Journal of Mathematical Research & Exposition
Nov., 2011, Vol. 31, No. 6, pp. 1030-1034
DOI:10.3770/j.issn:1000-341X.2011.06.010
Http://jmre.dlut.edu.cn

The Infinite Sum of Reciprocal of the Fibonacci Numbers
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Abstract In this paper, we consider infinite sums of the reciprocals of the Fibonacci numbers.
Then applying the floor function to the reciprocals of this sums, we obtain a new identity
involving the Fibonacci numbers.
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1. Introduction

The Fibonacci sequence {F,} plays a very important role in the theory and applications
of mathematics, and its various properties have been investigated by many authors, see [1-
5]. Recently, Ohtsuka and Nakamura [2] derived some new formulas for the reciprocals of the

Fibonacci numbers, as follows,

Ki 1)*1J_ Fh_o, if n is even and n > 2;
= Fy, B F,_o—1, ifnisoddandn > 1.
Mi 1 )*1J_ F, 1F,—1, ifniseven and n > 2;
= F;? B F, 1 F,, if nis odd and n > 1.

Inspired by the work of Ohtsuka and Nakamura, in this paper we consider the computational

(Xm0

k=n

problem of the following summation

and give an exact computational formula. That is, we shall prove the following
Theorem For any positive integer n, we have the identity

Ki 1 )*1J B Fsn—1 + Fsp—4, if n is even and n > 2;
3y F3, 1+ F3,_4—1, ifnisoddandn > 3.

k=n
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2. Proof of Theorem
In this section, we shall prove Theorem directly. First we consider the case that n = 2m > 0
is an even number. It is clear that our theorem is equivalent to
1 = 1 1
< _— <=
Fom—1+ Fom-a+1 2 F3p Fom—1+ Fom—a

For any integer £ > 1, let a = # , B = 1_7‘/5 Then from the definition of the Fibonacci

numbers F,, = % (o™ — 4™) and note that o - § = —1, we have
( 1 n 1 _ 1 _ 1
F3.o1y  F3.2041) Fiok—1+ F3ok-14  F3ami1)-1+ F3akt1)-4
_ Forys + For 1 n 1
For Fop+3 For—1+ Fok—a  Foris + Forr2
_ Forlop—1 + ForFor—a — For+alor—3 1
Fer Fort3(For—1 + For—a) Feits + Forta
(a2 4 B2 _17) 4 FopFer—a 1
FerForys(Fok—1 + For—a) Fotys + Forto
1 a12k74(1 _ 042) 4 612k74(1 _ 62) —924 1
5 For Fory3(For—1 + For—a) Forys + Fopqo
_ 1 —4Fer1 — 4Fsk—a + (Foksa — Foryr) — 24F6k45 — (24F6kv2 + Fors — For—s)
5 Fo Fort3(Fok—1 + For—a)(FortsFort2)
< 1 —4Fsp—1 — 4F6p—a — 24F6p45 <0
5 For Fors3(For—1 + For—a)(For+sFort2) '
So for any integer k > 1, we have
1 1 1 1
+ < - . (2)
F3.on)  Faorer)  Fsok-1+ Fsor-a Fiogg1)—1 + Faokq1)-4
Applying (2) repeatedly we have
=1 > 1 1
Il +
k:zz:m Fzg ,;1 (F3-(2k) F3.2041)
= 1 1
<2 (F + F F + F.
= Fyok—1+ Faora 32(k+1)—1 T F3.2(k+1)—4
1 1
(3)

C Fomo1+Fsom-a Fem-1+ Fom—a
On the other hand, for any integer k£ > 1, we have

1 1 1
Fap—1 + F3p—4 +1 (FSk * F3er1y—1 + F3ge41y)—a + 1)
(Fap—3 — 1)(F3kq2 + Fap—1 + 1) — F3p(F3p—a + F3p—1 + 1)
(Fap—1 + Fsp—a + 1) Fs3p(Fspq2 + Far—1 + 1)
B 3(Fspqo + Fp—1) — Fap(Fsp—a + F3p1) + Far—3 — Fapqo — Fyp 1 — 1 — F3p,
B (Fap—1 + Fsp—a + 1) F3p(Fspq2 + Fap—1 + 1)
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L)1+ ap a3 -85 — B2 —a® — o?) + Fap—z — Fapys — 1
(F3i—1 + Fs—a + 1) Fap(Fapg2 + Fap—1 + 1)

s =711 -3) = Z=a® 3 (8 4+ 4V5) + =A% 3 (8 — 4vE) — 1
(F3k—1 + Fs5—4 + 1) F3p(Fakt2 + Far—1 + 1)
—13
< < 0.
(Fsk—1 + Fs—a + 1) F3p(Fapt2 + Fap—1 + 1)

