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ABSTRACT. We introduce objective partial groups, of which the linking systems and p-local
finite groups of Broto, Levi, and Oliver, the transporter systems of Oliver and Ventura,
and the F-localities of Puig are examples, as are groups in the ordinary sense. As an
application we show that if F is a saturated fusion system over a finite p-group then there
exists a centric linking system £ having F as its fusion system, and that £ is unique up to
isomorphism. The proof relies on the classification of the finite simple groups in an indirect
and - for that reason - perhaps ultimately removable way.

Introduction

Let S be a finite p-group, p a prime. A fusion system on S is a category whose objects
are the subgroups of S, and whose morphisms are injective group homomorphisms, among
which are all of those which are induced by conjugation by elements of S. A fusion system
F on S'is saturated if it satisfies some further conditions, such as would be found to hold
if S were a Sylow subgroup of a finite group G and if the morphisms in F were the
homomorphisms between subgroups of S induced by conjugation within G.

Saturated fusion systems were introduced by Lluis Puig (as “Frobenius categories”)
in notes which, although widely influential, remained unpublished for some years. Puig’s
formalism provided a setting for the Brauer Theory of blocks of characters of finite groups,
in which no ambient finite group need be assumed. Somewhat later, David Benson [Be]
suggested the possibility of associating a “classifying space” to each Frobenius category.
The notion of such a classifying space was then formulated in a rigorous way by Carles
Broto, Ran Levi, and Bob Oliver in [BLO], thereby providing a generalized setting for
the homotopy theory of p-completed classifying spaces of finite groups. Here also, as in
Puig’s setup, no ambient finite group is required. Instead, what is required is a “linking
system” (or “p-local finite group”) attached to a given saturated fusion system, and
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which has a richer and, in many respects, a more “group-like” structure than the fusion
system alone.

More recently, linking systems and their homotopy-theoretic correlatives have been
further generalized by Bob Oliver and Joana Ventura [OV] to “transporter systems”.
More recently still, the notions of linking system and transporter system have been
treated by Puig in his book [P2], where they are called “F-localities” - but where the
homotopical context is absent (as will also be the case in the present work).

This paper is intended, in part, as a step toward providing a setting for the methods
of the so-called “p-local analysis” from finite group theory, in which no ambient finite
group is required. The formalism developed here turns out to be equivalent in a technical
sense to that of [BLO] and [OV], but it is pitched in a completely different language -
one which involves nothing of categories and functors - and it has a more recognizably
finite group-like flavor. Partly for this reason, and partly because the “p-local” in “p-
local finite groups” already has a meaning for finite group theorists, we have chosen to
adopt Puig’s terminology; and so this paper involves the study of what we call localities.
We retain the terminology from [BLO] for the special sort of locality known as a linking
system. The aim is to establish some basic structural properties of localities in general,
and to prove the following result.

Main Theorem. Let F be a saturated fusion system on the finite p-group S, p a prime.
Then there exists a centric linking system L such that F is the fusion system generated
by the conjugation maps in L between subgroups of S. Further, L is uniquely determined
by F, up to an an isomorphism which restricts to the identity map on S.

We remark that if £ is a centric linking system on S, then it is straightforward to
show that the fusion system Fg(L) generated by the conjugation maps in £ between
subgroups of S is saturated (see 2.17(a), below). Thus, the effect of the Main Theorem is
that there is a one-to-one correspondence, up to a rigid notion of isomorphism, between
saturated fusion systems and centric linking systems.

In this introduction we shall outline our proof of the Main Theorem, and point out the
indirect way in which it relies on the classification of the finite simple groups (hereinafter
referred to as the CFSG).

A group may be regarded as a set G together with an “inversion map” and a mul-
tivariable “product” II : W — G, where W = W(G) is the free monoid on G. The
usual definition of a group is easily formulated in terms of II instead of the binary mul-
tiplication. To obtain the notion of “partial group”, one drops the requirement that II
be defined on all words in W, and one places certain conditions on the subset D of W
on which II is defined, while retaining the essential properties that one expects from a
product.

Once the definition is written down in 2.1, partial analogs of basic group-theoretic
notions immediately suggest themselves, including the notions of homomorphism and
subgroup. A partial subgroup of a partial group may in fact be a group. Moreover, it
may be the case for a given partial group M that there is a collection A of subgroups
which determines the domain D of the product II. Namely, it may happen that a word
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w = (f1, -, fn) is in the domain D if and only if there exists a sequence (Xo, -, X,)
of “objects” (i.e. members of A) such that X; ; is conjugated by f; to X; for all i,
1 <7 < n. If such is the case, and if moreover, any subgroup of an object containing
a conjugate of an object is again an object, then the pair (M, A) is an objective partial
group.

Our interest is in objective partial groups £ = (M, A) such that the set A of objects
has a unique maximal member .S with respect to inclusion, and where S is a finite p-group
which is maximal (though not necessarily uniquely so) in the poset of all p-subgroups of
M. When these conditions are met, and M is finite, then the triple £L = (M, A, S) is
a locality. A locality L is a A-linking system if, for any object P € A, the centralizer
subgroup C,(P) is just the center Z(P) of P. If, moreover, A is the set of all subgroups
P of S such that Cs(Q) = Z(Q) for every L-conjugate @ of P with @ < S, then L is a

centric linking system.

To any locality £ = (M, A, S) there is associated a fusion system F := Fg(L) on S,
whose morphisms are those maps ¢ from one subgroup of .S into another, such that ¢ is a
composition of restrictions of £-conjugation maps between objects. We find that for any
locality £, the pair (£, Fs(L)) is essentially the same thing as a “transporter system”
in the sense of Oliver and Ventura [OV], and we show that all transporter systems arise
from localities in this way. The proof is given in an Appendix, so as not to interrupt the
flow of the development. The Appendix includes also a proof that the Main Theorem
implies the corresponding result for “centric linking systems” taken in the sense of [BLO].

Section 1 introduces saturated fusion systems (and the notion of “fully normalized”
subgroup) in an unconventional way, in analogy to the way in which one defines a scheme
as a gluing-together of affine schemes. In this analogy, the “affine” things are the fusion
systems Fr(H) of finite groups H at a Sylow p-subgroup R, where H has the property
that Cy(O,(H)) < O,(H). A fusion system F on a finite p-group S is saturated provided
that F is locally affine, F is “generated” by its affine subsystems, and every JF-centric
subgroup of S has a fully normalized F-conjugate. Another way to say this is that our
definition of saturation is based on the notion, due to Aschbacher [As], of a “model” of
a “constrained” fusion system. In any case, our formulation is equivalent to those found
in [BLO] and elsewhere. Readers who are already familiar with fusion systems and with
models will find little new after 1.4. Indeed, the purpose of section 1 is primarily to
fix terminology and notation - and to state a result (Proposition 1.10) announced by
Aschbacher and proved by Oliver - which lies at the foundation of this work.

The definitions pertaining to partial groups, objective partial groups, and localities are
introduced, and a few of their elementary consequences are derived, in section 2. Among
these consequences is the basic one (Proposition 2.10) that for any locality £ = (M, A, 5),
and any f € M, the set Sy of elements x € S such that the product ol = flaf is
defined and is an element of S, is in fact an object, and hence a subgroup of S. As a
corollary, we obtain the result (Proposition 2.21) that every subgroup of M is contained
in the normalizer of an object, and that all p-subgroups of M are conjugate to subgroups
of S.
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Section 3 introduces homomorphisms of partial groups and of partial normal sub-
groups. A few very basic consequences of the definitions are derived, but it isn’t until
the focus is restricted to localities, in section 4, that these concepts begin to bear fruit.
We make no attempt in this paper to formulate a general notion of homomorphism of
localities beyond an obvious notion of isomorphism.

Section 4 provides some basic computational tools for working with a locality £ =
(L£,A,S) and a partial normal subgroup N < £. The “Frattini lemma” (4.6) says that
every element f € £ can be written as a product xh (or hy := hz") with z,y € N and
with h € Nz (S NN). The “splitting lemma” (4.10) shows that it is possible to choose
the pairs (z, h) so that (S§)® < S. The section ends with a result (4.11) on extending
an automorphisms of a sub-locality of a finite group to an automorphism of the group
itself.

It is in section 5 that the proof of the Main Theorem begins to take shape. The main
results (Theorems 5.14 and 5.15) yield a concrete procedure for constructing a locality
LT from a locality £ having a smaller set of objects. Thus: suppose that one is given a
locality £ with the set A of objects, and maximal object S; and suppose that one is given
also a fusion system F on S such that £ is “F-natural”, in the sense that for any object
P, the set of L-conjugation maps from P into S is equal to the set of F-homomorphisms
of P into S. Now suppose further that one is given a subgroup T of S, such that T
is not in A, but with the property that every pair of distinct F-conjugates of T" in S
generates a member of A. One may assume (upon replacing T by a suitable £-conjugate)
that T is fully normalized in F, in the sense of 1.2. There are then two questions to
consider. First: under what conditions is it possible to regard £ as the “restriction” to
A of an F-natural locality £ whose set A1 of objects is the union of A with the set
of overgroups in S of F-conjugates of 7' 7 Second: under what conditions are two such
“extensions” of £ to AT “rigidly isomorphic” (i.e. isomorphic via an isomorphism which
restricts to the identity map on S)? Theorems 5.14 and 5.15 provide a complete answer
to these questions; and in doing so they provide a blueprint for the proof of the Main
Theorem.

In brief, Theorem 5.14 says that there exists an F-natural locality £ extending £ in
the prescribed manner, provided that there exists

(1) a finite group M containing Ng(7T') as a Sylow p-subgroup, and with fusion system
Fng(ry(M) equal to Nx(T'), and

(2) a rigid isomorphism A from the normalizer locality N, (T') to a locality La,.(M)
contained in M,

where Arp is the set of objects @ € A such that T' < @Q < Ng(T'), and L, (M) is the
locality obtained by restricting the group M (itself viewed as a locality) to Ap. Further,
Theorem 5.15 says that if A and A are two isomorphisms as in (2), then the resulting
localities £1(\) and £7()\) are rigidly isomorphic if and only if the composition A~*
followed by A’ extends to an automorphism of M.

Theorem 5.17 establishes that every locality £ = (M, A, S) can be constructed in the
above way, by an iterative procedure. For example, one may begin with the group N, (.9),

regarded as the restriction of £ to a locality with a single object. One then proceeds (via
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the “+-operation” outlined above) to construct the restriction of £ to larger and larger
sets of objects, until the set A has been exhausted. At that point £ itself will have been
recovered as a “filtration” of its restrictions to an increasing sequence of subsets of A.

Section 6 provides a proof of the Main Theorem modulo a technical condition on
localities in finite groups which is proved in section 7 as Proposition 7.1. In somewhat
more detail: the proof of the Main Theorem depends on being able to produce an iterative
procedure, of the kind described in the preceding paragraph, by which to create a linking
system rather than to recover one, starting only with a saturated fusion system F on S
and with the set A = F¢ of F-centric subgroups of S. The procedure begins with the
linking system Ly of Nxz(R) for some suitably chosen R € A; and where the existence
and uniqueness of Ly is given by a result (see 1.10 below), obtained independently by
Bob Oliver and Lluis Puig, which lies at the foundation of this paper. The difficulty, in
going from one step to the next via the +-construction, lies in showing that what has
already been constructed (and constructed uniquely, up to rigid isomorphism) yields an
essentially unique rigid isomorphism A at the local level required for the next step. This
requires finding a good way to descend, step by step, through A - and this is what is
achieved in section 6. The argument focuses on properties of one version of the Thompson
J-subgroup J(R) of a finite p-group R, and on properties of finite groups G such that
R is a Sylow p-subgroup of G, F*(G) = O,(G), and J(R) is not a normal subgroup of
G. Thus, section 6 provides a method of “descent”, while Proposition 7.1 enables the
argument in section 6 and completes the proof of the Main Theorem. By ordering things
in this way, all of the non-elementary finite group theory involved in the proof of the
Main Theorem is pushed to the very end.

Proposition 7.1 concerns so-called FF-pairs (G,V'), where G is a finite group such
that O,(G) =1, and where V is a faithful G-module over the field of p elements, having
the following property:

(*) There exists a non-identity abelian p-subgroup A of G (called a “best offender”
in G on V) such that |A||Cy (A)| > |B||Cv(B)| for every subgroup B of A,

and where G is generated by the set of such best offenders. The classification of such pairs
(G, V) has been carried out piecemeal, over a period of many years, by many authors. It
has only very recently been given a complete treatment (including the determination of
the best offenders in the case where V' is irreducible and G is almost simple) by Meier-
frankenfeld and Stellmacher [MS2], as part of the project initiated by Meierfrankenfeld
to provide an alternative approach to the classification of finite simple groups of local
characteristic p. Parts of the classification of F'F-pairs (for example the decomposition
into “J-components”) are elementary, but as things stand at this date, the determination
of the possible J-components themselves relies on the CFSG. Though we have attempted
to organize the arguments on the basis of general principles where possible (see for ex-
ample 7.7), any proof based on the CFSG, by its very nature, is opportunistic to some
degree, and not entirely principled.

We should alert those readers who are familiar with arguments involving the Thomp-
son J-subgroup J(P) of a finite p-group P, that in this paper J(P) is not defined in
the way that has gained currency over the course of the decades since Thompson first
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introduced his version of J(P). That is, we define J(P) to be the subgroup of P that is
generated by the abelian subgroups of P of maximal order (as in [Th]), rather than the
elementary abelian subgroups of maximal order. This is the definition which is needed
here, for reasons that will become clear from the arguments in sections 6 and 7.

Remark. Our tendency is toward right-hand notation for mappings, in any discussion
which may involve composition of mappings. In particular, if C is a category, and X, Y, Z
are objects of C, then composition defines a mapping

More(X,Y) x More(Y,Z) — More(X, Z).

Consistent with this policy, conjugation within any group G is taken in the right-handed
sense, so that 9 = g~ 'xg for any z,9 € G.

Acknowledgements: First, to my friends at Christian-Albrechts Universitit zu Kiel, 1
wish to extend my thanks for their kind hospitality during my visits, over the course of
many years, and for their patience in the face of lectures in which some tentative efforts
were made to frame fusion systems and linking systems in a group-theoretic way. Special
thanks are due to Bob Oliver for his hospitality in the fall of 2007, at Paris XIII, where
the ideas that led to this paper were first conceived, and for his guidance past some
fundamental misconceptions. My most heartfelt thanks go to Bernd Stellmacher, not
least for his insightful reading of portions of earlier versions of this paper. His comments
and suggested revisions, often given in great detail, have led to the simplification and
clarification of many arguments, and to corrections of errors too embarassing to mention.
In particular, the definition of “partial group” owes a great deal to his intervention, as
does much of section 4. The remaining errors and infelicities are all my own.

Section 1: Fusion systems, saturation, and models

This section is, in part, a review of the basic notions pertaining to fusion systems
and saturation; but the definitions of “fully normalized subgroup” and of saturation that
turn out to be most convenient for the task at hand are not the standard ones. Still, the
ideas are due to Puig [P1], while the terminology that we employ is that of [BLO], which
has gained broad currency.

Let p be a prime, G a finite group, and S a Sylow p-subgroup of GG. For subgroups P
and @ of S, set
Na(P,Q)={g€ G| P! <Q}.

Here P9 is the set of elements x9 := g~ 'xg, for x € P. Set

Homg(P,Q) ={cy: P = Q| g€ Na(P,Q)},

where ¢, : P — (@ is the conjugation map z ~ 9 induced by g. The fusion system
Fs(G) induced on S by G is the category whose objects are the subgroups of S, and
where the set of morphisms P — @Q is Homg (P, Q). More generally:
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Definition 1.1. Let S be a finite p-group. A fusion system on S is a category F,
whose objects are the subgroups of S, and whose morphisms satisfy the following two
conditions.

(a) Homg(P,Q) C Homx(P,Q) for all subgroups P and Q of S.

(b) Every F-homomorphism can be factored in F as an F-isomorphism followed by
an inclusion map, and every F-isomorphism is an isomorphism of groups.

Example. For any finite p-group S there is the total fusion system F(S), characterized
by

HOmf(S)(P, Q) == In](P7 Q)7

where Inj(P, Q) is the set of all injective group homomorphisms P — Q).

Let F be a fusion system on S and let P < S be a subgroup of S. A subgroup ) < S
is an F-conjugate of P if ) = P¢ for some F-isomorphism ¢.

Definition 1.2. Let F be a fusion system on S. A subgroup P of S is fully normalized
in F provided that, for each F-conjugate ) of P, there exists an F-homomorphism
¥ : Ng(Q) — Ng(P) such that Q¢ = P.

Example. If 7 = Fg(G), G a finite group, and S € Syl,(G), then every subgroup of S
has a fully normalized F-conjugate, by Sylow’s Theorem.

Definition 1.3. Let S be a finite p-group and let F be a subset of Hom(F(S)) (i.e. a
subset of the set of morphisms of the total fusion system on S) such that F contains
Hom(Fg(S)). The fusion system on S generated by F is the category whose objects are
the subgroups of S, and whose morphisms are the homomorphisms ¢ : P — () such that
¢ is a composition of restrictions of members of F.

We note that it is immediate from definition 1.1 that the “fusion system generated by
F” is in fact a fusion system on S.

Example. Let F be a fusion system on S and let 7' < S be a subgroup of S, with T’
fully normalized in F. Define Nz(T') to be the fusion system on Ng(7') generated by the
set of all F-homomorphisms ¢ : P — Ng(T') such that 7' < P and such that T'¢p = T.

A collection A of subgroups of S is closed under F-conjugation (or, is F-invariant) if
P¢p € A whenever P € A and ¢ € Homx(P,S). We say that A is overgroup closed if
Q@ € A whenever @ is a subgroup of S which contains a member of A.

Example. For any fusion system JF on S, let F¢ be the largest F-invariant collection
A of subgroups P of S such that Cg(P) < P for all P € A. Then S € F¢, and F¢ is
overgroup closed in S. The members of F¢ are the F-centric subgroups of S.

7



Definition 1.4. Let F be a fusion system on S and let A be a non-empty collection of
subgroups of S, such that A is both overgroup closed and closed under F-conjugation.
Then F is A-saturated if the following two conditions hold.

(A) Every member of A has a fully normalized F-conjugate.

(B) For each P € AN F¢ such that P is fully normalized in F, there exists a finite
group M such that Ng(P) € Syl,(M), and with Nx(P) = Fnyp)(M).

If F is F¢saturated, and F is generated by the union of its subsystems Nxz(P) as P
ranges over the fully normalized members of F€, then F is saturated.

Remark 1.5. (a) The above definition of saturation is equivalent to the (by now) stan-
dard one given in [BLO], and hence also to the various equivalent formulations found
in [5Al] and [Sta]. Actually, in view of the Main Theorem, one may be satisfied to
know that a fusion system satisfying the standard definition of saturation satisfies the
conditions of 1.4. That the standard definition implies 1.4(A) is an easy exercise, while
(B) follows from [2.4 and 2.5 in As|. The reverse implication (that 1.4 really does define
saturation in the standard sense) is given by [Theorem A in 5A1].

(b) For any finite group G with Sylow p-subgroup S, the fusion system Fg(G) is
A-saturated, for any non-empty, overgroup closed, Fs(G)-invariant collection A of sub-
groups of S.

Definition 1.6. Let F be a fusion system on S, and let T < S be a subgroup of S. Then
T is normal in F if F = Nx(T). The (unique) largest subgroup of S which is normal
in F is denoted O,(F). More generally, T' is strongly closed in F if P¢ < T whenever
P <T and ¢ € Homx(P,S). More generally still, T is weakly closed in F if T¢ =T for
all p € Homz(T, S).

Lemma 1.7. Let F be a saturated fusion system on S, let P < S be a subgroup of S such
that P is fully normalized in F, and let U be a subgroup of P such that Ng(P) < Ng(U).
Then there exists ¢ € Homx(P,S) such that both Pp and U¢ are fully normalized in F.

Proof. By 1.4(A) there exists ¢ € Homxr(Ng(U),S) such that V := U¢ is fully normal-
ized in F. Set Q = P¢. As Ng(P) < Ng(U), and P is fully normalized, ¢ restricts to an
isomorphism Ng(P) — Ng(Q). Now let v € Homz(Q,S) and set R = Q. Then R is
an F-conjugate of P, and so there exists n € Homz(Ng(R), Ng(P)) with Rn = P. Com-
posing n with ¢ yields an F-homomorphism Ng(R) — Ng(Q), so @ is fully normalized
in . 0

Definition 1.8. Let F be a saturated fusion system over S. Then F is constrained if
O, (F) is F-centric.

The following terminology is taken from [As].

Definition 1.9. Let F be a constrained fusion system over S, and let M be a finite
group. Then M is a model for F provided that:

(1) S is a Sylow p-subgroup of M,



(2) F = Fs(M), and
(3) Cum(Op(M)) < Op(M).

Notice that if M is a model for F then O, (M) = O,(F).

The definition of model in [As| (or, equivalently, of “localizer” in [P2]) is somewhat
more flexible than the one we have given here; but 1.9 will suffice for our purposes. The
following quoted result may be interpreted as saying that the Main Theorem holds in
the case that F is constrained. This special result lies at the foundation of our proof of
the Main Theorem.

Proposition 1.10. Let F be a constrained fusion system over the finite p-group S. Then
the following hold.

(a) There exists a model M for F.

(b) Let My and Ms be models for F. Then there exists an isomorphism 8 : My — My
such that [ restricts to the identity map on S. Moreover, if 8’ is any other such
isomorphism, then the automorphism B~' o 3" of My is an inner automorphism
¢, given by conjugation by an element z € Z(S). In particular:

(¢) If M is a model for F then {c, | z € Z(S)} is the set of automorphisms of M
which restrict to the identity map on S.

Proof. Point (a), and the uniqueness of M up to isomorphism, appear as proposition 4.3
in [5A1]. A different treatment, along with the “strong uniqueness” of M in point (b), is
due to Puig [P2, Theorem 18.6]. There is also a subsequent (and independent) proof by
Bob Oliver - including the important point (b) [Theorem 5.10 in section I of AKO]. O

Lemma 1.11. Let M be a model of the saturated, constrained fusion system F over S,
and let € be a saturated fusion system on S such that the set Hom(E) of E-homomorphisms
is contained in Hom(F). Then M contains a unique model H for £.

Proof. Set T = O,(M), and let H be the set of all ¢ € M such the conjugation auto-
morphism ¢, of T is in €. The set of all such ¢, with g € H is equal to Auts(T), so H
is a subgroup of M. Moreover, S < H as Fg(S) C €.

Let &£ be the fusion system Fg(H). Then

A= Aute/(T) = Auty (T) = Aute(T).

Fix A € A, let h € H with ¢, = A, and let P\ be the largest subgroup P of S such
that Autp(T) < Autg(T). Set P = Py and let Q be the pre-image in S of Autp(T)*.
As conjugation by h induces an automorphism of Auty(T'), the natural isomorphism of
Auty(T) — H/Z(T) yields P"* = Q. That is, a extends to an &'-isomorphism ¢ : P — Q.
Since £ is constrained, also £ has a model, and so « extends also to an £-isomorphism
Y : P — Q. Then ¢ o¢~! is an F-automorphism which restricts to the identity on
T, and so ) = ¢ oc, for some z € Z(T). Since Fg(S) € £€NE’, we conclude that
Iso(€) = Iso(&"). Then Hom(E) = Hom(E') by 1.1(b). Thus, £ = &', and H is a model
for £.
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Now suppose that there is another subgroup K of M which is a model for £. Let
c: M — Aut(T) be the map which sends g € M to the automorphism ¢, of 7. Then
Ker(c)=Z(T)<HNK, and Kc = Autg(T) = Auty(T) = He,so K = H. [

By a group of Lie type in characteristic p we mean a finite group OPI(C’?(J)), where
K is a semisimple algebraic group over the algebraic closure Fp of the field of p elements,
and where o is a Steinberg endomorphism of K. The following well-known result will
play an important role in section 7.

Lemma 1.12. Let G be a group of Lie type in characteristic p, let S € Syl,(G) be
a Sylow p-subgroup of G, and let X be a parabolic subgroup of G containing S. Then
0, (X) is weakly closed in Fs(G).

Proof. Let ® be the root system (or twisted root system) associated with G, and let
be the set of positive roots, taken so that S is generated by the set of root subgroups
U, for @ € T, Set Q = O,(X), set B = Ng(S), and let H be a complement to S in
B. For any subset A of ®T let A’ be the set of roots —a such that a € &1 and a ¢ A.
Standard results concerning the structure of parabolic subgroups (see [Theorem 2.6.5 in
GLS]) yield the existence of a subset A := A(X) of ®*, such that

(*) Q= (Us|6e€A), Op/(X) = (U, |y€®TUA), and X = Op/(X)H.

Let g € Ng(@,S). By Alperin’s fusion theorem there is a sequence (Ry,- -, R,) of
subgroups of S, and elements g; € Ng(R;), such that g; € Ng(R;), Q < Ry, Q99 < R;
for all ¢, and such that g = hg; - - - g5, for some h € C(Q). Moreover, the groups R; may
be chosen so that R; = O,(Ng(R;)) and Ng(R;) € Syl,(Ng(R;)), and then a theorem of
Borel and Tits [Theorem 3.1.3 in GLS] yields the result that each Ng(R;) is a parabolic
subgroup of G over S. Thus, in order to prove that ' = @, and hence that @ is weakly
closed in Fg(G), it suffices to consider the case where g = g1 € Y for some parabolic
subgroup Y = Ng(R) of G over S, with Q < R = O,(Y).

Set I' = A(Ng(R)). Then A CT and I'" C A’. Applying (*) to both Ng(R) and X,
we obtain Ng(R) < X. Thus g € Ng(Q), as required. [

Section 2: Partial groups, objective partial groups, and localities

For any set X we write W (X)) for the free monoid on X. Thus, an element of W (X)
is a finite sequence of (or word in) the elements of X, and the multiplication in W (X))
consists of concatenation of sequences (denoted uow). The use of the same symbol “o” for
concatenation of sequences and for composition of functions should cause no confusion.

The length ¢(w) of the word w = (z1, -+ ,zy) is n. The “empty word” is the word
(@) of length 0. We shall make no careful distinction between the set X and the set of
words of length 1. That is to say, we regard X as a subset of W (X) via the identification
x — (x).

Definition 2.1. Let M be a non-empty set, and let W = W (M) be the free monoid
10



on M. Let D be a subset of W such that
(1) M CD, and
uoveD = wu,veD.

(Notice that (1) implies that also the empty word is in D.) A mapping II: D — M is a
product if:

(2) II restricts to the identity map on M, and
(3) uovoweD = wuo(Il(v)) ow € D, and II(u o v ow) = II(u o (II(v)) o w).

An inversion on M consists of an involutory bijection f +— f~! on M, together with
the mapping u — u~! on W given by

(flv"' 7fn>'_>(fn_17”'f1_1)'

A partial group consists of a product II : D — M, together with an inversion (—)~! on
M, such that:
(4) ueD = uloueDand Uutou) =1,

where 1 denotes the image of the empty word under II.
We list some elementary consequences of the definition, as follows.

Lemma 2.2. Let M (with D, 11, and inversion) be a partial group.

(a) 1T is D-multiplicative. That is, if uov is in D then the word (I(u),11(v)) of
length 2 is in D, and

II(uov) = I(u)l(v),

where (uw)II(v) is an abbreviation for II((11(u), II(v)).
(b) II is D-associative. That is:

uovow €D = I(uowv)(w) = II(u)II(vow).

(c) IfuoveD thenuo(1l)ov e D and I(uo (1) ov) =I(uow).

(d) Ifuov € D then bothu™touov and uovov™ are in D, H(u~touowv) = II(v),
and (uovov™t) =TII(u).

(e) The cancellation rule: If uov, uow € D, and II(u o v) = Il(u o w), then
II(v) = II(w) (and similarly for right cancellation).

(f) Ifu € D thenu™! € D, and I(u™!) = U(u)~t. In particular, 171 = 1.

(g) The uncancellation rule: Let u,v,w € W, and suppose that both uwov and uow
are in D and that II(v) = I(w). Then II(uowv) = II(u o w). (Similarly for right
uncancellation.)

11



Proof. Let uowv € D. Then 2.1(3) applies to () o u o v and yields the result that
(Il(u)) o v € D with I(uowv) = II((II(u)) o v). Now apply 2.1(3) to (II(u)) o v o (1), to
obtain (a).

Let uovow € D. Then uwowv and w are in D by 2.1(1), and D-multiplicativity yields
II(uwowvow) = 1II(uowv)II(w). Similarly, ITI(u o v ow) = II(u)II(v o w), and (b) holds.

Notice that point (c) is immediate from 2.1(3).

Assume uov € D. Then v ou"touov € D by 2.1(4), and then also u=touov € D.
Multiplicativity then yields

Hutouowv) =T(u" ouw)l(v) = 1II(v) = I(P)(v) = II(} o v) = II(v).

