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Abstract

In this paper, the concept of Riordan array is used to propose three theorems on combina-
torial sums, provided that > _}_ ; F(n,k)dy; = @(n,j). A large number of useful identities tying
together the coefficients in various combinatorial function expansions are obtained by proving
the equivalence of two combinatorial sums.
© 2003 Elsevier B.V. All rights reserved.
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1. Introduction

In 1991, Shapiro et al. [7] examined and further generalized the concept of renewal
array [6] under the name of Riordan array. Recently, Sprugnoli [8,9] used it to obtain
the closed form of many combinatorial sums and generalize the well-known identities
of Abel and Gould.

For sums of hypergeometric terms, an approach was widely studied by Wilf,
Zeilberger and Petkovsek [5]. Based on Gosper’s algorithm [2], Wilf and Zeilberger
[5,10,11] developed a theory of “WZ-pairs” that allows extremely elegant certification
of the truth of a certain class of combinatorial identities. Petkovsek [5] developed an
algorithm for deciding whether a given linear recurrence with polynomial coefficients
has a simple solution as a linear combination of hypergeometric terms. The algorithms
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demonstrated in [5,10,11] give a decision procedure for closed form evaluation of
definite hypergeometric summation.

On the contrary, Hsu [4] proposed a method for proving combinatorial identities, in
which two combinatorial sums were certified equivalent, irrespective of the fact that
they have a closed form, or not. In the present paper, we try to combine the work of
Shapiro, Sprugnoli and Hsu to propose some summation rules. Lots of useful identities
are developed as some applications of the summation rules.

2. Summation rules and examples

In [8], the Riordan array was defined as follows:

Let d(t),h(t) be two real functions and d(t) = Y, dit*, h(t) = Y, hit* with hy #
0. For a fixed k, if d,; = ["]d(¢t)(th(¢))",0 < k < n, then the infinite lower triangle
{d,.;} is called a Riordan array and denoted by D = (d(¢),h(t)) = {d,«}. In addition,
fr =1[t"] f(t) denotes the coefficients of " in the expansion of f(¢) in ¢.

Theorem 1. Let (d(t),h(t)) be a Riordan array, F(n,k) be a bivariate function defined
for integers n,k =0 and f(t)=3,., fit*. If

> F(n.k)di; = p(n. ) (1)
k=j

then
> Fm 19 f(th(1) = fip(n. )). (2)
k=0 j=0

Proof. By Theorem 1 in [8], we have

n n k
S CFm g f (th(0)) =D F(nk)> di, f;

k=0 k=0 j=0

=" F(nk)dy,
J=0  k=j
=Y fienj). O
j=0
Example 1. Let

1
dy=ht)=1—, [fO)=)_ fil"

k=0
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Then

1 1 n
(d(1). (1)) = (l—tl—t) s = (k) .

Let Fi(n,k)=1. Then

n n k _j’_l
S Rk =S <]> - (" )

k=7 k=j J+l

and, by Theorem 1, we have

4 1 t L (ntl

Py (f ()) => . ) 3)
For various functions f(¢), we may find various identities via (3). For example:
For f(¢t)=1/(1 —t), by (3), we have

n " n—+1
2k = ( )
222
For f(t)=1t/(1 —t)> =32, ki*, then
k 1 4 ok 4 _ k=1
(7 (7)) =t gy =

and, by (3), we have

n n 1
Zkz"“=21<".+ )
k=0

= \J 1
For
tm
f()= 1= —=2t)---(1 —mt)y
then

B J ‘ 1 t B k+1
ff—{m}’ [’]<1—tf<1—r>>—{m+1} %274

and, by (3), we have
ji k+1 55 j) [n+1
Slm+r] S Amf\j+1)

Fz(l/l,k) :Hka

If

where

1
He=1+3 445 (k=1)
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" " k n+1 1
ZFz(nak)dk,j:ZHk ( ) = ( ) ) (Hn+l - +1>
ay = J J+1 J

and, by Theorem 1, we have

. 1 t ! n+1 1
Yt (7)) =3 () (- 55)

then

4)

In particular, for f(¢) = 1/(1 —¢),#/(1 —t)*, " /(1 — t)(1 — 2t)--- (1 — mt), by (4),

we have the following identities:

n n n+1 1
ZZka:Z ( . ) <Hn+1 —.1>,
—o o \Jt1 J+
" n+1 1
k2 'H, -
> - D( )( ).

