using this optimal nca solution is
the OP-Problem described above (see Chapter 3. The O(lg2 n) solution proposed can be
improved to a O(lg n lg lg n) solution by using the optimal generalized linked list scheme
proposed above.

In fact, all the open problems described in [44] can be solved optimally on PPM using
the optimal nca solution presented here.

4.6 An Algorithm for Dynamic nca Queries

The algorithm follows an approach similar to the MicroMacroUniverse described in [2, 20]
in conjunction with repeated use of the static algorithm described in Section 4.4. Let n be
the number of nodes in T . We define two kinds of trees (see Figure 4.7):

• The µTrees (Micro-Trees) are trees in a forest S of disjoint subtrees partitioning T .

• The MTree (Macro-Tree) is a tree collecting the roots of µTrees.

The MTree essentially compresses the nodes of each µTree into its root node and preserves
the structure of T on these resulting root nodes. The height of each µTree is restricted to
be at most cT (n). When a node v is added to T , if the µTree containing parent(v) has a
depth greater than cT (n), then a new µTree rooted in v is created. To obtain the optimal
result, the MicroMacroUniverse approach is applied again to the µTrees. For the MTree
the scheme used is based again on partitioning the tree into disjoint subtrees. However
this partitioning is more dynamic in nature in the sense that the subtree to which a node
belongs can change.

In order to answer an nca query, our algorithm first solves the problem in the MTree and
then refines the solution by working in the appropriate µTree. We denote by ncaS the nca

algorithm used for the µTrees in S and nca∗ the nca algorithm used for the MTree.
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Each time a node v is inserted in T , v is also inserted in a data structure that collects the
relative height information of the nodes, using a Temporal Precedence list. As described in
Section 4.4, this information will be required to perform an nca query using p-lists.
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Figure 4.7: nca : Tree Structures Involved In The Dynamic Algorithm

4.6.1 The nca∗ algorithm

We present an algorithm to compute the nca with a cost of O(N + Q lg lg N), with N

add-leaf/delete operations and Q nca queries in the MTree. The problem is solved by
using another MicroMacroUniverse approach applied to the MTree. The intuitive idea is
to dynamically maintain a set of trees pre-processed with the static algorithm presented in
Section 4.4. Let us call each of these trees µMTree (Micro-Macro-Tree). The preprocess of a
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µMTree allows us to efficiently solve each nca query on that tree, using the ncaH algorithm
presented earlier. Each root of a µMTree is represented by a node in another tree, called
MMTree (Macro-Macro-Tree). We will show that the MMTree has a “small” depth—thus,
simpler nca algorithms (e.g., the one based on p-lists [44]) can be used here to provide
efficient nca computations.

Let the preprocess of a µMTree Tm be the static preprocess described in Section 4.4
applied to the tree subtreeMTree(root(Tm)). Thus, when Tm is pre-processed, all other
µµTrees hanging on Tm are merged in a single new µMTree. The basic idea is to wait
to re-preprocess a µMTree Tm until the number of nodes in subtreeMTree(root(Tm)) has
doubled since the last preprocess of Tm.

To answer an nca query we first solve the problem with the p-list nca algorithm (Sections
4.4 and 5.1) on the MMTree and then we “refine” that solution using the ncaH on the
µMTree associated to the result obtained from the MMTree.

Dynamic insertions: Recall that the MTree is partitioned into a set of µMTrees. Each
µMTree is represented by its root in another tree, called MMTree.

Let Tm be a µMTree and vm the node representative of Tm in the MMTree. Let us also
define root(Tm) the root of Tm in MTree, micro(vm) a pointer to root(Tm), macro(Tm) a
pointer to vm. We also maintain the size of Tm by keeping a pointer size(Tm) that points
to a list that has length |Tm|. size(Tm) is created and inserted with a number of nodes
equal to the number of nodes in the subtreeMTree(root(Tm)), when Tm is pre-processed.
The size(Tm) list is used a decrementing counter to decide when to do another preprocess.

Each time a node v is inserted in the MTree as child of w, a new µMTree Tm is created
and the representative of root(Tm) = v is added in the MMTree as child of macro(Tw),
where Tw is the µMTree containing w. For each µMTree T ′m corresponding to a node on the
path P from macro(Tm) to the root of the MMTree, we update the number of new nodes
added in the subtreeMTree(root(T ′m)) by 1. This can be done decrementing the “counter”
size(T ′m) by one, that is, shifting the pointer size(T ′m) to the next node in that list. If a
µMTree Tm has consumed all nodes in size(Tm), then Tm has to be pre-processed. Let us
call vh the highest node in the path P considered, such that micro(vh) has to be processed.
The preprocess is applied on subtreeMTree(vh), which become the new µMTree. All nodes
in subtreeMTree(vh) are deleted and replaced by the node vh. The size(micro(vh)) list is
initialized with the insertion of a number of nodes equal to the number of nodes contained
in subtreeMTree(vh).

As we will show in the next Lemma, the MMTree has depth less or equal to O(lg h), where
h is the depth of the MTree. Thus the update of counters may be performed O(lg h) times
for each insertion of a node in the MTree. Since a node is added in the MTree every cT (n)
insertions in T and h = n/cT (n), if cT (n) ≥ lg n, then the total time spent in updating the
counters in all insertions in T is O(n).

Notice that each time a node v is involved in a preprocess resulting in a tree T ′, the size
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of T ′ is at least twice the size of the tree T ′′ which contained v before the preprocess. Then
it follows:

Proposition 4.6.1 A node v in the MTree of size t is involved in at most lg t distinct
pre-processes.

Lemma 3 Immediately after a preprocess, if a path P starting from a node in MMTree
and ending on a leaf has k nodes, then the total number of nodes in µMTrees represented
by nodes in P is at least 2k−1.

Proof. Let us prove this result by induction on k.

Base: for k = 1 the result is trivial, since the µMTree represented contains at least one
(i.e., 20) node.

Inductive Step: Let us consider the case k = i > 1, and let us assume by inductive
hypothesis that the results hold for i− 1.

Let vl be the first node in the path P and R the rest of the path pointed by vl. Let
us call Tm the µMTree represented by vl in the MMTree. Using the inductive hypothesis
applied to R we can infer that the nodes in R represent at least 2i−2 nodes in the MTree.
The tree Tm has at least 1 + 2i−2 nodes, as otherwise, according to the algorithm, it should
be preprocessed again and by hypothesis the MTree was just preprocessed. Thus the total
number of nodes represented by the path P is at least 1 + 2i−2 + 2i−2 ≥ 2i−1.

2

It follows that the MMTree has depth at most lg N , where N is the number of nodes of
the MTree. The MTree has at most n/cT (n) nodes. Choosing cT (n) = lg n lg lg n, the MTree
has depth at most O(n/(lg n lg lg n)). Applying lemma 3 we conclude that the MMTree has
depth at most lg n. Thus the nca in the MMTree can be computed in time O(lg lg n) using
p-lists.

