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In this paper, using the production matrix of a Riordan array, we obtain a recurrence relation for polynomial sequence associated
with the Riordan array, and we also show that the general term for the sequence can be expressed as the characteristic polynomial of
the principal submatrix of the production matrix. As applications, a unified determinant expression for the four kinds of Chebyshev

polynomials is given.

1. Introduction

The concept of a Riordan array is very useful in combina-
torics. The infinite triangles of Pascal, Catalan, Motzkin, and
Schroder are important and meaningful examples of Riordan
array, and many others have been proposed and developed
(see, e.g., [1-7]). In the recent literature, Riordan arrays have
attracted the attention of various authors from many points
of view and many examples and generalizations can be found
(see, e.g., [8-12]).

A Riordan array denoted by (g(¢), f(t)) is an infinite
lower triangular matrix such that its column k (k =
0,1,2,...) has generating function g(t)f(t)k, where g(t) =
Yoo gut" and f(£) = Y2 f,t" are formal power series with
9o =1, fo = 0,and f; #0. That is, the general term of matrix
R = (gt), f(t))is 1,y = [t"]g(t)f(t)k; here [t"]h(t) denotes
the coefficient of t" in power series h(f). Given a Riordan
array (g(t), f(t)) and column vector B = (b, b;, b,,. )T, the
product of (g(t), f(t)) and B gives a column vector whose
generating function is g(t) b(f(t)), where b(t) = Y 2 b,t".
If we identify a vector with its ordinary generating function,
the composition rule can be rewritten as

(g, fM)b®) =g®Ob(f(®)). )

This property is called the fundamental theorem for Riordan
arrays and this leads to the matrix multiplication for Riordan
arrays:

(9@, f®)(r®),1®) = (g®Oh(f®).1(f®)). @

The set of all Riordan arrays forms a group under the previos
operation of a matrix multiplication. The identity element of
the group is (1, ¢). The inverse element of (g(t), f(¢)) is

-1 1 —

where 7(1‘) is compositional inverse of f(t).

A Riordan array R = (g(t), f(t)) = (r,x)nr=0 can be
characterized by two sequences A = (a;);50 and Z = (z;);5
such that, forn, k > 0

Tu1,0 = Z20Tno T 21701 T 2270 00 @)

Tuilkel = Golnke T Ailpprr T Blppn T
If A(t) and Z(t) are the generating functions for the A- and
Z-sequences, respectively, then it follows that [9, 13]

g fF&=tA(f®). (5

1
C1-tZ(f )



If the inverse of R = (g(t), f(t)) is R7! = (d(t), h(t)), then the
A- and Z-sequences of R are

At = # Z(t) = ﬁ(l—d(t». 6)

For an invertible lower triangular matrix R, its production
matrix (also called its Stieltjes matrix; see [11, 14]) is the matrix
P = R™'R, where R is the matrix R with its first row removed.
The production matrix P can be characterized by the matrix
equality RP = DR, where D = (8;,1,); jso (0 is the usual
Kronecker delta).

Lemmal (see [14]). Assume that R = (r, ;) is an infinite lower
triangular matrix withr, , # 0. Then R is a Riordan array if and
only if its production matrix P is of the form

Zo 3 0 0 0 0
zy a, a0 0 0
z, ay a; a5 0 0
P=| 2z a5 a, a ay 0 -~ |> )
Z4 04 A3 4y 4y G

where (ay, a;, a,, . . .) is the A-sequence and (z,, z,, 255 . . ) is the
Z-sequence of the Riordan array R.

Definition 2. Let (r,(x)),s, be a sequence of polynomials
where 7,,(x) is of degree n and r,(x) = Y} _, rn’kxk. We say
that (r,,(x)),so is a polynomial sequence of Riordan type if
the coeflicient matrix (r,, ), ks is an element of the Riordan
group; that is, there exists a Riordan array (g(t), f(¢)) such
that (7, )0 = (g(®), f(t)). In this case, we say that
(r,(x)),50 is the polynomial sequence associated with the
Riordan array (g(t), f(t)).

Letting r,(x) = Y;_, rn,kxk, n > 0, then in matrix form
we have

foo 0 0 0 1 7o (x)

gy 0 0 - X ry (x)

a0 ta1 Tap O x* = 7, (x)
3

T30 V31 732 T33 " r3 (x)

(8)
Hence, by using (1), we have the following lemma.

