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Abstract In this paper, we consider infinite sums of the reciprocals of the Fibonacci numbers.

Then applying the floor function to the reciprocals of this sums, we obtain a new identity

involving the Fibonacci numbers.
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1. Introduction

The Fibonacci sequence {Fn} plays a very important role in the theory and applications

of mathematics, and its various properties have been investigated by many authors, see [1–

5]. Recently, Ohtsuka and Nakamura [2] derived some new formulas for the reciprocals of the

Fibonacci numbers, as follows,

⌊(

∞
∑

k=n

1

Fk

)−1⌋

=

{

Fn−2, if n is even and n ≥ 2;

Fn−2 − 1, if n is odd and n ≥ 1.

⌊(

∞
∑

k=n

1

F 2
k

)−1⌋

=

{

Fn−1Fn − 1, if n is even and n ≥ 2;

Fn−1Fn, if n is odd and n ≥ 1.

Inspired by the work of Ohtsuka and Nakamura, in this paper we consider the computational

problem of the following summation

⌊(

∞
∑

k=n

1

F3k

)−1⌋

,

and give an exact computational formula. That is, we shall prove the following

Theorem For any positive integer n, we have the identity

⌊(

∞
∑

k=n

1

F3k

)−1⌋

=

{

F3n−1 + F3n−4, if n is even and n ≥ 2;

F3n−1 + F3n−4 − 1, if n is odd and n ≥ 3.
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2. Proof of Theorem

In this section, we shall prove Theorem directly. First we consider the case that n = 2m > 0

is an even number. It is clear that our theorem is equivalent to

1

F6m−1 + F6m−4 + 1
<

∞
∑

k=2m

1

F3k

<
1

F6m−1 + F6m−4
.

For any integer k ≥ 1, let α = 1+
√

5
2 , β = 1−

√
5

2 . Then from the definition of the Fibonacci

numbers Fn = 1√
5

(αn − βn) and note that α · β = −1, we have

( 1

F3·(2k)
+

1

F3·(2k+1)

)

−
( 1

F3·2k−1 + F3·2k−4
− 1

F3·2(k+1)−1 + F3·2(k+1)−4

)

=
F6k+3 + F6k

F6kF6k+3
− 1

F6k−1 + F6k−4
+

1

F6k+5 + F6k+2

=
F6kF6k−1 + F6kF6k−4 − F6k+3F6k−3

F6kF6k+3(F6k−1 + F6k−4)
+

1

F6k+5 + F6k+2

=
1
5 [−(α12k−2 + β12k−2) − 17] + F6kF6k−4

F6kF6k+3(F6k−1 + F6k−4)
+

1

F6k+5 + F6k+2

=
1

5

α12k−4(1 − α2) + β12k−4(1 − β2) − 24

F6kF6k+3(F6k−1 + F6k−4)
+

1

F6k+5 + F6k+2

=
1

5

−4F6k−1 − 4F6k−4 + (F6k+4 − F6k+7) − 24F6k+5 − (24F6k+2 + F6k−8 − F6k−5)

F6kF6k+3(F6k−1 + F6k−4)(F6k+5F6k+2)

<
1

5

−4F6k−1 − 4F6k−4 − 24F6k+5

F6kF6k+3(F6k−1 + F6k−4)(F6k+5F6k+2)
< 0.

So for any integer k ≥ 1, we have

1

F3·(2k)
+

1

F3·(2k+1)
<

1

F3·2k−1 + F3·2k−4
− 1

F3·2(k+1)−1 + F3·2(k+1)−4
. (2)

Applying (2) repeatedly we have

∞
∑

k=2m

1

F3k

=

∞
∑

k=m

( 1

F3·(2k)
+

1

F3·(2k+1)

)

<

∞
∑

k=m

( 1

F3·2k−1 + F3·2k−4
− 1

F3·2(k+1)−1 + F3·2(k+1)−4

)