As (w7t = w for any w € W, one obtains wow™! € D for any w € D, and
I(wow™!) = 1. From this one easily completes the proof of (d).

Now let w o v and u o w be in D, with II(u o v) = II(u o w). Then (d) (together with
multiplicativity and associativity, which will not be explicitly mentioned hereafter) yield

M(v) = (v ouowv) = I(uHIT(w)(v) = M(u HIT(u)l(w) = (v cuow) = I(w),

and (e) holds.

Let u € D. Then uou™! € D, and then IT(u)II(u~1) = 1. But also (II(u),I(u)~!) €
D, and II(u)II(u)~! = 1. Now (f) follows by cancellation.

Let u,v,w be as in (g). Then u ! ouowv and u=! ouow are in D by (d). By two
applications of (d), Il(u~touowv) = II(v) = I(w) = H(u "t ouow), so I(uov) = I(uow)
by (e). That is, II(u)II(v) = II(u)II(w), and (g) holds. [

Lemma 2.3. Let M be a partial group, and write xy for Il(x,y) when (x,y) € D.

(a) For each x € M, both (z,1) and (1,z) are in D, and 1x = z1.
(b) For each x € M, both (x~ ', z) and (z,z™ ') are in D, and x™ 'z =1 = zx~ .
(¢) If W(M) =D then M is a group via the binary operation (x,y) — xy.

Proof. Asz=0ox =x00, as II(x) = x by 2.1(2), and since II(#) = 1, point (a) follows
from 2.2(a). Point (b) is immediate from 2.1(4). Thus, 1 is an identity element for M by
(a), and 27! is an inverse for by (b). Finally, if M x M x M C D then the operation
(x,y) — xy is associative by 2.2(b). In particular, (c) holds. O

2.4 Examples.

1. The first example is the basic one, in which M is a group G, 1 is the identity element
of G, g~ ! is the inverse of g in G, D = W(G), and II is the (multi-variable) product in
G. Let “” be the binary operation given by restricting IT to M x M. Then (M, ") is
a group by 2.3(c), and visibly that group is equal to G. Conversely, if (M,D,II) is a
partial group in which D = W then (M, ) is a group, again by 2.3(c).

12



2. Let G be a group and let A be a collection of subgroups of G. For X € A and
g € G write X9 for the subgroup ¢'Xg < G. One then obtains a partial group
M = M(G,A), for which D is the set of all words w = (g1, ,9,) € W(G) such that
there exists X € A with X919 € A for alli (1 < ¢ <n). Take II to be the restriction to
D of the multivariable product in G, inversion as the restriction to M of inversion in G,
and 1 as the identity element of G. Notice that if there exists X € A with X9 € A for
all g € G, then all products are defined, and one then recovers GG as a bona fide group.

3. Here is a special case of example (2). Let G be the group O} (2) (or equivalently,
the wreath product S3!C53). Thus, G is a group of order 72, with a normal elementary
abelian subgroup A of order 9, and with a dihedral Sylow 2-subgroup S acting faithfully
on A. Let A be the set of subgroups of S of order 2. Then, as a set, the partial group M
(defined as in example 2) is equal to G, since every element of G fuses some involution
of S into S. But D(M) is a proper subset of W(M), so M is not a group.

It is often convenient to eliminate the symbol “II” and to speak of “the product
fi--- fn”. More generally, if {X;}1<;<p is a collection of subsets of M then the “product
set X ---X,” is by definition the image under II of the set of words (f1,---, f,) € D
such that f; € X; for all i. If X; = {f;} is a singleton then we may write f; in place
of X; in such a product. Thus, for example, the product X fg stands for the set of all
I(z, f,g) with (z, f,g) € D, and with z € X.

A word of urgent warning: in writing products in the above way one may be led,
mistakenly, into imagining that “associativity” holds in a stronger sense than that which
is given by 2.2(b). For example, one should not suppose, if (f, g, h) € W, and both (f, g)
and (fg,h) are in D, that (f, g, h) is in D. That is, it may be that “the product fgh” is
undefined, even though the product (fg)h is defined. Of course, one is tempted to simply
extend the domain D to include such triples (f, g, k), and to “define” the product fgh
to be (fg)h. The trouble is that it may also be the case that gh and f(gh) are defined

(via D), but that (fg)h # f(gh).

Let M be a partial group and let H be a non-empty subset of M. Then H is a partial
subgroup of M if H is closed under inversion (f € H implies f~! € H) and with respect
to products. The latter condition means that II(w) € H whenever w € W(H)ND. If in
fact W (H) is contained in D, then H is a subgroup of M (i.e. a partial subgroup which
is a group) by 2.3.

For M a partial group and f € M, write D(f) for the set of all z € M such that the
product f~lxf is defined. There is then a mapping

cr :D(f) = M

given by z — f~lxf (and called conjugation by f). Since our preference is for “right-
hand” notation, we write
x> (x)cy or xwsaf

for conjugation by f.
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At this early point, and in the context of arbitrary partial groups, one can say very
little about the maps cy. The cancellation rule 2.2(e) implies that each ¢y is injective,
but beyond that, the following lemma may be the best that can be obtained.

Lemma 2.5. Let M be a partial group and let f € M. Then the following hold.
(a) 1 € D(f) and 17 = 1.
(b) D(f) is closed under inversion, and (x=1)/ = ()~ for all x € D(f).
(c) cf is a bijection D(f) —D(fY), and cp-1 = (¢f) 7.
(d) M =D(1), and 2 = x for each x € M.

Proof. By 2.1(4), folo f~' = fof~! € D, so 1 € D(f) and then 1/ = 1 by 2.3(a).
Thus (a) holds. Now let z € D(f) and set w = (f~1,z, f). Then w € D, and w™! =
(f~Y 271, f) by definition in 2.1. Then 2.1(4) yields w='ow € D, and so w™! € D
by 2.1(1). This shows that D(f) is closed under inversion. Also, 2.1(4) yields 1 =
I(w™! ow) = (z71) 2, and then (z71)/ = (zf)" by 2.2(f). This completes the proof
of (b).

As w € D, 2.2(d) implies that f ow and then fowo f~! are in D. Now 2.1(3) and
two applications of 2.2(d) yield

fel foE =10 a f ) =T f ) o fo [T =T1(f, fha) =a

Thus =/ € D(f~1) with (#/)/" = 2, and thus (c) holds.
Finally, 1 = 17! by 2.2(f), and oz o) = x € D for any = € M, proving (d). O

If X is a subgroup of M with X C D(f), write X/ for {z/ | z € X}. Example 2.4(3),
with X a fours group contained in S, and with f a suitable element of order 3, shows
that X/ need not be a group with respect to the product II.

For subgroups X and Y of M, set
Nu(X,Y)={feM|X CD(f) and X/ <Y},

and set
Nu(X)={feM|X CD(f) and X/ = X}.

In practice, all of the objective partial groups that will be encountered in this paper
will have the property that their objects are finite, so we will always have Ny(X, X) =
Nap(X) by 2.5(c). Write Crq(X) for the set of all f € Naq(X) such that 2/ = z for all
r e X.

Henceforth, if X is a subgroup of a partial group M, any statement involving the
expression “X/” should be understood as being based on the tacit hypothesis that X C

D(f).

Example 2.4(2) may be formalized and generalized as follows.
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Definition 2.6. Let M be a partial group and let A be a collection of subgroups of M.
Let DA be the set of all w = (f1, -+, fn) € W(M) such that:

(*) there exists (Xo, - ,X,) € W(A) with (X;_1)f = X; for all i (1 <i <n).
Then (M, A) is an objective partial group (in which A is the set of objects), if the following
two conditions hold.

(01) D = Da.
(O2) Whenever X, Z € A, Y < Z is a subgroup of Z, and f € M with X/ C Y, then
Y € A. In particular, X/ € A.

We say that a word w = (f1,---, fn) is in D wvia (Xo, -+, X,,) if the condition (*) in
2.6 applies specifically to w and (Xo,---, X;,). We may also say, more simply, that w is
in D wvia Xy, since the sequence (Xo, -, X,,) is determined by w and Xj.

Remark. Notice that in the preceding definition, one needs to already have D in order
to know what DA is, since Da is defined in terms of conjugation in the partial group
defined by D. In practice, when one tries to construct an objective partial group, it’s often
easy to decide on a suitable D which yields the partial group that one wants, and which
has the property that D C Da. But it can then be very difficult to establish the reverse
inclusion D D Da. In fact, much of this paper is built around three such exercises: one
of them in the Appendix (in order to establish that Oliver-Ventura “transporter systems”
give rise to localities), and one each in sections 4 and 5.

Remark. Condition (O2) in 2.6 has been stated in the form appropriate for this paper,
where objects will always be finite p-groups, from 2.9 on. A more general formulation
would be:

(02)" Whenever X,Z € A, Y < Z is a subgroup of Z, and f € M with X/ C Y, then
Ny (X7F) € A.

Lemma 2.7. Let (M, A) be an objective partial group.

(a) Nam(X) is a subgroup of M for each X € A.
(b) Let f € M and let X € A with X/ € A. Then Np(X) C D(f), and

cr i Np(X) — Naqg(XF)

s an isomorphism of groups.
(c) Let w=(f1, -+, fn) € D via (Xg,---,Xy). Then

as maps from Xg to X,,.

Proof. We first prove (c). Thus, let w and (Xo,---,X,,) be as in (c¢). For any = € X
set uy = wlo(x)ow. Then u, € Da via X,. Setting f = II(w), and recalling that
H(w™t) = 1 (by 2.2(f)), we get

I(f Y a, f) = (ug) = ((--- (2)71) - )P,
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by repeated application of 2.2(a). This yields (c).
Let X € A and set L = Npq(X). Then £ is non-empty since 1 € L by 2.5(b). Further,
L is closed with respect to inversion by 2.5. For any w € W (L), the condition (O1) in
2.6 implies that w € D via X, and then II(w) € L by (c). Now (a) follows from 2.3(c).
Let f € M with X C D(f) and with X/ € A. Let z,y € L and set u =
(f~YLz,f,f Yy, f). Then u € Da via X/. Thus u € D by (O1), and then 2.2(a)
yields II(u) = 27y/. We note also that 2.1(3) and 2.3(b) yield

O(z, f, f~',y) =M(zoloy)

and so Il(x, f, f~1,y) = zy by 2.3(b). Then

W(u) =T(f "o (x, fo fHy) o f) = (ay)!

by 2.1(3), and thus ¢y : L — L7 is a homomorphism of groups. Then ¢ # an isomorphism
by 2.5(c), proving (b). O

Remark 2.8. We mention two structures associated with a given objective partial group

(M, A).

1. There is a category C = Cat(M, A) whose set of objects is A, whose morphisms are
triples (f, X,Y) with X, Y € A and with f € Ny(X,Y), and where composition of
morphisms is given by the product in M:

(f7X7Y) © (g7Y7Z) - (fg7X7Z)7

(in right-hand notation). The morphisms (1,X,Y) with X < Y are called inclusion
morphisms. Notice that every morphism in C can be factored in a unique way as an
isomorphism followed by an inclusion morphism.

2. There is a category F = F(M,A), to be called the fusion system of (M,A), and
defined as follows. First, the objects of F are the groups U such that U < X for
some X € A. Then, the morphisms in F from U to V are taken to be the group
homomorphisms ¢ : U — V such that ¢ can be factored as a composition of restrictions
of conjugation homomorphisms c; : X — Y between objects.

3. There is another category F* = F*(M,A), in which Ob(F*) = Ob(F(M, A)), but
where Hom g+ (U, V) is the set (containing Hom (U, V)) of all homomorphisms ¢ : U —
V such that ¢ is a composition of restrictions of conjugation homomorphisms ¢y : X — Y
between subgroups X and Y of M. Here X and Y are not assumed to be objects. It
appears to be a highly non-trivial question, as to whether the fusion systems F and F*
are necessarily equal - even in the case of localities or linking systems (defined below).

Here is the main definition.
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Definition 2.9. Let p be a prime, let £ be a partial group, and let S be a finite p-
subgroup of £. Then (L, S) is a locality if L is finite, and provided that there exists a set
A of subgroups of S, such that S € A, and such that the following two conditions hold.

(L1) (£,A) is objective.
(L2) S is maximal in the poset (ordered by inclusion) of finite p-subgroups of L.

We say also that L is a locality on S via A.

There are a number of special sorts of localities that deserve special names. In order
to assign names to them in a way that is consistent with established usage, we define
F = Fs(L) to be the fusion system on S whose homomorphisms are the compositions
of restrictions of conjugation maps in £ from one object to another. That is, F is the
fusion system F (L, A) defined in 2.8(2).

A locality £ is a A-linking system if Cz(P) < P for each P € A. If moreover A is the
set of all F-centric subgroups of S then L is a centric linking system.

Example/Lemma 2.9.1. Let M be a finite group, let S be a Sylow p-subgroup of M,
set F = Fg(M), and let T be a non-empty F-invariant collection of subgroups of S, such
that T is overgroup closed in S. Define L to be the set of all g € M such that SNS9 € T,
and set D = Dr (as defined in 2.6). Then L is a partial group via the restriction of
the multivariable product in M to D. Moreover, (L,S) is a locality via I'; to be denoted

Lr(M).

Proof. If g € £ then (SN S9 )9 = SN S9 € T, and then (SN 5’9_1) € T since T is
F-invariant. Thus £ C D, and £ is contained in the partial group M = M(M,T") given
by example 2.4(2). In that example, M is the set of all g € M such that there exists
P € T with P9 € I'. Such an element g has the property that S N SY9 € I' since I is
overgroup closed, and so £L = M. Example 2.4(2) now shows that £ is a partial group
with respect to the multivariable product and the inversion in G. The condition (O1) for
objectivity is given by the definition of D, while (O2) is immediate from the assumption
that T is overgroup closed and F-invariant. Thus, (£,T’) is objective. All members of
[ are subgroups of S, and S is maximal in the poset of p-subgroups of G, so (£, S) is a
locality via I'. [

For any locality (L, S5), let Q(L,S) be the set of all collections A of subgroups of S,
such that S € A and such that (£, A) is objective. We say that (£,.S) is complete if it
satisfies the following condition.

(*) For each A € Q(L, S), and each f € £, theset Sy = {s € S| s/ € S} is a member
of A. In particular, Sy is a subgroup of §.

Proposition 2.10. FEvery locality is complete.

Proof. Let L be a locality on S, let A € Q(L,S), and let f € L. The word (f) of length

1isin D := D(L), so there exists P € A with Q := P/ € A. Let a € Sy, and set b = a.

Then {a,a™t, f} € N.(P,S), while b € Nz(Q,S). Thus (a7 !, f,b) € D via P* Then
17



also (f,b) € D, while (a, f) € D via Pa" . From f~taf = b we get af = fb by 2.2(e),
and hence
a~'fo=a"l(fb) =a " (af) = f,
by D-associativity. Since a~!fb conjugates P into S, we conclude that:
(1) P* < Sy for all a € Sy, and for all P € A for which P/ < S.

In order to show that Sy is a subgroup of S it suffices to show that xy € S; for all
x,y € Sy, since by 2.5(b) Sy is closed under inversion. From (1), both P* and (P*)Y are
subgroups of S, and hence in A by (0O2). Further, (1) yields P*/ and (P*Y)/ in A. Thus

wi=(f" 2, f,f "y, f) € D via (Pf, P, P*, P*, P*, P™, (P™)f),

Then (f~'zf)(f~'yf) = f~'(xy)f, and since zfyf € S we get (zy)/ € S. That is,
xy € Sy, and Sy is a subgroup of S. As Sy contains a member of A, (O2) then yields
Sf eA. O

Corollary 2.11. Let L be a locality on S. There is then a unique smallest collection T’
of subgroups of S such that (L,T') is objective.

Proof. Set Q = Q(L,S) and set I' = [ Q. That is, I is the set of all P such that P € A
for all A € Q. Let w = (f1,---, fn) € D. Then for each A € ) there exists PA € A
such that w € D via A, by (O1). Set Qo = (Pa | A € Q). Then 2.10 shows that
Qo < Sy, and that there is a well-defined sequence (Qo, - - - , Q) of subgroups of S such
that Q; = (Q;_1)’" for all i with 1 <i < n. Each Q; is in I by (02), so (£,T) satisfies
(01). Now let X,Y € I'and let f € £ with X/ <Y. AsY € A for all A € Q, (02)
implies that the same holds for X/, and so X/ € I'. That is, (£,T") satisfies (02), and
(L,T) is objective. [

Lemma 2.12. Let L be a locality on S. Then there is a unique largest set I' of subgroups
of S such that (L,T") is objective.

Proof. Let A1,Aq € Q := Q(L,S) and set A = A; U Ay, It will suffice to show that
A e Q.

Let (Py, -+, P,) € W(A), and let (f1, -, fn) € W(L) such that Pk{ﬁl = Py for all
k from 1 to n. Since all objects are subgroups of S, and S € A; for all 7, the condition
(02) on (L, A;) implies that if Py € A; then also each Py is in A;. Thus,

DA € Da, UDA, =D(L£) C Dqg,

and so Da = D(£). That is, (£, A) satisfies the condition (O1).

It remains to show that (£, A) satisfies (02). So, let X,Y € A and let f € £ with
X/ <Y. Then X/ < S € AjnA, If X € A; then (O2) applied to (£, 4A;) yields
X' e A;, so X7 € A and the proof is complete. O

For any word w in W (L), £ a locality on S, we have also the notion of S, treated in
the following lemma.
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Lemma 2.13. Let L be a locality on S, set D = D(L), and let A € Q(L,S). Let
w = (f1,-,fn) € W(L), and define S,, to be the set of all elements sy € S such that
there is a sequence (sg, 81, ,5n) of elements of S given by (s;_1)7" = s; (1 <i < n).
Then the following hold.

(a) Sy is a subgroup of S, and S, € A if and only if w € D.
(b) Let w,w" € D with I(w) = I (w'), and with Sy, = Sy . Let u,v € W. Then

uowov€ED <= wow' ov e D.

Proof. (a): Let 29,90 € Sw, and define z; recursively by z; = (x;_1)f (1 < i < n).
Similarly define y;. Then x;_1y;—1 € Sy, by 2.10, and (z;—1yi—1)"" = z;y; by 2.7(b).
Thus S, is closed under multiplication. Since 2.5(b) shows that S, is closed under
inversion, and since 1 € S,,, Sy, is then a subgroup of S. If S, € A then w € D by (O1).
Conversely, if w € D via some P € A P < S, and (02) yields S,, € A.

(b): Set @ = wowowv and b = wow’ ov, and assume that @ € D. Then (S,)" ™ < S, 00,
and

Swos = {8 € Sy | ™) € §,} = {s € Sy | s™™) € 5} = Sprow.

Thus (S,)"™ < Syop and b € D via S,. O

For any locality (£, S), we write Fg(L) for the fusion system on S generated by the
conjugation maps in £ between objects. Notice that Fg(L£) does not depend on the
choice A of the set of objects, since 2.10 shows that S is independent of A for f € L.

Definition 2.14. Let £ = (£, A, S) be a locality and let P € A be an object. Then P
is centricin L if Cz(P)/Z(P) is a p’-group; radical in £ if P = O,(N.(P)); and essential
in £ provided that
(i) P is centric in L,
(ii) Ng(P) € Syl,(N.(P)), and
(iii) Nz (P)/P has a strongly p-embedded subgroup.
Notice that condition (iii) implies that P is radical in L.

Definition 2.15. Let £ = (£, A,S) be a locality, let A® be the set of objects Q@ € A
such that @ is essential in £, and set A = A(L) = A°U{S}. Let f € L. Then f is
A -decomposable if there exists w = (g1, gn) € D(L) such that the following hold.

(i) S§ < Sy, and f =II(w).

(i) For all i: S, is in A, and either g; € O (N.(S,,)) or Sy, = S.

The Alperin-Goldschmidt fusion theorem [Gd] implies that in a locality £ = Lp(M)
of a finite group G, an element f € £ is A-decomposable provided that Cz(Sy) < Sy. In
particular, each f € £ is A-decomposable if Cp(O,(M)) < O,(M). The following result
provides a generalization to linking systems. Recall the definition of A-linking system
preceding 2.9.1.
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Proposition 2.16. Let L = (L,A,S) be a A-linking system and define A(L) as above.
Let f € L. Then f is A(L)-decomposable.

Proof. Among all f for which the lemma fails to hold, choose f with P := Sy as large
as possible. Then P # S. Set P’ = P/ and set A = A(L).

Let @ be a fully normalized £-conjugate of P (and hence also of P’), and let g,h € L
with Q = P9 = (P')". Thus, Ng(Q) € Syl,(Nz(Q)). By 2.7(b) and Sylow’s Theorem,
g and h may be chosen so that Ng(Q) contains both Ng(P)? and Ng(P’)". The max-
imality of P then implies that ¢ and h are A-decomposable. Then g~—! and h~! are
A-decomposable via the inverses of words which yield A-composability for g and h.

Set f' =g 'fh, M = Nz(Q), and R = Ng(Q). Then f' € M, and u := (g, f',h™!) €
D via P, and II(u) = f. If f' is A-decomposable then so is f, and thus we may assume
that f = f/ and P = Q. That is, we are reduced to establishing the proposition for
the finite group M rather than the locality £. If P € A then f is A-decomposable
by definition, so we may assume otherwise. Applying the Alperin-Goldschmidt theorem
to M, ¢y € Aut(P) is a composition ¢y = ¢4, 0--- 0 ¢y, with g; € Np(E;) for some
E, € A(M). As P ¢ A, |P| < |E;| for all i. The maximality of P then implies that
each g; is A-decomposable, and hence also g := g7 --- g, is A-decomposable. Finally,
z:= fg~' € Oy (P) = Z(P), so f = zg is A-decomposable. [

Proposition 2.17. Let (L£,S) be a locality via A, and let F := Fg(L) be the associated
fusion system on S. Then the following hold.

(a) F is A-saturated, and if F¢ C A then F is saturated.

(b) For each P € A, the map Np(P) — Autz(P) given by f — c5 is a surjective
homomorphism with kernel Cr(P).

(¢c) If P € A and P is fully normalized in F then Ng(P) is a Sylow p-subgroup of
N.(P).

(d) If P € A and ¢ € Homg(P,S) then ¢ = ¢y for some f € Ng(P,95).

Proof. We first show:

(1) For each P € A there exists f € N.(P,S) such that Ng(P/) is a Sylow p-
subgroup of N (PY).

By (L2), (1) holds for P = S (and for f =1). Among all P € A for which (1) fails, choose
P so that |S : P| is as small as possible. We are free to replace P with any £-conjugate
of P in S, so we may assume that |Ng(P)| is maximal among all such conjugates. Set
R = Ng(P), and let R* be a Sylow p-subgroup of N, (P) containing R. Then R is a
proper subgroup of R*, and hence also a proper subgroup of Ng«(R). By the minimality
of |S : P|, there exists an L-conjugate @ := R/ of R such that Ns(Q) is a Sylow p-
subgroup of N.(Q). Without loss, we may replace f with fg for any g € N.(Q) since
any such product fg is defined via (R,Q,Q). By Sylow’s Theorem, we may therefore
assume that Ng-(R)/ < Ng(Q). But Ng-(R)f normalizes Pf, and we thereby contradict
the maximality of |Ng(P)|. Thus, (1) is proved.

Next, let P € A and let ¢ € Homxz(P,S). By definition, ¢ is a composite ¢ =
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¢10---0¢,, Wwhere ¢; is given by conjugation by an element h; of £, and where

(2) P(¢ro---0d;) <S8

for all 4 with 1 <4 < n. Then the word w = (hy,--- ,hy) is in D via P, and 2.7(c) yields
P¢ = P" where h = II(w). Thus (d) holds, and one observes that point (b) follows
immediately from (d).

We may now complete the proof of (a) and (c). Namely, let P € A and let Q = P/
be an L-conjugate of P, as in (1), so that Ng(Q) € Syl,(Nz(Q). As Ng(P)f < N.(Q),
there then exists g € N(Q) such that (Ng(P)/)9 < Ng(Q). As cpoc, € F, we conclude
that @ is fully normalized in F, in the sense of definition 1.2. Thus, F satisfies the
condition 1.4(A) for A-saturation. On the other hand, suppose that P itself is fully
normalized in F. Then, by (2), there exists h € £ such that Ng(Q)" = Ng(P) and with
Q" = P. This shows that Ng(P) € Syl,(Nz(P)) (and thus (c) holds).

Set M = N (P). By definition, each ¢ in Nz(P) extends to an F-homomorphism
which maps P to P. Then (d) implies that ¢ = c; for some f € M. Thus Fy,p)(M) =
Nz(P), so that F satisfies the condition 1.4(B) for A-saturation. This completes the
proof that F is A-saturated.

Suppose that L is a centric linking system. Then A is the set of F-centric subgroups
of S, by definition. By 2.16, F is generated by the fusion systems Nx(P) for P € A in
this case, so by definition 1.4, F is saturated. This completes the proof of (a), and of
the lemma. [

Recall the notion of normalizer from 2.7.

Lemma 2.18. Let (L, S) be a locality via the set A of objects, let T be a subgroup of S,
and set Ar = {Np(T) | T < P € A}.
(a) N(T) is a partial subgroup of L.
(b) If Ay C A, then (Nz(T),Ar) is an objective partial group.
(¢) If Ap € A, and |Ns(T)| > |Ns(U)| for every L-conjugate U of T in S, then
(N(T'), Ns(T)) is a locality via Ar.

Proof. Let w = (f1,--+,fn) € W(Ng(T)), and suppose that w € D := D(L) via a
sequence (Fy,--- ,P,) of objects. Then (P;_1,T) < Sy, for all 4, by completeness, and
then

(Pi_1,T) = (P, T).

Thus, T' < S,,, and we may assume for the sake of simplicity that T" < P; for all 4.
Set f = I(w). Then 2.7(c) yields T/ = T, and so N.(T) is closed under products.
One observes that if f € Nz(T) and z € T, with (f~!,z,f) € D via P € A, then
(f,z=t, f~1) € D via P’ Since an analogous statement holds when z is replaced by
x~1, it follows that N, (T) is closed under inversion, and so (a) is proved.

For the remainder of the proof, we may assume that Ar C A. Set

Dr=DaN W(NE(T))
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(where DA is defined in 2.6). With w and (FPp,--- , P,) as in the proof of (a), we may
then replace P; with Np,(T'), and this shows that Dy is contained in the subset Da,. of
W(N,(T)). The reverse inclusion is obvious, so (N, (T'), Ng(T)) satisfies the condition
(O1) for objectivity. Any overgroup in Ng(T') of an element of Ar is again in Ap, so
the condition (O2) is satisfied, and (N.(T'), Ar) is an objective partial group. Thus, (b)
holds.

Now assume further that 7" has been chosen so that |Ng(7T)| > |Ng(U)| for each
L-conjugate U of T in S. In order to show that (N (T), Ns(T)) is a locality via Ar,
it suffices to show that Ng(T") is maximal in the poset of p-subgroups of N (T). Set
R = Ng(T), let Ry be a p-subgroup of N, (T') containing R, and set Ry = Ng, (R). As
R € A, there exists f € £ such that Q := R/ is fully normalized in Fs(£), by 2.17(a).
Then Ng(Q) is a Sylow p-subgroup of N, (Q), and so there exists g € N, (Q) such that
(R2)79 < Ns(Q). But (Ry)/9 < Ng(T79), and the maximality condition on R then
yields R = Ry and R = R;. This completes the proof of (¢). O

Definition 2.19. Let (£, A, S) be a locality, and let T' C A be a non-empty subset such
that I" is both overgroup-closed in S and Fg(L£)-invariant. Set D = D(L), set

D |ri={weD]|S, el},

and let £ |r be the set of words of length 1 in D |p, regarded as a subset of £. The
restriction of L to I' consists of L |p together with the restriction to D |p of the product
in £, and the restriction to £ |p of the inversion in L.

Lemma 2.20. Let (£,A,S) be a locality, and let T' be a non-empty subset of A, such
that T is both overgroup-closed in S and Fs(L) — invariant.

(a) D |p is the set Dr of 2.6, and (L |p,T',S) is a locality.
(b) If L is a group M, then L | is the locality Lr(M) given by 2.9.1.

Proof. Set M = L |p. For any w € W, the condition that S,, be in I' is the defining
condition for D |p, and in view of 2.13(a) it is also the defining condition for Dr.
These subsets of W are therefore identical, and (M, I") satisfies the condition (O1) for
objectivity. Condition (O2) is given by the assumption that I' is closed in Fg(L), so
(M, T) is objective. All members of I' are subgroups of S, and S is maximal in the poset
of p-subgroups of M since the corresponding statement holds in £. As L is finite, so is
M, so M is a locality, and (a) holds.