Lemma 3. Let (r,(x)),s, be the polynomial sequence asso-
ciated with a Riordan array (g(t), f(t)), and let r(t,x) =
o2 Ta(X)t" be its generating function. Then

__g9®
r(t,x) = —l—xf(t).

In [15], Luzén introduced a new notation T(f | g) to
represent the Riordan arrays and gave a recurrence relation
for the family of polynomials associated to Riordan arrays.
In recent works [16, 17], a new definition by means of a
determinant form for Appell polynomials is given. Sequences

)

Journal of Discrete Mathematics

of Appell polynomials are special of the Sheffer sequences
[18]. In [19], the author obtains a determinant representation
for the Sheffer sequence. The aim of this work is to propose a
similar approach for polynomial sequences of Riordan type,
which are special of the generalized Sheffer sequences [12,
18]. A determinant representation for polynomial sequences
of Riordan type is obtained by using production matrix
of Riordan array. In fact, we will show that the general
formula for the polynomial sequences of Riordan type can
be expressed as the characteristic polynomial of the principal
submatrix of the production matrix. As applications, deter-
minant expressions for some classical polynomial sequences
such as Fibonacci, Pell, and Chebyshev are derived, and
a unified determinant expression for the four kinds of
Chebyshev polynomials [20, 21] is established.

2. Main Theorem

In this section we are going to develop our main theorem.

Theorem 4. Let R = (g(t), f(t)) be a Riordan array with the
Z-sequence (2;);s, and the A-sequence (a;);s- Let (p, (X)), be
the polynomial sequence associated with R™". Then (p,(x)),
satisfies the recurrence relation:

g Py (%) = XPppyy (x) = @y Py (X) — Ay Py (x)
(10)

_..._an_lpl(x)—Zn_lpo(x)> n>1,

with initial condition py(x) = 1, and ayp,(x) = x — z,. In
general, foralln > 1, p,(x) is given by the following Hessenberg
determinant:

Pn (%)
_(_1\',
=(=1)"a,
Zo—XxX ay 0 0 0 0 0
zZy a—-x a 0 0 0 0
2, a, 1—X  a 0 0 0
Z3 a; a, a —-x a 0 0
-x 0 0

Zn'fZ anLZ “n.—s “n.—4 “n.—s " a -x “.0
Zn-1 Op-1 Gp2 OGp3  Gyq . Gy O T X
(11)

Proof. Let R = (g(t), f(t)) and R = (g(t),f(t))_1 =
(d(t), h(t)). Then from definition and (3), we have g(0) = 1
and d(t) = 1/g(7(t)). Hence d(0) = 1 and p,(x) = 1. Letting
E = (1,x,x%...)", then R'E = (py(x), p, (%), p,(x),...)"
and DE = (x,x%x°,...)", where D = (8;41,;)- Letting P
be the production matrix of R, then RP = DR, and PR! =
R'D. Thus PR'E = R"'DE, and PR'E = xR™'E. In matrix
form, we have

zg a0 0 0 0 Po (%) xp, (x)

zya, a, 0 0 p1 (x) xp, (x)

z, 4 a; a5 0 P2 (x) - | xpy(x)

Z3 a3 Gy 4y ag - Ps (x) xp; (x)
(12)
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Using the block matrix method, we get

29 ay
2 a,
Po (%) 2 + a
23 as
P (x)
P, (x)
<[ Ps(x) |-
Pa (%)

Since

xp, (x)
xp; (x)
xp, (x)
xp3 (x)

> xpo (x)

Xp1 (x)
xp, (x)