=
1

F3·2m−1 + F3·2m−4
=

1

F6m−1 + F6m−4
. (3)

On the other hand, for any integer k ≥ 1, we have

1

F3k−1 + F3k−4 + 1
−

( 1

F3k

+
1

F3(k+1)−1 + F3(k+1)−4 + 1

)

=
(F3k−3 − 1)(F3k+2 + F3k−1 + 1) − F3k(F3k−4 + F3k−1 + 1)

(F3k−1 + F3k−4 + 1)F3k(F3k+2 + F3k−1 + 1)

=
F3k−3(F3k+2 + F3k−1) − F3k(F3k−4 + F3k−1) + F3k−3 − F3k+2 − F3k−1 − 1 − F3k

(F3k−1 + F3k−4 + 1)F3k(F3k+2 + F3k−1 + 1)
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=
1
5 (−1)3k−1(1 + αβ−3α−3β − β5 − β2 − α5 − α2) + F3k−3 − F3k+3 − 1

(F3k−1 + F3k−4 + 1)F3k(F3k+2 + F3k−1 + 1)

=

1
5 (−1)3k−1(1 − 7 − 11 − 3) − 1√

5
α3k−3(8 + 4

√
5) + 1√

5
β3k−3(8 − 4

√
5) − 1

(F3k−1 + F3k−4 + 1)F3k(F3k+2 + F3k−1 + 1)

<
−13

(F3k−1 + F3k−4 + 1)F3k(F3k+2 + F3k−1 + 1)
< 0.

Therefore,
1

F3k−1 + F3k−4 + 1
<

1

F3k

+
1

F3(k+1)−1 + F3(k+1)−4 + 1
. (4)

For any integer m ≥ 1, using inequality (4) repeatedly, we have

1

F3m−1 + F3m−4 + 1
<

1

F3m

+
1

F3(m+1)−1 + F3(m+1)−4 + 1

<
1

F3m

+ (
1

F3(m+1)
+

1

F3(m+2)−1 + F3(m+2)−4 + 1
)

<
1

F3m

+
1

F3(m+1)
+ (

1

F3(m+2)
+

1

F3(m+3)−1 + F3(m+3)−4 + 1
)

< · · · <
1

F3m

+
1

F3(m+1)
+

1

F3(m+2)
+

1

F3(m+3)
+

1

F3(m+4)
+ · · ·

=

∞
∑

k=m

1

F3k

or
∞
∑

k=2m

1

F3k

>
1

F6m−1 + F6m−4 + 1
. (5)

Combining inequalities (3) and (5), the inequality (1)

1

F6m−1 + F6m−4 + 1
<

∞
∑

k=2m

1

F3k

<
1

F6m−1 + F6m−4

has been proved. Now for any odd number n = 2m + 1 ≥ 3, we prove the inequality

1

F6m+2 + F6m−1
<

∞
∑

k=2m+1

1

F3k

<
1

F6m+2 + F6m−1 − 1
. (6)

Since for any integer k ≥ 2, we have

1

F3k−1 + F3k−4 − 1
−

( 1

F3k

+
1

F3(k+1)−1 + F3(k+1)−4 − 1

)

=
F3k − (F3k−1 + F3k−4 − 1)

F3k(F3k−1 + F3k−4 − 1)
− 1

F3(k+1)−1 + F3(k+1)−4 − 1

=
(F3k−3 + 1)(F3k−1 + F3k+2 − 1) − F3k(F3k−1 + F3k−4 − 1)

F3k(F3k−1 + F3k−4 − 1)(F3k+2 + F3k−2 − 1)

=
F3k−3(F3k+2 + F3k−1) − F3k(F3k−4 + F3k−1) − F3k−3 + F3k+2 − 1 + F3k + F3k−1

F3k(F3k−1 + F3k−4 − 1)(F3k+2 + F3k−2 − 1)

=
(−1)3k−2 · 4 + F3k+2 + F3k−2 + F3k − 1

F3k(F3k−1 + F3k−4 − 1)(F3k+2 + F3k−2 − 1)
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>
3

F3k(F3k−1 + F3k−4 − 1)(F3k+2 + F3k−2 − 1)
> 0.