J=1 J+1

"o k41 " n+1 1
§ Hk:§ . (Hn+l_ . 1))
< m+1 = m j+1 J+

where { ;1 } denotes the Stirling numbers of the second kind.
From [3], we have the following identities:

A i on [(n—J
=" — [3,(3.120)],
> () () ()
[n/2] 1 g
<n+ )( >—2”2f<n J) [3,(3.121)],
— \2k+1 j
n—+1
(000 e
s+j+1
" k _ 1 1
<s+ >< ) n+1 J <n+ ><n+ +s> 5..155)]
ey i s+ 1+ j s
ST LAV 201 (nt]
k:j( 4) ( o )(, =(=1)"2 TSRy [3,(3.162)],

™

N

n +k k n+j
ay (" —(—1yny " 3,(3.160)],
i (3)()-crms () o

(10)

(5)

(6)

(7)

(8)

)
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(1))
S0
£ () ) () () e
S (0)-()) e

( ) [3,(3.179)],

299

(1)

(12)

(13)

(14)

Let {d,+}=(1/(1 —¢),1/(1 —¢)), we may find various special identities via (2).
For example, from Egs. (5)—(14), just as (3) and (4), we can obtain the following

identities:

w2/, . o2 e
R n—zj—
kz<2k>[ ]< f( >> Zz n—j ( J )fj’ >

[7/2] n/2

n—+1 1 ¢ i (M

2k+1>[tk]<1—tf(1—t>>:§2 zj< j >fj’
t " n—+1

f(l—t)>_;%(s+j+1>ﬁ3

k=0

=~
- 10
[=}
e N
N
“ |
byl
~_
~
e
7N
—
|-
-

in_i_l_j n+1 n+1+s
_A S+l+j J Ky .f}’

2n+ 1 +J
— 1;122/ Y
Z( ) 2j+1 ( 2j >f]

I
/-\
C

S
N

t’

+:
A
&’.+
~
N——
>

(16)

(17)

(18)

(19)

(20)
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/2] iy
S () (i (7))
k=0
[n/2] S n+1
A . 21
Z; Y<y+l>ﬂ @21)
" [ i 1 t SV EANEE S |
k—0<k> <”k>[t](1_tf<l_t>>_j—o<j>< n—j )f],
S (" Mk[m(lf(t))=§)—w ay
e k n 1—¢t7 \1—¢ = j s
21 1 p 2k 1 ¢
n—2kyk
§<2k><k>2 z[t](ltf<1t))
W21 on—25\ [n
— £ (24)
(") 0)

For the Stirling numbers of the both kinds [}] and {}}, we have (see [8])

and

o (g LY [
[t]<n1—t) =il
ny(at m_mi! n
[uw—n-—m{m}

SR ()

Now consider Riordan array (1,(e’ — 1)/¢). Then

Kk fn
dn’k:n!{k}.

If F(n,k)= [Z] k!, we have

" " |n T n—1
ZF(n,k)dk,,:Z[ 1/%'{ _}:n! ( . )
i i Lk LU J=1
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So, by Theorem 1, we obtain

n

" ~1
> [Z} KA fEe == "n! (” )f, (25)

k=0 j=1 ] -1

Similarly, consider Riordan array

ot (2]

and the following formula (see [8])

n+1 .
(GROAD B S GV
& {k—l}lf]_"“( J )B

where B, is the nth Bernoulli number. We have

n+1 . n . 1
;(—1) (k—l)!{k_l}[t]f<lnlt)

n+1 P
WLy
; - ( ) Bue. (26)

J
When f(¢)=t, formula (26) specializes to

n+1

=10 [ n
_1k+l :Bm
s

| (—-Dfk
Z{k} k+1 = Bn,

k=0

ie.

a way to define the Bernoulli number in terms of the Stirling numbers of the second
kind.

For various functions f(¢#), we may obtain many identities by formulas from (15)
through (26) in a like way as Example 1.

Theorem 2. Let (d(2),h(t)) be a Riordan array. Let F(n,k) be a bivariate function
defined for integers n,k =0, f(t)=3,-q fut" and fu,(6) = [f(W)|y =th(y)']=
Zn>0 fntn' U

> F(nk)di; = o(n, j),

k=
then

S F @) f(0) =D fi0n.). (27)

k=0 j=0
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If h(0) =1, then, with the Lagrange inversion formula, we have
1 —
fi= [f’ 17/ (D) ™)

and

ZF(H k)t (d(t)f(t))—2</>(n ])*[f/ U @OBE) ™). (28)

Jj=0

Proof. By Theorem 3.1 in [9] and the Lagrange inversion formula [1], we have

ZF(n ) (1) = ZF(n k)Z di;f;

=i k=0 Jj=0

1 . )
= (P(n,j)ﬁ [~ (O() 7). O
—0 :

~.

Example 2. For Riordan array (1/(1 —¢),1/(1 —t)), we have

1

=1

and, from y = th(y)~!,

Therefore
S = Dly = th(y) ™1 = (’) _S e
and

f=wnr ().
Let F(n,k)=1, then, by (27), we have

n k.f(t)_n [ n+1 _” n—+1 ) ¢
Z[I]H_ij<. >_Z<j+l Dj]f(l—i—t)' (29)

k=0 j=0 J+1 j=0
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It is easy to find that (2) becomes (27) if [t*](g(¢)f(th(t))) is replaced by

[£1(d(¢) f(¢)) and /i by f in (2). For example, just as (29), each of formulas (4)
and from (15) through (24) may be replaced, respectively, by

f(f) - | n+1
ZHU] ;( nH_jH) <j+1> j]f<1+t> (30)
[n/2] /2]