Suppose that £ is in fact a group M, and set K = Lp(M). By definition, an element
g of M isin K if and only if SN.SY € I. The latter condition means that S, = SN Sg_l,
so g € K if and only if S; € I'. Similarly, w € D(K) if and only if S,, € I'. This shows
that D(K) = Dr, and then (b) follows from (a). O

We shall refer to the locality (£ |, I, S) as the restriction of £ to T

The following proposition gives two applications of completeness to localities.
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Proposition 2.21. Let L be a locality on S and let A € Q(L,S). Then the following
hold.

(a) Ewvery subgroup of L is a A-local subgroup. That is: for any subgroup H of L,
there exists U € A such that H < N (U).
(b) Ewvery p-subgroup of L is conjugate to a subgroup of S.

Proof. (a) Let w = (hy, -+ ,h,) € W(H) be chosen so that the sequence (g1, , gn),
in which g; = hy --- h;, includes all of the elements of H. As H is a subgroup of £ we
have W(H) C D (all products in H are defined), and so w € D. Thus, there exists
P € A such that P9 € A for all i. Set U = (P% | 1 < i < n); a subgroup of S. As
H ={g;}1<i<n, U = (P) and so H < N.(U). Here U € A as A is overgroup closed in
S.

(b) Let @ be a p-subgroup of £. Then @ is finite, as £ is. By (a) there exists U € A
with Q < N (U). By 2.17(a) there is an L-conjugate V = U/ of U such that Ng(V) is
a Sylow p-subgroup of N (V). By Sylow’s Theorem, there then exists g € N.(V') such
that Q79 < Ng(V). O

Section 3: Homomorphisms and partial normal subgroups

We introduce homomorphisms of partial groups and their kernels, and we tentatively
define homomorphisms of objective partial groups. The “correct definition” of a homo-
morphism of localities, and of linking systems, is elusive, and we shall make no attempt
here to formulate such a definition, other than to introduce an obvious notion of isomor-
phism, and a perhaps less obvious notion of projection.

Whenever M and M’ are partial groups, we write W for W (M) and W’ for W(M’).
Similarly for D and D’, for II and IT’, and for 1 and 1’. We shall make no such careful
distinction regarding the inversion maps for M and M’.

Definition 3.1. Let M and M’ be partial groups, let 5 : M — M’ be a mapping,
and let 8* : W — W' be the induced mapping. Then [ is a homomorphism (of partial
groups) if:

(H1) Dg* C D/, and

(H2) (II(w))B = II'(wp*) for all w € D.
The kernel of 3 is the set Ker(f3) of all g € M such that g8 = 1’. We say that g is an

isomorphism if there exists a homomorphism 5’ : M’ — M such that o 3" and 5 o 3
are identity mappings.

Lemma 3.2. Let 8 : M — M’ be a homomorphism of partial groups. Then 18 = 1/,
and (f~1)B = (fB)~* for all f € M.

Proof. Since 11 = 1, (H1) and (H2) yield 15 = (11)8 = (15)(15), and then 15 = 1’
by left or right cancellation. Since (f, f~1) € D for any f € M, by 2.3(b), (H1) yields
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(fB,(f~1)B) € D', and then 18 = (ff~1)B = (fB)((f~1)B) by (H2). As 18 =1' =
(fB)(fB)~L, left cancellation yields (f~1)38 = (f3)~!. O

Lemma 3.3. Let 8 : M — M’ be a homomorphism of partial groups, and set N =
Ker(B). Then N is a partial subgroup of M, and f=*Nf CN for all f € M. That is,
g/ € N whenever g € N ND(f).

Proof. By 3.2 N is closed under inversion. If w is in W(A)ND then the map * : W —
W’ induced by 8 sends w to a word of the form (1’,--- ;1’). Then II'(ws*) = 1/, and
thus II(w) € N. This shows that N is a partial subgroup of M. Now let f € M and let
g € NND(f). Then

(fhg. B =((f8)"1,1,fB) (by3.2),

so that
(gNB=T((f"" g, /)B") =1'(fB)"", 1, fB) =1".
O

Definition 3.4. Let M be a partial group and let N be a partial subgroup of M. Then
N is a partial normal subgroup of M if f~INf C N for all f € M. (That is, 2f € N
whenever x € N ND(f).)

We may write N < M to indicate that N is a partial normal subgroup of M.

Definition 3.5. Let £ = (L£,A,S) and £' = (L', A, S) be localities having the same set
of objects. An isomorphism 3 : £ — L’ of partial groups is rigid (over S) if § restricts
to the identity map S — S.

Lemma 3.6. Let (£,A,S) and (L', A, S) be localities having the same set A of objects,
and let B : L — L' be a surjective homomorphism of partial groups. Suppose:

(1) Sy =8¢ forall f € L, and

(2) Ker(p) =1.

Then B is an isomorphism.

Proof. Let h € L' and let f,g € £ with f3 = g8 = h. Then Sy = S, by (1), so
(f~1,9) € Dvia (S;)7, and (f~'g)8 = 1. Thus f = g by (2), and 3 is a bijection.

Let w' = (h1,---,h,) € D(L), set g; = h;87!, and set w = (g1, - ,9n). Then
w € D via S, by (1), and II(w)3 = IT'(w') as 8 is a homomorphism. Thus IT'(w')3~! =
H(w'(871)*)), and S~ is a homomorphism. [

Lemma 3.7. Let L = (L, A,S) be a locality and let N be a partial normal subgroup of
L. SetT'={PNN|PeA} and suppose that T C A. Then (N,T,SNN) is a locality.

Proof. Let w = (f1,-++, fn) € D via P € A. Then also w € D via Q := PN N, and
hence (N, T') is objective. Each member of T' is a subgroup of T := SN A, and N is
finite, so it only remains to show that 7' is maximal in the poset of p-subgroups of N, in
order to conclude that (N,T',T) is a locality.
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Let R be a p-subgroup of N containing 7. As T < S, for each z € S, it follows
from the definition 3.4 of partial normal subgroup that 7' < S. As T € I', S is then
a Sylow p-subgroup of the group N.(T'), and hence Nr(T)9 < S for some g € N.(T).
The definition of partial normal subgroup then yields Ng(T)9 < N, so Ng(T)9 =T and
Ngr(T)=T. Thus R =T, as required. [

Lemma 3.8. Let (£,A,S) be a A-linking system, and let B be a rigid automorphism
of L. Let (K,I',R) be a locality such that IC is a partial subgroup of L, and such that
[' C A. Then [ restricts to a rigid automorphism of (IC,T', R).

Proof. Let f € K and set P = Ry. That is, P is the largest subgroup of R which is
conjugated by f into R (obtained by applying 2.10 to the locality ). Then P € I' by
2.10, and hence P € A. As L is a A-linking system, Cx(P) = C,(P) = Z(P). Now 2.16
implies that f is A-decomposable, where A is the union of { R} with the set of K-essential
objects in I'. Thus f = II(w) where w = (g1, - ,gn) € D(K), each g; normalizes some
Q; €A, Q;, = Rgm and P < S,.

Since [ is rigid, each @); is S-invariant, and [ then restricts to an automorphism ~;
on each N,(Q;) by 2.7(b). But also 8 centralizes @Q;, and Cr(Q;) = Z(Q;). Taking
commutators in the subgroup Aut,(Q;){(B) of Aut(Q;), we then obtain

[N£(Qi), B] < Z(Qi) < Nic(Q).

We have thus shown that each of the groups Nic(Q;) is S-invariant. Then

fB=1l(w))B =1(wp") =1(g15, -, gnB) € K,

and so K is S-invariant. The same holds for 37!, so 3 is restricts to an automorphism
Br of K. As R < S, B is rigid. U

Lemma 3.9. Let M be a finite group, and let K < M be a subgroup. Let S be a Sylow
p-subgroup of M, set F = Fs(M), and let I be a non-empty F-invariant set of subgroups
of S, such that T is overgroup closed in S. Let L := Lp(M) be the locality given by 2.9.1,

and set K = KNL. Then K is a partial subgroup of L, and is a partial normal subgroup
if K <M.

Proof. One observes first of all that K is closed under the inversion in M, which is the
inversion in £. Let w = (21, -+ ,z,) € D(L) N W(K). Then II(w) € LN K, and so K is
a partial subgroup of L.

Now assume that K < M, let f € £ and let z € KND(f). Then 2/ € £ and =/ € K,
so / € KC. Thus K is a partial normal subgroup of M. 0O

Recall from 2.15 the notion of L-essential subgroup.

Lemma 3.10. Let (£,A,S) be a A-linking system and let B be an endomorphism of
the partial group L such that B restricts to the identity automorphism on Op/(N[;(R))
for each L-essential subgroup R < S, and restricts to the identity automorphism also on
N£(S). Then B is the identity automorphism of L.
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Proof. Let f € £ and set Q = Sy. Let A be the union of {S} with the set of all £-
essential subgroups of S. Then f is A-decomposable by 2.16. In particular, f = II(w)
for some w = (g1, ,gn) € D having the property that g; € Nz(R;) for some R; € A.
It is then immediate from definition 3.1 and from the hypothesis concerning 3, that

fB=1r. 0O

Section 4: The Frattini Lemma and the Splitting Lemma

This section develops two of the main computational tools that will enable the later
arguments. We obtain an analog of the Frattini Lemma in 4.6, which shows if A is
a partial normal subgroup of a locality £, then each element of £ may be written as
a product of an element f € N and an element g € N (T), where T = SNN. The
“splitting lemma” (4.10) refines the choice of g. We end with an important application
(4.11) which provides a criterion for extending an automorphism of a linking system in
a finite group to an automorphism of the group itself.

The notation Sy and S, defined in 2.10 and 2.13, will be employed without further
comment.

The following hypothesis (and notation) will be assumed throughout this section.

Hypothesis 4.1. There is given a locality £ = (£, A, S) and a partial normal subgroup
Nof L. Set T=SNnN.

Lemma 4.2. The following hold.

(a) T is strongly closed in Fs(L), and T is mazimal in the poset of all p-subgroups
of N

(b) If P € A and x € N with P < S,,, then PT = P*T.

(c) If T' =1, then Nxar(P,S) = Cn(P) for all P € A.

Proof. Let x € T and let ¢ € F := Fg(L) such that z lies in the domain of ¢. As ¢ is
a composition of restrictions of conjugation maps between objects, it suffices, in proving
(a), to consider only the case where x¢ = 2/ for some f € £; and in that case we have
¢ € N. Thus ¢ € SNN = T, and so T is strongly closed in F. Now let R be a
p-subgroup of N containing 7. By 2.21(b) we may choose R with R < S, and then
R =T. Thus (a) holds.

Next, let g € P € A and let © € Nyr(P,S). Then the word w = (z71,g,2,97!) is in
D via P®, and then II(w) = 27129 = g®g~!. Thus H(w) e N NS =T, and ¢* € ¢T.
In particular, this proves (c), and it shows that P* < PT. Upon replacing (P, z) with
(P*,z71), the same argument shows that P < P*T, and this yields (b). O

Definition 4.3. Let £ o A be the set of all pairs (f, P) € £ x A such that P < Sj.
Define a relation T on £ o A by (f, P) 1 (g, Q) if there exist elements x € Nxs(P, Q) and
y € Ny (P, Q9) such that xg = fy.
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This relation may be indicated by means of a commutative diagram:

QL)QQ

g 1T

p%pf

of conjugation maps, labeled by the conjugating elements, and in which the horizontal
arrows are isomorphisms and the vertical arrows are injective homomorphisms. The
relation (f, P) 1 (g, Q) may also be expressed by:

w=(z,9,y ", f ') € D via P, and II(w) = 1.

It is easy to see that 1 is a reflexive and transitive relation on Lo A. We say that (f, P)
is mazimal in Lo A if (f, P) 1 (g,Q) implies that |P| = |Q|. As S is finite there exist
maximal elements in Lo A. Since (f, P) 1 (f,Sy) for (f,P) € Lo A, we have P = S for

every maximal element (f, P). For this reason, we introduce the following terminology.
Definition 4.4. Let f € £. Then f is T-mazimal in £ if (f, Sf) is maximal in £o A.
The first main result of this section is as follows.
Proposition 4.5. Let f € L and suppose that f is T-maximal. Then T < Sy.
The proof requires two preliminary lemmas.

Lemma 4.5.1. Let (¢9,Q),(h,R) € Lo A with (g,Q) T (h, R), and suppose that T < R.
Then there exists a unique y € N with g = yh. Moreover:

(a) y € Nv(Q, R), and Q < Sy n)-

(b) If N7(QY) € Sylpy(Nar(Q7)), then Np(QY) € Syl,(Nar(QY)).
Proof. By the definition of 1, there exist elements u € Ny (Q, R) and v € Na/(Q9, R")
such that (u,h,v~t ¢g~!) € D via Q, and such that II(w) = 1.

R —"  Rh

Q —— Qf
g
In particular, uh = gv. Since T' < R, points (a) and (b) of 4.2 yield
T=T" Q"T = QT < R, and QT = Q9°T < R".
Then » »
w:=(u,h,v" A7) €D via (Q,Q%,Q", Q" =Q,Q% ).

Set y = II(w). Then y = u(v_l)}f1 € Ny (Q, R). Since (u,h,v=1,h=1 h) and (g,v,v"1)
are in D (as L is a partial group), we get yh = uhv~! = g. This yields (a), and the
uniqueness of y is given by right cancellation.

Suppose now that Nz (QY) € Syl,(Na(Q9)). As N7 (QY)" = Nz (Q9), it follows from
2.7(b) that Np(QY) € Syl,(Na(QY)). O
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Lemma 4.5.2. Suppose that f is T-mazimal, and let y € Nar(Sy,S). Then [T NSy =
TN (Sp)Y|, and (f,Sf) 1+ (y= 1 f,(S¢)¥). In particular, y=' f is T-mazimal.

Proof. Set P = S;. Then PYT = PT, by 4.2(b). Then
|PY . PYAT|=|PYT . T|=|PT:T|=|P: PNT|

and so |T'N P| = |T' N PY|. The following diagram

py Y1, pr

v| [
P —— pf
/

shows that (f, P) 1t (y~1f, PY). O

Proof of Proposition 4.5. Let f be f-maximal. Set P = Sy and @ = P’ and sup-
pose first that N7 (P) € Syl,(Ny(P)). Then Np(P)/ € Syl,(Na(Q)), by 2.7(b), and
there exists z € Np/(Q) such that Np(Q) < (Np(P)/)*. Here (f,z) € D via P, so
(N7 (P)")® = Np(P)/*, and then (f, P) 1 (fx, Nr(P)P). As f is {-maximal, we con-
clude that Np(P) < P, and hence T' < P. Thus T' < S; if Np(P) € Syl,(Na(P)).
Assuming that f provides a counterexample to 4.5, we conclude:

(1) Np(P) & Syly(Ny(P)).

Among all counterexamples to 4.5, choose f so that first |P N T| and then |P| are as
large as possible. Choose g € N.(Q, S) so that Q9 is fully normalized in Fg(L), and set
h= fgand R = P". As R = QY is fully normalized we have Ng(R) € Syl,(N.(R)), and
then Np(R) € Syl,(Na(R)). Let (h"Y, R) t (W, S ), where I/ is t-maximal, and set
R = Sy and P’ = (R’)h/. Thus, there exist y, z € N such that yh’ = h™'z, RY < R/,
and P? < P’, as indicated in the following diagram.

R’LP’

Then (TNR)Y <TNR.

Suppose that T' ¢ R’. The conditions on the choice of f then yield (TNR)Y =T NR’
and RY = R’. Since Np(R) € Syl,(Nn(R)), we get Np(R)Y € Syl,(Na(R')), and so
there exists * € Na/(R') such that (Np(R)Y)* = Nr(R'). Replacing y and A’ with yx
and x71h’, we then obtain Ny(R)Y = Ny (R’). But then T < R’ by (1), in any case, and
then also T' < P’.
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Evidently (h, P) 1 ((h')~1, P’), so by 4.5.1 there exists § € Nas(P,S) such that h =
y(W)™Y, P < S (w)-1), and Np(PY) € Syl,(Nar(PY)). Then 4.5.2 applies to (f, P) and
7, and yields the result that 3! f is $-maximal and Sj-1p = PY. Then (1) implies that
T < Pg, and then also T'< P. O

Recall from 2.18(c) that the partial group N (T) is a locality via the set A of objects
Qe Awith@<T.

Corollary 4.6 (Frattini Lemma). Let £ = (L£,A,S) be a locality, let N be a partial
normal subgroup of L, and set T = SNN. Then L = NN,(T) as a product of partial
subgroups of L.

Proof. Let f € L, set P =S¢, and choose (g,Q) € Lo A so that (f,P) 1 (g,Q) and so
that g is T-maximal. By transitivity of 1, we may take QQ = S,;. Then T' < @ by 4.5, and
then by 4.5.1 there exists y € Na/(P, Q) with f = yg. Here g € N (T) by 4.2(a). O

The next few results concern the decomposition of the partial group £ into “cosets”

of NV.
Lemma 4.7. Let (£,A,S) be a locality, let N 1 L, and set T =SNL. Let f € Np(T)
and let x,y € N with (z, f) and (f,y) € D. Then the following hold.

(a) (f,f Y f)eD, zf = fof, and Sta,f) = S(f,ar) = Sz N Sy.

(b) (fy, f7L ) ED, fy=y' 'y, and S(yy) = Sy5-1 ) = S, 1Sy

Proof. For point (a): Set QQ = S(, sy and note that 7" < Sy by hypothesis. We have
QT = QT by 2.5(b), so Q@ < S¢. Thus Q@ < P := S5, NSy. But also P*T = PX, so
P = Q. Moreover, we now have (f, f~!, z, f) € D via Q, and then II(f, f~1,z, f) =
zf = fzf. Thus, (a) holds.

For point (b): Set R = S(s,). Then RWT = RIT < Si-1, 80 (fy, f71,f) €D
via R, and fy = y/ ' f. The remainder of (b) now follows as an application of (a) to
' .f). O

We have the following immediate corollary.

Corollary 4.8. Let f € N(T). Then the following hold.
(a) Nf = fN.
(b) If xz,y e N, with (z, f),(f,y) € D, and with xf = fy, then S 5y = S(s.y)-
0
Recall that if {X;} ; is a collection of subsets of a partial group M, and {f;}}, is

a set of elements of M, then the product X; f;--- X, f, is defined to be the set of all
products I(z1, f1, -, &n, fn) with z; € X; and with (z1, f1, - , 2, fn) € D.

Corollary 4.9. Letw = (f1, -+, fn) € D, and assume that each f; is 1-maximal. Then

(*) Nfi--Nfn = NT(w).
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Ezxplicitly, if
u = (z1, f1,- T, fn) €D with x; € N,

then

(**) II(u) =II(v), where v= (Y1, ,Yn, f1.-++ , fn) €D,

and where y; = x1, and y; = (wi)(fl'”fi—l)_l e N forall i with1 <i<n.

Proof. Set A = Nfi---Nf, and B = NTl(w). Then A D B since 1 € N. Now let

z; € N with w := (21, f1,"** ,Zn, fn) € D. By 4.8(b) there exists y := (z,)f " € N,
with fn_ 12, = yfn_1. Then also S, | 2.y = S(y,f,_.) by 4.8(b). Then 4.7(b) yields:

U= (xlv Ji, s Ta1, Y, fuo1, fn) € D and H(U) = H(’U)
Iteration of this process yields (**), and hence A C B. O

The following result concerns a key relationship between N and the set of T-maximal
elements of L.

Lemma 4.10 (Splitting Lemma). Let f € N.(T) be t-mazimal and let x € N with
(z, f) € D. Then Sy5 = Sz, p). Similarly, if y € N with (f,y) € D then Sy, = S5

Proof. If ¢ = zf with o € N then 4.7(a) yields g = fy where y = z/. On the other
hand, if we begin with y € A and g = fy then 4.7(b) yields g = zf where z = y/ .
Further, 4.7 yields S, r) = S(y,y), so it will suffice to show that S,y = S, ) in the case
that © € A and (z, f) € D.

Set @ = S,y and set y = xzf. Then Q < Sy as g = xf. Thus, it suffices to show
that S; < Q. Among all counterexamples (z, f) (with S, £ @), let (x, f) be chosen so
that |Q| is as large as possible. Set Sy = Ng,(Q), S1 = Ng,(Q), and P = (Sp, S1). Since
Q<S,and Q #S,, we get S1 £ Q.

Set R = Sp N S;. Then RS < Ng(Qf) and RY < Ng(Q9). Here Q < S(;,) as
(Q1)Y = @9, so also (Rf)Y = RY, and R < S(fy)- Then R < @, and thus R = Q. Since
S1 £ @, we obtain:

) S1 £ Sy
Case 1 The case x € Npr(T).

Here T <Qasf E Ng(T) and then = € Ny(Q) by 4.2(b). Then Q9 = Q*/ = Q7.
Since z7tg = (z Yz, f) = f, we get ¢ = ¢;' o ¢, as an isomorphism N, (Q) —
N;(Q7), and hence:

S{ = (ST)7 < (SiNn(Q))? < Ns(Q?)Nn(Q°) = Ns(Q)Nw(@Q”).
This yields
P! < Ns(Q)Nn(Q).
As T < @Q we have T < Q/, and hence Ny (Q7)/T is a p’-group. Then Ng(Q') €
Syl,(Ns(QF)Np(Q7), and there exists z € Np(QF) such that P/* < Ng(Q'). Thus
P < S¢,. Here z € Ny (T), so SI% = 5! by 4.2(b). Thus:

(2) So < S(s,2)-
30



By 4.8 there exists 2z’ € Np(T) such that

(*) fz = Z’f and S(f’z) = S(z/’f).

If S 5y = Sarp then P < S ) = S(4.) < Sy, and we contradict (1). Thus S(./ ) #
S.¢, and (2/, f) is a counterexample to the lemma. The maximality of @ then yields
Q = S(z,f), and then Sp < @Q by (2). Then Q = Sy and Sy < Sp.. As f is T-maximal
we conclude that Sy = S¢.. As S < P < Sy, we again contradict (1).

Case 2 The general case.

Let h be T-maximal with (g,S,) T (h,Sk). Then g = rh for some r € N, and
Sy < S(r,ny, by 4.5.1(a). Then Q < S, p), and we obtain (f~Y 27t r h) € D via QY.
But now II(f~%, 2=, r,h) =I(g~1,9) =1, so

f=z"'rh and h=r"ltaf.

Since f,h € Nz (T), it follows that z71r and r~!x are in Nx/(T). Now Case 1, as applied
to (r~ta, f), yields Sp, < S¢. Since S1 < 84 < Sp, we again contradict (1). O

Lemma 4.11. Let M be a finite group, let S be a Sylow p-subgroup of M, and let K be
a normal subgroup of M. Set F = Fs(M) and let T' be a non-empty, overgroup closed,
F-invariant collection of subgroups of S. Let L := Lr(M) be the locality given by 2.9.1,
and let B be a rigid automorphism of L. Assume that the following three conditions hold.

(1) QNK €T forallQ €T.
(2) Cum(Op(M)) < Op(M) < K.
(3) T is a set of F-centric subgroups of S.
Set b ={QNK |QeT}, and set K = Lo (K). Then:

(a) B restricts to a rigid automorphism k of KC, and
(b) B extends to an automorphism of M if and only if k extends to an automorphism

of K.

Proof. Set Y = Op(M) and let P € I'. Since Cp(Y) <Y by (2), the Thompson A x B
Lemma [5.3.4 in Gor] implies that Cy(P) is a p-group. Then Cy(P) = Cr(P) = Z(P),
as P is F-centric by (3). Point (a) then follows from 3.8. Further, 2.16 yields:
(4) Every f € L is a product II(f1,- -, fn), where f; is in a normalizer N (R;) for
some R; €I

Let (M, ) be a counterexample to (b) with |M| as small as possible. Let K\ be the
subgroup of K generated by the subset K of K. Let ¢ € KN L. Then S, € I' and
SgNK € ®,s0g¢e K. Thus KNL C K. The reverse inclusion is given by the definition
of I, so K = KN L. Then K is a partial normal subgroup of £ by 3.10. Set T =SSN K
and observe that for any h € Ny (T) we have (h=%,g,h) € D via (S, N T)", and hence
g" € K. Thus, K is Ny (T)-invariant, so also Kq is Ny (T)-invariant.

Set My = Ny (T) Ko and set Lo = Lr(Mp). We next show:

(5) Ny (P) < M for all P eT.
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Among all P for which (5) fails to hold, choose P so that |P| is as large as possible.
Suppose that P is not fully normalized in F, and let P’ be a fully normalized F-conjugate
of P. Then Alperin’s theorem yields a sequence w = (g1,---,gn) of elements of M
and a sequence (Ry,---,R,) of fully normalized F-centric subgroups of S, such that
Py:=P < Ry, P, :== P99 < R, for all i, and P’ = P ) One may assume that n
is minimal for these conditions, and hence P; # R; for any i. The maximality of |P| in
the choice of P then yields Ny, (R;) < My for all 4, and hence II(w) € My. Without loss,
then, we may assume that P = P’.

With P fully normalized in F we obtain Np(P) € Syl,(Ng(P)). As Ng(P) < Ny (P)
the Frattini Lemma yields

(*) Ny (P) = Ng(P)(Ny (Nr(P)) NNy (P)).

If 7" < P then (*) yields Ny (P) < KoNpy(T) = My, contrary to the choice of P.
Thus T' £ P, and hence Np(P) £ P Set @ = Np(P)P. Then Nj(Q) < My by the
maximality of |P|, and then (*) again implies that Nj;(P) < My. This completes the
proof of (5). Now (4) yields £ C My. Thus:

(6) Lo = L.

Suppose next that Ky is a proper subgroup of K. Then K N My = Ng(T)Ky = Ko,
and so My is a proper subgroup of M. Since £y = L, the minimality of |M| then
yields an extension of  to an automorphism 7 of Mj. The condition (2), together with
1.10(c) then implies that v = ¢, is conjugation by some z € Z(S). Since ¢, is also an
automorphism of M, we have an extension of § to an automorphism of M in this case,

SO we conglude that Ko = K. B
Let h,h € K, let 2,7 € Ny(T), and suppose that (h,z) and (h,Z) are in D(L)

with ha = hZ. Set P = S, N K and P = Sz N K, and set @ = ph and@zﬁh. Then

(h,z,7~1) € D via P, and II(h,z,7~') = h. It follows that P = P and that (h~%,h) € D
via (). Then

(**) I(h~'8,hB) = (h™h)B = (a7~ ")

By hypothesis, there exists an extension 7 of k to an automorphism of K. It follows from
(**) that there is a well-defined mapping v : M — M given by v : hx — (hn)(zf) for
he K and x € Ny (T).

In order to show that v is a homomorphism, it suffices to show that (hn)*® = (h%)n
forall h € K and © € Ny (T). As Ko = K we may write h as a product Il (hy, -, hy,)
with h; € K. Then

(h*)n = (hT---hy)n = (h1)n---(hy)n
= (han)®® -+ (han)™® = (han -+ hun)™® = (hn)*”

as required.
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We check that Ker(y) = 1. Namely, if (hn)(z8) = 1 with h and = as above, then
x € Ng(T) and 3 = xn, and then hax = 1 as 7 is injective. Thus -~ is injective, and is
therefore an automorphism of M. [

Section 5: Filtrations

Recall that for any partial group M and subgroups X and Y of M, Ny (X,Y) is the
set of all f € M such that X C D(f) and X/ C Y. Write Homa(X,Y) for the set of
all conjugation maps ¢y : X = Y with f € Ny(X,Y).

Definition 5.1. Let S be a finite p-group, let F be a fusion system on S, and let A be a
non-empty, F-invariant collection of subgroups of S, closed with respect to overgroups in
S. Let L be a partial group such that A is a set of subgroups of £, and such that D(£) =
D in the sense of (O1) in 2.6. Then L is F-natural if Hom,(P,Q) = Homz(P, Q) for
all P,Q € A.

Definition 5.2. Let M be a finite group, let S be a Sylow p-subgroup of M, and set
F = Fs(M). Let T be an F-invariant, overgroup-closed collection of subgroups of S.
Let £ = Lp(M) be the locality given by 2.9.1. (Equivalently, by 2.20(b), £ is the
locality obtained by restricting the group M, itself viewed as a locality on the set of all
subgroups of S, to the set I'). Let Autg(L) be the set of rigid automorphisms of £, and let
7,7 € Auto(L). Then v and 4/ are M -equivalent if y~1 o+ extends to an automorphism
of the group M.

Notice that M-equivalence is in fact an equivalence relation on Auty(L).

Hypothesis 5.3. Assume given:

(1) a fusion system F on the finite p-group S,

(2) an F-natural locality (£, A, S),

(3) asubgroup T of S, fully normalized in F, and having the property that (U, V) € A
for every pair of distinct F-conjugates U,V of T,

(4) afinite group M such that T < M, Ns(T) € Syl,(M), and Nx(T) = Fngz(1)(M);
and

(5) a rigid isomorphism A : Nz (T) — La, (M), where Arp is the set of all P € A
such that 7' <9 P (and where L, (M) is the locality given by 2.9.1).