We now show that n insertions in T will cost O(n) to maintain the MTree structure.
We showed that a preprocess of a tree with t nodes in the static case costs O(t lg lg t). Let
N be the number of nodes in the MTree. From Proposition 4.6.1 we know that a node
v in the MTree is involved in at most lg N preprocesses. Each of them will cost l lg lg l,
where l is the size of the tree preprocessed. Thus for each v the amortized cost per process
is lg lg l ≤ lg lg N and the cost per node is lg N lg lg N . Recalling that N = n/cT (n) and
cT (n) = lg n lg lg n, the total amortized cost is O(1) per insertion in T .

nca queries: We show now how to compute the nca∗(x, y) with x and y in MTree. It is pos-
sible to find x′ and y′ µMTrees containing x and y respectively in constant time—e.g. once a
node is pre-processed, we can directly set in the node a pointer to the corresponding µMTree.
If x′ and y′ are in the same µMTree Tm return ncaH(x, y) using the previously pre-processed
H tree for Tm. Otherwise, we can compute the nca(root(x′), root(y′)) = (z, zx, zy) on the
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MMTree, using p-lists. If zx = z then the result is given by ncaH(x, parent(micro(zy))).1

Otherwise, the result is ncaH(parent(micro(zx), parent(micro(zy)).

The algorithm ncaH requires O(lg lg n) time and the p-list algorithm used for the MMTree
requires O(lg t), where t ≤ lg(n/cT (n)) and cT (n) = lg n lg lg n. This allows us to conclude
that total time is O(lg lg n).

4.6.2 The ncaS algorithm

In this section we provide an algorithm with an amortized time complexity of O(1) per
insertion and worst-case complexity of O(lg lg n) per query for the µTrees.

The scheme uses the standard MicroMacroUniverse approach on the µTrees. The optimal
solution is computed combining an optimal solution on MµTree and an optimal solution on
µµTree. Choosing cS(n) = lg lg n and recalling that cT (n) = lg n lg lg n, all the µTrees can
be processed in O(n) time. To find the ncaS of two nodes x and y in a µTree, we combine a
p-list search on MµTree and a brute force search applied on the resulting µµTree. Clearly
this requires O(lg lg n) time.

4.6.3 Handling deletions

The deletions are not performed explicitly, instead the deleted nodes are just marked as such.
The marked nodes are deleted at the time when they are involved in the next preprocessing.
We don’t update the counters when nodes are deleted. This doesn’t affect our analysis,
because the number of operations is greater than the number of nodes in T .

4.7 From Sequential to Parallel

We can translate the sequential algorithm described in the previous sections to a parallel
algorithm that works in parallel time O(lg2 n) and uses O(n) processors. Assume that a
processor has been assigned to each node of the tree; a leaf compression can then be simu-
lated in constant parallel time, because each processor can check independently if its node is
a leaf. Path compression can be realized using the technique of pointer doubling [19]. Thus,
the parallel time to realize a path compression is O(lg l), where l is the length of the longest
path. Since l is bounded by n, each sequential path compression step can be simulated in
O(lg n) parallel time. Since the total number of compressions in the sequential algorithm
is O(lg n), this direct simulation of the sequential algorithm requires O(lg2 n) parallel time.
Unfortunately, this direct simulation may also require Ω(lg2 n) time. Consider, for example,
the situation in Figure 4.8. The tree is composed of a main path, with a number of complete
trees (of depth k, k− 1, . . . , 1) hanging from it. In this situation, at every leaf compression,
a path of length l is created in the main branch, allowing for the next path compression to

1The case z = zy is symmetrical.
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take place; this path compression will require lg l time. The process is repeated k times,
hence the total parallel time is k lg l. If l is chosen equal to 2k, then the total number of
nodes n = Θ(22k), thus k = Θ(lg n) and the parallel time is k2 = Θ(lg2 n).

l

k

k

k

l

k-1

k-1

k-1

l

1

1

1

Figure 4.8: nca : An example of slow computation
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Figure 4.9: nca : An example of bad H-tree

We could attempt to improve this running time by allowing path compressions to occur
also in the internal paths (i.e., paths that do not end in a leaf); similarly we could allow leaf
compression to be performed at all the leaves and heads of paths detected at each parallel
step. Unfortunately this will not help our case either. As illustrated by the example
in Figure 4.9, the H-Tree resulting from these compressions can have linear depth, thus
preventing us from using the H-Tree to perform fast computation of nca queries.

However, these considerations do suggest a possible way to improve parallel running time
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without loosing the efficient computation of nca queries. The idea is that the scheme should
compress all paths present in the tree (even the internal ones), but leaf compressions should
not be performed on nodes that are currently not leaves. This idea is translated into a
concrete parallel algorithm in the next section.

4.8 A Parallel Compression Scheme for Trees

The compression algorithm we propose starts from the initial tree T and repeatedly performs
two types of compressions, thus generating a sequence of trees: T0, T

a
1 , T1, T

a
2 , T2, . . . until

the compression process is finished. The final tree in this sequence is the H-Tree.

The compression algorithm is a sequential iteration of parallel phases. Each parallel
phase is composed of two parallel steps. The first step is compression of leaves (leaf com-
pression) in the current tree and the second step contributes to the compression of paths
(path compression) in the current tree using a step of pointer doubling [19].

The development of our efficient parallel solution for the nca problem requires also the
ability to solve in parallel the Temporal Precedence Problem [47]. This problem can be
defined as follows: given a list L with l nodes representing an ordered sequence of objects,
we want to answer the query precedes(x, y), where x, y are pointers to nodes in that list.
We show that with l processors and O(lg l) parallel time preprocessing, each query can
be answered in parallel time O(lg lg l) by a single processor. This solution is presented in
Section 5.4.

4.9 An Algorithm for Parallel nca

We start by introducing some notation. Tv denotes the subtree of T rooted at node v. A
parallel phase i of the algorithm is the sequence of two parallel steps called a and b, which
are executed at parallel time i(a) and i(b) respectively. Given a tree Ti, the result of step
a applied to Ti is the tree T a

i+1 and the result of step b applied to T a
i is Ti.

During the processing, nodes in the tree may get marked with the symbol L; if node v in
T is marked L at parallel time i(a) (i(b)), then we denote this with ma

i (v) = L (mi(v) = L).
We will often refer to this marking as m(v) when the time is clear from the context. If v is
not marked then m(v) =?. Every node v in T has a pointer π to an ancestor of v at parallel
time i(a) (i(b)) and we denote it with πa

i (v) (πi(v)).