Therefore,
1 1 1

< =+ .
F3p1 + F3p—a +1  F3p Fygqp1)—1 + F3gpr)—a +1

For any integer m > 1, using inequality (4) repeatedly, we have

1 1 1
< +
F3m71 + F3m74 + 1 F3m F3(m+1)—1 + F3(m+1)—4 + 1

< 1 +( 1 4 1 )
Fsm " F3tmy)  Fagmyo)-1+ F3mi2)-a +1

< 1 n 1 +( 1 n 1 )
Fym  F3tmt1)  Famy2)  Famas)—1 + F3gmgsy—a +1

1 1 1 1 1
<< —

+ + +
Fsm  Fayme1)  Fam+2)  F3m+3)  F3m+a)

or

= 1 1
—_ > .
Zm F3r~ Fem—1+ Fom—a+1
Combining inequalities (3) and (5), the inequality (1)
1 = 1 1
< e S ——
Fom—1+ Fom-a+1 = F3r  Fom—1+ Fom—u

has been proved. Now for any odd number n = 2m + 1 > 3, we prove the inequality

1 =1 1
—_— < —_— < .
Fomiy2 + Fom—1 P Fs3r Fomio + Fom—1—1
Since for any integer k > 2, we have
1 ( 1 n 1 )
F3p1 + F3p—a—1  “F3 Fagg1r)—1+ Faq1)y—4 — 1
_ By — (Fap—1 + F3p—4 — 1) 1

Fap(Faim1 + Fapma — 1) Fygorny—1 + Fagrrn)_a — 1
(Fsk—3 + 1) (Fap—1 + Fapqo2 — 1) — F3(F3p—1 + F3p—a — 1)
F3p(F3k—1 + Fag—a — 1)(F3pq2 + F3p—2 — 1)

Fsp—3(Fagpqo + Fap—1) — Fsi(Fsp—a + F3p—1) — Fagp—3 + Fapqro — 1+ Fs + F5-1

F3(Fap—1 + Fap—a — 1)(F3p42 + F3p—2 — 1)
(=12 44 Fypyo + Fajo + Fy — 1
Fsp(Fag—1 + Fap—a — 1)(F3p42 + Fp—2 — 1)
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- 3
Fp,(Fsp—1 + F3p—q — 1)(Fapy2 + F3r—2 — 1)
Therefore, for any k > 2, we have the inequality
1 1 1
> — + .
Fap1+ F3p—a—1 " F3p  F3gyn—1 + F3pny)—a—1

> 0.

Using this inequality repeatedly, we have

1 1 1
> +
Fym—1+ Fsm—a—1  Fsm  F3imin—1 1 F3pmyy—4 — 1
< 1 + 1 4 1
Fsm " F3tmy)  Fagmyo)-1+ F3mi2)-a — 1
< 1 n 1 +( 1 n 1
Fam  F3im+1)  Famy2)  Famas)—1 + F3ma3)y—a — 1
1 1 1 1 1
S>> — + + + T

Fsm  Fiyme1)  Fam+2)  F3m+3)  F3m+a)
_ i RS
= Fsk
or
=1 1
— < .
Fsr  Fomio + Fom—1—1

k=2m+1

On the other hand, for any integer k£ > 1, we have

1 1 1 1
Fzrr1y  F32k+2) Fori1)—1 + F3@i+1)—4  F3pk41)+1)—1 + F3120k41)4+1)-4
_ (Feryo + For—1)(Fort6 + Foris) — Fori3Forte 1
B Fory3Forye(For—1 + Fory2) Foky5 + Forrs
_ FerroForts + For—1Fok+3 — ForForto 1
B Fory3Fory6(For—1 + Fori2) Forys + Forts

(Forrs + Fopis) (=208 — G12643 L 15) 4 (Fyuy + Foppa) (@229 4 G12659 | 4)
Fory3Fokv6(For—1 + Fory2)(For+s + Forts)

15F6k+s + 15Fsk45 + For—s — Forn—2 + 4Fsk42 + 4For—1 — For—7 + Fort10
Foky3Fsk6(For—1 + Forv2)(Forts + Forts)

1 15Fekis + 15Fehis + Fors + Fert10

5 Fort3Fokr6(Fok—1 + Forv2)(Fokts + Forys)

Therefore, for any integer k > 1, we have

1 1 1 1

> — .
Fioreny  Fierr2)  F3err1)—1 + F3erin-a Fapgrnry—1 + F3pken)+1)-4

1
5
1
5

>

Using this inequality repeatedly, we have

S ST
it o = " Fyeriny Pk
= 1 1

>

= (F3(2k+1)—1 + F32k11)—4 - F3o(k+1)+1)-1 + F32[(k+1)+1]-4



1034 G. J. ZHANG
1
Fyomi1)—1 + Fsemi1—4

Therefore, for any integer m > 1, we have the inequality
= 1 1 1
> o> = . (8)
oo ok Fsemin -1+ Faemyn g Foma + Fom—1

Combining (7) and (8), the inequality (6)

1 — 1 1
S U o S
Fomy2 + Fom—1 | 9= Fak Fomi2 + Fom-1—1

has been proved.

Now Theorem follows from (1) and (6) and the definition of floor function. O
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