Hypothesis 5.3 will be assumed throughout the remainder of this section. The symbols
W, D, and II will always refer to £, while II;; denotes the multivariable product in the
group M.

Lemma 5.4. Let U be an F-conjugate of T'. Then the following hold.

(a) Np(U) € A for every object P € A such that U < P.
(b) There exists x € L such that T* = U, and such that Ng, (T)* = Ng(U).

Proof. (a) Let P € A with U < P. If U < P then there is nothing to prove, while
if U is not normal in P then Np(U) contains an L-conjugate of U9 # U of U, where
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g € Np(Np(U)). As Homg(U,S) € Homx(U, S), U9 is an F-conjugate of T', and then
5.3(3) yields (U,UY9) € A. As A is overgroup closed in S, we obtain (a).

As T is fully normalized in F, there exists ¢ € Homxz(Ng(U), S) such that Uy = T.
Here Ng(U) € A by (a). As L is F-natural, ¢ is given by conjugation by an element
2’ € L. Setting x = (2/)~1, (b) follows. O

Let © be the set of all triples
0= (xt gy)eLxMxL

which satisfy the following set (1) of conditions.
(1) T < S, NS, Ns, (T)* = Ng(T7), and Ng, (T)¥ = Ns(T%).
Define a relation ~y on © as follows.
(2) (7" 9,y) ~o @ 15,7 if
(i) T% = T%, TY = TY, and
(i) @z~ HA-g=7- Gy~ 1)\ (as elements of M).

Notice that (2)(ii) makes sense. Namely, taking U := T% = T% (by (i)), we get
(z,z71) € D via (Ns_(T), Ns(U), Ns,(T)) by (1) and 5.4(a), and hence zz~! € N.(T).
Similarly, yy~! € N.(T).

One may depict the relation ~y by means of a diagram, as follows:

v -~*—1 251725V

| @] [an |

U > T > T V
7! g 7

where V = TY = TY. As L is F-natural, the conjugation maps ¢,-1 : S,-1 — S and

cy-1 :Sy-1 — § are in F, and thus U and V' are F-conjugates of T

Lemma 5.5. ~ is an equivalence relation on ©.

Proof. Tt is evident that ~q is reflexive and symmetric. Let 0; = (z; ', g;,9;) € ©
(1 <i<3) with 6y ~g 03 ~¢ 03. Then T** = T%3 and TY* = T¥. Notice that

(z3,25 1, 20,27) €D via NS(U)”“";1 and,
. —1
(¥3,92 ' y2,97 ) €D via Ng(V)¥s .
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Then

(327 A - g1 = (325 A - (2227 A - g1
= (w323 )X - g2 - (Yo7 1A
= g3~ (y3yz A~ (Yo7 A
= g3 - (ysyr A,

which completes the proof. [

Define a relation I~ from £ to ©, by taking f - (z71, g,y) ifg € Im()\), (71, g "1, y) €
D, and f = II(z~!,g !, y). Let ~; be the symmetrization of -, and let ~ be the weakest
equivalence relation on £ U © containing the union of ~y and ~;. The =-class C' of an
element § = (71, g,y) of © may be denoted [z71, g, 9].

The following lemma is immediate from the definition of ~j.

Lemma 5.6. Let ¥ be a ~q-equivalence class in ©, let 0 = (z71,9,y) € ¥, and set
U=T* and V =TY. Then the pair (U, V) depends only on 3, and not on the choice of
representative . [

Lemma 5.7. Let f € L, and suppose that Sy contains an F-conjugate U of T'. Set
V =U/, and let = = Z(f,U,V) be the set of all § € © such that U =T*, V =TY, and
f ~1 0. Then the following hold.

(a) Eis a ~o-class of ©. B

(b) If f € L, and f ~1 0 for some 0 € E, then f = f.

Proof. As T is fully normalized in F, and since L is F-natural, there exist elements
z,y € L such that both Ng(U)* " and Ng(V)¥ ' are contained in Ng(T), and such that
T*=U and TY = V. Then (z, f,y ') € D via Ng, (U)*", and the product h = zfy !
is an element of Nz (T). Set g = hA. Then (z71,g,y) € T

Set E = Ng,(U), and set A = E*' B =AY and F = Ef. Then B = F¥ ',
and each of E, A, B, F is in A by 5.4(a). Let X be the ~g-class containing 6, and let
=z 1, 9,y) €A. Then U =T% and V =TY, by 5.6. By the definition of ©, we have
E < S_—1 and the group A := E® ' is contained in Ns(T). Similarly, F' < Sz-1 and
B:=F < Ng(T). These facts, together with the rigidity of A, result in a sequence
of conjugation maps between objects in A, in which the conjugating elements are as
indicated in the following diagram.

-1

(%) Jo Ny S NS Ny - SR kN - N SNy o)

As 0 ~¢ 6, we have
(@)X g (g A =7
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and thus (*) yields
EZLALBLE
As A and B are in A, it follows that g = h\ for some h € N.(T). But also,
f=0" hy) =T e,z T hyy L5y y)

Thus f ~; 6, and (a) holds. If f € £ with f ~; 0, then f = II(z~ %, h,y) = f, and we
have (b). O

Let £t be the set (£ U ©)/ a of equivalence classes, and let £J be the set of all
C € L7 such that CN O # 0.

Lemma 5.8. Let C € LT.
(a) IfCNL =0 then C is a ~g-class in O.
(b) If CNO =0 then C = {f} for some f € L.

Proof. Immediate from the definition of ~¢ and ~;. [

Lemma 5.9.

(a) Let f,g€ L. Then f ~ g if and only if [ = g.
(b) If0 € © and f € L with f ~ 0, then f ~1 6.

Proof. (a) As f =~ g there is a sequence

(f = f07917§17 f17 e 7fn—179n;9n7 f’n - 9)
such that §; and ; are in ©, f; is in £, and with f;_1 ~q 6; ~¢ 0; ~1 f;. Then f;_; = f;
by 5.7(b), and so f = g.
(b) Let 6 € © and f € £ with f ~ 6. Point (a) together with 5.7(a) and 5.6, then yields

a sequence
Jrrbp~r freroeg fep =0,
and this proves (b). O
Define D¢ to be the set of words w = (Cy,---,C,,) € W(LZ) such that, for some
choice of representatives (z; 1. gi,u:) of the classes C;, the products yi:c;rll are defined in

L and lie in N(T') (1 <14 < n). For such a word w, and such a choice of representatives,
set

wo = (g1, (1125 A, g2, » (Yn—127, A, 9n).
We now wish to define a mapping II$ : Df — £ by taking
(*) 10§ (w) = [7 4, ar(wo), yn).

Of course, we will define II] () to be [1, 17, 1].
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Lemma 5.10. There is a well-defined mapping IS : D — L, given by (*).

Proof. By induction on word-length, we need only show that II7 is well-defined on words
w = (C1,Cq) € DF of length 2. Let D(w) be the set of all pairs (01,62) € C1 x Ca,
where 0; = (z;',gi,¥:), and such that (y;,z;"') € D and T¥* = T®2. That is, D(w) is
the set of all (61, 62) for which it is possible to form a “product” as in (x). The problem
is to show that [z7 %, g1 - (y125 1)\ - g2, 2] is independent of the choice of representatives
0; € C;.

Fix (01,02) € D(w) and set Uy = T**, Uy = TY* = T*2, and Us = TY2. Suppose
first that C; N L # () for both « = 1 and 2, and that (fi, fo) € D, where f; is the
unique element (see 5.8(b)) of C; N L. Set v = (f1, fa2), set E1 = N(g,yn (U1), and set
Ey = (El)ffl and By = (E;)/2. Then v € D via E;. Using the definition of ©, one
observes that A; := (EO)II1 < Ng(T), and that By = (A41)9 = (El)yfl. Similarly,
one has Ay := (El)%_1 < Ng(T), and By := (47)92 = (Eg)y;. Thus, the groups A;,
and B; are in A, and g1 - (125 )X\ - g2 € Im(X). Setting h; = g;A~', one then has
(hl,ylmgl, hs) € D via A1, and

(7' 91 (yizy DA - g2,92) ~1 fif

The result is independent of the choice of (61,62) € D(w), so the lemma holds in this
case. Thus, we may assume that no such pair (fi, f2) exists.

We now aim to show that (Up, Uy, Uz) is independent of the choice of (61, 62) € D(w).
This is given by 5.6 and 5.8(a) if C; N L = ) for both i = 1 and 2. Suppose next that
CiNL=10+#CyNL. Here C; uniquely determines (U, U;), and then U; = T%2 since
ylxgl € Nz(T). Setting Uy = (Uy)%2, for fo € CyN L, it follows from 5.9(a) that, again,
(Up, U1, Us) depends only on (C7,C5) and not on the choice of representatives. The next
case, where C1 N L # () = Cy N L, evidently yields the same result. By assumption, we
have v = (f1, f2) ¢ D, and so S, ¢ A. There is then a unique L-conjugate Uy of T with
Uy < S,. Set Uy = (Up)¥', and Uy = (U;)72. Then each U; is an L-conjugate of T'; and
(Uo, Uy, Us) is uniquely determined by (C7,C2), as desired.

Let (01,0,) € D(w), with 8; = (z;',7;,7;). The result of the preceding paragraph,
taken with 5.7(a) and 5.8(a) then yields ; ~¢ 6;. The definition of ~¢ then yields a
commutative diagram as follows.

—1 —1

Us L1 T 9, Y1 U, T2 T 92, Y2 U

e

Uo > T > T > U1 > T > T > U2
acl_l 91 Y1 Ez_l 92 Ya

(Here r; = (x;7; ')A and h; = (y;5; ')A.) The “middle” portion of this diagram leads at
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once to a commutative diagram in M, as follows.

g1 T (yliﬂz_l)/\ T g2

The result is a diagram

HM('U)O)\ T Y2

T
| =
T > T

7t s (wo) Y2

which establishes that H(J{ is well defined. O

Let u= (f1, -+, fn) € Wand let v = (Cy,---,C,) € W(LF). We shall write u ~ v
to indicate that f; € C; for all 7. Write Dg’ N D for the set of all v € D(J{ such that there
exists u € D with u =~ v.

Lemma 5.11. HS’ and 11 agree on DS’ ND.

Proof. Let w= (Cy,---,Cy) = (f1, -+, fn) bein DarﬁD, and let 6, = (a:i_l,gi,yi) e C;

be chosen so that f; ~1 6;. Let (Up,--- ,U,) be the sequence of L-conjugates of T given

by T% = U;_; and TY = U,;. As C; = f; we have g; € Im()), and (IL’,L-_l, (g))A~ L, y;) isin

D via a subgroup of Ng, (U;—1). This shows that when w is viewed as an element of D,

one has Uy < S,,. Setting Py = Ng,(Up) we get Py € A by 5.4(a), and w € D via Fy.
Set h; = (g;)\ 7!, and set

v = (x;17h17y17' t 7x;17hn7yn> and Vo = (hlaylxglf T 7yn—1x;17hn)-

Set P; = Pofl'"fi. Then 5.4(a) implies that v € D via Py, since each P;_; is a member of A

contained in Sy, NNg(T"). Then also vy € D via (Po)"”lfl, and since also vg € W(N.(T)),
the isomorphism A : Nz(T) — L, (M) sends II(vg) to Iy (wo), where

wo = (917)\@1%_1), A Yn17 ), gn)-
We now obtain
H(—Ji—(clv' ce 7071) = [zl_lvﬂM(wO)7yn] ~ H(flv' e 7fn)

since (27, T1(v0), ) € D (via Pp). This yields the lemma. [
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By 5.8 and 5.9(a) we may identify £J and £ with their images in £ via ~. Set
Lo = Ea“ N L and set £, = L — Ly. Thus, £ is the disjoint union of E(J{ and £q. Set
Dt = DJ UD. By 5.11 there is a “product”

It =11 Ul : Dt — £F

whose restriction to Dy is I, and whose restriction to D is II. Set 17 = [1,1,,1] (or
equivalently, via ~, 1t = 1). We now define an “inversion map” on £ by [z7}, f,y] —
[y~1, 71, z]. (That this is indeed a well-defined involutory bijection of £ will be shown
in the proof of lemma 5.12, immediately below.) We extend the inversion on Ear to all
of LT in the obvious way, by forming the union with the inversion on L.

Lemma 5.12. L7, with the above product, identity element, and inversion, is a partial
group.
Proof. That DT contains £* as words of length 1 is immediate from the definition, as
is the fact that wov € DT implies u,v € D'. Thus 2.1(1) holds for £*. That II*
restricts to the identity map on £, and that II" is multiplicative is immediate from the
definition of I, and so points (2) and (3) of 2.1 hold for £T. It remains to check that
inversion is well defined and that £ satisfies 2.1(4).

Let 0 = (71, g,y) € © and set =1 = (y~1, g1, z). The conditions on x (immediately
following 5.4) which define 6 as being in © are that 7' < S, and that 7% < S and
Ng, (T)* = Ng(T*); and these are the same conditions on z that are required in order

that 6~! be in ©. The analogous set of conditions applies to y, by symmetry, so we
obtain ! € ©. Now let 0 = (z 1, f,7) € ©, with 6 ~g 0. Thus T = T%, TY = TV, and

(*) @z HA-g=7- Wy HA

The condition (*) concerns multiplication in the group M, where inversion and straight-
forward manipulation yields

Gy HA-gt=g" @ HA

This shows that =1 ~ g ". Now suppose that f € £ and that 6 ~; f. This means that
geIm\), (z7' g  hy) €D, and f =T(z~ ', g\~ ,y). Then f~! =TI(y~ ', g~ '\ 1, 2)
by 2.2(f), and so #~1 ~; f~1. This completes the verification that there is a well-defined
mapping [z7 1, g,y] — [y, g7, 2] on ~-classes, and which agrees with the inversion map
from £ on E(J)r N L. Evidently, this inversion map on £ is then an involutory bijection.
One readily verifies that u='ou € DT if u € DT, and that then II* (v~ ! ou) = 1*. Thus
2.1(4) holds for £*, and L7 is a partial group. O

Let AT be the union of A with the set of subgroups P of S such that P contains an
F-conjugate of T. We now have a candidate, in the partial group £, for a locality whose
set of objects is AT. In order to establish the conditions (O1) and (O2) for objectivity
in 2.5, it must be shown that if A is an object in AT, and C € £t with A® < S, then
either C' € L or else C is of the form [x71,g,y] with 7% = A and TV = A®. This is
not immediate, since the statement “A“ < S” merely says that for each a € A, we have
(C71,a,C) € DT and a® € S. The following lemma addresses this issue.
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Lemma 5.13. Let 0 = (z71,9,y) € O, let C be the ~-class of 0, and let A be an
F-conjugate of T such that A® < S.

(a) If 0 =~ f e L, then A< Sy.

(b) IfCNL=1, then A=T% and A® =TV

Proof. (a): Let a € A and set b = a®. Set P = Sy and Q = P/. Then (a7 !, f,b) € D
via (P%, P,Q,Q"), since a and b are elements of S, and similarly (a, f) and (f,b) are in
D.

Set w = (C~1,a,C). As w € DT we have also (a,C) € DT and the axioms 2.1 for a
partial group yield

II*(a,C) = IIT((C) 0 w) = II" (C, I (w)) = II"(C' b).

(In particular, (C,b) € D*.) Since [I*(C~1,a,C) = b = II(f~1, f,b) = UT(C~L,C,b)
by 5.11, left cancellation and 5.11 yield II(a, f) = II(f, ) Then

f=M(a"a, f)=T(a"", f,b),

by 2.2(e). Since conjugation by a~1 fb carries P? to Q°, we conclude that P* < S;. That
is, P* = P, and then (f~',a, f) € D (via Q). Apply 5.11 to get af = b in the partial
group L. Thus a € Sy, and (a) holds.

(b): Here C' is a ~p-class by 5.8(a). Set U = T* and V = TY, and recall that U and
V depend only on C, by 5.6. Again let a € A and set b = a“. As (C71,a,0) € DT,
it follows that (C~1,a,C) € DT via (V,U,U,V), and thus a € Ng(U). Similarly, b €
Ng(V). Then, by (1) in the definition of O, both a® " and b ' are in Ng (T).

Set w = (e lz71,1,2a%) € W(L), and observe that w € D via Ng(U), and that
also w € DT via (U, T,T,U). In particular we get a ~1 D = [a"tz71, 1), 20?]. The
representatives (y~1, g1, z) of C71, (a7 'z~ 157, 2a?) of D, and (271, g,y) of C have
the property that IIT(C~!, D, C) may be given in terms of these representatives. That
is, we have

I (C™,a,C) =17 (C™,D,0) = [y, g Hzaz™ g, )] = [y, (a® )%, y),
since the products z(a~'z~1) and (za?)z~! are defined in £ and lie in N-(T). As a® = b,
we then have

b= (y~', (a" )9, y).
The reader may verify that y ~1 (y, 1a7,1) and that

—1

V= ((171M7y)7(y_17 (ax )g,y), (y_171M71)) S D+7

and further that »
I (0) = [1, ()9, 1].
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Then, appealing to 5.9(b), we get

—1 1 -1

(1,6 1)~ bY  ~;1 (1,(a® )9,1).

Now (1,6Y ,1) ~o (1,(a® )9,1) by 5.7(a). A glance at the diagram following the
definition of ~ will now convince the reader that b ' = (a® )9. Thus (A® )9 = BY |

and we obtain a sequence of conjugation maps (between subgroups of S) as follows.
—1 _ _
UAZLTA* " S TRV L VB

Since C' ¢ L, it follows that UA ¢ A, whence A = U and B = V. This completes the
proof of (b). O

The following two theorems, along with proposition 1.10 above, form the foundation
for our proof of the Main Theorem.

Theorem 5.14. Assume hypothesis 5.3 and let AT be the union of A with the set of
subgroups P of S such that P contains an F-conjugate of T. Then (LT,AT S) is an
F-natural locality, and moreover:

(a) The isomorphism A : No(T) — La, (M) extends in a unique way to an isomor-
phism AT : No+(T) — M of groups, such that

(*) 271 g, y]AT = (27 A, g, y\)

for any x,y € Np(T).
(b) If L is a A-linking system and Cp(T) < T, then LT is a AT -linking system.

Proof. Let w = (Cy,---,Cp) € W(LY) and (Up,--- ,U,) € W(AT), with US| = U; for
all 7, (1 < i < mn). Suppose first that Uy (and hence each U;) is an L-conjugate of T'.
Then 5.13 implies that w € D{. On the other hand, if Uy € A then each U; is in A, and
w € D. Thus, either way, we get w € DT, so that (LT, AT) satisfies the condition (O1)
in the definition 2.6 of objectivity.

We next check that £1 is F-natural. For P and @ in A we have Hom,+(P,Q) =
Hom,(P,Q) by construction, so Hom+(P,Q) = Homxz(P, Q) in this case. Now let U
and V be L-conjugates of T, and let C € N+ (U, V). If C ~ f for some f € L then U/ =
V; and since ¢y : Sy — S is an F-homomorphism we conclude that cc : U — V is an
F-homomorphism. On the other hand, suppose that C € LT — £, and let (x~ 1, g,y) € C.
Then 5.13 yields 7% = U and TY = V. Here Fn (1) (M) = Nx(T) by hypothesis, so each
of ¢z, cyr-1, and ¢y is an F-homomorphism, and then so is cc. Thus Hom+ (U, V) C F,
and L1 is F-natural. Then also £ satisfies the condition (O2) for objectivity, and so
(LT, AT) is an objective partial group.

By definition, S is the unique maximal member of AT. Since N +(S) = N.(S) it
follows that also S is maximal in the poset of finite p-subgroups of LT, and so £ satisfies
the conditions (L1) and (L2) in definition 2.9. As £ and M are finite, so is the set © of
triples (z7%, g,%), and thus L7 is a locality.
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Set H = Ny+(T) and K = Ng(T). Let C = [z7',g,y] € H. Then z,y € K,
and C = [1,(z7'\)g(y\),1]. Because of this, it is now readily verified that there is
a well-defined mapping A\* : H — M given by C — (27'\)g(y\), that AT coincides
with A on K, and that A" is a homomorphism of groups. Suppose that C' € Ker(A™).
Then (x7'\)g(y\) = 1ar, so g = (zy~ )X € Im()), and then (x71 g7, y) ~1 1. Thus
Ker(AT) =1, and A" is then an isomorphism since M is finite. The uniqueness of AT is
immediate from the condition (*), so (a) holds.

Suppose next that £ is a A-linking system and that Cp(T) < T. Let U € AT
with U ¢ A. There is then a unique F-conjugate Uy of T contained in U, and hence
N+ (U) < Nps(Ug). As LT is F-natural, there exists C € LT such that (Uy)© = T.
Conjugation by C' induces an isomorphism of N+ (Uy) with N+ (7T'), and hence with M.
Since Cps(X) < X for any p-subgroup X of M containing T', it follows that C,+(U) < U.
By construction, N+ (P) = Nz (P) for P € A, so we conclude that £1 is a AT-linking
system. Thus (b) holds. O

We write also £1()) for the locality constructed by 5.14, in order to emphasize its
dependence on the isomorphism A : Nz (T) — LA, (M). In the same vein, we may write
L (A) for the partial subgroup £ of £+,

Theorem 5.15. Assume Hypothesis 5.3, and let AT be the union of A with the set of
all subgroups of S which contain an F-conjugate of T'.

(a) Let L* be a locality via the set AT of objects, let L' be the restriction of L*
to A, let 8 : L — L' be a rigid isomorphism, and let Bp : No(T) — Npo(T)
be the isomorphism induced by restriction of 5. Assume that there is given an
isomorphism p : M — Ng«(T) of groups, such that p restricts to the identity
map on Ng(T). Let ug be the restriction of i to La, (M), and set X\ = Broug ™.
Then there exists a unique isomorphism 8% : LT(X) — L* such that T restricts
to 8 on L and to AT oy on Np+(x)(T).

(b) Let (L,A,S) and (L', A,S) be localities having the same set A of objects, let
B L — L be a rigid isomorphism, and let fr : No(T) — N (T) be the rigid
isomorphism given by restriction of B. Further, let A : No(T) — La, (M) and
N N (T) = Loy (M) be rigid isomorphisms, and let po be the automorphism
A0 Br o X of Lag (M),

(i) There exists an isomorphism 8% : LT(N) — (L)T(X) extending B if and
only if po extends to an automorphism p of M.

(ii) Let p be an extension of ug to M. Then there is a unique isomorphism
BT LT(N) — (L)T(N) having the property that Bt restricts to B on L
and to AT oo ((N)T)™ on Ny+(T). Moreover, 3% is then given explicitly
on L§(\) by

[z g,y] = 278, gp, B

for (x71,g,y) € ©.
(c) Suppose that there exists a rigid isomorphism Np(T) — La, (M), and that all
rigid automorphisms of LA, (M) are M-equivalent (as defined in 5.2). Then, up
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to rigid isomorphism, there exists a unique locality (L*, AT, S) whose restriction
to A is L, and having the property that Ny« (T) is equal to M.

We now prove the points (b), (a), and (c) of 5.15, in that order.

Proof of 5.15(b). Set N = Nz(T) and N' = Nz/(T). Let © be the subset of L x M x L’
defined by the conditions immediately following 5.4, but now with respect to A’. In order
to avoid confusion, we shall distinguish the relations ~q, ~; and = in the two cases,
by the following sort of notational device. Thus, for example, if ¢ = (7!, g,9) and
¢ = (z71,5,7) are in ©’, then we shall write, for example,

¢ ~o ¢ (rel \)

1

to indicate that the products Tz~! and yy ! exist, and are elements of N’, and satisfy

the condition
@z~ )N -g=7-(gy~ N
The expressions “f ~q 0 (rel \')”, and “f ~ 6 (rel \')” should be understood similarly.
The relations ~g, ~1, and ~ on © will be provided with a corresponding “rel \” in order
to lend emphasis to this distinction.
Set o = A~ ! o Br o\ and assume that pg extends to an automorphism o of M. Let
a be the mapping on © given by

a:(x7 g,y) = ((2B8)7F, gu, yB).

Since (3 is rigid, T8 = T, and from this it is easily verified that Im(«) C ©’. There is an
obvious inverse to «, so in fact « is a bijection © — ©'.

We claim that o sends ~q-classes (rel \) to ~o-classes (rel \'). Namely, let 6 and 0
be elements of ©, written in the usual way, and assume that § ~q @ (rel \). Setting
a =Tz ! and b = gy~ !, we then have (a)\)-g =g (b)) in M. Applying p, we obtain
(@B)N - gp = gu - (bB)N', and thus ((z8)~", gp,yB) ~o ((TB)~",gu,yb) (vel X'). This
proves the claim.

Now let f € £, and suppose that f ~q 6 (rel A). That is, suppose that there exists h €
N with g = hA, that (z71, h,y) € D, and that f = II(xz~, h,y). Then ((zB8)~ %, hB,yB) €
D’ and fB8 =II'((zB)~1, hB3,yB). Since (hB)N = gu, we conclude that o sends ~1-classes
(rel \) into ~q-classes (rel \'). By 5.8 and 5.9, any ~-class C relative to A is either a
~o-class or is of the form {f}UX where X is the set of all # € © such that f ~; 6. Since
the same is true for ~-classes relative to \’, we conclude that « respects the ~-relations
relative to A and \'.

Set Lt = LT(A\) and (£')T = (£')T(XN), and similarly define £3 and (£})*. Thus «
induces a mapping

() v Ly = (L) (27 gy = [(@8) 7 g yB)),
and fvy = fB for all f € £ such that f ~q 6 for some € ©. Since L™ is the union of £
with £, o extends to a mapping
v LT = (LT,
43



which restricts to the identity map on £. Further, since all of the above arguments can
be carried out with a~! in place of a, v is a bijection.

We next show that v is a homomorphism of partial groups. Set D(A) = D((£')"()\)),
and similarly define D()\). Let II™ and (II')* be the corresponding products. Let
w=(Cy,---,Cp) € D(N) and set Q = S,,. If Q contains no L-conjugate of T' then C; € L
for all 4, wy* = wB*, and hence (II')" (wy*) = (I (w))y. On the other hand, suppose
that @ contains an £-conjugate of 7. Then C; = [x; ', g;, yi] for some (z; ', g:,9:) € O,
and I}, (wy*) = [(z18) 7, Has (uo), Yn B, where

Ug = (gl,uv (Z/lzz_l)ﬁ)\/a R (yn—lxrtl)ﬁ)‘/7gn“)'

One observes that ug = wou*, where

wo = (g1, W1z DA, -+, (Wn—12, DA, gn),

and hence (II')* (wv*) = (IT* (w))~, and ~ is a homomorphism. Since the roles of (£, \)
and (L', \) can be reversed + is then an isomorphism, and ~ is rigid since § is rigid.

Set N* = N+(T) and (N')" = N(zy+v)(T), and suppose that there is given an
isomorphism o : LT (\) — (£')"(\N) such that o restricts to 8 on L. Let o7 : NT —
(N")* be the isomorphism induced by o. Then pg extends to the automorphism v =
(AT)"toaro(N)T of M, and this completes the proof of (bi). In order to obtain (bii), one
need only observe that the formula (*) defines the unique mapping £*(X)g — LT (XN )g
which, in union with 3, defines a homomorphism 8% : LT — (A’)™ which restricts to 3
on £Land to AT opo((NM)F)"ton N*. O

Proof of 5.15(a). Let X : Np(T) — La,(M) be the restriction of pu=1 to Nz (T).
To simplify the notation, we shall write £(\) for £T()\), and £'(\N) for (£)T(\). Set
Lp = Ng(T) and L(A)r = Ngoy(T), and similarly define £7. and L'(\)r. Also, set
L = Ng«(T), and let po : La, (M) — L], be the restriction of p.

Suppose first that 5.15(a) holds in the case where £ = £’ and where § is the identity
map on £. We shall show that 5.15(a) then holds in generality. Thus, taking (£’, \) in the
role of (£, \), the assumed special case of 5.15(a) yields an isomorphism ¢ : £'(\') — L*
such that ¢ restricts to the identity on £’ and to (A)" o p on L' (\)r.

Since A = Br o pg ! by hypothesis, we have

A toBroXN =pgofrtofropyt =ide,, (M).

Thus A\~! o 37 o ) extends to the identity automorphism of M. By 5.15(b) (proved
above) there then exists an isomorphism ~ : £(\) — £'()\) whose restriction to L is S,
and whose restriction to L(A)r — £'(\) is AT o (V)*)~L. Now set 37 = yo0 ¢. Then
BT restricts to B: L — L', and on L(\)r to

(AT o (W)™ o (W) o) = AT op.
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Thus, T fulfills the requirements of the statement of 5.15(a). The uniqueness of 371
subject to the given conditions follows in the usual way (for example, as in the proof of
uniqueness in 5.15(b)), and is omitted.