A leaf compression of a tree Ti is executed during a phase a and returns a tree T a
i+1 such

that for each node v in Ti (see Figure 4.10):

(i) if (mi(v) = L and v currently has no sibling) then
πa

i+1(v) ← πi(p(v)) and ma
i+1(π

a
i+1(v)) ← L;

(ii) if (mi(v) = L and v has a sibling z and mi(z) =?) then
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v is merged with its parent πa
i+1(v) ← NULL;

(iii) if (mi(v) =? and ((v has a sibling z and mi(z) = L) or (v currently has no sibling)))
then

πa
i+1(v) ← πi(p(v));

(iv) if (mi(v) = L and v has a left sibling z and mi(z) = L) then
v is merged with its parent and πa

i+1(v) ← NULL;

(v) if (mi(v) = L, v has a right sibling z and mi(z) = L) then
πa

i+1(v) ← πi(p(v)) and ma
i+1(π

a
i+1(v)) ← L.

A path compression of a tree T a
i is executed during a phase b and returns a tree Ti, such

that for each v in T a
i , πi(v) ← πa

i (πa
i (v)) and if ma

i (v) = L then mi(πi(v)) ← L (see Figure
4.11).

L
z

π
k-1

π
k-1

k
aπ

v

p(v)

Figure 4.10: nca : Example of Leaf com-
pression for node x

v v
L

L

L

aπk

aπk
πk

Figure 4.11: nca : Example of Path com-
pression for node x

If T is the initial tree, then the tree T0 is a copy of T , such that for each v in T0, π0(v) = v

if v has a sibling, else π0(v) = p(v); in addition, for each leaf l of T0, m0(l) = L. The root
is the only exception: π0(root) = root.

Figure 4.12 provides an example of a compression. The nodes marked represent the nodes
labelled L and the dashed pointers are the π pointers. The pointers π pointing to NULL

are not shown.

Definition 4.9.1 A node x is finished after step k if one of the following holds:

1. x is root and mk(x) = L;
2. ∃y y is a proper ancestor of x and mk(y) = L;
3. πk(x) = NULL.

Observe that once a node x is finished, during next phases it will remain finished.

Definition 4.9.2 A set S of nodes of T is a frontier if every path from root to a leaf passes
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Figure 4.12: nca : An example of parallel compression

exactly through one of the nodes in S.

Observe that the set of nodes U that are unfinished and marked L is a frontier of T .
Moreover, if x is unfinished after phase k, then there exists a descendent y of x such that
mk(y) = L and that is not finished after phase k. In fact, any one of the nodes in the part
of the frontier U included in Tx is such a node.

The theorem below provides a result that is critical for establishing the efficiency of the
compression scheme.

Theorem 4.9.3 For each parallel time step k and for each node x in T one of the following
holds:

1. x is finished before or at the end of parallel step k;

2. x is marked L during parallel step k, it is unfinished after parallel step k, |Tx| ≥ 2k−1

and |Tp(x)| ≥ 2k + 1;

3. x is unmarked and unfinished after parallel step k, and either πk(x) = root or
(|Tp(πk(x))| − |Tx| ≥ 2k−1 and |Tx| ≥ 2k + 1).
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Proof. We prove this result by induction on k.

Base Case: k = 0. If x is finished after step 0, then x can only be the root and T = x,
since only leaves are marked with L and for each v in T , π(v) = v. If m0(x) = L then
x is a leaf and trivially |Tx| ≥ 20−1 = 2−1 and |Tp(x)| ≥ 20 = 1. If x is unmarked and
unfinished, x is an internal node in T . In this case if x is the root then π0(x) = root else
|Tp(x)| − |Tx| ≥ 20−1 = 2−1 and |Tx| ≥ 20 = 1.

Inductive Step: Let us consider the case k, and let us assume by inductive hypothesis
that the results hold for all integers less than k. For every node x in T , one of the following
holds:

1. x is marked L after phase k′ ≤ k − 1.

In this case, one of the following is true:

(i) if x is the root, then x is also marked L after phase k;

(ii) if x is not the root, then during step k′ + 1(a) x can be leaf compressed to its
parent and πk′(x) = NULL;

(iii) otherwise, if x is not leaf compressed this implies that x had a right sibling y

marked L after phase k′ − 1. Thus, πk′(x) is a proper ancestor of x and it is
marked L after phase k′.

Hence x is finished after phase k′ + 1 and it is also finished after phase k.

2. x is marked L during phase k.

There are two possibilities:

Case 1: x is marked L during step k(a). If x is the root, then x is finished after phase
k and the claim holds. Otherwise let x′ = p(x). Suppose x does not have any siblings
after step k(a), then an ancestor of x′ is marked L after step k(b) (because of pointer
doubling) and x is finished after step k. If x has a sibling z after step k(a), then z could
not have been marked L after step k−1, otherwise it would have been leaf compressed.
Therefore by inductive hypothesis (case (3)) |Tz| ≥ 2k−1. Also, since x is unmarked
after step k − 1, |Tx| ≥ 2k−1. Moreover, |Tp(x)| = |Tx′ | = |Tz|+ |Tx|+ 1 ≥ 2k + 1.

Case 2: x is marked L during step k(b). If x is the root, then it is finished after step
k and the claim holds. Otherwise let x′ = p(x).

Suppose that x does not have any sibling after step k(a). It follows that πa
k(x) is an

ancestor of x′ because πk−1(x) was pointing at least to x′. Since x is unmarked and
unfinished after step k − 1, there exists a descendent u of x such that mk−1(u) = L

and πa
k(πa

k(u)) = x. Let us denote with u′ the node πa
k(u). Clearly u′ 6= x, otherwise

x would be marked in step k(a). Note that u′ will be marked L after step k(a). It
follows that πk(u′) = πa

k(πa
k(u′)) = πa

k(x) which is a proper ancestor of x—since x

does not have siblings after step k(a). πk(u′) is marked L during step k(b). Therefore
x is finished after phase k.
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Suppose instead that x has a sibling z after step k(a) (see Figure 4.13). Then
mk−1(z) 6= L otherwise z would have been leaf compressed at step k(a). There-
fore by inductive hypothesis (case (3)) we have |Tz| ≥ 2k−1. Moreover mk−1(x) 6= L

and, using the same inductive hypothesis, |Tx| ≥ 2k−1. Finally |Tp(x)| = |Tx′ | =
|Tx|+ |Tz|+ 1 ≥ 2k + 1.

3. x unmarked and unfinished after phase k.