() oy (=T
;(2]()[ N = Zz - ( ; )[t/]f<l+t> (31)
Bt s B (Y (L
pa <2k+1) e 22 ]( : )U’]f(m), (32)

n n f(t) n n _|_1 j ( Z‘ )
T, — |, 33
M<S>[] ;&{HJUUIH (33)

7” n+1—j[n+l n+1+s , ¢
S ()l
J=0
k S()
2]1@ ( )[]1[
np2p 20+ 1 +7\ ¢
*Z( 1)"2 j2]+1 < 2 >[tj]f<1+t)a (35)
i(_“')k n n+k [t/f]&
paard n+k 2%k 1—¢
nn2j i’l—|— ( >
JZ&( 1)2fnJr < y )[’]f o (36)

n/2 —k f( ) [n/2] n—+ 1 A ;
n—2k
}:(1>< . )2 (15— }:«- <_+1>nﬂf(l+),(W>

AV JOIE Y EAVESE AN ¢
(1) ()ede-2 () (00 e () o
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2
SRR Y f(t) 4 '
21 <k>< , ) Z( 1Y< ) t’]f(Ht), (39)
[n/2] n 2k £(0) (/2] /9y _ 2j
n—2k
() ()t Z( V)0 () w

For (25) and (26), we have

n n—1 )
Z lk] k[ ]f(t)*Zn' ( ) [#] f(In(1 +1)), (41)

k=0 j=1 J—=1

n+l n
> (=Dfk = 1) { } [ 7()
T k—1

N o

n+1 P
(—1yj1 (n+1 . B
D Bl A=, (42)
Jj=0 J
The partial Bell polynomials are the polynomials B, =B, ¢ (X1,X2,...,Xy—t+1) I an
infinite number of variables xi,x,,..., defined by
| k
lJﬂ lJ’l
il (me'> = ZBn,k;!, k=0,1,2,... .
m=1 n=k

By the definition of Riordan arrays, we have

tm
<1, mem!> = {B,.ck!}.

m>=1

For the partial Bell polynomials B, ;, we have the following well-known formulas
(Faa di Bruno formula [1, p. 137]):

ho=To = JiBu(@1dose s Gnri1);
pa

where
e Ntk
S = kZ i
=0

x>~ ﬁ
g(t) = ngy
k=1 :

and

4k
o) =3 iy
k=0 '
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Let B, o = d,,0, then the above formulas may be replaced by

n
by =" FiBui(@1.G2s -2 Gnis1).
k=0

Theorem 3. Let F(n,k) be a bivariate function defined for integers n,k = 0. If

> F(nk)By, = M(n. j). (43)
k=j

then
> Fn ko =F(n,0)fy + > f,M(n. ). (44)
k=0 J=1

Proof. By (43), we have

n n k
Z F(n,k)h = ZF (n, k)z fiBr;
k=0 k=0 j=0

=F(n,0)fy+ > F(n.k)>_ fiBi;
=1

k=1

=F(n.0)fo+Y_ f;Y F(nk)By;

=1 k=)
=F(n0)fy+ Y _ fiM(nj). O
j=1

Example 3. Let g(t) =), t* =t/(1 —t) and F(n,k)=1/k!. Then

n!

n—1
Bui(§1,dns--) = Bus(11,2),...) = ( ) k!

k—1

n "1 [k=1\ R 1 < k—1 1 /n
ZF“’“B&J'ZH('I)J-']'Z(W i)
k:j k:j . J . 'k:j j . ]

By (44), we have

> 1S (f_t) =l (") 110,
k=0 j=1 \J

and

b 1 t\ s (" ;
[t]ltf(1t> —fo"‘jzl:(j)[l’]f(t),
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because, in general,
n

k _[4n f(t)
;n /() =15
Furthermore
Sty (") GIOEDS (") ] £ (o),
j=1 \J j=0 \J

and, in conclusion
ol A T A A
; ; [r]f(t)—[t]Hf(H).

This, however, is the well-known Euler’s transformation, a simple result in the theory
of Riordan arrays.

Example 4. Let

[e%S) o n
g(t):,;xmn?a F(n’k): (k)xnk-

Then by [3k] in [1, p. 136], we have

n

n n
S F(nk)B =" L | FrBri = (j + DBy ji1,

k=j k=j
where Bl’l,k :Bn,k(x|7x27”‘7xl’l—k+1)'
By (44), we obtain

n n o0 m N n )
; <k> ik ![°] f (r;xmw =xnfo+ ;(j + DBy alf1/(). (45)

For various functions f(¢) and g(¢), we can obtain various identities by (45). For
example, let f(1)=g¢g(t)=¢"—1 and B, ;11(1,1,...,1) = {jil}, then we have the
following identity:

n—1 n n n
% =N (+1 ,
2 (k) 2U ){Hl}

where %, is the Bell number defined by

ee’—l—lzi@ “
Tl
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