We assume for the remainder of the proof that £ = £’ and that § is the identity
automorphism of £. Then also 7 is the identity automorphism of L7, and A~ = pq.

Let = (x7!,g,y) € ©. Then (z7!,gu,y) € D* via the object T®, and one checks
that the product IT*(x~!, gu,y) in £* remains unchanged when 6 is replaced by any
such that § ~¢ 0. In some detail: let § = (z~!,g,7) with 8 ~¢ §. Then T% = T® by 5.6.
Since po = A~! we get

Iz~ gu,y) =@ 227 gu,yy ', y) = (271, 3, 9).

Suppose next that f € £ with f ~; 6. Then g = h for some h € N.(T), (z~ 1, h,y) €
D, and f is equal to the product z='hy in £. This yields

I (z~ Y gp,y) =" (27 hyy) = f,

since 3 is the identity automorphism of £. Now 5.9(b) implies that IT*(z~1, gu,y) de-
pends only on the ~-class of 6, and we have a well-defined mapping 7o : £§ — L* given
by

Yo ¢ [x_lv 9, y] - H*(x_lv gy, y)

and which restricts to the identity map on £3 N £. One also observes that
[271 g, y]AT =T (271N, g,yN),

for [z71, g,y] € N+ (T).
We now define the mapping v : L+ — L£* to be the union of the identity map on £
with 79. Notice that if C = [z71, g,y] € N+ (T), then

CAT = (z7'N\-g-y)) and (z7'A-g-yNp=1"(z"", gp, y).

Thus the restriction of v to N+ (T') is AT o p.
We next show:

(1) Let C € LT, set f* =Cv, and let a € S. Then
a® €8 « (af" € Sanda® =d’").

The proof is as follows. First, let C = [z71,g,y] € L§ — L, and let (U, V) be the pair
of F-conjugates of T, uniquely determined by C', such that U = T” and V = TY. Then
Ut ' =T =T9=VY . Forany a € U we then get

a® = ((a")")"
(*) = (" )))?  (as p is rigid)
= ((a“_l)g“)y (again as p is rigid)
= a07
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as Cy = II*(z ™", gu, y).

More generally, we find that (*) holds for C' € £ and any a € S¢. Namely, if CNL =
{f} and a € Sy, then a = ay and f = f~, and hence a® =af = (af)y = a7 = a9,

One observes that (1) and (*) may be read “in reverse”. Namely, if f* € £*  and
f*=Cy with C € LI — L, then al” = aC for any a € S such that o/ € S. Finally, in
the case that C € LT with C N L # (), there is really nothing to show since S < £. Thus
(1) holds.

We may now show that v is a homomorphism of partial groups. Namely, let v* be
the map W (L%) — W(L*) induced by 7. Let w € DT, set X = S,,, and suppose first
that X € A. Then w € D(£) via X, and w = wfy . On the other hand, suppose that
X ¢ A. Then w = (Cy,---,C,) where C; € LJ, and there is a uniquely determined

sequence (Up,---,U,) of F-conjugates of T such that UC1 = U; for all 7 from 1 to n.

Set f* = Cyy and set w* = (fy,---, f). Then (1) yields Uf 1 = U, for all ¢, and thus
w* € D*. The verification that

IT* (w”) = (I (w)),

and thus that v is a homomorphism, is now a formality. We treat the case n = 2 in
detail; and for this it suffices to consider the case where w = (C1,C2) € D, since the
restriction of v to £ is the identity map. Let 6; = (z; ', g:,9:) € Cy, with (y1, ;1) eD
and with yy25' € Nz (T). Then It (w) = [271, g1 - (125 )X - g2, 2], and

I (27", (g1 - (Y123 X - g2) s y2)
RN TR (911'2_1))\M'92May2)
xq ;91# y1x2 " g2 L, y2)

1 g Y1, Ty G2l Y2)

I (w)y

*

*

(
I (
I (
I (

where the last line is obtained by observing that (1) implies that

(x7, g1, y1, 75 ", gopt, y2) € DF.

Now

I (27 Y g yr, 25 9o y2) = (27 (g1 )y, 25 (gap)ye) = I (w*).

The case w = (Cy,---,C),) with n > 2 differs in no essential way from the case n = 2,
so the above argument establishes that v is a homomorphism.
The next step will be to show:

(2) For each P,Q € A™, the mapping vp,g : No+ (P, Q) — Nz« (P, Q) is surjective.
Of course, we may assume that Ng«(P, Q) is non-empty. If P € A then Q € A and
vp,@ = Bp,q is bijective. So assume that P ¢ A. Then P contains a unique £-conjugate

U of T, and hence U < P. Let f* € Nz«(P,Q) and set V = U/". By 5.4(b) there exist
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elements z,y € £ with 7% = U and TY = V, and such that Ng_(T7)* = Ng(U) and
Ng, (T)Y = Ng(V). Then (z, f*,y~') € D* via T, and we set h* = IT*(z, f*,y~'). Then
(x= Y x, f*,y~ty) € D* via U, so f* = II*(xz~ %, h*,y) by 2.1(3). Moreover, we have
h* € Nz«(T). Now [~ h*u~1, 4] is mapped to f* by v, and so (2) holds.

Next, we show:

(3) Ker(y) =1.
As v |c= id, the set of non-identity elements of Ker(y) is contained in £J. Let C =
71, g,9] € Ker(y), and let U,V be the conjugates of T associated with C by 5.6. Then
1* = Cy = II*(z7 %, gu, y), and (1) implies that U = V = T. Then C = [1,27'\-g-
yA, 1] € N+ (T). Since p is injective, we conclude that C' = 171, and thus (3) holds.

Since Sp, € A for all h € L it is immediate from (2) that 7 is surjective, and from
(1) that Sy = Sy, for all f € £. Then (3) and 3.6 imply that v is an isomorphism,
and hence a rigid isomorphism by construction. Thus, it remains only to establish the
uniqueness of v, subject to the conditions that v |c= id, and that v |, ()= AT opu. Let
v : Lt — L£* be another such isomorphism. Then, for any C' = [x71,g,y] € L, we get

C\N = ([wil, 1ar,1][1, 9, 1][1, 10, yDN = H*(afl,gu,y) =C),

and this completes the proof. [

Proof of 5.15(c). Assuming that there exists a rigid isomorphism N, (T) — La,.(M),
5.14 yields the existence of a locality (£*, AT, S) with the required properties, and 5.5(b)
implies that £* is rigidly isomorphic to some £*()\). Assuming further that all rigid
automorphisms of L, (M) are M-equivalent, 5.15(b) yields the uniqueness of £L* up to
rigid isomorphism. That is, 5.15(c) holds, and the proof is complete. O

This completes the proof of theorem 5.15.

It will be convenient, for the applications in the next two sections, to state a corollary
concerning a special case of 5.15.

Corollary 5.16. Assume hypothesis 5.3, and let (L*, AT, S) be a locality such that the
restriction of L* to A is equal to L, and with Ny« (T) = M. Let 8 be a rigid automorphism
of L and let X := Br be the automorphism of N (T') given by restricting 3.

(a) There exists a unique rigid isomorphism « : LT(\) — L* such that B is the
restriction of o to L, and such that X is the restriction of a to Np+ ) (T).
(b) B extends to an automorphism of L* if and only if A extends to an automorphism

of M.

Proof. The locality £* is rigidly isomorphic to a locality of the form £ (\), by 5.15(a)
(and with p the identity automorphism of M). Then also 5.15(a) yields an isomorphism
a : LT(X) — L£* with the properties required in point (a). Point (b) is then given by
5.15(b).
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Definition 5.17. Let (£, A, S) be a locality with fusion system F = Fg(L). Let (A;)N,
be a sequence of subsets of A, and let (R;)Y, be a sequence of subgroups of S, such that
each R; is fully normalized in F. Then (A;, R;)Y, is an F-filtration of A if the following
conditions hold.

(1) Ry is weakly closed in F, and Ay is the set of overgroups of Ry in S.

(2) For i > 0, A; is the union of A;_; with the set R; of subgroups of S which
contain an JF-conjugate of R;.

(3) For any U,V € R;, (U, V) € R;—; if and only if U # V.

(4) A= Apy.

Lemma 5.18. Let (£,A,S) be a locality, let F = Fs(L) be its fusion system, and let
R € A be weakly closed in F. Then there exists an F-filtration F = (A;, R)N.o for L,

such that Ry = R, and such that, for all i > 0, R; is of maximal order among subgroups
OfS m AZ — Ai—l-

Proof. Take Ry = R and let Ay be the set of all overgroups of R in S. Then Ag is
F-invariant as R is weakly closed in F. Now let m be an index with 1 < m < N. Now
suppose that A,,_1 has been given, and that A,,_; is F-invariant and overgroup closed
in S, and that A,,_; # A. Choose @ € A — A,,_1 so that |@Q| is as large as possible,
and let R,, be a fully normalized F-conjugate of . Define A,, to be the union of A,,_1
with the set of subgroups of S which contain an F-conjugate of R,,. Then A,, is F-
invariant and overgroup closed, so the process may be iterated until arriving at an index
N with Ay = A. The points (1), (2), and (4) of definition 5.17 are given at once by this
construction, while point (3) is immediate from the maximality in the choice of R,,. O

Section 6: The reduction to F'F-pairs

Our aim in this section is to establish the Main Theorem, modulo a result (Proposition
6.10) on localities in finite groups. In order to state that result (to be proved in the
following section), we begin by reviewing some notions from finite group theory.

For any finite p-group P, the set of elements z € Z(P) such that 2P = 1 is a character-
istic subgroup of P, often denoted 1 (Z(P)), but which we shall write as Zp. A p-group
V' is elementary abelian it V. = Zy. Equivalently, V' is elementary abelian if V' is the
underlying group of a finite-dimensional vector space V' over the field F,, of p elements.

Let A be a group, and let D be a group on which A acts (from the right). Then [D, 4]
is by definition the subgroup of D generated by the set of commutators [g,a] = g~ 'a"'ga
(g€ D,ac A). If [D,A] < Cp(A) one says that A acts quadratically on D, and one also
expresses this condition by writing [D, A, A] = 1.

We begin with two elementary (and well-known) results.

Lemma 6.1. Let D be an abelian p-group admitting action (from the right) by a group
X, and set V = Zp. Let A be the set of elements a € X of order p such that [D,a,a] =1,
and suppose that G = (A). Then [D,G] < V.

48



Proof. Let g € D, let a € A, and set h = [g,a]. Then h € Cp(a), and so h = ha" for all
integers k. Thus:

-1 _a ay—1 a2 aP~1\—1 aP
h=g"'g" = (") 9" =---=(¢* ) lg".
One then observes that h? = g_lg“p, and then h? =1 since a? = 1.
Since D is abelian, we have [g,a]™! = [¢7 %, a], and [g192,a] = [91,a][g2,a] for all

91,92 € D. Thus
V>{lg,al g€ D, ac A} =I[D,G].

O

Lemma 6.2. Let X be a finite group, let S be a Sylow p-subgroup of X, and let D be
an abelian p-group. Assume that there is given an action X — Aut(D) of X on D. Set
V =Zp, and set
W = [V,0"(X)]Cv(X)/Cv (X).

Then the following hold.

(1) Cn(S) < [D, 07(X)]Cp(X).

(b) Suppose that X = KS, where K < X is generated by elements that act quadrati-

cally on D. Then Cp(S) = Cy(5)Cp(X).
(¢) Suppose that [Cw(S), X] =1. Then [Cp(S), X] = 1.

Proof. As X = OP(X)S there exists a right transversal {z1,--- ,z,} for S in X such that
each x; is in OP(X). Thus Q = {Szy,---,Sx,} is the set of right cosets of S in X, and
each z € X defines a permutation of 2, by right multiplication. That is, (Sz;)x = Sz,
for some j. Let g € Cp(5), and set

Then h* = h for all x € X, while also

h=g"lg,x1] - [g,2] = g"d,

where d € [D,0P(X)]. As (p,r) =1 and D is a p-group, we get h™ = gd™ for some n,
and thus g = d~"h" € [D,0P(X)]Cp(X). That is, point (a) holds.

We continue the preceding setup in order to prove:

(*) If [Cyv(S), X] =1 then [Cp(5),X] =1.
Suppose by way of contradiction that [Cy (S), X] = 1 but that [Cp(S),X] # 1. The
element ¢ in the proof of (a) may then be chosen so that g ¢ Cp(X) and with ¢gP €
Cp(X). Then ¢g? # 1. As (¢%)? = (¢*)? = g¢P for all z € X, we get h? = ¢gP" (where
h is defined as in the proof of (a)), and then h? # 1 as r is relatively prime to p. Set
Dy = (dP | d € D). We may assume that D = (gX), so Dy = (gP) = (hP) is cyclic. Then
D = V{(h), and Cp(S) = Cy(S5)(h) = Cp(X). This contradiction completes the proof
of (*).
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Now suppose that [Cy (S), X]| = 1. Applying (a) with V in the role of D, we obtain
Cy(S) < [V, X]Cy(X). Then [Cy(S),X] < Cy(X) by the definition of W, and so
[Cyv(S),0P(X)]=1. As X = OP(X)S, (c) is proved.

Finally, assume the hypothesis of (b). Then OP(X) < K, and [D,OP(X)] <V by 6.1.
Then (a) yields Cp(S) < Cp(X)V, so

Cp(S) = Cp(S)NCp(X)V = Cp(X)(Cp(S)NV) = Cp(X)Cv(5),

and (b) holds. O

Definition 6.3. Let M be a finite group, let S a Sylow p-subgroup of M, and set
Y = Op,(M). Then M is p-reduced, and (M, S,Y) is a reduced setup, if

Cu(Y)<Y, Cs(Z(Y)=Y and O,(M/Cyn(Z(Y))) = 1.

Lemma 6.4. Let (M,S,Y) be a reduced setup, and set D = Z(Y), V. = Zy, and
G = M/Cy(Z(Y)). Let A be an abelian p-subgroup of G. Then V. = Zp, and the
following hold.
(a) Cu(D) =Cu(V).
(b) If A acts quadratically on V' then A is elementary abelian. In particular, if A
acts quadratically on D, then A is elementary abelian.

Proof. Evidently V = Zp, and Cp (D) < Cp (V) < M. But also OP(Cp (V) < Cup (D),
by [Theorem 5.3.10 in Gor|. Thus, the image of Cp/ (V) in M/Cy(D) is a normal p-
subgroup of M/Cy(V'), and then since M is p-reduced we obtain point (a). Point (b) is
given by [9.1.1(c) in KS|. O

The following result shows how to isolate a reduced setup from any finite group M
such that Cp(0Op(M)) < Op(M).

Lemma 6.5. Let M be a finite group with Ca(Op(M)) < Op(M), and let S be a Sylow
p-subgroup of M. Then there exists a unique largest (with respect to inclusion) subgroup
D of Z(O,(M)) such that Z(S) < D < M and such that O,(M/Cy (D)) = 1. Moreover,
the following hold for Y := Cg(D), H := Ny (Y), and F := Fs(M).

(a) (H,S,Y) is a reduced setup.

(b) Y is strongly closed in F.

Proof. We aim first of all to define subgroups Y, and D of S, for all k£ > 0, with the
following properties:

(1) Yy is strongly closed in F, and Cy;(Yy) < Y.

(2) Dy, =Z(Yy) I M.
The conditions (1) and (2) are satisfied by Yy := O,(M) and Dy = Z(Y;). We shall
define Yy, and Dy for k > 1, in the following recursive way. Take Y} to be the pre-image
in S of Op(M/Cr(Dg—1)) and take Dy, = Z(Y)). We now check that the conditions (1)
and (2) hold for Y}, and Dy under the asssumption that they hold for Y;_; and Dj_;.
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As Dy_1 < M, also Cp(Dy—1) < M, and then Cp;(Dy_1)P < M where P is defined
to be the pre-image in S of O,(M/Cn(Dg—1)). As P is a Sylow p-subgroup of the
normal subgroup Cp;(Dy—1)P of M, P is strongly closed in F. Again as P is Sylow
in Cpr(Dg—1)P, we have Cg(Dy—1) < P, and so Y1 < P. As Cpr(Yi—1) < Y1 we
obtain Cy(P) < P, and Z(P) < Z(Yi—1) = Di—1. Here M = Cp;(Dy_1)Np(P) by the
Frattini Lemma, so Z(P) < M. Thus (1) and (2) hold where Y, = P and Dy = Z(P).

As M is finite there exists m minimal subject to D, = D,y1. Set D = D,, and
Y = Y,41. Then Cs(D) <Y and D = Z(Y), so Y = Cg(D) is a Sylow p-subgroup
of Cpr(D). The Frattini Lemma yields M = Cy(D)H where H = Ny (Y). Also
YCu(D)/Cum(D) = Op(M/Cun (D)), so as Y < Cy(D) we have Op(M/Cy (D)) = 1.
Since M = Cy(D)H we get M/Cy (D) = H/Cu (D), so also O,(H/Cy(D)) = 1. As
O,(H)Cy(D)/Cu(D) < O,(H/Cu(D)) = 1 it follows that O,(H) < Cg(D) =Y, so
Op,(H) =Y. Since Cy(Y) <Y by (1), (H,S,Y) is then a reduced setup.

We now establish the uniqueness and maximality of D. Thus, let U be a subgroup
of Z(Yy) such that Z(S) < U < M and such that O,(M/Cp(U)) = 1. It will suffice to
show that U < D. Assuming otherwise, we have [U,Y] # 1. Since O,(M/Cp(U)) =1
we have U < Z(0O,(M)). That is, U < Dy, and so there is a largest index n such that
U < D,,. Then Cp(U)Y,,+1/Crn(U) is a non-identity normal p-subgroup of M/Cy(U),
contrary to O,(M/Cy(U)) = 1. We conclude that U < D, as required. [

In what follows, the group H = Ny (Y) in the preceding lemma will be called the
reduced core of M with respect to S.

We next review the definition of a certain characteristic subgroup of an arbitrary
finite p-group S, and of some terms related to it. All of the themes, and much of the
terminology and notation that will be introduced here, have their origin in early work of
John Thompson, and they have been of fundamental importance to the p-local viewpoint
in finite group theory ever since.

Let d(.5) be the maximum, taken over all abelian subgroups A of S, of the numbers |A|.
As in [Th], we take A(S) to be the set of all abelian subgroups A of S such |A| = d(5),
and we set

() J(5) = (A(S)).

Notice that J(S) is the unique subgroup of S which is isomorphic to J(5). Because
of this, the operator ”.J” has the following inheritance property: If R is a subgroup of
S and J(S) < R, then J(S) = J(R). In particular, J(S) is weakly closed in any fusion
system on S. One observes that J(S) has the further property that it is centric in any
fusion system on S.

Remark. The tendency in the last 30 years or more, has been to define A(S) to be the
set of elementary abelian subgroups of S of maximal order, and then to define J(S) by
the formula (*). But the formulation that we have chosen is the one which is needed for
the task at hand.
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Let G be a finite group, let D be a finite abelian p-group, and suppose that there
is given a faithful group action (from the right, as always) of G on D. An abelian p-
subgroup A of G is an offender (on D, in G) if |A||Cp(A)| > |D|. An offender A is
non-trivial if A # 1, and A is a best offender if |A||Cp(A)| > |B||Cp(B)]| for every
subgroup B of A. A quadratic offender is an offender A such that [D, A, A] = 1. Write
Ap(G) for the set of best offenders in G on D, and set Jp(G) = (Ap(G)).

We shall most often be interested in the situation where D is a normal abelian p-
subgroup of a finite group M, and where G = M/C)y(D). In this case, we say that
(G,D) is an FF-pairif Oy(G) =1 and Jp(G) = G. The structure of F'F-pairs in the
case that D is elementary abelian is analyzed in [MS2], using the CFSG (the classification
of the finite simple groups), and the preceding terminology is adapted from [MS2].

Lemma 6.6. Let D be a finite abelian p-group and let G be a finite group acting faithfully
on D.

(a) Ewvery non-trivial offender in G (on D) contains a non-trivial best offender.

(b) Ewvery non-trivial best offender in G contains a non-trivial quadratic best offender.

(c) If A is a best offender in G, and U is an A-invariant subgroup of D, then
A/C4(U) is a best offender in Ng(U)/Ca(U) on U.

Proof. Point (a) is a triviality: If A # 1 is an offender on D, one has only to choose a
subgroup B # 1 of A so as to maximize |B||Cp(B)|, in order to obtain a best offender
on D.

Point (b) is essentially given by the Timmesfeld replacement theorem [Ti]; but here it
must be noted that in the hypothesis of Timmesfeld’s theorem the groups D and A are
assumed to be elementary abelian. A one-page proof of this result (with the extra, but
in fact extraneous, hypothesis concerning D and A) is given as [Theorem 2 in Ch]. At
no point in the proof is the extra hypothesis used.

The argument for (c) is again a case of asking the reader to check a very short proof
(about half a page) in which there is an extraneous hypothesis as mentioned in the proof
of (b). In this case, the relevant result is [Lemma 2.5(c) in MS1]. O

Lemma 6.7. Let M be a finite group, let S € Syl,(M), let D be a normal abelian p-
subgroup of M, and set G = M /Cy (D). Let A € A(S), and set Y = Cg(D). Then the
following hold.

(a) The image of A in G is a best offender on D.
(b) J(S) £Y <= J(S) #J(Y) = Jp(G) #1.

Proof. We provide the standard argument for the convenience of the reader. Let A be
the image of A in G, and suppose that A is not a best offender on D. Thus, there exists
a subgroup B < A such that

(1) [BlICp(B)| > |A[|Cp(A)].
Let B be the preimage of B in A, and set B* = Cp(B)B. Then:

(2) CB(D) = Ca(D).
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As A € A(S) we have Cp(A) = DN A, and then also DN A= Cp(B)N A. Thus:
(3) Cp(B)NA=DnNnA=Cp(A).

We now obtain:

)
B)|[BlICs(D)|/ICp(B) N B

(
= [Cb( (
> |Cp(B)||B||Cs(D)|/|Cp(B) N Al
> |Cp(A)IA]|[Ca(D)]/ICp(B)N Al by (1) and (2)
= |Cp(A)[[A]|Ca(D)I/ICp(A)| by (3)
(

= [Cp(A)||Al/|Cp(A)| = |A].

This contradicts the maximality of | A| among the abelian subgroups of S, and completes
the proof of (a). Point (b) follows from (a) and from the inheritance property of the
J-operator, mentioned above. []

This completes the background material for this section. The next result lists some
criteria for extending rigid automorphisms of localities within finite groups to automor-
phisms of the groups themselves.

Lemma 6.8. Let M be a finite group, let S € Syl,(M), set X = Op(M), and assume
that Cpr(X) < X. Set F = Fs(M), and let T be a non-empty, F-invariant, overgroup-
closed set of subgroups of S, such that X < Q for all Q € I". Set L = Lp(M).

(a) Suppose that M = Cy(Z(X))S. Then L is the unique F-natural I'-linking sys-
tem, up to a unique rigid isomorphism. In particular, the identity automorphism
1s the unique rigid automorphism of L.

(b) Let H be the reduced core of M with respect to S, set Y = O,(H), and let 'y be
the set of all Q € T’ such that Y < Q. Let v be a rigid automorphism of L, let
~vu be the restriction of v to Ly, (H) (see 3.9), and suppose that vy extends to
an automorphism of H. Then ~ extends to an automorphism of M.

(¢) Set D = Z(X) and assume that Cp;(D)/X is a p’-group. Assume also that there
exists QQ € T' such that M = Cy(D)Np(Q), and an automorphism ~y of L such
that ~ restricts to the identity automorphism of Np(Q). Then ~y is the identity
automorphism of L.

Proof. (a) Let M be a minimal counterexample, and choose an F-filtration (I', Tk){fV:O
for I', with I’y = {S} (see 5.17). Let L, be the restriction of £ to I'y. Then Lo = Ny (.5).
As Z(S) < Z(X), we have Z(S) < Z(M), and then 1.10(b) shows that for any F-natural
Ag-linking system g, there is a unique rigid isomorphism Ky — Lg.

Let n be the largest index such that £,, is unique up to a unique rigid isomorphism,
in the preceding sense. Then, without loss of generality we may assume that n = N — 1.
Let K be an F-natural I'-linking system, and let /C,, be the restriction of I to I';,. There
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is then no loss of generality in taking KC,, = £,,. Set T'= T, and set K = Nx(T') and
Lr = Ng(T). Observe that

OP(Nu(T)) < OP(M) < Cu(Z(X)) < Cu(Z(1)).

Thus, the hypothesis of 6.8(a) holds with Nj;(T") in place of M, and with I'p :={Q € T |
T < Q} in place of I'. As M is a minimal counterexample, we conclude that the identity
automorphism of L is the unique rigid automorphism of L7. Now 5.15(b) yields a rigid
isomorphism v : K — L. Since v restricts to the identity automorphism on £, and on
Ny (T) so v is uniquely determined, by 5.16(a).

(b) Set E = Z(Y') and note that M = Cy/(F)H by 6.5. Let Sy be an extension of vy
to an automorphism of H. Then Sy = ¢, for some z € Z(S), by 1.10(c). Now let g
be the automorphism ¢, of M. In order to complete the proof of (b) it suffices to show
that [ restricts to v on £. Both ¢, and + restrict to the identity map on Cy/(E)S, by
(a). Set K = Cr(D). Then K is a partial normal subgroup of £ by 3.9, and then the
Frattini Lemma 4.6 for localities yields the result that each f € £ is a product f = gh,
with g € K and h € H. Then

[y = (gh)y = (g7)(hy) = g(hB) = gh® = (gh)* = [* = [B,
as required.

(c) Let Ap be the set of L-essential subgroups of S (as defined in 2.14), and set A =
Ao U{S}. By hypothesis, each member of I' contains X, so Cp;(P) < P for all P € T.
By 2.16, each f € L is A-decomposable, so in order to prove (c) it suffices to show that
«y restricts to the identity map on Op/(N v (P)) for each P € Ay, and to the identity map
on Ny (S).

Fix P € A, and set N = OF (Np;(P)) (or N = Ny (S) if P = S). Suppose first that
Q < P and let g € N. By hypothesis, g = g192> (where the product is taken in M), and
where g1 € Ny (Q) and g3 € Cp(D). Then Q92 = Q9 < P (and thus (g1,92) € D(L)
via P). As Cpy(D)/X is a p/-group, and X < @, it follows that Q92 = @, and thus
N < Np(Q). As v restricts to the identity map on Ny (Q), there is no more to prove in
this case. In particular, we have shown that 7 restricts to the identity map on Ny (.5).

We are now reduced to the case where P € A, and where Q £ P. Then Ng(P) £ P.
On the other hand, Ng(P)Cyn(D) < Cyp(D)N, and thus Ng(P)Cn(D)P/Cn(D) is
a non-identity normal p-subgroup of N/Cn (D), properly containing Cn(D)P/Cn (D).
Since N/P has a strongly p-embedded subgroup, it follows that N/Cx (D) is a p-group.
Thus N = Cn(D)Ngs(P), and point (a) implies that + restricts to the identity map on
N. U

Lemma 6.9. Let F be a constrained fusion system on S, let M be a model for F, let H be

the reduced core of M with respect to S, and set Y = O,(H). Suppose that there is given

an F-natural I'-linking system (L,1',S) such that Y € I, and such that O,(M) < P for

all P € T'. Suppose also that there is given an isomorphism 3 : No(Y) — H of groups,
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such that [ restricts to the identity map on S. Then [ extends to an isomorphism

Proof. As Y is weakly closed in F, by 6.5(b) 5.18 implies that there is an F-filtration
F = (A, T)Y, of T, in which Ay is the set of overgroups of Y in S. For each k,
1 <k < N, let Ly be the restriction of £ to I'y, and set My = Lr, (M). AsY €T, B is
an isomorphism Ly — My = H. Let n be the largest index such that g extends to an
isomorphism g, : £,, = M,,. Thus n > 0, and we may assume that n < N as otherwise
there is nothing to prove. There is then no loss of generality in assuming further that
n=N-—1.

Set M = Lp(M). Then Cp(Op(M)) < Op(M) as M is a model for the constrained
fusion system F = Fg(M). Since each P € I' contains O,(M), by assumption, M is
then a I'-linking system. Set T' = Tn, K = Ny(T), ¥ ={P €I, | T < P} and
K = Ls(K). AsT € I, both N.(T) and K are models for Fy 1) (K), so 1.10(b)
yields an isomorphism v : Nz(7) — K which restricts to the identity map on Ng(T).
We may therefore apply 5.15(a) with K in the role of M, and find that there are rigid
isomorphisms A and A" from N, (T') to K such that £ and M are rigidly isomorphic to
L1(N\) and LF(N), respectively. Moreover, \ is given explicitly as f7 o v~ where Br is
the restriction of 3,, to N, (7T'), while X is the composition 57 ot where ¢ is the identity
map on K.