If x is the root, then πk(x) = root and the claim holds. If a proper ancestor of x is
marked L after phase k, then it follows that x is finished after phase k and the claim
holds. Otherwise, we have that x is unfinished and x has no ancestors marked L after
step k. Let u be equal to πk−1(x) (see Figure 4.14). If u is the root, the πk(x) = root

and the claim holds. Otherwise, let u′ be the parent of u, and v = πk−1(u′). If v is the
root, then πk(x) = v = root and the claim holds. Otherwise let v′ = p(v). By inductive
hypothesis (case (2)) |Tp(πk−1(x))| − |Tx| ≥ 2k−2 and |Tp(πk−1(u′))| − |Tu′ | ≥ 2k−2. If u

has no siblings or has a sibling marked L after phase k−1, then πa
k(u) = πk−1(u′) = v

(because of the leaf compression) and πk(x) is at least v or above. Then |Tp(πk(x))| ≥
|Tp(v)| = |Tp(πk−1(u′))| ≥ |Tu′ | + 2k−2 = |Tp(πk−1(x))| + 2k−2 ≥ |Tx| + 2k−1. Therefore
|Tp(πk(x))| − |Tx| ≥ 2k−1. If u has an unmarked sibling z after phase k − 1, then
by inductive hypothesis (case (3)) |Tz| ≥ 2k−1. Also, πk(x) = πk−1(x) = u, then
|Tp(πk(x)| − |Tx| = |Tu′ | − |Tx| ≥ |Tz| ≥ 2k−1. In Tx there exists a node y such that
mk(y) = L and it is unfinished after phase k. y 6= x because x is not marked L after
phase k. Thus, x is a proper ancestor of y and from the above proof of Case 2 we
have that |Tx| ≥ |Tp(y)| ≥ 2k + 1.

2

zx
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x’ = p(x)

π
k
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π
k
a

Figure 4.13: nca : x

marked during step k(b)

x

u

v

z

u’ = p(u)

v’ = p(v)π
k-1

π
k-1

Figure 4.14: nca : x unmarked and unfin-
ished after phase k

Corollary 4.9.4 Let n be the number of nodes in T and let k be the smallest integer such
that the root is finished after phase k. Then n ≥ 2k−1 + 1. In other words, the algorithm
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requires at most lg(n− 1) + 1 phases.

Proof. The root r of T is unfinished (then unmarked) after phase k−1, otherwise k would
not be the minimum integer. Let us consider a node x that is marked L and is unfinished
after phase k − 1. The node x must be a proper descendant of r. From Theorem 4.9.3 it
follows that |T | ≥ |Tp(x)| ≥ 2k−1 + 1.

2

If we have n processors (n being the number of nodes in the original tree) that have been
assigned to the different nodes of T , then both leaf and path compressions will be performed
in constant parallel time. From Corollary 4.9.4, the total number of compressions is at most
lg n, thus the total parallel time is O(lg n).

Even though the algorithm has been presented for binary trees, the above results remain
true even if we consider trees with arbitrary arity. In this case the leaf compression will
change as follows: the last node marked L among a set of siblings is the only one that is not
leaf compressed. If all unfinished siblings are marked L at the same time, then the node
not leaf compressed will be the leftmost one. The proofs in this case remain identical.

4.9.1 The H-Tree

We provide now details of the construction of the H-Tree. The H-Tree built in the parallel
scheme is the same described in Section 4.3. It is possible to reuse the π pointers to build
H in constant parallel time. Once a node v is leaf compressed into its parent, π(v) is set to
NULL. At that time for every node w in the path having v as head, we have π(w) = v. We
want to keep this information during the successive phases simply avoiding pointer doubling
if a node is finished (line 26 in Figure 4.15). Once the compression is completed, every head
of a path x has π(x) = NULL and the π pointer for every other node y is pointing to the
head of the path containing y.

Let us introduce another pointer pH pointing to the parent of a node in H. During a leaf
compression the pointer pH(v) is set to point to p(v). Since the root is not leaf compressed,
pH(root) is set to point to NULL. For each head x of a path l in T , a new node x′ is created
in H, π(x′) = x′, pH(x′) = pH(x) and π(x) = x′. In a step of pointer doubling applied to
the π pointers, every node in a path points to the new copy of the head. For every node x

in a path pH(x) = π(x), and this completes the building of H.

Finally, for each path the auxiliary data structure for the Temporal Precedence Problem
is set up. In constant time it is possible to identify the tails of path as follows. For each
node v, v is a tail iff for all children w of v π(v) 6= π(w). Given a tail t, the corresponding
list is processed as described in Section 5.4.

The complete algorithm is presented in Figure 4.9. The lines marked with * are the ones
necessary to setup the H tree.
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4.9.2 Answering Parallel nca Queries Using H-Trees

The H-Tree can be used to answer nca queries in the same way as in the sequential case.
Given the query nca(x, y), where x, y ∈ T , it is possible to answer the query using pH and
π pointers. In particular, computation of the nca of two nodes in T can be computed by
first computing an nca of the “entry-points” for x and y in H. The entry-point in H for x

is simply the lower (or the only) occurrence of x in H.

We now show that the H-Tree preserves enough nca information from T . Let z be the
ncaH(x, y). If z is a representative of a leaf-compression, then z is also the nca of x, y ∈ T .
Otherwise let z0, z1, . . . , zk be the nodes belonging to the path that has been compressed to
z. There are two distinct nodes zi, zj in this path such that the subtree rooted at zi (zj)
contains x (y) In this case, the nca of x and y is the highest node between zi and zj . Thus,
answering an nca query in T boils down to computing an nca query in H.

From Corollary 4.3.1, we can infer that the height of H is O(lg n). In [44] it was shown
that there is a PPM algorithm that, given a tree with height h, preprocesses the tree in time
O(n lg h) and then can compute the nca of any two given nodes in the tree in worst case
time complexity O(lg h) per query. Although the preprocessing scheme presented in [44] is
sequential, it can easily translated into a parallel scheme that uses n processors and O(lg h)
parallel time for preprocessing. Using this result, we can preprocess the H-Tree in parallel
time O(lg lg n) using n processors. Then, the nca of x, y in H can be computed in worst-case
time O(lg lg n) using a single processor. This allows the computation of the nca in T with
worst-case time complexity O(lg lg n) using a single processor.

4.10 Parallel nca Algorithms

The algorithm described in Section 4.9 clearly can be directly implemented on a CRCW
Parallel PPM. A problem arises if we were not allowed concurrent writes, because too many
processors may attempt to update the L mark of the same node in the tree at the same
time (e.g., line 10 in Figure 4.15). This will not be allowed in the CREW/EREW/CROW
Parallel Pointer Machines. This is also not allowed in the Parallel PPM (as described in
Section 3.8) because it would correspond to an unbound fan-in.

However, it is possible to modify the algorithm to overcome this problem. This is es-
sentially obtained by concurrently performing a pointer doubling in the reverse direction
along the branches of the tree. More precisely, each node u of the tree maintains a pointer
πdown(u) which is updated to point to πdown(v) whenever the node has only one child v.
In addition, if πdown(v) is marked L, then u will mark itself L as well. With this addition,
the fan-in of each unit is restricted to be finite. Moreover, the algorithm still requires only
O(lg n) parallel phases. Hence, the algorithm can be modified to correctly work on Parallel
PPMs.