Therefore, for any k ≥ 2, we have the inequality

1

F3k−1 + F3k−4 − 1
>

1

F3k

+
1

F3(k+1)−1 + F3(k+1)−4 − 1
.

Using this inequality repeatedly, we have

1

F3m−1 + F3m−4 − 1
>

1

F3m

+
1

F3(m+1)−1 + F3(m+1)−4 − 1

>
1

F3m

+ (
1

F3(m+1)
+

1

F3(m+2)−1 + F3(m+2)−4 − 1
)

>
1

F3m

+
1

F3(m+1)
+ (

1

F3(m+2)
+

1

F3(m+3)−1 + F3(m+3)−4 − 1
)

> · · · >
1

F3m

+
1

F3(m+1)
+

1

F3(m+2)
+

1

F3(m+3)
+

1

F3(m+4)
+ · · ·

=

∞
∑

k=m

1

F3k

or
∞
∑

k=2m+1

1

F3k

<
1

F6m+2 + F6m−1 − 1
. (7)

On the other hand, for any integer k ≥ 1, we have

1

F3(2k+1)
+

1

F3(2k+2)
−

( 1

F3(2k+1)−1 + F3(2k+1)−4
− 1

F3[2(k+1)+1]−1 + F3[2(k+1)+1]−4

)

=
(F6k+2 + F6k−1)(F6k+6 + F6k+3) − F6k+3F6k+6

F6k+3F6k+6(F6k−1 + F6k+2)
+

1

F6k+5 + F6k+8

=
F6k+2F6k+3 + F6k−1F6k+3 − F6kF6k+6

F6k+3F6k+6(F6k−1 + F6k+2)
+

1

F6k+5 + F6k+8

=
1

5

(F6k+8 + F6k+5)(−α12k+3 − β12k+3 + 15) + (F6k−1 + F6k+2)(α
12k+9 + β12k+9 + 4)

F6k+3F6k+6(F6k−1 + F6k+2)(F6k+8 + F6k+5)

=
1

5

15F6k+8 + 15F6k+5 + F6k−5 − F6k−2 + 4F6k+2 + 4F6k−1 − F6k−7 + F6k+10

F6k+3F6k+6(F6k−1 + F6k+2)(F6k+8 + F6k+5)

>
1

5

15F6k+8 + 15F6k+5 + F6k−5 + F6k+10

F6k+3F6k+6(F6k−1 + F6k+2)(F6k+8 + F6k+5)
> 0.

Therefore, for any integer k ≥ 1, we have

1

F3(2k+1)
+

1

F3(2k+2)
>

1

F3(2k+1)−1 + F3(2k+1)−4
− 1

F3[2(k+1)+1]−1 + F3[2(k+1)+1]−4
.

Using this inequality repeatedly, we have

∞
∑

k=2m+1

1

F3k

=
∞
∑

k=m

( 1

F3(2k+1)
+

1

F3(2k+2)

)

>

∞
∑

k=m

( 1

F3(2k+1)−1 + F3(2k+1)−4
− 1

F3·2[(k+1)+1]−1 + F3·2[(k+1)+1]−4

)
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=
1

F3(2m+1)−1 + F3(2m+1)−4
.

Therefore, for any integer m ≥ 1, we have the inequality

∞
∑

k=2m+1

1

F3k

>
1

F3(2m+1)−1 + F3(2m+1)−4
=

1

F6m+2 + F6m−1
. (8)

Combining (7) and (8), the inequality (6)

1

F6m+2 + F6m−1
<

∞
∑

k=2m+1

1

F3k

<
1

F6m+2 + F6m−1 − 1

has been proved.

Now Theorem follows from (1) and (6) and the definition of floor function. 2
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