Let a be the rigid automorphism A~! o )’ of K. By 5.15(b) it suffices to show that «
extends to an automorphism of K in order to conclude that 8 extends to an isomorphism
L— M.

Since T ¢ Ty we have Y £ T, so T < Ny(T)T, and then Ny (T)T € I, by the
construction of F. Thus « restricts to an automorphism «g of Nx(Ny (T)T) which
centralizes Ng(T'), and then 1.10(c) yields ap = ¢, for some z € Z(Ng(T)). We now
observe that Ny (T') = Ng(T) N Cgs(D) is a Sylow subgroup of Cx (D), and hence

K = Cg(D)Nk(Ny (T)) = Cx (D)Nk (Ny (T)T)

by the Frattini Lemma. By 3.9, Cx.(D) is a partial normal subgroup of K, and evidently
Ns(T)N Cx(D) = Ny (T). The Frattini Lemma for localities (4.6) then yields

K = Cx(D)Nk(Ny (T')) = Cx(D)Nk (Ny (T)T),

since N (Ny (T)) = Nx(Ny(T)T'), and since Ny (T)T € X.

Let C be the locality Lx(Ck(D)Ng(Y)). Then the identity automorphism of C is
the unique rigid automorphism of C by 6.8(a). In particular, the restriction «; of a to
C is the identity automorphism, and so ¢, induces a7 on C. By 4.6 each f € K is a
product gh taken in K, where g € Ci (D) and h € Ng(Ny(T)). Since Y < T we have
z € Cy(Y) =D, and so

fa=(gh)a = (ga1)(hag) = gh* = (gh)* = f7,

and thus a extends to the automorphism ¢, of K. As remarked earlier, this suffices to
complete the proof. [J
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Let (M, S,Y) be a reduced setup, and set D = Z(Y) and V = Zy. Recall from 6.4(a)
that Cp (V) = Cp (D). Set G = M/Cp(V), and recall that, for any subgroup K of
G, Jp(K) is defined to be the subgroup of K generated by the best offenders in K on
D, and similarly for Jy (K). For the remainder of this paper, whenever such a setup is
given, and whenever H is a subgroup of M, we write J(H, D) for the preimage in H of

Jp(H/Cr(D)). We define J(H, V') analogously, relative to Jy (H/Cg(V)).

The proof of the following proposition will be postponed to the next (concluding)
section.

Proposition 6.10. Let (M,S,Y) be a reduced setup, and set D = Z(Y). Let I' be the
set of all overgroups @ of Y in S such that J(Q,D) # Y, and assume that S € I". Set
L= Lr(M), and let vy be a rigid automorphism of L. Then y extends to an automorphism

of M.

Proposition 6.11. Let M be a finite group, and assume that 6.10 holds for all reduced
setups (M',S"Y") with |M'| < |[M|. Let S be a Sylow p-subgroup of M, and let X
be a normal p-subgroup of M with Cp(X) < X. Set Y = O,(M), set F = Fs(M),
D =Z(Y), and let T be an F-invariant, overgroup-closed collection of overgroups of X
in S such that

Qel = J(Q,D)eT.

Assume that J(S,D) € T'. Then every rigid automorphism of Lr(M) extends to an
automorphism of M.

Among all pairs (M,I") for which 6.11 fails, choose one so that first |M| is as small
as possible, and then so that |X| is as large as possible. Set £ = Lp(M), and fix a
rigid automorphism ~ of £ such that v has no extension to an automorphism of M. Set
V =127p.

6.11.1. X =Y, andY ¢7T.

Proof. If Y € I' then Lpr(M) = M, and the conclusion of 6.11 holds trivially. Thus
Y ¢ T'. Now suppose that X is a proper subgroup of Y, and let I'y be the set of all
Q@ € I such that Y < . The maximality of | X| in the choice of (M, I") then implies that
every rigid automorphism of L, (M) extends to an automorphism of M. Let 7y be the
restriction of v to Lp, (M) and let 5 be an extension of 7y to an automorphism of M.

Let Q € I'. Then QY € T'y and Ny (Q) < Ny (QY), so v and 3 agree on Ny (Q) for
all @ € T'. By 3.8, 8 restricts to an automorphism 5y of Lr(M), and now 3.10 shows
that Sy o =y is the identity automorphism of Lp(M). Thus, 5 is an extension of v to an
automorphism of M. [

6.11.2. (M,S,Y) is a reduced setup. In particular, Cpr(D) = Cpr (V).

Proof. Suppose false, let H be the reduced core of M with respect to S, set R = O,(H),
and set Ly = Lr(H). If R € " then Ly = Ny (R) = H, and then 7 extends to an
automorphism of M by 6.8(b). We conclude that R ¢ I', and hence no member of I" is

contained in R.
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Let I'r be the set of all products RP with P € I'. Thus, I'p also has the usual
meaning. Namely, I'g is the set of members @ of I' such that R < ). We note that since
R = 0O,(H) and H is reduced, we have R = Cg(Z(R)). For Q € I'g write J(Q, Z(R)) for
the preimage in Q of Jz(g)(Q/R). Since Y < R, and since J(Q, D) € T for all Q € T by
hypothesis, 6.6(c) implies that J(Q, Z(R)) € I'r for each Q € I'g. Since R ¢ I'g, by the
preceding paragraph, the hypothesis of 6.11 is fulfilled with (H,T'g) in place of (M,T).
Here H is a proper subgroup of M as (M,S,Y) is not a reduced setup, so we conclude
that the restriction vy of v to Lr,(H) extends to an automorphism of H. We appeal
again to 6.8(b) and conclude that « extends to an automorphism of M, contrary to our
choice of (M,~). Thus, (M, S,Y) is reduced, and then Cy;(D) = Cp (V) by 6.4(a). O

6.11.3. M = J(M, D).

Proof. Set K = J(M, D). Thus, K is the preimage in M of the subgroup of M/Cy;(D)
generated by best offenders on D, so K < M. Set Sp = SN K and let ® be the set of
all @ € T with @ < Sp. Then & is F-invariant. Since ) € I' implies J(Q, D) € T', by
the hypothesis in 6.11, we get Q@ NSy € ® for all Q € T". In particular, Sy € ® since (by
hypothesis) S € I'. Then ® is a non-empty, overgroup-closed collection of subgroups of
So.
Set K = Lg(K). Then f restricts to a rigid automorphism « of K, by 3.8. Assume
now that K # M, and set Xo = X N K. The hypothesis of 6.11 is satisfied with
(K, Sy, Xo, Fs,(K),®) in place of (M, S, X,F,I'), and hence, by the minimality of |M|
as a counterexample to 6.11, k extends to an automorphism A of K. But then v extends to
an automorphism of M by 4.15, and contrary to the choice of (M,T"). Thus M = K. O

Let ® now denote the set of all subgroups P of S such that ¥ < P and such that
J(P,D)#Y.If ® =T then 6.11.1 through 6.11.3 yield the hypothesis of 6.10, and then
6.10 yields an extension of v to an automorphism of M. Thus I' is a proper subset of ®.
Choose T' € ® — T so that:

(1) T is fully normalized in F,
(2) |J(T, D)| is as large as possible subject to (1), and
(3) |T| is as small as possible subject to (2).

6.11.4. Y is a proper subgroup of T, and Ny (T) is a proper subgroup of M.

Proof. By assumption, Y < T', and since ® # I we know that Y # T. Then T £ Y, and
so T is not normal in M. [

6.11.5. The following hold.
(a) T = J(T, D).
(b) If P and P’ are distinct F-conjugates of T, then (P, P") € T.

Proof. Since T' € ® we have J(T,D) # Y, and then J(T,D) € ® by definition. Since

J(T, D) has a fully normalized F-conjugate, point (a) then follows from the minimality

condition (3) in the choice of T. Then also P = J(P,D) for any F-conjugate P of

T. For F-conjugates P, P’ of T, the definition of the “J(—, D)”-operator then yields
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(P,P"y = J((P,P'),D). For P # P’ we get |J({(P,P'),D)| > |J(T,D)|, and then (b)
follows from the condition (2) in the choice of T. [

Set My = Np(T), set R = Ng(T'), and let I'" be the union of I’ with the set of
subgroups of S which contain an F-conjugate of T'. Let I'r be the set of all Q € I" with
T <Q <R, and set L = N.(T'). Thus:

Ly = Np(T) = Lr, (Mr).

6.11.6. Let yr be the restriction of v to L. Then ~vr does not extend to an automor-
phism of Mr.

Proof. Suppose yr extends to an automorphism of Mp. Then 5.16(b), with Mz in the
role of M and with + in the role of 3, yields an extension of v to an automorphism of
M. Thus, as (M,~y) is a counterexample to 6.11, no such extension of yp exists. [

Let H be the reduced core of My with respect to R, set X = O,(H), and set U =
Z(X). Thus H = Nj,.(X), and the Frattini Lemma yields

(*) My = Ch,. (U)H.

Set H = N, (X). Then Cr,.(U) is a partial normal subgroup of L7 by 3.9, and then
4.6 yields

(**) Lr = Crr (U)H.

6.11.7. Let 8 be the restriction of yp to H. Then B does not extend to an automorphism
of H. In particular, X ¢ T.

Proof. 1f B extends to an automorphism of H then v extends to an automorphism of
My, by 6.8(b), and contrary to 6.11.6. Thus no such extension of § exists. If X € T
then H = Ny (X) = Ny(X) = H, so we conclude that X ¢ T. [

proof of 6.11.. Since H is a proper subgroup of M by 6.11.4, the minimality of M in the
choice of a counterexample to 6.11 implies that the conclusion of 6.11 holds with with
(H,T'x) in place of (M,I"). This contradicts 6.11.7, and so the proof is complete. [

Lemma 6.12. Let M, S, Y = X, D, F, and I" be as in 6.11, and assume that 6.10
holds for all reduced setups (M',S’,Y") with |M'| < |M|. Then every F-natural I'-linking
system is rigidly isomorphic to Lr(M).

Proof. Set L = Lr(M) and let £ be any other F-natural I-linking system. Set Ty =
J(S, D) and set Lo = N, (Tp) and L{; = Nz (Tp). Then Ly and L], are isomorphic groups,
via an isomorphism which restricts to the identity map on S, by 1.10(b).

Let I'g be the set of overgroups of Ty in S. Among all groups 77 € I' — I'g such that
T, is fully normalized in F, choose T} so as first to maximize |J(T1, D)| and then so as
to minimize |T1|. Then 77 = J(T31, D) and, as in the proof of 6.11.5(b), we find that
any two distinct F-conjugates P and P’ of T} generate a member of I'yg. Let I'; be the
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union of I'y with the set of subgroups X of S such that X contains an F-conjugate of
T1, and then iterate this procedure, so as to obtain an F-filtration F = (I';, T;)X_, of T.
Let £; and L] be the restrictions of £ and £’ to I';, and let n be an index such that there
exists a rigid isomorphism £,, — £/. Then n < N, or else there is nothing to prove. Set
T ="T,41, and set A =T,.

Set K = L, and Kr = Ng(T), and similarly define K" and K/.. Then Kr =
LA, (Ny(T)), and L, 11 is rigidly isomorphic to K1 (¢), where ¢ is the identity auto-
morphism of Kr, by 5.15(a). But also, £/, ; is rigidly isomorphic to (K')™()) for some
rigid isomorphism A : K — La,(Np(T)), again by 5.15(a). Now, by 5.15(b)(i), it
suffices to show that all rigid automorphisms of La,. (N (1)) extend to automorphisms
of Nps(T), in order to complete the proof.

Set My = Ny (T), Yr = Op(Mr), Dr = Z(Yr), and set R = Ng(T). Then R € A
by 5.4(a). Then J(R,D) # T, by construction of the filtration F. Then, again by
construction of F, we get J(R, D) € A. If J(R,D) < Yr then Yy € A and La,. (Mr) =
My. Since there is nothing to prove in that case, we may assume that J(R,D) £
Yr. Then also J(R,Dr) £ Yr, by 6.6(c). In fact, the preceding argument shows that
J(Q,Dr) £ Yr for any Q@ € A. We may then apply 6.11, with (Mr, R, A) in place
of (M,S,T"), in order to conclude that all rigid automorphisms of La.,.(Mr) extend to
automorphisms of M, and to thereby complete the proof. [

Recall from 2.9 that a locality (£, A, S) is a centric linking system if it is a A-linking
system, where A is the set of all Fg(L)-centric subgroups of P. Recall also from 2.17(a)
that if £ is a centric linking system then Fg(L£) is saturated.

On the other hand, let F be a given saturated fusion system on S. By an F-centric
linking system we mean a centric linking system (£, A, S) such that F = Fg(L). Thus,
A is the set of F-centric subgroups of S if £ is an F-centric linking system.

Assume now that the Main Theorem is false. We express this as a hypothesis, as
follows.

Hypothesis 6.13. Proposition 6.10 holds, and F is a saturated fusion system on the
p-group S such that one of the following holds.

(i) There exists no F-centric linking system on S.
(ii) There exist F-centric linking systems on S which are not rigidly isomorphic.

Set Xo = J(5), and define Ay to be the set of all overgroups of Xy in S. Then Ay
is closed under F-conjugation since J(S) is weakly closed in F, and since J(S) = J(Q)
for all @ € Ap. As remarked earlier, it is immediate from the definition of J(S) that
J(S) € F¢, and hence Ay C F°.

Now suppose that Ag # F€, and let X = X be the set of all X € F¢— Ag such that
X is fully normalized in F. Among all X € X, choose X so that:

(1) d(X) is as large as possible,

(2) |J(X)] is as large as possible (subject to (1)),

(3) J(X) € F¢, if possible, (subject to (1) and (2)), and
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(4) Subject to the conditions (1) through (3), | X| is as small as possible if J(X) € F¢,
and otherwise | X| is as large as possible.

Set X7 = X, and define A; to be the union of Ay with the set of subgroups of S which
contain an F-conjugate of X;. If Ay # F° we then repeat the above procedure, taking
X5 to be the set of all X € F¢— A; such that X is fully normalized in F, and choosing
X2 € X3 according to the rules (1) through (4). By iteration, we arrive at a sequence of
pairs

F = (A, X,)il,

where Ay = F¢. Recall now the notion of F-filtration from 5.17.

Lemma 6.14. F is an F-filtration of F¢. Moreover, each X; may be chosen so that
J(X;) is fully normalized in F.

Proof. As Xy is weakly closed in F we have 5.17(1), while points (2) and (4) of 5.17 (with
F€ in the role of A) hold by construction. Assuming now that F is not an F-filtration
of F¢, we conclude that 5.17(3) fails to hold. There is then a smallest index n such
that there exist F-conjugates P and P’ of X := X,, such that P # P’ and such that
(P,P") ¢ Ap_1.

Set Q@ = (P, P"). Then d(Q) = d(X), and |J(Q)| = |J(X)|, and thus J(P) = J(Q) =
J(P"). If J(P) € F° then X = J(X) by the minimality condition in (4). But in that
case we obtain also P = J(P) and P’ = J(P’), and so P = P’, contrary to hypothesis.
Thus J(X) ¢ F¢. But then P = @ = P’ by the maximality condition in (4), and again
contrary to hypothesis. Thus, F is an F-filtration of F¢. The second part of the lemma
follows from 1.7. O

Lemma 6.15. Let n be an index with 1 < n < N. Suppose that J(X,,) is F-centric,
and let Q € A,,_1 with X,, < Q. Then J(Q) € A,_1.

Proof. Suppose false, and let n be the smallest index for which the lemma fails. Set
X = X, and set A = A,_1. As J(X) is F-centric, by assumption, condition (4) in
the choice of X implies that X = J(X). If d(Q) > d(X), or if d(Q) = d(X) but
J(Q) > J(X), then J(Q) € A by the maximality conditions (1) and (2) in the choice of
X. So, we conclude that J(Q) = J(X), and then J(Q) = X.

As QQ € A, there exists an index m with 0 < m < n such that ) contains an F-
conjugate U of X,,. Then the construction of F yields d(U) > d(X). But d(U) <
d(Q) = d(X), so in fact d(U) = d(X). Similarly, we obtain |J(U)| = |J(X)]|, and hence
J(U) =2 J(X). Here J(U) is F-centric by condition (3) in the construction of A,,, so
U=J(U)=J(X)=X. This is contrary to m < n, and completes the proof. [

By 1.10(a) there exists a model M for the fusion system Nz(Xy), and My may then
be viewed as an F-natural Ap-linking system. Any two such linking systems are rigidly
isomorphic by 1.10(b), so there is a largest index n such that there exists an F-natural
A, linking system, and such that all such linking systems are rigidly isomorphic. By
6.13, we have n < N. Set A = A,,, and let £ be the unique (up to rigid isomorphism)
F-natural A-linking system.
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Set X = X,,41, set R = Ng(X), let Mx be a model for Nz(X), and let H be the
reduced core of Mx with respect to R. Set Y = O,(H), and set D = Z(Y'). In view of
6.14 we may assume that J(X) is fully normalized in F.

Lemma 6.16. Suppose that Y ¢ A, and let Ax be the set of all P € A with X < P.
Then the following hold.

(a) Ax 1is the set of all subgroups @ of R, properly containing X, and such that
J(Q) # X.

(b) X =J(X)=J(Y).

(c) R=Ng(Y) e A.

(d) Y is fully normalized in F, and H is a model for Ng(Y').

Proof. Let @ be a subgroup of R containing X, and suppose that @ ¢ A. The condition

(1) in the choice of X then yields d(X) = d(Q), and thus A(X) C A(Q) and J(X) <

J(Q). Now 6.15 will complete the proof of (a), once it is shown that J(X) is F-centric.
Set B = Cg(J(X)). Then B is X-invariant, and

Np(X) = Cr(J(X)) < Cr(Z(X)) < Cr(D) =Y,
and thus Np(X) = Cy(J(X)). But J(X)=J(Y)as Y ¢ A, and so
Np(X) = Oy (J(¥)) < J(Y) < X.

Thus B < X, and since J(X) is fully normalized in F we conclude that J(X) is F-
centric. Then X = J(X) by condition (4) in the choice of X. This completes the proof
of (a) and of (b).

Suppose that R ¢ A. Then J(R) = J(X) = X, by (a) and (b). Then

Ns(R) < Ns(J(R)) = Ns(X) = R,
and hence R = S. Then X = J(S), and Y € Ay, contrary to Y ¢ A. Thus, R € A.
We have Y < R by 6.5. Since Ng(Y) < Ng(J(Y)) and J(Y) = X, we conclude that
R = Ng(Y'), completing the proof of (c).

Let ¢ € Homz(R,S) be chosen so that Y := Y¢ is fully normalized in F, and set
X' = X¢. Then Ng(Y’) < Ng(X') by (b), and since X is fully normalized it follows
that |[Ng(Y')| < |R|. Thus Ng(Y') = R¢, and so Y is fully normalized in F. Point (d)
then follows from 1.11. [

Lemma 6.17. Y € A.

Proof. Suppose Y ¢ A. We check that the hypothesis of 6.11 (and hence also of 6.12)

holds, with the role of (M,S,Y,Fs(M),I') being taken by (Mx,R,X,Nr(X),Ax).

First, Cpry (X) < X as Mx is a model of the constrained fusion system Nz(X). Next,

by 6.16(a), @ € Ay implies J(Q) £ X, while 6.16(b) implies that X = J(X) (and hence

that J(X) is F-centric). Then 6.15 yields J(Q) € Ax, and so J(Q,Z(X)) € Ax by
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6.7(b). In particular, J(R,Z(X)) € Ax, and so the claim has been verified. Since we
are assuming 6.10, we are free to apply 6.12 to the setup with My; and so LA, (Mx)
is the unique Fa , (Mx)-natural linking system, up to rigid isomorphism. Then all rigid
isomorphisms N (X) — La, (Mx) are Mx-equivalent, by 5.15(b). Now 5.15(c) applies
with Mx in the role of M, and we conclude that there exists an F-natural A,,;;-linking

system, and that any two such are rigidly isomorphic. This contradicts the maximality
of n. O

Lemma 6.18. Y ¢ A.

Proof. Suppose Y € A. Then Y € Ax as X < Y. Set H = Lo (H). Then H =
Ny (Y) = H, and thus every rigid automorphism of A is in fact an automorphism of
H. Then 6.8(b) applies, with Mx in the role of M, and so every rigid automorphism
of Lp, (Mx) extends to an automorphism of My. That is, all rigid automorphisms
of La, (Mx) are Mx-equivalent. As in the proof of 6.18, we conclude via 5.15(b) and
5.15(c) that there exists an F-natural A, 1 1-linking system, that any two such are rigidly
isomorphic, and thereby contradict the maximality of n. [

With 6.17 and 6.18 we now have a contradiction to Hypothesis 6.13. This contradiction
provides a proof of the Main Theorem modulo Proposition 6.10. Thus, in order to
complete the proof of the Main Theorem it remains to prove 6.10.

Section 7: The Main Theorem

Our aim in this section is to give a proof of Proposition 6.10, using the CFSG (the
Classification of the Finite Simple Groups). As was pointed out at the end of the pre-
ceding section, this will complete the proof of the Main Theorem.

We continue that terminology and notation relating to F'F-pairs. In particular, it is
important to recall that our definition of J(P), for P a p-group, is given in terms of
abelian (and not elementary abelian) subgroups of P of maximal order.

For ease of reference, we re-state 6.10, as follows.

Proposition 7.1. Let (M,S,Y) be a reduced setup, and set D = Z(Y). Let I" be the
set of all overgroups @ of Y in S such that J(Q,D) # Y, and assume that S € I'. Set

L= Lr(M), and let vy be a rigid automorphism of L. Then ~ extends to an automorphism
of M.

Among all (M,~) satisfying the hypothesis of 7.1, and such that v does not extend
to an automorphism of M, fix (M,~) so that |M]| is as small as possible. We note that
proposition 6.11 may then be applied to groups of order less than |M]|.

Set F = Fs(L), and recall the definition of F-essential subgroup of S, from 2.14.

Lemma 7.2. Let A be the union of {S} with the set of Fs(L)-essential subgroups of S,
and set My = ({Nm(Q) | Q € A). Then My = M. In particular, there exists no proper

subgroup of M which contains the partial subgroup L of M.
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Proof. Suppose that My is a proper subgroup of M. We first show:
(1) £ C M.

Indeed, in order to establish (1) it suffices, by 2.16, to show that Cy;(P) < P for all
PeTl. But Cy(P) < Cy(Y)=D = Z(Y) as (M,S,Y) is a reduced setup. Thus (1)
holds.

Since £ = Lp(M) we have also £ = Lr(My). We now claim that the hypothesis of
6.11 is fulfilled with (M, Y,T") in the role of (M, X, A). Set Yy = O,(My), Do = Z(Yp),
and D = Z(Y). Then Y <Y} and so Dy < D. We must show that J(Q, Dy) € I for each
Q€T. Set M = M/Cp(D). AsQ €T, J(Q,D) #Y, so there exists A with Y < 4 < Q
such that the image A of A in M is a best offender on D. By 6.6(c), Auta(Dy) is a best
offender on Dy, so J(Q, D)Cq(Dy) < J(Q, Dy). Thus J(Q, Do) € I, as required.

Now 6.11 yields an extension of v to an automorphism § of My. Then g = ¢, for

some z € Z(S) by 1.10(c), and ¢, is then also an extension of v to an automorphism of
M. O

In what follows, set V' = Zy. That is, V is the subgroup (to be regarded as a vector
space over the field F,, of p elements) of D consisting of those elements x € D such that
2P =1. Set G = M/Cp (D), and recall from 6.4(a) that also G = M/Cp (V).

Lemma 7.3. G is generated by quadratic best offenders on D, and any quadratic best
offender on D is also a quadratic best offender on V.

Proof. Let Gy be the subgroup of G generated by the set of all subgroups A of G such
that A is a quadratic best offender on D. Let My be the preimage of Gg in M, and
set So = SN My. Then Y < Op,(My). The reverse inclusion holds since My < M, so
Y = Op(My).

Let Q €T, and set P = Q NSy. Here Y = Cg(D) < Sy, and the image Qof QinG
contains a best offender on D, so by 6.6(b) there is a non-trivial quadratic best offender
B < @ The preimage B of Bin S is contained in P, by the definition of M, so P # 1.
Now let @ be the set of all subgroups @ N .Sy of Sy with @) € I'. Thus:

(*) & CT.

Let K be the partial normal subgroup My N L of L, as given by 3.9. Then 3.10 gives
IC the structure of a locality K = Lg(Mj). Further, the hypothesis of 6.12 holds with
(Mo, So, ) in the role of (M, S,I'). By 4.15(a), v restricts to an automorphism o of
IC, and if My # M then 7y extends to an automorphism 3y of My by 6.12. Then ~
extends to an automorphism of M by 4.15(b), contrary to hypothesis, and completing
the proof. [

Any group that acts faithfully and quadratically on an elementary abelian p-group is
itself elementary abelian, by [9.1.1(c) in KS]. For that reason the preceding lemma ef-
fects the transition from “abelian offenders on abelian p-groups” to “elementary abelian
offenders on vector spaces over IF),” that is needed in order to apply the results of Meier-
frankenfeld and Stellmacher [Theorems 1 and 2 in MS2] on F'F-pairs.
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The set of all non-identity subgroups X of G such that X = [X,G] is a poset, with
respect to inclusion, consisting of normal subgroups of GG. Define X to be the set of
minimal elements of this poset. The elements of X are the J-components of G. The

product of the set X of J-components is then a normal subgroup of GG, henceforth to be
denoted by Gy. Set V = Zy and set

W =1[V,Go|Cv(Go)/Cv(Gy).

For any X € X set Wx = [W, X] and Vx = [V, X].

It will turn out that for each X € X, either X is quasisimple, or p € {2,3} and X
is isomorphic to the commutator subgroup of SLy(p) (a group of order 3 if p = 2, and
a quaternion group of order 8 if p = 3). It will be convenient to set up some further
notation, in order to accomodate such solvable J-components. Thus, let X;,; be the set
of all subgroups X of G such that X is a direct factor of G, X = SLy(p) (with p =2 or
3), [X, X] € X, and |Vx| = p?. Let X* be the union of X, with the set of non-solvable
J-components of G. The elements of X* will be referred to as the J*-components of G.
Set G§ = (X*).

Theorem 7.4.1. The following hold.

(a) Each J*-component of G is normal in G.

(b) G§ is the direct product of the J-components of G.

(c) Let A < G be a best offender on' V. Then A is a best offender on every A-invariant
subspace of V' and on every A-invariant subspace of W.

(d) If A < G is a best offender on V, and X € X, then Cy(X) = Ca(Vx) =
Ca(Wx), and either [X,A] =1 or [X, A] = X.

(e) W is the direct sum of its subspaces Wx for X € X*, and [V,X1,X5] = 0
whenever X1 and Xo are distinct members of X*.

(f) G = GoR where R is the image of S in G.

Proof. See [Theorem 1 in MS2]. We remark that points (a) through (e) are “elementary”
in that they are proved without appealing to the CFSG. [

In 7.4.2 and 7.4.3 we sum up the remaining parts of the General F'F-module Theorem
in the form that will be needed here, and eliminate some special cases. As in [MS2] we
write U(") for the direct sum of r copies of a module U.

Theorem 7.4.2. Suppose that G has only one J*-component. Then one of the following
holds (where q is a power of p).

(1) G is a linear group SL,(q), and W is a direct sum U @ (U*)®), where U is
a natural module for G and U™ is the dual of U. Moreover, if both r and s are
non-zero then n > 4.

(2) G is a classical group (unitary, symplectic, or orthogonal) in characteristic p, and
W is a direct sum U") of natural modules for G. Specifically:

() G = Span() (n > 2),
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(ii

) G = SUL() (n > 1),
(iii)

)

) p

s odd G = Qanti(q ) (n>2),

(iv) G=05,(q) (n>3), 0

(V) p=2G= Ozn()(n23)-

(3) p =2, G is a symmetric group of degree n (n > 5), and W is a natural module
for G.

.

G =
p
G

I

Proof. Let R be the image of S in GG. In the list of groups and their modules given by
[MS2], all but the three types listed above are eliminated by 7.2. In detail: by Theorem
2 in [MS2] G| is either a group of Lie type in characteristic p or an alternating group. If
Gy is of Lie type in characteristic p then, in the cases other than the above three, [MS2]
states that either R contains a unique quadratic best offender A or that G = Spinz(q)
and that W is a spin module of order ¢®. In the case of a unique quadratic offender A,
it follows from 6.6(b) that the image in G of the normalizer in M of any object in T is
contained in Ng(A). Since every element of £ is a product of elements of normalizers of
objects, by 2.16, it follows that £ is contained in the proper subgroup Cy(D)Ny(B),
where B is the preimage of A in S; and we thereby obtain a contradiction to 7.2. In the
case where G = Spinz(q), it is pointed out in [Theorem 2 in MS2] that every quadratic
best offender A has the same commutator space on W. Then L is contained in the
M-stabilizer of that subspace, and so in either case we contradict 7.2.