Our algorithm requires n processors to perform the O(lg n) parallel time preprocess-
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ing. After preprocessing, a single processor can answer an nca query in time O(lg lg n).
It is interesting to compare this result with the other parallel algorithms proposed for the
nca problem. The best known PRAM algorithms (e.g., the one proposed by Schieber and
Vishkin [51] and the one proposed by Berkman and Vishkin [5]) require O(n/ lg n) pro-
cessors and works in O(lg n) parallel time for preprocessing. After preprocessing, a single
processor can answer an nca query in time O(1). Hence, going from a PRAM to a Parallel
PPM we incur a penalty of O(lg n) in number of processors and total time taken, and a
penalty of O(lg lg n) time to answer a query. Observe that we don’t incur a penalty in
parallel time for preprocessing.

It is also important to observe that if we have any CROW nca algorithm which solves
the problem in parallel time O(lg n) with f(n) processors and answers a query in O(1)
time, then for a generic translation of this algorithm to a Parallel PPM algorithm (as
illustrated in [17]) one can only claim that it requires parallel time O(lg n lg lg n) with
polynomially many processors, and answers an nca query in time O(lg lg n). Hence, the
algorithm presented here is substantially better than a generic translation of any PRAM
nca algorithm presented in the literature to date to a Parallel PPM algorithm.

It is interesting to note that if we have simple arithmetic capabilities (actually only
constant-time addition is needed), then we can compute the centroid path and the H-Tree
based on it in O(lg n) parallel time. This is obtained by keeping a count of the number of
nodes in the subtree rooted in each node during the algorithm execution. Each time we
have a leaf compression phase where both children of a node are marked L, instead of leaf
compressing always the right child, we leaf compress always the child with a smaller count.
It is easy to show that this will build the centroid path tree.

Note that if we are allowed only one processor to answer an nca query, then the time
required must be at least Ω(lg lg n) [47]. Hence our algorithm is optimal in that regard.
Observe also that the parallel time O(lg n) used to perform preprocessing is the best known
for any parallel nca algorithm (including PRAM algorithms). If one were allowed arbitrary
(e.g., n3) number of processors, then it is possible to devise a Parallel PPM algorithm that
requires O(lg n) parallel time for preprocessing and answers nca queries in time O(1) [17].
This can be simply accomplished by precomputing all the answers in parallel (in time
O(lg lg n)) and making a different processor responsible for each different possible query.

4.11 nca : Pointer Machines vs PPMs

The commonly used Pointer Machine model allows constant time arithmetic on Θ(lg n) sized
integers. The PPM does not allow such arithmetic, and one has to account for simulating
any arithmetic needed, when analyzing the running time. The arithmetic can be simulated
in PPMs by explicitly representing the integers via Θ(lg n) sized lists. This entails that a
generic translation (that just simulates the arithmetic) of Pointer Machine algorithms to
PPMs will incur a polylog penalty. More precisely an algorithm A that runs in time t(n) on



64 CHAPTER 4. THE NCA PROBLEM

a Pointer Machine and uses any arithmetic at all, will take time t(n) lgk n for some k > 0
on a PPM. We present an interesting result about the nca problem. With the next theorem
we show that any optimal Pointer Machine algorithm for the nca problem can be converted
into a PPM algorithm without incurring any penalty.

Theorem 4.11.1 A PPM algorithm A solving the nca problem with amortized cost of
O(lgk n) per insertion and worst-case cost O(lg lg n) per query, can be translated into an al-
gorithm on PPMs with an amortized cost of O(1) per insertion and worst-case cost O(lg lg n)
per query.

Proof. The tree T can be partitioned in µTrees with maximal depth of lgk n. Then the
MTree collecting the µTrees has n/(lgk n) nodes and the algorithmA requires a total of O(n)
time for insertions and O(lg lg n) for the nca queries. The MicroMacroUniverse approach
is applied again to the µTrees. Each µTree Tm is partitioned in µµTrees of depth at most
lg lg n. The corresponding MµTree contains lgk n/(lg lg n) nodes. The preprocess for a
MµTree consists of attaching an O(lg lg n) sized p-list to each node and can be accomplished
in time O(lgk n/(lg lg n) lg lg n) = O(lgk n). The total cost of preprocessing all the MµTrees,
therefore, is O(n/lgkn)∗O(lgk n) = O(n). The cost of an nca query on a µµTree is O(lg lg n)
(brute force), on a MµTree is O(lg lg n), because the depth of the tree is O(lgk n), and on
the MTree is O(lg lg n) by hypothesis. In Section 4.6 we showed how to collect the optimal
nca queries for each tree with a constant overhead, to achieve a total cost of an nca query
of O(lg lg n).

2

Corollary 4.11.2 The theorem remains true even if A was a Pointer Machine algorithm
that made use of constant-time arithmetic for lg n size integers.

Proof. A Pointer Machine algorithm with running time O(t(n)) can be näıvely converted
to a PPM algorithm with running time O(t(n) lgk n) for some k.

2
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1 : pardo

2 : if (v=root or v has a sibling) π0(v) = v else π0(v) = p(v);
3 : if (v is leaf) m0(v) = L else m0(v) =?;
4 : i:=0;

5 : iterate

6 : %leaf compression

7 : pardo

8 : if (mi(v) = L and v has currently no sibling)

9 : πa
i+1(v) = πi(p(v));

10: ma
i+1(π

a
i+1(v)) = L;

11: elseif (mi(v) = L and v has a sibling z and mi(z) =?)
12: πa

i+1(v) = NULL;

13:* pH(v) = p(v);
14: elseif (mi(v) =? and ((v has a sibling z and mi(z) = L) or

(v currently has no sibling)))

15: πa
i+1(v) = πi(p(v));

16: elseif (mi(v) = L and v has a left sibling z and mi(z) = L)

17: πa
i+1(v) = NULL;

18:* pH(v) = p(v);
19: elseif (mi(v) = L and v has a right sibling z and mi(z) = L)

20: πa
i+1(v) = πi(p(v));

21: ma
i+1(π

a
i+1(v)) = L;

22: else πa
i+1(v) = πi(v);

23: %path compression

24: pardo

25: πi+1(v) = πa
i+1(π

a
i+1(v));

26:* if (πi+1(v) = NULL) πi+1(v) = πa
i+1(v);

27: if (ma
i+1(v) = L) mi+1(πi+1(v)) = L;

28: i:=i+1;

29: loop until mi(root) = L;

30:* pH(root) = NULL;

31:* pardo x head of a path

32:* create x′ and π(x′) = x′; % x′ is a copy of x

33:* pH(x′) = pH(x);
34:* π(x) = x′;
35:* pardo pH(x) = π(π(x)); % Each node in the path of x points to x′

36:* pardo if (v is tail)

37:* TP preprocess on the list starting at v and ending at πi(v)

Figure 4.15: nca : Parallel preprocessing Algorithm
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Chapter 5