0
0
x
xp3 (x) 0

SO R O
R O oo

3
The previous matrix equation can be rewritten as
000 - aQ 0 0 0 P (%)
a 0 0 - a—-x aq 0o 0 - P, (x)
a a, 0 - a a-x a 0 - p3 (x)
a, a, a, as 4G 4 —X a4 Py (%)
(13) (15)
xpo (x) X =2z
xp; (x) -z,
Xp, (x) -z,
XPs (X) = Po (x) —Z3
Therefore, a,p,(x) = x — z,, and for n > 1, we have
0 Gy Py (X) + s+ @y Py () + (@) = X) Py (%) + Ggpy, (%)
xp; (x)
xp, (x) ~Z,1Po (%),
xps (x) (16)
. or equivalentl
(14) q y
0 P9 G0y () = (X =) Pyt () = @3, 5 ()
0 - P> (x) (17)
0 - ps (x) ==y Py (%) = 2,1 Po (%)
0 P4 (%)
. By applying the Cramer’s rule, we can work out the
unknown p, (x) operating with the first n equations in (15):
ay 0 0 0 0 0 (x—2zp)po(x)
a—-x a 0 0 0 0 -z, Py (%)
a, a-—-x q 0 0 0 -z, Po (%)
Ll & a, a-x a 0 0 —z3pp (x)
a a; @G 4 =X 4 0 —24Po (%)
nn  Op3  Opy OG5 Oy 2 ~Z, 2P0 (X)
Gp1 Opy Gp3 Gpg Oy A =X =2, P (%)
(18)
a, 0 0 0 0 0 x-z
a,—x a 0 0 0 0 -z,
a, a,—Xx a 0 0 0 -z,
|l a, a-—-x da 0 0 —Z3
=po(x¥)ay | a, a, a, a-x q 0 -z
) An3 Ay Aps5 Ops 20 )
py Opp  Op3  Opy Ops " Oy =X —Zp

After transferring the last column to the first position, an

operation which introduces the factor (-1)""

follows.

Corollary 5. Let R

! the theorem
O

(g@), f(t)) be a Riordan array

with production matrix P. Let (p,(x)),so be the polynomial

sequence associated with R'= (g(1), f(t))_l. Then py(x) = 1,
and foralln > 1,

P (x) = ay" det(xI, - P,), (19)

where ay = p, |, P, is the principal submatrix of order n of the
production matrix P and 1, is the identity matrix of order n.



3. Applications

A useful application of Theorem 4 is to find the determinant
expression of a well-known sequence. We illustrate the ideal
in the following examples. In the final paragraph, we will
give a unified determinant expression for the four kinds of
Chebyshev polynomials.

Example 6. Considering the Riordan array &/ = (1/(1 +
i), at/(1 + rt?)), we have (1/(1 + rt2),at/(1 + rt2))(1/(1 -
xt)) = 1/(1 — axt + rt?). The generating functions of the A-
and Z-sequences of &/ are

1+7rt2
Alt) = —
a

Z(t) = %t (20)

Let (p,(x)),so be the polynomial sequence associated
with o = (1/(1 + rt*),at/(1 + rt*)). Then (p,(x)),, satisfies
the recurrence relation:

p,(x)=axp,_, (x)—rp,,(x), n=>2, (21)

with initial condition py(x) = 1, and p;(x) = ax. In general,
p,(x) is also given by the following Hessenberg determinant:

—-ax 1 0 0 0-- 0
r —ax 1 0 0 O 0
0 r -—ax 1 0 o0 0
.10 0 r —ax 1 0 0
Pnx)=CD"lo 0 0 r -ax 1 0
0 0 0 0 0o 0 - 1
0 0 0 0 0 0 - —ax
(22)
Ifa = 1,r = -1, then p,(x) becomes the Fibonacci
polynomials:
-x 1 0 0 0 O0- 0
-1 -x 1 0 0 0 - 0
0 -1 -x 1 0 0 - 0
; 0 0 -1 -x 1 0 - 0
F,()=CD"10 0 0 -1 -x 1 - 0 (23)
0O 0 0 0 0O 1
0O 0 0 0 0O -X
Ifa =2,r = -1, then p,(x) gives the Pell polynomials:
P,(x) = F,(2x)
-2x 1 0 0 0 0 0
-1 -2x 1 0 0 0 0
0 -1 -2x 1 0 0 0
; 0 0 -1 -2x 1 O 0
=CD'Mo 0o 0 -1 -2x1 0
0 0 0 0 0 1
0 0 0 0 0 0 -2x

(24)
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In casea = 2,r = 1, p,(x) becomes the Chebyshev
polynomials of the second kind:

—2x 1 0 0 0 0
1 =2x 1 0 0 0 0
0 1 -2x 1 0 0 0
U ) 0o 0 1 -2 1 0 0
) =CD"10o o0 1 -2x 1 0
o0 0 0 0 0 0. 1
0 0 0 0 0 0-- —2x

(25)

Example 7. Considering the Riordan array % = ((1-bt?)/(1+
rt?),at/(1 + rt?)), we have ((1 — bt?)/(1 + rt?),at/(1 +
rt2))(1/(1-xt)) = (1-bt?)/(1—axt+rt*). Then the generating
functions of the A- and Z-sequences of %" are

1+t

A) = La) b+nr)t

Z(t) = - (26)

Let (p,(x)),so be the polynomial sequence associated
with B = (1 - bt*)/(1 + rt*),at/(1 + rt*)). Then (p,(x)),50
satisfies the recurrence relation:

pn (%) =axp, , (x) =rp,,(x), n=3  (27)
with initial condition py(x) = 1, and p,(x) = ax, p,(x) =
a’x*—b-r.