Finally, if Gy = G is an alternating group, then [MS2] (see 7.4.3 immediately following)
says that R contains a unique quadratic best offender, leading again to a contradiction
to 7.2. O

Proposition 7.4.3. Suppose that G is a symmetric group Sym(n) (n >5), and that W
1s a natural module for G. Let R be the image of S in G. Then every offender in G on
W is a best offender, and one of the following holds.

(1) n is odd, and each offender A is generated by transpositions.
(2) n is even, and for any quadratic offender A < R, there exists a set {t1,--- ,tx}
of pairwise commuting transpositions in R such that one of the following holds.
(a) A= (ty, -+ ,tg).
(b) n =2k and A = (t1ta, ..., ti_1t;) X {ti41,- -+ ,tg), for somel with 1 <1 < k.
(¢) n =2k and A = (t1t2,s182) X (t3, - ,tx), where s and sz are commuting
transpositions distinct from t1 and ta, and where Supp(s1s2) = Supp(tita).

(d) n=8=|A| = |W/Cw(A)|, and A acts regularly on the standard G-set.

Moreover, if A is a quadratic offender and |A| > |W/Cw (A)|, then n is even, and A is
generated by the set of all transpositions in R.

Proof. See [Theorem 2 in MS2]. O
Lemma 7.5. G has a unique J*-component.

Proof. Suppose false, let K := K, be a J*-component of G, and let K be the product
of the J*-components other than K. Let K, be the preimage of K; in M. Then K; is
S-invariant by 7.4.1(a). Set W; = Cw (K;). Then W, is S-invariant, as is Cps(W;). Set
M; = Cp(W;)S. Then M; = K;S by 7.4.1(e).
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Set L; = Lr(M;), and set L = Lp(M). Further, define C; to be the set of all g € £
such that [W;,g| = 1. Then C; is a partial subgroup of £, and in fact a partial normal
subgroup since each W; is M-invariant. Since I' is S-invariant, an element g of M is in
Ly if and only if g = hs for some h € Cy(W3) such that S, € T', and thus £; = C;S.
Also, for any h € C; we have hy € C;, since 7 centralizes V' by rigidity. Thus £; is a
~-invariant locality contained in L. Let ~; be the restriction of v to L;.

We have M; = K;S by 7.4.1(e), so M; is a proper subgroup of M. We may then
apply 6.11 with (M;,Y") in place of (M, X), and thereby conclude that 7; extends to an
automorphism f; of M;. Then S; centralizes S, and since Cp;(Y) < Y it follows from
1.10(c) that B; is conjugation by z; for some z; € Z(S5).

Set D; = [D,K;]. Then Z(S) < Cp(K;)D; by 6.2(a), and we may therefore take
z; € D;. We now claim that z; centralizes Ko (and by symmetry of argument, that z, cen-
tralizes K1). To prove the claim, we recall that [W, K] centralizes K5. Observe also that
D, is Ko-invariant, since K1 < M. Set Vi3 = VN Dy and set Uy = [V1, K1]/Cy, k,1(K1).
Then U; is M-isomorphic to W7, and so [U;, K3] = 1. We now apply 6.2(c) with Dy, Vi,
and K> in place of D, V', and X, and conclude that [Cp, (S), K2] = 1. Thus, [21, K2] =1
as claimed, and similarly [z5, K] = 1.

Since M = M; My = K1 K5S it now follows that g extends to the automorphism c, .,
of M. This contradicts the choice of (M, ), and completes the proof. [

Lemma 7.6. Let T be a subgroup of S, such that T is weakly closed in F and properly
contains Y. Let I'" be the union of I' with the set of subgroups P of S such that T < P.
Then ~ extends to an automorphism of Lp+(M).

Proof. Set ® =T, K = Lo(M), L+ = N.(T), and let I'r be the set of all Q € T such
that 7' < Q. Then L7 = Lp,.(Npy(T)) since T < Sy, for all w € D(L) N W (N (T)).
Let H be the reduced core of Nj(T') with respect to S, set Yr = O,(H), and set
Dy = Z(Yr). Also, set H = N.(Yr), let v be the restriction of v to L7, and let n be
the restriction of v to H. Recall that Y7 is weakly closed in Nz(T') by 6.5. Then, since
T is weakly closed in F, it follows that also Yr is weakly closed in F. If Y7 € T' then
H = H by 2.3(c), and n is an automorphism of H. On the other hand, suppose that
Yr ¢ T', and let R be the set of all R € I containing Y. Since J(Q,V) € I'forall Q € T,
by 6.6(c), it follows that J(R,V) £ Yr for any R € R. Setting Vo = Qy(Dr), 6.6(c)
yields also J(R, Vr) # Y for R € R. Similarly, J(S, D) £ Yr, and then J(S, D) # Y.
Thus, the hypothesis of 6.11 is satisfied with (H,R) in place of (M,I"), and we conclude
that n extends to an automorphism of H. Thus, in any case, 7 either is, or extends to,
an automorphism of H, and then 6.8(b) implies that yr extends to an automorphism S
Since T is weakly closed in F, it is vacuously true that any pair of distinct F-conjugates
of T generates a member of I'. Then 5.15(a) implies that v extends to an automorphism
B of KC, such that § restricts to v on £ and to S7 on Nj;(T). This yields the lemma. [

Definition 7.7. Let S be the image of S in G, and let Q be the set of all non-identity
subgroups U of S such that Ng(U) € Syl,(Ng(U)) and such that Ng(U)/U has a
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strongly p-embedded subgroup. We say that G has an essential splitting if there exists a
subgroup H of G having the following properties.

(1) Ng(S) < H.
(2) Op(H) #1 and O,(H) is weakly closed in Fg(G).
(3) For each U € Q, either O (Ng(U)) < H or OF (Ng(U)) centralizes Cyy (U).

Proposition 7.8. G has no essential splitting.

Proof. Suppose false, and let H be a subgroup of G satisfying the conditions (1) through
(3) in definition 7.7. Set B = O,(H), and let B be the preimage of B in S. Then
B = SNCy(D)B is a Sylow p-subgroup of Cy/(D)B, and it follows that B is weakly
closed in F := Fg(M).

Let 3 be the union of I' with the set of overgroups of B in S. By 5.17 there is an
FAiltration F = (¥;, R;)Y, of ¥ with Ry = B, and with the property that R; is fully
normalized in F, and of maximal order subject to R; ¢ ¥;_1 (1 <i < N). Thus, X is
the set of overgroups of B in S, and ¥y = X.

Set K = Lx(M) and let K; be the restriction of K to ¥;, as in 2.9.1. Thus Ky =
Ny (B). Let o be an extension of 7 to an automorphism of ', as given by 7.6, and let
o; be the restriction of ¢ to ;. Then oy = o, while oq is a rigid automorphism of
the group Ny (B). Since H contains the image of S in G, we have S < Njp(B), and
then 1.10(c) yields o¢g = ¢, (conjugation by z) for some z € Z(S). If also ¢ is given on
all of IC by z-conjugation, then v is given by z-conjugation on £, and v extends to the
automorphism ¢, of M. Since (M, ) is a counterexample to 7.1, we conclude that the
largest index m such that o,, = c, is smaller than N.

Set R = Ry,41, set L = Ny (R), and let X be the subgroup of L generated by
CL(Z(S)) together with the set of all Ny (P) as P varies over the set of proper overgroups
of R in Ng(R). Each such P is in ¥, by the construction of F. The restriction of oy,
to L (see 3.8) acts on X, and o, o ¢,—1 centralizes a set of generators for X, so o, acts
as ¢, on X. If X = L then 5.15(a) implies that o,,+1 is given by ¢, on all of ), 41,
contrary to the choice of m. Thus X # L, and hence X/R is strongly p-embedded in
L/R. Moreover, we now have [Z(S), O (L)] # 1.

For any subgroup E of L, let E be the image of E in G. Then L # X since O (D) < X.
Then X /R is strongly p-embedded in L/R, and then condition (3) in definition 7.7 says
that either OP (L) < H or [Cw(S),0F (L)] = 1. Suppose OP (L) < H. As B < R; for
all i, where B is weakly closed in F, it follows that L < Nj;(B), and hence o7, = c,.
Again, 5.15(a) implies that o,,+1 = ¢, on K,,41, contradicting the choice of m. Thus,
O” (L) centralizes Cyy (S), and then OP' (L) centralizes Z(S) by 6.2(c). Then also OF (L)
centralizes Z(5).

Set C = Lx(Cp(Z(S))). Then C is the set of all f € K such that [Z(9), f] = 1,
and thus C is o-invariant. Since |C| < |£|, 6.12 applies and yields an extension of ¢ to
an automorphism o* of Cy(Z(S)). Then o* is the identity automorphism, by 1.10(c),
and thus oy, is the identity automorphism of L. Then o; = c,, and we again have a
contradiction via 5.15(a). O
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In the remaining arguments, whenever X is a subgroup of M we write X for the image

Lemma 7.9. Assume that G is one of the classical groups that appear in 7.4.2. Then
either G has an essential splitting in the sense of 7.7, or G = SL2(q) (q a power of p).

Proof. In 7.4.2 it is given that W is a direct sum of copies of the natural G-module
U, or that G = SL,(q) (n > 4) and W is a direct sum of copies of U and its dual
U*. Then Cg(Cw(S)) is equal to either Ce(Cy(S)) or, in the exceptional case, to
Ca(Cu(S)) N Ca(Cy=(S)). Since the definition of essential splitting depends only on
G, and on the subgroup Cq(Cw(95)) of G, we may therefore assume, for the sake of
simplicity, that W = U or, exceptionally, that W = U @& U*. In either case, write Wy for
the subspace U of W.

Set Gy = [G,G] if p =2 and G = 05,,(q), and otherwise set Gy = G. Let T be
the Sylow p-subgroup S of G, set Ty = T'N Gy, let P be the set of minimal parabolic
subgroups L of Gy over Ty such that Cy (Tp) is not L-invariant, and set H = (P)T.
Let Q be the set of all subgroups @ of T" such that Nr(Q) € Syl,(Ng(Q)) and such
that Ng(Q)/Q has a strongly p-embedded subgroup. Set K = Cq(Cw (T)). It will then
suffice to show:

(a) Op(H) is weakly closed in Fr(G), and if G # SLa(q) then O,(H) # 1.
(b) There exists a parabolic subgroup K* of Gy such that O (K*)T < K < K*T.
(¢) For each Q € Q, either Ng(Q) < H or O (Ng(Q)) centralizes Cy (T').

Indeed, only (a) and (c) are needed, but (b) will play a role in obtaining these points.
We note at the outset that |G/Go| < 2 and that p =2 if |G/Gy| # 1.
Set K* = Ng,(Cw (Tp)). If W is irreducible then Cy(Tp) is a 1-dimensional subspace
of W, and K* is a maximal parabolic subgroup of GGy over Ty. On the other hand, if W
is reducible, so that G = SL,(q) with n > 4, then K* is the parabolic subgroup of Lie
corank 2 obtained as the intersection of the two maximal parabolics L and Lo such that
Li/Oy(L;) = GL,_1(q). Then OP (K*) centralizes C;(Tp) and we obtain (b). Further:

(1) Either there is a unique minimal parabolic subgroup X of Gy over T not con-
tained in K*, or there are two such (to be denoted X; and X5). In the latter
case, X1 Xy is a group, and OF' (X1 X3)/0,(X1Xs) = SLy(q) x SLa(q).

Set Hy = H N Gy. Then (1) shows that either G = Gy and H is a parabolic subgroup
of G; or else G # Gog, H = HyT, and Hj is a minimal parabolic subgroup of Gy.
Set P = O,(H) and set Py = PN Gy. By 1.12, Py is weakly closed in Fr,(Go). As
H = Ng(Py) = Ng(P), P is weakly closed in F := Fr(G). If H =G then Gy is itself a
minimal parabolic subgroup of G, since the exceptional case where Hj is not a minimal
parabolic occurs only when the Lie rank of GG is greater than that of Hy. In the list of
groups under consideration from 7.4.2, only SLs(q) has Lie rank equal to 1, so (a) holds.

Let Q € Q, set N = Ng(Q) and Ny = N N Gy. Also, set E = OP (N), Ey = E N Gy,
and Qo = Q@ N Gy. In proving (c) we may assume that [Cy (T, E] # 0.

As N/Q@ has a strongly p-embedded subgroup we have () = O,(N). Suppose that
N < Gp. Since Np(Q) € Syl,(Ne(Q) by the definition of Q, a theorem of Borel and
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Tits [Theorem 3.1.3 in GLS] implies that Ng,(Q) is a parabolic subgroup of Gy over
To. Thus N/Q is a group of Lie type, as is E/Q. The only groups of Lie type having
a strongly p-embedded subgroup are those of Lie rank 1, so IV is a minimal parabolic
subgroup of Gy. Since [Cy(T), E] # 0, we have [Cy(Tp), E] # 0, and thus N is either
the unique minimal parabolic over Ty which does not normalize Cy/(T), or N is one of
the two such minimal parabolics given by (1). Thus N < H, and we have (c) in this
case. We have thus reduced the proof of (c) to the case where G # Gy, so p = 2 and
G = 05,,(q) for some sign e.

Suppose next that @ < Gy. Then O2(Ny) < O2(N) = @, so the Borel-Tits theorem
implies that Ny is a parabolic subgroup of Gy over Tj. Let K be an overgroup of () in
N such that K/Q is strongly embedded in N/@, and set Ky = K N Go. Then |K(/Q)| is
divisible by 2 since N7, (Q) < K, and hence Ky/Q is strongly embedded in Ny/Q. As
in the preceding paragraph, it follows that Ny is a minimal parabolic over Ty, and Ny
is then the unique minimal parabolic over Ty which does not normalize Cy (Tp). Then
No < H, and since N = NoT where T' < H, (c) holds in this case. We may therefore
assume that Q £ Gp.

Set R = Op(Ng,(Qo)).- Then R is E-invariant, as is Nr(Qo). Then Ngr(Q) < @
as Q = Op(N), and thus R = (9. By the Borel-Tits theorem N¢g,(Qo) is a parabolic
subgroup of Gy over Tj.

Suppose Qo = 1. Then |Q| = 2 and O2(C¢,(Q)) = 1. Then [8.7 in AsSe| implies that
Ey = Span—2(q). But Ey = E/Q in this case, so Ey has a strongly embedded subgroup.
This yields n = 2, whereas 7.4.2(2) excludes O§(q). Thus Q, # 1, and Ng,(Qo) is a
proper parabolic subgroup of Gy.

Set L = 0% (Ng,(Qo)), and set L = L/Qo. The Levi decomposition for Ng(Qq) yields
a direct product decomposition

L:L1X"'sz

where each EZ is a (possibly disconnected) group of Lie type, and where each EZ is
Q-invariant. We choose such a decomposition so as to maximize k. Then

EOZCEl(@) X X Oﬁk(Q);

and each C’E(@) has even order. But Ey = E/Q, so Ey has a strongly embedded
subgroup. We conclude that £ = 1.

Suppose that Ng, (Qo) is disconnected. Then L is a direct product of two factors (each
of them a group of Lie type) which are interchanged by Q, and F is isomorphic to each
of the factors. Then E & SLa(q) as E has a strongly embedded subgroup, and N¢g,(Qo)
is a product of two minimal parabolic subgroups, with root system of type A; x A
acted on non-trivially by 7'/Ty. But there is a unique minimal parabolic subgroup X
over Ty which does not normalize Cy(Tp), and hence Ng,(Qp) normalizes Cyy(Tp). Then
[Cu(Tv), Eo] = 1 and [Cy(T), E] = 1, contrary to the choice of Q. We conclude that
N¢,(Qo) is a connected parabolic, and moreover, X = Ng,(Qo)-
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From the discussion in [section 2.7 of GLS] on the relation between classical groups
and groups defined as groups of Lie type, it now follows that Ng,(Qo) is contained in
the stabilizer of a singular j-space U for some j > 1, and that L/Qo acts as SL;(q) on
U. Let t be an F,-transvection in 7" on U. Then ¢ centralizes every singular Tj-invariant
subspace of U, so [L,t] < O2(L) = Q. Since Ey < L, Qo(t) is then an E-invariant
subgroup of T. But )¢ is the unique largest Ey-invariant subgroup of Ty, so @) is the
unique largest Eyp-invariant subgroup of T, and thus Q = Qo(t). Then @ is L-invariant,
and so L = Ey. Again, as FEy/Qo has a strongly embedded subgroup, we conclude that
L/Qo has Lie rank 1, and thus Ey = 0% (X). As H = XT we obtain E = E;T < H.
Further, we now have H = Ng(Qo), and so N < H. This completes the proof of (¢). O

Remark. The group Sym(8) is well known to be isomorphic to OF (2), by means of a
quadratic form on the natural irreducible Sym(8)-module preserved by Sym(8). Thus,
the preceding lemma applies to the case where G = Sym(8) and W is the natural
irreducible module.

Lemma 7.10. Suppose that p = 2, and suppose that G = Sym(n) is a symmetric group,
with n > 5, and that W is isomorphic to the natural irreducible G-module over Fo. Then
n =38, and W is a natural module for G.

Proof. We assume throughout that n # 8. Let Q = {1,2,--- ,n} be the standard G-set,
and let Gy = Alt(n) be the subgroup of index 2 in G. Let V be the natural permutation
module for G, identified with the set 2 of subsets of Q (where addition is given by
symmetric difference of subsets). Let W be the submodule of V consisting of subsets of
Q of even order, and let Z be the 1-dimensional submodule {0,Q} of V. By definition,
W = W if nis odd, and W = W /Z if n is even.

Recall the notation V' = Q;(D). We now write V = Vi x Vi, where V; < Cy(G),
and where V; is a G-submodule of V' chosen to be as small as possible subject to V =
VoCyv (G). Thus, Vy is indecomposable for G. We claim that Vj is isomorphic to a G-
submodule of V or of ‘7/Z . Indeed, by an elementary calculation [exercise 3 on page
74 of FGT] we have |H'(Go, W)| = 1 if n is odd, |H'(Go, W)| = 2 if n is even, and
1% indecomposable for Gg if n is even. The claim follows in a straightforward way from
this exercise, and from the observations made in the preceding paragraph. In particular,
transpositions in G are transvections on Vj, and hence also on V.

Set K = Cy(Cw(9)) and let K be the image of K in G. Then K < Cy(Cp(S))
by 6.2(c). By 3.8 there is an automorphism ~yg of Lr(K) given by restricting «. Since
| K| < |M]|, and since best offenders on D are also best offenders on C'p(O2(K)) by 6.6(c),
we may apply 6.12 with (K, S, 02(K),I') in the role of (M, S,Y,I'). Thus yx extends to
an automorphism of K. As [Z(S), K] =1, 1.10(c) yields:

(1) The identity map on K is the unique extension of vk to an automorphism of K.

Let T be the set of subgroups T of S such that Y < T, and such that T is generated by
a transposition. For any subgroup P of S set

Pr=(TeT|T<PY.
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Set R = St, set Ry = RN My where M is the preimage of Alt(n) in M, and set
H = Nj;(R). Then H = Nj;(Rp), and H = 2™ x Sym(m) where m is the greatest
integer in n/2.

If the set { R, Ry} contains all of the quadratic best offenders on D contained in .S, then
every member of I' contains Ry, and then £ = Lp(M) = H, contrary to 7.2. Thus there
exists a quadratic best offender A < S with A ¢ {R, Ry}. Since n # 8 by assumption,
7.4.3 implies that |W/Cy (A)| = |A| and that A contains a transposition ¢. Notice that

() (W/Cw(A4)] < [V/Cv(A)] < |D/Cp(A)].

Since A is a best offender on D, hence also on V by 6.6(c), we conclude that the inequal-
ities in (*) are equalities, and hence that D = Cp(A)V. Then Cp(A)Cy (t) has index 2
in D, and thus |D/Cp(t)| = 2. Since G is generated by n — 1 transpositions, we conclude

that |D/Cp(G)| < 2" ! and hence

(2) D=Cp(G)V.
Further, since |D/Cp(t)| = 2, the preimage in S of any subgroup of (7) generated by
transpositions is in I". Thus

(3) T CT, and Q7 €T for any Q € I such that Np(Q) £ H.

Notice that (3) yields O2(H) € I', so H = Nz(O2(H)), and then v restricts to an
automorphism of H. By 1.10(c), v |g= ¢, for some z € Z(S), and where of course c, is

also an automorphism of M. Replacing v with v o ¢;!, we may assume:

(4) ~ restricts to the identity automorphism on H.

Suppose that n = 2m is even, let Q € T' with Ny (Q) £ H, and let Qg be a fully
normalized F-conjugate of Q7. As H is m-transitive on T, ()g is in fact an H-conjugate
of Q7. Set X = Ny (Qo). Then X =2 (2F x Sym(k)) x Sym(n — 2k), where k is the
number of transpositions in Q. Since n is even it follows from [lemma 2.8 in BHS] that
X is generated by its subgroups X N H and X N K. Since Cx (D) < K, we then have
X = (XNHXNK). Let yx be the restriction of v to X. Then (1) and (5) imply
that vx induces the identity map on X. Here Ny (Q7) = X" for some h € H. We
have (h=t,z,h) € D(Lr(M)) via Q7 for each z € X, so ~y restricts to the identity on
Ny (Q7) by (5). Since Ny (Q) < Ny (Q7) we conclude that v restricts to the identity
map on Njs(Q). Thus v is the identity automorphism of £ in the case that m is even,
and we may therefore assume that n = 2m + 1 is odd.

Let G be a subgroup of G such that S < Gy, and with G; = Sym(2m). Let M; be
the pre-image of Gy in M and set £; = Lp(M;y). Then L; is y-invariant by 3.8. Let v be
the restriction of v to £4. Then M; = (H, K) (again by [2.8 in BHS]). The hypothesis of
7.1 holds with M in place of M, so the minimality of |M| implies that v; extends to an
automorphism (31 of M;. Then (1) and (5) imply that 3 is the identity automorphism.

Now let G5 be a subgroup of G such that Gy = Sym(m) x Sym(m + 1), and such
that S N Gy € Syla(Gs). Let My be the preimage of Gy in M, set Sy = SN My, and let
I's be the set of all subgroups @ of Sp with @Q € I'. One observes that R < Mo, so I'y is
non-empty. Set Lo = L, (Ms). Then L, is y-invariant by 3.8. Let 2 be the restriction
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of v to Lo. As |Ma| < |M|, 6.12 applies with (Ma, S2,T'3) in the role of (M, S,T"), yielding
an extension of 7, to an automorphism fo of Ms. Then Sy = ¢, for some u € Z(Ss). As
n is odd, and as remarked above, we have H(G, W) = 0. Thus V may be identified with
W x Cy(G). As G is generated by n—1 transpositions, it follows that |D/Cp(G)| = 2"~!
and that D = W x Cp(G). Thus, we may take u € W.

Recall that € denotes the standard G-set. We may then take G to be the stabilizer
in G of n, and we may take G5 to be the stabilizer in G of the partition (A, As) of
Q, where A; = {1,--- ,m}. Identify W with the set of even-order subsets of Q. As (;
is the identity map on My, ¢, centralizes M; N Ms, and it follows that ¢, is either the
identity map on Mj or that ¢, is given on My by taking u = 2 — {n}. In either case, the
automorphism ¢, of M induces 3; on M; (i = 1,2). Replacing v with v o ¢, !, we may
assume that both 8; and (5 are identity maps.

We now argue as we did in the case where n is even, taking an arbitrary ) € I', taking
Qo to be a fully normalized F-conjugate of @1, and setting X = Ny, (Qo). As before, we
have X 2 (2% x Sym(k)) x Sym(n—2k), and now X is generated by its subgroups X NG}
and X NGy. Thus X = (X N My, X N My). As each B; is an identity map, the restriction
vx of v to X is the identity map on X. Since Np/(Q) < Ny (I'7), and Ny (Q7) is an
H-conjugate of X, it follows as in the case when n is even that ~ restricts to the identity
map on Ny (Q). Thus, v is the identity automorphism of £, and we have obtained a
contradiction to the assumed non-existence of an extension of v to an automorphism of
M. O

Proof of Proposition 7.1 By 7.5, G has a unique J-component, and 7.4.2 then
yields the possibilities for the structure of G and for the action of G on W. Recall that
(M,~) is a counterexample to 7.1. By 7.10, if G is a symmetric group Sym(n), and
W its natural irreducible module, then n = 8. Since Sym(8) = Of (2) via a quadratic
form on the natural irreducible module for Sym(8) (see the remark following 7.8), 7.8
and 7.9 imply that G is a symmetric group Sym(n) with n # 8 and with W the natural
module - or else that G = SLs(q). Thus, we have only the case G = SLy(q) and (by
7.4.2) W the natural SLs(q)-module left to consider. But in this last case, G has a
strongly p-embedded subgroup Ng(S), and hence Cy;(D)Nys(S) is a proper subgroup
of M containing Lr(M). This contradicts 7.2, and thus the proof of 7.1 is complete.

Proof of the Main Theorem As pointed out at the beginning of this section, Propo-
sition 7.1 provides the remaining step required for the proof of Proposition 6.10. Then
6.11, and 6.14 through 6.18 - which were proved under the assumption that Proposition
6.10 holds - yield a contradiction to the presumed non-existence or non-uniqueness of a
centric linking system £ whose fusion system Fg(L) is a given saturated fusion system.

APPENDIX

In [OV], Bob Oliver and Joana Ventura introduced a category T of “transporter
systems” and isomorphisms of transporter systems. Part of the structure of any given
transporter system consists of a functor p : T — F, where T is a category and where
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F is a fusion system on a finite p-group; and one says that the given transporter system
is a “transporter system on (or over) F”. The category T has a full subcategory T¢ of
“centric linking systems” whose definition is far different from the one given in 2.9 here.
The aim of this section is to show that transporter systems are the “same” as localities,
that the two definitions of centric linking system are essentially equivalent, and to obtain
the following result.

Theorem A. Let F be a saturated fusion system on a finite p-group S. Then there exists
a centric linking system T over F (in the sense of [OV] or [BLO]), and T is unique up
up to isomorphism of transporter systems.

In this way we will establish that our Main Theorem yields existence and uniqueness
of “centric linking systems” in either sense of this term. In order to do this, we first
review the definitions in [OV].

Let S be a finite p-group and let X be a collection of subgroups of S with S € X.
There is then a category Tx(S) whose set of objects is X, and whose morphism-sets are
given by

MOTTX(S) (P7 Q) - NS(P7 Q)

for P, ) € X. Composition is given by multiplication in S.

Here is the definition of transporter system from [OV], but with the notions of left and
right composition reversed from their original meanings, in order to maintain consistency
with our policy of taking all categories in the right-handed sense.

Definition X.1. Let F be a fusion system over a finite p-group S. A transporter system
associated to F is a non-empty finite category 7T, together with a pair of functors
€ P
TOb(T)(S ) s T s F
satisfying the following conditions.

(A1) Ob(T) C Ob(F), and Ob(T) is closed under F-conjugacy and overgroups. Also,
€ is the identity on objects and p is the inclusion on objects.
(A2) For each P,Q € Ob(T), the kernel

E(P)™ Kerlpp : Autr(P) — Autr(P)]

acts freely on Mory (P, Q) by left composition, and pp ¢ is the orbit map for this
action. Also, E(Q) acts freely on Mors (P, Q) by right composition.

(B) For each P,Q € Ob(T), epq : Ns(P,Q) — Mory(P,Q) is injective, and the
composite pp,g o €pg sends g € Ng(P, Q) to ¢, € Homr(P, Q).

(C) For all ¢ € Mors(P,Q) and all g € P, the diagram

EP(g)l lé@(g')
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commutes in 7, where ¢’ is the image of g under p(¢).
(I) es(S) € Syl,(Autr(S)). B B B
(I1) Let ¢ € Isor(P,Q),andlet P < P < Sand Q < @ < S be such that ¢ toep(P)o
¢ < eg(Q). Then there exists ¢ € Mors(P, Q) such that epf(l)oa = poeg 5(1).

If moreover F is saturated, Ob(T) = F¢, and E(P) = Z(P) for all objects P, then T is

a centric linking system.

Definition X.2. Let T = (T,¢,p) and T' = (T',€,p’) be transporter systems over a
fusion system F on S, with Ob(T) = Ob(T"). An isomorphism T — T’ (of transporter
systems) consists of an invertible functor a : 7 — T (of categories) such that, in right-
hand notation, eoa = ¢ and a0 p’ = p.