Implementation Details

5.1 An O(lg n) PPM Solution for nca

The basic idea behind our solution is to maintain the depth of the tree nodes. For any
vertex x in the tree, let us denote with anc(x, d) the ancestor of vertex x lying at depth
d in the tree. Thus, if we have two nodes x and y and anc(x, d) = anc(y, d), then we can
infer that nca(x, y) is at a depth at least d in the tree. Otherwise:

nca(x, y) = nca(anc(x, d), anc(y, d))

In our solution, with each node in the dynamic tree we store the depth of the node. The
depth is encoded as a binary number—by using a list of records containing nil and non-nil
pointers to represents zeros and ones respectively. Each time a new node is created (expand

operation) we can calculate its depth by adding one to the depth of the parent node. All
this can be accomplished in worst-case time complexity O(lg h), where h is the depth of
the node. In addition, we maintain for each node in the tree a list of pointers to selected
ancestor nodes (the predecessors list described in the next subsection). These pointers are
used to perform a binary search leading to the identification of the nca. The resulting data
structure, discovered independently, resembles the one used in [58], but does not assume
constant time arithmetic capabilities for manipulation.

The rest of this section provides details for realizing these ideas and studies the complexity
of the resulting solution. We start by describing some of the data structures which we need
to maintain to efficiently perform the tree operations required by the nca problem.

5.2 Predecessors List

To support the efficient calculation of the nca operation we need an additional data structure
super-imposed on the dynamic tree: a predecessors list (p-list) attached to each node of the
tree. Each element of the p-list is a record with two fields called data and direction (in
addition to the fields required to maintain the linked list).

67
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The p-list of node x contains blg hc+ 1 elements, where h is the depth of node x in the
tree. The p-list of x is designed to contain pointers to ancestor nodes of x. In particular the
p-list of x points to the ancestors of x which have distance 1, 2, 4, 8, . . . , 2blg hc from node x.

Let us denote with jump(x, k) the ancestor of node x which is at a distance k from x

in the tree. The data field of the ith element of the p-list of x contains a pointer to the
node jump(x, 2i), for i = 0, 1, . . . , blg depth(x)c. The direction field of the ith element of
the p-list of x contains the value L (which stands for “left”) if x belongs to the left subtree
of the node jump(x, 2i), and the value R otherwise.

The management of the p-lists is somewhat involved. Each time we add a new leaf to
the tree, we need to create the p-list for each new node created. Let us show how this can
be done.

5.2.1 Creating the p-lists

Let us consider the execution of the operation add leaf(x, y) that adds a node y as child of
x. The data fields of the p-list of node y can be calculated from the p-list of node x: if
the data field of the ith element of the p-list of x is jump(x, 2i), then the data field of the
ith element of the p-list of y is a child of jump(x, 2i). If the direction field associated to
jump(x, 2i) in the p-list of x is L (R), then the data field of the ith element in the p-list
of y is going to be the left (right) child of jump(x, 2i). Thus, we can create the data fields
of the p-list of y by scanning the p-list of x and picking the appropriate child of the data
field of each element. Since the p-list of x contains O(lg h) elements, and determining the
corresponding element in the p-list of y can be done in constant time, this process requires
O(lg h) time (h height of the tree).

The only exception to this simple rule occurs when depth(y) is an exact power of two—
in which case we need to extend the p-list by adding one more element. The new element
introduced in the list will point to the root of the tree. The only problem is how to determine
when this case occurs. This can be achieved in O(lg h) by simply scanning the list of records
representing the depth of the parent node and ensuring that it is composed only by non−nil

pointers (i.e., the binary number representing the depth of the parent node is composed
only by ones).

5.2.2 Updating the Directional Fields

In order to efficiently maintain the directional fields in the p-list, we need to slightly modify
the current picture. We introduce in each element of the p-list an additional field called
right-p-link (rplink), that points to an element belonging to the p-list of another node of the
tree. In particular, the ith element of the p-list of node x contains a pointer to the (i+1)th

element of the p-list of the node jump(x, 2i), if it exists (it is nil otherwise)—see Figure 5.1.

Let us introduce some simplified notation. Given a node x in the tree, we will denote with
last(p-list(x)) (first(p-list(x))) a pointer to the last (first) record in the p-list of node x. If
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Figure 5.1: Right-p-links between Nodes of the p-lists

s is a pointer to a p-list element, then data(s), direction(s), lplink(s) represent respectively
the value of the data, direction, and lplink fields stored in the record pointed to by s. If s

points to a p-list element, then prev(s) (next(s)) is a pointer to the p-list element preceding
(following) s.

The interesting property of this data organization is that the creation of a new p-list can
be obtained by simply following the appropriate right-p-links and copying the p-lists nodes
encountered. Let y be a new node which is inserted in the tree as the left (right) child of
node x. The creation of the p-list for y can be performed as follows:

• the first element of the p-list for y contains (i) a pointer to the node x in the data
field, (ii) the direction L (R) in the direction field, and (iii) a pointer to the second
node in the p-list of x in the right-p-link field.

• all the other elements of the p-list for y can be obtained essentially by following the
(right-p-link) list of p-list elements starting with the first element of the p-list of x

and copying each one of them. The appropriate right-p-links for this new list can be
calculated simultaneously as illustrated in the following algorithm:

1: scan := first(p-list)(x) ; // first element of p-list of x

2: p-list(y) := new (); // create first element p-list of y

3: data(p-list(y)) := x;

4: rplink(p-list(y)) := next(p-list(x));

5: if (y = left(x)) then

6: direction(p-list(y)) := L;

7: else

8: direction(p-list(y)) := R;

9: endif

10: prev := p-list(y) ;

11: while (scan 6= nil) do

12: next(prev) := copy(scan); // create copy of element scan

13: rplink(prev) := next(scan);
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14: scan := rplink(scan);

15: prev := next(prev);

16: endwhile;

The p-list of the new element may require an additional element if the depth of the new
node a power of 2 (this can be realized as already described in the previous subsection).

Example 5.2.1 Consider the tree in Figure 5.21 and let us assume that a new node (node
10) is inserted as right child of 9. The Figure shows the p-lists of the various nodes (the
notation m/L means that the p-list element points to the node m and the direction is L).
The Figure shows the p-list for the new node. This has been created applying the algorithm
described earlier. The first element of the p-list contains a pointer to parent 9; the rest of
the p-list is a copy of the list made by right-p-links and starting from the first element of
the p-list of 9 (such list is shown using solid lines in the Figure). The right-p-links of the
new elements are shown as dashed lines.

1

2

3

4

5

6

7

8

9

10

1/L

2/L 1/L

3/R 2/L

4/L 3/R 1/L

5/R 4/L 2/L

6/R 5/R 3/R

7/R 6/R 4/L

8/L

7/R 5/R 1/L

9/R 8/L 6/R 2/L

Figure 5.2: Creation of p-list: example

Note that the creation of the new p-list requires Θ(lg h) time, where h is the depth of
the newly created node. Hence, the expand operation altogether takes time Θ(lg h).

