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Abstract

We give an elementary proof of a generalization of the Seidel-Kaneko and
Chen-Sun formula involving the Bernoulli numbers.
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1. Introduction

The Bernoulli Numbers B,,, n = 0,1, 2, ... are defined by the exponential generating

function:
n

z > z
B(2) = —— —;Bna. (1.1)

As (1.1) implies that B(—z) = z 4+ B(z), we have:

(-1)"B,, = By, + 47, for n > 0. (1.2)
where the notation 6] is the classical Kronecker symbol which equals 1 if n = ¢
1
and 0 otherwise. Consequently, we have By = 3 and B,, = 0, when n is odd and
1 —1)"
n > 3. Let us define ¢, := %, thus:
1 n
€nB, = B, + 5(51, for n > 0. (1.3)
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Note that the Bernoulli polynomials can be defined by the following function:

ZeCEZ

z
ez _ 1 = Z%Bn(x)ﬁ

B(z,z) :=

Thus, we have:

> Bulw)Zy = (Z Bn'> (an,> .

n=0

Therefore the polynomial B, (z) satisfies the following equality:

By(x) = zn: (Z) 2"k By (1.4)

k=0
We note also that:
B(z+1,2) = B(x,2) = 3 (Ba(e + 1) — By()) = = 2"
—= n!
Consequently, we deduce the following property of B, (z) :
Bn(z+1) — Bu(z) = na™ !, forn > 1. (1.5)

In this paper, we are extending the well-known following formulae involving Ber-
noulli Numbers. First, the Seidel formula (1877) [4], re-discovered later by Kaneko
[3] (1995):

= 1
S ("Z )(n+k+1)Bn+k:0, forn > 1.
k=0

And secondly, the Chen-Sun formula [1] (2009):

n+3
Z(nzg)(n+k+3)(n+k+2)(n+k‘+l)Bn+k:O. (1.6)
k=0

Our main result consists on the following:

Theorem 1.1. For given odd natural ¢ and for natural number n > 0, we have the
equality:

n+q n+q
Z( N )(n+k+Q)(n+k+q—1)--~(n+kz+1)Bn+k:0. (1.7)
k=0

Obviously, this result gives the Seidel-Kaneko formula when ¢ = 1, and the
Chen-Sun formula when ¢ = 3.
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2. Proof of the main result

For a given odd number ¢ and for an integer number n > 0, we consider the
polynomials:

1
H(z) = Qa:"ﬂ(a: — 1)t

and
n+q
. Entk n-+q
K(z) = 1;:0 W"M( k > (Bntq+k+1(2) = Bnigtit1) - (2.1)

By the binomial theorem, we deduce:

1 n+q n+ q
_ n+k+1 n+q+k
() = 5 31y (7 ansert, (22)
k=0
and
1
H(z+1) =3 Z (" * q) ntath, (2.3)
k=
Thus, by using the equality property (1.5), we verify that:
n+q n+
Kz+1)—K(z)=H(zx+1)— H(z Z en+k( h q) ntatk (2.4)
Moreover
K(0)=H(0) =0. (2.5)

Then, (2.2), (2.3), (2.4) and (2.5) imply:

If [™]P(x) denotes the coefficient of ™ in the polynomial P(x), we can write:
[2"K (2) = [o77]H (2). (2.6)

So, from (1.4)

- B n+ n+qg+k+1
at+1 K _ En+kDPn+k < Q)< q ) 2.7
[ 1K () I;(n+q+k+1) k g+1 ) (2.7)

and from (2.2), we have:

e H (z) = ;(;’*Z) (2.8)
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From (1.3), we know that:

1
€n+an+k = Bn—i—k + §5i€—n (29)
Since
§m<n+q)<n+q+k+1> 1 (n—i—q)(q—l—l)
k:02(n+q+k+l) k qg+1 2+ \1—n q
1/n+gq
= = . 2.10
2 (1 - n) ( )

We deduce, from ( 2.7), (2.9) and (2.10) that:

Btk n+q\/nm+qg+k+1 1/n+gq
—_— - (211
(n+q+k+D( k )( q+1 +2 1-n (2.11)

It follows from (2.6), (2.8) and (2.11) that:

n+q

K (@) =)

k=0

n+q

1 n+q\/nm+qg+k+1
Bk =0, 2.12
kz_o(n+q+k+l)< k >( q+1 *’“ (2.12)

and by multiplying by (¢ + 1)!, we obtain, finally, the aimed result which is:

n+q
+
Z(nkQ)<n+k+q)(n+k+q—1)...<n+k+1)Bn+k:0'
k=0

This ends our proof.
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