Let £ = (L,A,S) be a locality over S. Set T = Cat(L,A) (as defined in 2.8(1)) and
let F be the fusion system Fg(L) on S, generated by the conjugation maps between
objects. There is a functor

e:Ta(S)—=T

for which eop : A — Ob(T) is the identity map, and where each epg : Ng(P,Q) —
Mory(P, Q) is an inclusion map. There is also a functor

p:T — F,

such that pop : A — Ob(F) is the inclusion map of A into the set of all subgroups of
S, and such that pp(¢) is the conjugation map ¢, : P — @, where g is the unique
element of £ such that ¢ = (g, P,@Q). (See the discussion in 2.8(1)). We note that the
functoriality of p depends on the condition (O2) in the definition 2.6 of “objective partial
group”.

Proposition X.3.
(a) Let L= (L,A,S) be a locality. Then the diagram

(*) Ta(S) ST L F

of categories and functors is a transporter system, and if L is a centric linking
system in the sense of 2.9 then T is a centric linking system in the sense of [BLO)|
or [OV].

(b) Let L = (L,A,S) and L = (L', A,S) be localities having the same set A of
objects, and let 8 : L — L' be a rigid isomorphism. Define (T ,€,p) as above, and
define (T',€,p’) in the analogous way. There is then an isomorphism T — T’ of
localities, given on objects by P — P and on morphisms by (f, P,Q) — (fB, P, Q).

Proof. (a): By definition of 7, A = Ob(T), and then also A C Ob(F) since A is a set
of subgroups of S. Since F is generated by the conjugation maps ¢y : P — (@ with
f € Ne(P,Q), with P,@Q € A, the condition (0O2) in 2.5 implies that A is closed under

F-conjugacy. Since A is overgroup closed by 2.9, we then have (Al).
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Let P,Q € A and define E(P) and E(Q) as in (A2). Since left and right cancellation
holds in £, by 2.2, E(P) acts freely on Mors(P,Q) by left composition, and E(Q) acts
freely by right composition. Let (f, P,Q) and (g, P,Q) € Mory(P,Q) lie in the same
fiber of the map pp,g : Mory(P,Q) = Homz(P, Q). Then the conjugation maps ¢y and
¢y from P to Q are equal. Set P’ = P/(= P9) and regard cg-1 as a map from P’ to P.
Then cgy,-1 = ¢y ocy—1 is the identity map on P, so that fg~! € E(P). This shows that
each fiber of pp ¢ is contained in an orbit of E(P). The reverse inclusion holds since

pr.(hf) = p(hf) = p(h)p(f) = p(f),

for any h € E(P). Thus (A2) holds.

Condition (B) follows immediately from the definitions of the functors € and p. The
commutativity of the diagram in (C) is no more than the observation that if (f, P,Q) €
Mor+(P,Q) and g € P, then g/ is defined (via P7), and g/ = g(p(f)) € Q. Condition
(I) is given by the hypothesis, in 2.9, that S € A, so it only remains to establish (II). Here
N, (P) is isomorphic to Auty(P) via the map g + (g, P, P) for P € A. LetP,P,Q,Q €
A, with P <9 Pand Q < Q, and let f € £ with P/ = Q. Then ¢y induces an isomorphism
N7 (P) — N7(Q). If (P)c; = Q then the T-isomorphism (f, P, Q) extends to the T-
isomorphism (f, P, Q). Thus (II) holds, and 7T is a transporter system.

Now suppose that £ is a centric linking system in the sense of 2.9. That is, assume
that A is the set of all F-centric subgroups, and that Cr(P) < P for all P € A. Then
F is saturated, by 2.17(a), and E(P) = Z(P) for all P € A, so T is a centric linking
system in the sense of [OV]. Thus (a) holds.

(b): Let 7, 7', and §: L — L' be as given. Let o : T — T’ be the pair of maps, given
on Ob(T) = A by P +— P, and on morphisms by (f, P,Q) — (ff, P,Q). That « is then a
functor is immediate from the fact that 8 is a homomorphism which sends each subgroup
P of S to P. The invertibility of « is immediate from the invertibility of 3, and it is
trivially verified that e o @ = €’ (in right-hand notation). In order that a0 p’ be equal to
p it is necessary and sufficient that each conjugation map ¢y : P — @ with P,Q € A be
equal to the conjugation map cyg. Thus, let € P. Then z! € Q, so xf € 5, and then

t! = (@f)B = (@B)? = a”.

Thus ¢y = c¢p as required, and (b) holds. O

Corollary X.4. Let F be a saturated fusion system on S, S a finite p-group. Then there
exists a centric linking system (T, €, p) whose fusion system is F.

Proof. The Main Theorem provides a centric linking system (£, A, S) in the sense of 2.9,
with F = Fg(L), and then X.3(a) provides the required centric linking system in the
sense of [OV]. O

For the remainder of this Appendix, let

Ta(S) —— 7 —2 F
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be a transporter system. Set tpg = epg(l), write tp for ep(1), and observe that ¢p
is the identity element of Auty(P) by X.1(C). The morphisms ¢p g are called inclusion
morphisms, and condition (B) implies that p sends inclusion morphisms in 7 to inclusion
maps in F. Whenever P < P’ < S and Q < Q' < S are in Ob(T), and whenever

| [rae
Pl ¢/ Q/
is a commutative square in T, we say that ¢ is a restriction of ¢’ (and sometimes write
¢’ |p.o= ¢); or we may say that ¢’ is an extension of ¢. Some of the results that follow

can be found in [section 24 of P2]. Most notably, point (a) of Lemma X.8 (and which is
the key point of this appendix) appears to be pre-figured in [Remark 24.12 in P2].

The following lemma collects what are for our purposes the key properties of T,
established in [OV].

Lemma X.5. The following hold.

(a) All morphisms of T are both monomorphisms and epimorphisms in the categorical
sense. That is, we have left and right cancellation for morphisms in T .

(b) For every morphism ¢ € Morr(P,Q), and every Py, Qo € Ob(T) such that Py <
P, Qo < Q, and p(¢) maps Py into Qq, there is a unique ¢g € Morr(Py, Qo)
such that ¢o = ¢ |p,,Q,- In particular, every morphism in T is the composite of
an isomorphism followed by an inclusion morphism.

(c) Let ¢ and ¢' be T-homomorphisms P — Q, and let Py and Qo be objects of T
with Py < P and Qo < Q. Suppose that p(¢) and p(¢') map Py into Qo, and that
d) |P07Q0_: QSILP(),QO' Then (rb = ¢/. o _ _ _

(d) Let P,P,Q,Q be objects of T, with P < P and with Q < Q. If € Mort(P,Q)
is an extension of ¢ € Isor(P,Q) then the square

P50
re) | | cetetoon
¢

P—— Q
commutes for all x € P.

Proof. Three of these points are given by the following results in [OV]: (a) by 3.2(b) and
3.8, (b) by 3.2(c), and (d) by 3.3.
For the proof of (c): write ¢ for ¢ |p, ¢,, and hence also for ¢’ |p, g,. Then

LPy,P O Y =10 LQo,Q = LPy,P © ¢I7
and (c) follows from left cancellation. [
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Lemma X.6. Let ¢g: Py — Qo, ¢: P — Q, and ¢' : P' — Q' be T -isomorphisms, and
suppose that both ¢ and ¢' are extensions of ¢o. Then the following hold.
(a) P=P if and only if Q = Q'.
(b) There is a unique extension of ¢g to a T -isomorphism ¢1 : PNP' — QNQ’', and
each of ¢ and ¢’ is an extension of ¢.

Proof. (a) Suppose that P = P’. Let x € Np(F,), and let y and y’ be the images of x
under p(¢) and p(¢’), respectively. Then X.5(d), with ¢¢ in the role of ¢, yields

by o epy () 0 = €, (y) = €q, (¥).

As €q, is injective, by condition (B), we get y = ¢/, and thus p(¢) and p(¢’) agree on
Py := Np(Py). Let Q1 be the image of P; under p(¢). By X.5(b) there is a restriction
¢1: Pp — Q1 of ¢ and a restriction ¢} : P, — @ of ¢/, and X.2(c) implies that ¢; = ¢].
Replacing ¢ by ¢; in (a), and applying induction on the index of Py in P, we obtain
Q = Q' as desired. On the other hand, if Q = Q' then we obtain P = P’ by working
with 5%, ¢!, and ¢/ .

(b) Set P, = PN P and Q1 = QN Q. Then ¢ and ¢’ have restrictions ¢; and ¢] to
Py which, in turn, restrict to ¢. Then (a) implies that ¢, and ¢} are T-isomorphisms
Py — @1, and X.5(c) yields ¢1 = ¢}. O

Define a relation 1 on the set Mor(T) of morphisms of 7 by ¢ 1 ¢’ if ¢’ is an extension
of . Thatis, p 1 ¢ if ¢ : P —- Q and ¢' : P/ — Q' with P < P’, Q < @', and with
tppro@ = ¢ouig . We may write also ¢’ | ¢ for ¢ 1 ¢'.

Lemma X.7. The following hold.

(a) The relation T induces a partial order on Iso(T).
(b) The relation 1 respects composition of morphisms. That is, if ¢ 1 ¢' and 1 1,
and the compositions ¢ o and ¢’ o)’ are defined, then (¢p o) 1 (¢ o).

Proof. The transitivity of the relation 1 is easily verified. Suppose that both ¢ 1 ¢’ and
¢l ¢, where ¢ € Isor(P,Q) and ¢’ € Isor(P',Q'). Then P=P', Q=Q', tppr = tp,
and ¢, = tg. Further, tp¢’ = ¢ o1 and then ¢’ = ¢ since tp and 1 are identity
morphisms in 7. Thus (a) holds.

Suppose that we are given ¢ 1 ¢’ and 1) 1 v’, with ¢ o1 and ¢’ o1}’ defined on objects
P and P’ respectively. Set Q = P¢ and R = Qv, and set Q' = P'¢’ and R’ = Q'v)’.
The following diagram, in which the vertical arrows are inclusion morphisms, adequately
demonstrates that ¢ o1 1T ¢’ o',

P/ ¢ Ql 1/) , R/

[

P —— @Q —— R
¢ P
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This yields (b).

Let = be the equivalence relation on Iso(7T) generated by the restriction of 1 to
isomorphisms. Let £ be the set Iso(7T)/ = of equivalence classes. For ¢ € Iso(T) we
write [¢] for the equivalence class containing ¢.

Lemma X.8. Let f € L.

a) There is a unique mazimal ¢ € f with respect to 1T, and ¢~ is then mazimal in
(a)

[671].
(b) fNIsor(P,Q) has cardinality at most 1 for any P,Q € Ob(T)

Proof. Let ¢ : P — (@ be maximal in f with respect to 1. Suppose that there exists
¢ : P' — Q" in f such that ¢ is not an extension of ¢’. Then ¢’ may be chosen so that
there exists ¢g : Py — Qo in f with ¢g T ¢ and ¢¢ T ¢'. Among all such pairs (¢, ¢p),
choose one so that |Py| is as large as possible. Then X.6(b) implies that Py = PN P’ and
Qo = QNQ'". It follows that Np/(Fy) £ P, and so we may replace ¢’ by the restriction
of ¢’ to Np/(Py) — Ng/(Qo). That is, we may assume that Py < P’ and Qo < Q.

Let X\ : Auty(Py) — Aut7(Qo) be the isomorphism induced by conjugation by ¢q.
Set P, = Np(P) and Q1 = Ng(Qo). Also, set P = (P;, P') and Q" = (Q1,Q’). Then
X.5(d) implies that A maps ep,(P") onto ep,(Q"). By condition (II) in X.1, there is an
extension of ¢y to a T-isomorphism P’ — @Q”, and the maximality of Py then yields
P” < P. Thus P’ < P, and we have a contradiction. Thus f has a unique maximal
element ¢.

Set » = ¢! and let ¥ T . Then ¢ : Q — P for some @ containing Q and some
P containing P. Then ¢ + E_l, SO ¢ = E_l and 1 = 1. Thus ¢! is maximal in its
=-class, and (a) holds.

In order to prove (b), let ¥,v’" € fNIsor(P,Q). Then both ¢ and 1 are restrictions
of a single ¢ € f, by (a). Now X.5(b) implies that ¢ =¢’. O

Define D to be the set of words w = (f1,---, fn) € W(L) such that there exists a
sequence (¢1,- - ,¢,) of T-isomorphisms with ¢; € f;, and a sequence (Py,- -, P,) of
objects of T with ¢; : P,_1 — P; for all i. We say also that w € D via (Py,---, P,), or
via P,. Define

ImH:D— L

by II(w) = f, where f is the unique maximal element of [¢; o - - - o ¢,] given by X.8(a).
That II is well-defined follows from X.7(b) and an obvious induction on the length of w.
Set 1 = [15], and for any f € L let f~! be the equivalence class of ¢!, where ¢ is the
unique maximal member of f.

Proposition X.9. L, with the above structures, is a partial group. Moreover, the fol-
lowing hold.

(a) For any g € S, the [es(g)] is the set of all ep(g) such that P9 = Q, and es(g)
1 the maximal member of its class.
(b) [ts] is the set of all Lp, P € Ob(T), and vs is the mazimal member of its class.
(c) For any ¢ € Iso(T), [¢p~1] is the set of inverses of the members of [¢].
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Proof. We first check that £ is a partial group. Of course £ is non-empty since 7 is
non-empty. For any f € £ and any representative ¢ of f, f is a T-isomorphism between
objects of T, so the word (f) of length 1 is in D. Now let w = (f1,---, f,) be in D.
Clearly, any prefix u = (f1,--- fx) and any suffix v = (fx+1, -+, fn) of w is in D, so
2.1(1) holds for £. By definition II(f) = f for f € £, so 2.1(2) holds. Condition 2.1(3) is
a straightforward consequence of associativity of composition of isomorphisms in 7, and
of the definition of II.

That the inversion map f + f~! is an involutory bijection follows from X.8(a). Now
let u=(f1, -, fn) €EDvia (Py, -, P,),andset u=' = (f',---, f;'). Thenu=' € D
via (Pp, -+, P), so u"tou € D. One obtains a representative in the class II(u"! o u)
via a sequence of cancellations qé,;l o ¢ of representatives ¢p € fi, so II(u~! o u) is the
equivalence class containing ¢p,. Since tp, T tg, and since 1 = [1g] by definition, we get
H(u~!ou) = 1. Thus 2.1(4) holds in £, and L is a partial group.

We now prove (a). Let P < P’ and @Q < Q' in Ob(T), and let g be an element of S
such that P9 = @ and (P’)9 = @Q'. The functoriality of € yields

ep,p(1)oep q(g) = epq(g) = epq(g) o €g,qr(1),

which means that epg(g) T epr,o/(g). In particular, we get ep(g) T es(g). In order
to complete the proof of (a), it now suffices to show that for any ¢ € Isor(P, Q) with
€s(g) = ¢, we have ¢ = ep,(9).

Suppose false, and let o = (¢1,- -+ , ¢p,) be a sequence of T-isomorphisms with ¢ = ¢y,
€s(g9) = ¢on, and with either ¢; T ¢;11 or ¢; | ;41 for all i with 1 < i < n. Among all
(¢, P,Q) with ¢ # epq(g) and es(g) = ¢, choose (¢, P,Q) so that the length of such
a chain o is as small as possible. Set ¢ = ¢2. Then ) = ex y(g), where X and Y are
objects of T with X9 =Y. Suppose ¢ 1 ¥. Applying the functor p to the commutative
diagram

X ex, v (9) v

LP,XJ l‘vQ,Y

and applying condition (B) in X.1 to p(ex,y(g)), we conclude that p(¢) is the restriction
of ¢4 to the homomorphism p(¢) : P — Q. In particular, we get P? = @, so that also
ep,0(g) is a restriction of ex y(g). Then X.5(a) yields ¢ = ep(g), and contrary to
assumption. On the other hand, if ¢ | 1, then ¢ = ep(g) by X.6, again contrary to
assumption. This completes the proof of (a), and then (b) is the special case of (a) given
by g =1.

Let f = [¢] be an equivalence class, with ¢ maximal in f. One checks (by reversing
pairs of arrows in the appropriate diagrams) that if ¢ is a T-isomorphism, and ¢ is a
restriction of ¢, then the 7-isomorphism ¢ ~! is a restriction of ¢~1. Point (c) follows
from this observation. [

In view of X.9(a), there is no harm in writing ¢ to denote the equivalence class [es(g)],
for g € S.
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Lemma X.10. Let ¢ : Z — W be a T -isomorphism, mazimal in its =-class. Let X
and Y be objects of T contained in Z, and let U and V be the images of X and Y,
respectively, under p(¢). Suppose that there exist elements g and g’ in S such that the
following diagram commutes.

x v,
<*) GX,Y(Q)l léU,V(g/)

y vy

Then g € Z, and ¢’ is the image of g under p(®).
Proof. Let ¢ be the composition (in right-hand notation)

¢ = €Z9,Z(g_1) ogpo Cw,we’ (9"

Thus, ¢' € Isop(Z9,W9'), and the commutativity of (*) yields ¢ |y= ¢ |y. Thus,
¢ = ¢, and the maximality of ¢ : Z — W implies that Z9 < Z and W9 < W. That is,
g € Ng(Z) and ¢’ € Ng(W). There is then a commutative diagram as follows.

7z -2 s w

€Z(g)l lew(g’)

z 25w
Condition (I) in X.1 implies that there is an extension of ¢ to a T-isomorphism (Z, g) —
(W,¢'), and the maximality of ¢ then yields g € Z and ¢’ € W. Condition (C) in X.1
implies that ¢’ is the image under p(¢) of g. O

Set A = Ob(T).

Corollary X.11. Let f € L and let P € A with the property that, for all x € P,
(f YL, f)eD and (f~ Lz, f) €S. Let Q be the set of all such products TI(f~1, x, f).
Then @ € A and there exists 1) € f such that ¥ € Isor (P, Q).

Proof. As (f~',z,f) € D there exist U, X,Y,V € A and representatives 1 and ¢ of f
such that

—1

U > X Y > V
is a chain of 7-isomorphisms, and where the middle arrow in the diagram is indeed
exy(z) by Lemma X.9(a). As II(f~',z, f) € S there exists 2’ € S such that Eil o
exy(x)oy = egyv(a’). Let ¢ : Z — W be the maximal element of f. Then X.10

implies that = € Z, and 2’ is the image of x under p(¢). In particular, we have P < Z
and Q < W, and we may therefore take X =Y = P and U = V = (), obtaining

¥ € Isor(P,Q). O

P ex, vy (z) P
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Lemma X.12. Let ¢ : P — Q be a T-isomorphism, and let f = [)] be the equivalence
class of 1. Then P < D(f), and P/ = Q in the partial group L.

Proof. For any g € P, we have the composable sequence

—1 €
0L p W pp

of T-isomorphisms, so (f~1, g, f) isin D, and P C D(f). By X.1(C), ¥ "t oep(g) o) =
eq(g’), where ¢’ € Q. The class [eg(g')] is the same as [eg(g’)] by X.8(a); and we recall
that we have introduced the convention to denote this class simply as ¢’. Thus ¢/ = ¢,
and so P/ C Q. The conjugation map g + ¢/ is injective by 2.4(c), so P/ = Q, as
required. [

Proposition X.13. (£, A,S) is a locality, and if (T, €, p) is a centric linking system (in
the sense of [BLO] and [OV]) then L is a centric linking system in the sense of definition
2.9.

Proof. First, L is a partial group, by X.9. In order to show that (£, A) is objective, let
w=(f1,"++, fn) € D. By definition, there exist representatives v; of the classes f;, and
a sequence (P, -+, P,,) of objects of T, such that each v; is a T-isomorphism P,_; — P;.
Then Pif_i1 = P, for all 4, by X.12. Conversely, given w = (f1,---, fn) € W, and given

(Po,---,P,) € W(A) with Pz-f_i1 = P, for all i, it follows from X.11 that w € D. Thus,
(L, A) satisfies the condition (O1) of 2.6. The condition (O2) is given by X.11, so (£, A)
is objective. That is, the condition (L1) for a locality holds. Also, since 7 is finite by
X.1, L is finite.

The mapping Auts(S) — N.(5) given by ¢ — [¢] is a homomorphism, as follows
from X.7. It is surjective by the definition of £, and injective by X.8(b). As eg(S) €
Syl,(Autr(S)), by X.1(I), we conclude that S € Syl,(N.(S5)), and hence S is maximal
in the poset of p-subgroups of £. That is, (L2) holds for £, and thus £ is a locality.

Now suppose that (7,€,p) is a centric linking system. That is, suppose that A =
Ob(T) is the set F¢ of F-centric subgroups of S, and suppose for each object P that
Z(P) = Ker(pp). Let p: Auty(P) — Ng(P) be the mapping ¢ — [¢]. Then pu is
a homomorphism by X.7(b). Let ¢ € Ker(u). Then [¢] = [ts], so ¢ T ts, and then
¢ = p by X.9(b). That is, ¢ is the identity element of Auts(P), and thus Ker(u) = 1.
Now let f € N and let v € f be the maximal element. Then 1 restricts to a 7T-
automorphism ¢ of P by X.11, so u is surjective, and hence an isomorphism. Since
Z(P) = Ker(pp) = Caut, (P), we conclude that Cr(P) = Z(P), and hence L is a
centric linking system in the sense of definition 2.9. [

Let ¢ : P — @ be a morphism in 7 (and not necessarily a T-isomorphism). Let Qg be
the image of P under the homomorphism p(¢). Then by X.5(b) there is a well-defined
restriction ¢g = ¢ |p.g, of ¢ to a T-isomorphism P — Q.

Lemma X.14. There is a functor n: T — Cat(L,A), such that n is the identity map
on the set of objects, and such that

np,q : Mory(P,Q) — Morcaic,n)(P, Q)
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is the mapping ¢ — (f, P,Q), where f is the =-class of the T -isomorphism ¢q : P — Qo,
and where Qg is the image of P under p(¢).

Proof. Let ¢ : P — @ and ¢ : Q — R be composable morphisms in 7, let Q¢ be the
image of P under p(¢), and let Ry be the image of Qo under p(¢)). The restrictions

b0¢ |p,.0, and Y1 = ¢ |g, r, are then composable T-isomorphisms. Set 6 = ¢ o 1.
Then the product [¢o][t)1] of =-classes is defined in £, and is equal to [0], by X.7(b). Set
f = [#o] and g = [tn]. Thus [0] = fg, 5o (f, P, Q) © (4, @, B) = (fg, @, R) in Cat(L, A).
This shows that 7 is a functor. [

Lemma X.15. There is a functor & : Cat(L,A) — T, such that & is the identity map
on the set of objects, and such that

§pq i Morcarc,n) (P, Q) — Mort(P,Q)

is the mapping (f, P,Q) — ¢ |p pr oLps ¢, where ¢ is the mazimal element in the =-class
f. Moreover, £ is invertible, and its inverse is 1.

Proof. Let (f, P,Q) and (g, @, R) be composable morphisms in Cat(L£,A), and let ¢ € f
and 1 € g be maximal. Then the composition £(f, P,Q) o (g, @, R) is defined in T, as
the following calculation shows.

E(f, P,Q)0&(9,Q, R) = (& |ppsr otps q) © (¥ Qs otqs,R)
(*) = Cb |P,Pf O¢ |pf,pfg Olpfg,Q9 ©LlQ9,R

= ¢ |P,Pf oy |Pf,Pf9 Olpfg R-

Set 0y = ¢ |p pr oY |pr pro. Then fg = [Op], by the definition of the product in £. Let
¢ be the maximal element of fg. Then 6y = 6 |p pro, and (*) then yields

§(f7P7Q) Of(g,Q,R) =0 |P,Pf9 OLPfg,R = f(fg,P,R)

Thus, ¢ is a functor.

Set P’ = P/. By X.11 there exists y € f such that v = ¢ |p ps. The functor p: T — F
sends Mory (P, P') to Homz(P, P'), so P/ is the image of P under p(7). Then also P/
is the image of P under p(¢), since p(7) is a restriction of the homomorphism p(¢) by
X.1(C). We now note that

n&(f, P,Q)) =n(é |pps otprq).

By definition of 7, n(¢(f, P,Q)) is then (f’, P,Q), where f’ is the =-class of the T-
isomorphism ¢ |p pr. That is, f = f, and the composition £ followed by 7 is the identity
functor on Cat(L, A).
In the other order: consider £(n(#)), where 6 : A — B is an arbitrary 7-morphism.
Let By be the image of A under p(f). Then n(0) = (h, A, B) where h = [fy] and where
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o : A — By is the restriction 0 |4 p,. Applying & to (h, A, B) yields the 7-morphism ¢’
where
0" = 0" |4,B, OLBy,B

and where 6x* is the maximal element in the =-class h. Maximality of 6* yields 6y 1 6*,
and then 0* |4 p,= 0p. Now X.5(b) yields 6’ = 6, and thus 7 followed by ¢ is the identity
morphism on 7, completing the proof. [J

We are now able to prove Theorem A, and to thereby translate the Main Theorem
into the language of [BLO] and [OV].

Theorem A. Let F be a saturated fusion system on the finite p-group S. Then, up to
isomorphism of transporter systems, there exists a unique centric linking system (T , €, p)
over F.

Proof. Existence is given by X.4. Now let (7,¢,p) and (77,€,p’) be centric linking
systems over F in the sense of [OV]. Set (£, A, S) = (Iso(T)/ =,0b(T), S), and similarly
define (£, A’;S). Then A = A’ is the set of F-centric subgroups of S. By X.13 both £
and £’ are F-centric linking systems in the sense of 2.9, so the Main Theorem yields a rigid
isomorphism (3 : £ — £’. Then X.3 yields an isomorphism * : Cat(L,A) — Cat(L', A)
of categories. We now apply X.14 and X.15 to obtain a sequence

T 2 Cat(L,A) 2 Cat(c',A) & T

of isomorphisms. Let a : 7 — T’ be the composite. It now remains to show that (in
right-hand notation) e o = ¢ and a o p’ = p, in order to conclude that « fulfills the
requirements of definition X.2 for an isomorphism of transporter systems.

Let § : Ta(S) — Cat(L,A) be the functor which is the identity map on the set A
of objects, and which sends = € Ng(P,Q) to (z, P,Q). Let o : Cat(L,A) — F be the
functor which is the inclusion map A — Ob(F) on objects and which sends (f, P, Q) to
¢y : P — Q. Define ¢’ and o’ with respect to Cat(L’, A) in the analogous way. We now
check that the following diagram of categories and functors (in which “=” indicates the
identity functor) commutes.

Ta(S) ——— Ta(S) —— Ta(S) —— Ta(S)

I ok

My cat(L,A) —s care,a) — s T

S

Note that, by X.15, £’ is the inverse of a corresponding 7', so by symmetry it will suffice to

check the two left-hand squares and the middle squares in this diagram for commutativity.

Note also that all the arrows in the diagram act trivially on objects, so the problem is
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to check for commutivity when the arrows are applied to morphisms. We shall write all
mappings to the right in the following calculations.
First: the two middle squares. Given = € Ng(P, @), one obtains

(3361:’,@)5* = (.CC,P, Q)ﬂ* = (:cﬂ,P, Q) - <x7P7 Q) = :1353),@

since (3 is the identity on S. Also, given (f, P,Q) a morphism in Cat(L, A), one obtains

(£, P,Q)B")0" = (fB, P,Q)0" = [¢s3: P = Q] = [cf : P = Q] = (f, P, Q)o,

/

since cyg = ¢y on any subgroup of Sy, again by the rigidity of 8. Thus d o 8* = ¢’ and
B*oo' =o0.
Next, in order to show that e o = §, we need to verify that (zepg)n = (z, P, Q) for
x € Ng(P,Q). By definition, n maps zep g to ([¢o], P,Q), where ¢q is the restriction
xepps of zepg. Since z € S, the maximal element of [¢g] is xeg, and [reg] is (by the
convention established earlier) the element x of £. Thus eon = 4.
Finally, let ¢ : P — @ be a T-morphism and set ¢9 = ¢p pr where P’ is the image of
P under (¢)p. Applying noo to ¢ we obtain ¢y : P — @ where f = [¢]. Then P’ = P/
by X.12. For any z € P, X.1(C) yields ¢ * o zep o ¢pg = 2'epr, where 2’ is the image of
x under (¢o)p. Thus, conjugation ¢y : P — P’ is, by the definition of the product II in
L, given by
x = [vep] > [y ' o wep o o] = [¥ep] = 2,

and this shows that ((¢o)n)o = (¢o)p. But ¢ = ¢ o tpr g, where (tpr.g)n = (1, P, Q),
and where (1, P’, Q)0 is the inclusion map P’ C Q. Functoriality of  and o then yields
that (¢)(noo) is just (¢g)p followed by inclusion. Since also p sends inclusion morphisms
to inclusion maps, the result is that (¢)(no o) = (¢)p. This completes the proof that
the big diagram commutes, and hence that o : 7 — T is an isomorphism of transporter
systems. [
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