The correctness of the algorithm follows by observing that the data and directional fields
of (i+1)th element of p-list(y) are copied from the ith element of the p-list of the node pointed
to by the data field of the ith element of p-list(y). Noting that jump(jump(y, 2i), 2i) =
jump(y, 2i+1), it is easy to establish inductively that the data and directional fields of p-
list(y) are correctly computed. The fact that the right-p-links are correctly computed is
also straightforward to establish.

1The Figure shows only the nodes on the path from the root to the new node.
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The right-p-links are essential to guarantee a fast construction of the p-lists each time an
expand operation is performed. To support the execution of the nca operation we will also
require two additional fields in each element of the p-list. The first field is called left-p-link
(lplink). The left-p-link in the ith p-list element of the tree node x contains a pointer to
the (i − 1)th p-list element of the node jump(x, 2i). The second field is called middle-p-
link (mplink). The middle-p-link in the ith p-list element of the tree node x contains a
pointer to the ith p-list element of the node jump(x, 2i). The left-p-links and middle-p-
links can be maintained in a fashion similar to the right-p-links. Observe that it is not
necessary to maintain all the three p-links; e.g., the right-p-link can be determined from
the middle-p-link. We use all the three p-links only for the sake of clarity.

1: repeat

2: stepx := last(p-list(x))

3: stepy := last(p-list(y))

4: if (data(stepx) 6= data(step(y)))

5: x = data(stepx);

6: y = data(stepy);

7: endif

8: until (data(stepx) = data(stepy));

9: while ( true ) do

10: while ( data(stepx) = data(stepy) ) do

11: stepx := prev(stepx);

12: stepy := prev(stepy);

13: endwhile;

14: if (parent(data(stepx)) = parent(data(stepy)))

15: then return 〈 parent(data(stepx)), data(stepx), data(stepy) 〉;
16: else

17: x := data(stepx);

18: y := data(stepy);

19: stepx := lplink(stepx);

20: stepy := lplink(stepy);

21: endif;

22: endwhile;

Figure 5.3: Computation of the nca

5.3 Computing the nca

We subdivide the process of computing nca(x, y) into two subproblems: (i) determine the
nearest common ancestor under the assumption that x and y are at the same depth; (ii)
given x and y such that depth(x) < depth(y) determine the ancestor y′ of y such that
depth(y′) = depth(x). It is clear that the ability to solve these two subproblems will provide
a general solution to the task of determining nca(x, y) for arbitrary nodes x, y. Below we
provide a O(lg h) solution for both these subproblems. This gives us a O(lg h) solution for
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the nca problem.

Determining nca for Same Depth Nodes:

We will make use of the elements of the p-list. Let us assume x and y to be two nodes
that are at the same depth in the tree. Let h be the depth of these nodes in the tree. Then,
the p-lists of x and y each contain blg hc + 1 elements. The computation of nca(x, y) is
performed through the algorithm in Figure 5.3.

The idea behind the algorithm is to locate the nearest common ancestor of two nodes by
performing successive “jumps” in the tree, making use of the pointers stored in the p-list of
the two nodes. The first loop (lines 1-8) is used to deal with the special case where the nca

lies in the highest part of the tree (above the highest node pointed by the p-list). The loop
in lines 10-13 compares ancestors of the two nodes, starting from the ancestor in the p-list
which is farther away from the nodes x and y. During the successive iteration of this first
loop we compare the nodes jump(x, 2i) and jump(y, 2i) for successively decreasing values of
i (to avoid the use of arithmetic, we are simply moving pointers in the p-lists of x and y).
The loop continues as long as the nodes reached are equal. All these are common ancestors
for x and y. As soon as we reach two ancestors jump(x, 2i) and jump(y, 2i) that are different
(see Figure 5.4 on the left) we can verify whether the nearest common ancestor has been
reached or not at the previous step (jump(x, 2i+1)). This test can be easily performed by
checking if the two nodes reached at jump i have the same parent. (line 14).

x y
i+1 i i i+1

nca(x,y)

ii+1 i+1i

nca(x,y)

new
x

new
y

Figure 5.4: Searching for Nearest Common Ancestor

If the ancestor jump(x, 2i+1) is not the nearest common ancestor (see Figure 5.4 on
the right), then the algorithm repeats the computation by replacing the nodes x and y

respectively with jump(x, 2i) and jump(y, 2i). From the tests made earlier, we can limit the
search to the ancestors of distance up to 2i—and this is accomplished by starting a new
iteration of the loop in line 9 not by taking the last element of the p-lists of the new x and
y but by taking the p-list elements pointed by the left-p-links (i.e., maintain the same jump
distance).

Considering that the number of iterations performed is limited by the length of the
longest p-list in the tree (that is O(lg h) for a tree of height h), the we can conclude that
the algorithm has a complexity of O(lg h).

Determining Equal Height Ancestor



5.4. A PARALLEL ALGORITHM FOR THE TP PROBLEM 73

1: j := depth(y) - depth(x);

2: let j = jtjt−1 . . . j0; // show digits of j

3: step := p-list(y);

4: current := y;

5: for i := 0 to t do

6: if ( ji = 1 ) then

7 current := data(step);

8: step := mplink(step);

9: endif

10: step := next(step);

11: endfor;

12: return current;

Figure 5.5: Determining Equal Height Ancestor

We provide a method that given two nodes x, y such that depth(x) < depth(y), returns
a node y′ such that y′ ¹ y and depth(y′) = depth(x) (Figure 5.5). The method uses the
depth information stored in the nodes to determine the appropriate jump necessary to find
the ancestor y′, and uses the p-lists to perform the jump to the correct ancestor.

The subtraction operation in line 1 creates a new list of records representing the binary
number obtained from the subtraction of the depths of x and y. This operation can be
performed in time O(lg h) (h is depth(y)). In the procedure, a jump of size 2` is performed
from the current ancestor node of y if the digit j` is one. Therefore, all the jumps together
add to a total jump of j from node y. The complexity of the procedure is O(lg h).

Comment: It is possible to work with p-lists where the directional information is not
stored. In this case the p-lists of the nodes that are siblings are identical. These two
facts can be used to save space and time as well as to extend the procedure to trees with
unbounded arity.

For trees with unbounded degree, when an operation expand(x, a1, a2, . . . ar) is performed
only one p-list is created. Each of a1, a2, . . . ar has a pointer to this p-list. Of course each of
a1, a2, . . . ar has a parent pointer to x. The time for this operation then clearly is O(r+lg h).
Note that since the p-list is created only once this avoids the Ω(r lg h) cost that the näıve
method will have to incur. If we think of expand operation as adding leaves each add-leaf

operation still takes only O(lg h) time. In fact, the Θ(lg h) time is spent only for the first
add-leaf operation at any node, thereafter each add-leaf takes only constant time.

5.4 A Parallel Algorithm For The TP Problem

The Temporal Precedence Problem was first defined in [47]. In the context of parallel
computations, the Temporal Precedence Problem can be reformulated as follows: given a
list L with l nodes representing an ordered sequence of objects, we want to answer the query
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precedes(x, y), where x, y are pointers to nodes in that list. We present a solution to this
problem on Parallel PPMs that requires l processors, O(lg l) parallel preprocessing time,
and O(lg lg l) time to answer each query using a single processor thereafter.

The basic idea is to create an auxiliary complete binary tree BT , such that each leaf
is assigned to an element of L. If BT maintains all levels ordered, then the precedes(x, y)
query can be answered comparing the children of nca(x, y) in BT .

All siblings in a level of BT are ordered according to a scan from left to right, using sibl

pointers. BT is constructed by adding levels in parallel as follows. First of all, we need
to determine the depth of BT : using a processor, L is scanned using the pointer doubling
technique to compute lg l. This number can be stored as a list of lg l nodes and is used to
control the depth of BT .

Each node of BT has one processor associated to it. First the root of BT is created.
Then, recursively and in parallel, each new processor p associated to a node t in BT checks
its depth and, if a new level has to be added in BT , p executes the following operations:
First, p adds two new nodes (tl and tr) with new processors associated to them. Then, the
sibling pointer of tl is set equal to tr (sibl(tl) = tr), and sibl(tr) is set equal to the left child
of sibl(t).

The last level contains a list of siblings called S. The elements of the original list L are
mapped to the elements of S in O(lg l) parallel time with O(l) processors using a pointer
doubling scheme, which modifies the sibling list of S and L (for simplicity we assume that
the pointer to the next element in L is called sibl as well). Since L is the input, from the way
inputs are presented in the Parallel PPM model, we can assume that active processors can
be assigned to each element of L in time O(lg l). We can also assume that these processors
have pointers that points to the previous element in the list. (see Figure 5.6).

Each node of L contains a pointer map that will be used to point to the corresponding
node in S. Initially none of the map pointers is set. We now show how to compute these
pointers. At the beginning the processor assigned to the head of L sets its map pointer to
the head of S. At the same time, the second element of L sets its map pointer to the second
element of S (see Figure 5.7). This is followed by a step of pointer doubling in both S and
L. In S pointer doubling is accomplished using the sibl pointers, while in L it is performed
using the previous pointers.

After a step of pointer doubling, if the previous pointer of a node v in L whose map

pointer is not set points to a node u whose map pointer is set, then map(v) is set to
sibl(map(u)). Note that the map pointer of a node in L is set only once. The process
continues until all the nodes in L have their map pointers set. The whole process requires
O(lg l) parallel time.

The last step of the preprocessing constructs the auxiliary data structures (called p-lists)
to support the O(lg lg l) computation of the nca in BT , using a straightforward paralleliza-
tion of the algorithm presented in [44]. This preprocessing requires O(lg l) parallel time.

A precedes(x, y) query is answered by a single processor in O(lg lg l) time. The idea
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is to access the BT tree and determine (in O(lg lg l) time using the p-list nca algorithm
described in [44]) the nca z of map(x) and map(y). The tree maintains the information
about precedence for each of its levels. Let zx be the child of z on the path from z to x

and zy the other child of z. In constant time it is possible to compare zx and zy using
the sibl pointer and answer true iff zx is left sibling of zy. The computation of the nca

is accomplished in O(lg h), where h is the height of BT . Since BT by construction is a
complete tree, its depth is lg l and the query requires O(lg lg l) time.

All horizontal
pointers in the tree
are sibl pointers

All horizontal pointers in L
are previous pointers

Figure 5.6: BT tree and list L

Adding the second maps pointer

Pointer doubling and activation of new nodes

Adding new maps pointers

Figure 5.7: Example of mapping



76 CHAPTER 5. IMPLEMENTATION DETAILS



Chapter 6

Conclusions

In this thesis we have revisited the OP-Problem, a fundamental problem arising in the
management of non-deterministic and search-based computations—as those occurring in
logic programming, constraint programming, parallel AI systems, as well as in the context
of managing late bindings in Object Oriented Systems. The OP-Problem is a common
abstraction of these real-life problems, expressed as a data structure problem on dynamic
trees.

We have provided a new solution to the OP-Problem. The solution we propose is con-
siderably more efficient than all previous solutions described in the literature, and it is
optimal for the Pointer Machine model. It also provides an exponential improvement over
the previously proposed solutions for this problem.

We have also shown how the solution can be extended to handle multiple occurrences of
the same attribute along branches of the tree — this property is required when modelling
other search problems, such as those arising from the management of late binding in an
object-oriented system. The resulting algorithm provides, in this generalized problem, the
same complexity as for the original OP-Problem — thus providing an optimal solution also
for this problem on Pointer Machines.

The proposed solution is constructed using fairly standard data structures (e.g., prece-
dence lists and balanced search trees) and it is very practical. The data structure we propose
is currently being introduced in the PASL system — a fast or-parallel implementation of
Prolog.

We have defined a novel compression scheme and used it for solving the nca problem
optimally on PPMs both in the static and the dynamic case. The algorithm requires a
linear preprocessing time in the static case and O(lg lg n) time to answer a query. The
compression scheme is interesting due to its simplicity, locality properties, efficiency and
arithmetic-free nature. However, it is not essential for obtaining the optimal nca algorithm
for the PPMs due to the remarkable theorem 4.11.1, making use of the MicroMacroUniverse
scheme presented in Section 4.6.

77
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We also presented an efficient Parallel Pointer Machine algorithm for the nca problem.
Our algorithm requires O(lg n) parallel time and O(n) processors for pre-processing where
n is the number of nodes in the tree. Thereafter, it can answer any nca query in O(lg lg n)
time. The solution presented is a parallelization the optimal sequential solution for the nca

problem presented in Section 4.4. Our nca algorithm required an efficient parallel solution
of a parallel version of the Temporal Precedence problem [47]. We provided an efficient
Parallel Pointer Machine algorithm to solve this problem.

We have also shown that for the nca problem, it is possible to totally avoid the polylog
penalty that one has to incur in a generic translation of an algorithm designed for pointer
machines with arithmetic to PPMs. This gives rise to the question: Is there any natural
problem for which the optimal solution on PPMs is provably logarithmically worse as com-
pared to the optimal solution on Pointer Machines with arithmetic. As of now, we believe
that the worst such known penalty incurred is O(lg lg n) [47]. It will be especially interesting
if there is no problem at all where the logarithmic penalty has to be incurred because that
will show that the generic translation is always non-optimal.
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