In general, p,(x) is also given by the following Hessenberg
determinant:

—ax 1 0 0 0 0 0
b+r —ax 1 0 0 0 0
0 r —ax 1 0 0 0
~ ; 0 0 r —ax 1 0 0
Pnx)=CD" 0o 0 0 r -ax 1 0
0 0 0 0 0O 0 --- 1
0 0 0 0 0 0 - —ax
(28)

Ifa =2,b=r =1,then p,(x) become the Chebyshev
polynomials of the first kind 2T, (x) — 0™:

“2x 1 0 0 0 0

2 —2x 1 0 0 O 0

0 1 -2x 1 0 0 0

e 0 0 1 -2x 1 0 0
(X)=CD" 0 o0 1 —2x 1 0
0 0 0O 0 0 0 1

0 0 0 0 0 0-- —2x

(29)
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Incasea = 3,b = 0,r = 2, p,(x) give the Fermat
polynomials (see [15]):

— o O O O
S O O OO

fn (x) = (_1)”

1
- =3x
(30)

o
[e]
[«]
o
[«]
[e]

o
o
[e]
[e]
o
o

Example 8. Considering the Riordan array ¢ = ((1-bt)/(1+
rt2), at/(1+rt?)), we have ((1=bt)/(1+rt2), at /(1 +rt2))(1/(1—
xt)) = (1 = bt)/(1 — axt + rt?). The generating functions of
the A- and Z-sequences of " are

b+rt

2
Ltrt Z@) =" (31)

Alt)=——,

Let (p,(x)),so be the polynomial sequence associated
with € = (1 = bt)/(1 + rt*),at/(1 + rt?)). Then (Pn()) 150
satisfies the recurrence relation:

Pu(0) = axp, () =rp,(x), n=3, (32
with initial condition p,(x) = 1, and p,(x) = ax - b, p,(x) =
a’x® +abx —r.

In general, p,(x) is also given by the following Hessenberg
determinant:

b-ax 1 0 0 0 0
r —ax 1 0 0 0 0
0 r —ax 1 0 O 0
- ; 0 0 r —ax 1 0 0
Pn(x)=(C1D"| o 0 0 r -ax 1 0
0 0 0 0 0 R |
0 0 0 0 0 0 - —ax
(33)

Ifa=2,b=1,r =1, then p,(x) becomes the Chebyshev
polynomials of the third kind V,,(x):

1-2x 1 0 0 0 0 0

1 -2x 1 0 0 0 0

0 1 =2x 1 0 0 0

- 0 0 1 -2x 1 0 0
() =17 o 0 0 1 -2x1 0
0 0 0 0 0 1

0 0 0 0 0 0 —2x

(34)

Ifa=2,b=-1,r = 1, then p,(x) gives the Chebyshev
polynomials of the fourth kind W, (x):

“1-2x 1 0 0 0 0 0
1 —2x 1 0 0 0 0
0 1 -2x 1 0 0 0
0 0 1 -2x 1 0 0
W, (x) = (-1)"| 0 0 0 1 -2x1 0|
0 0 0 0 0 0-- 1
0 0 0 0 0 0 - —2x
(35)

Finally, considering the Riordan array @ = ((1 — bt -
ct?)/(1+1%), at/(1+12)), we have (1 bt —ct?) /(1 +t%), at /(1 +
2N/ = xt) = (1 = bt — ct?)/(1 - axt + t2). Then the
generating functions of the A- and Z-sequences of 2" are

1+t
A(f): >
a

b+ (c+ 1)t (36)

Z(t) =

Let (p,(x)),so be the polynomial sequence associated
with @ = (1 -bt —ct?)/(1+t%),at/(1 +t*)). Then (p,(x)),s0
satisfies the recurrence relation:

P, (x) =axp,_, (x) = p,_,(x), n=3, (37)

with initial condition py(x) = 1, and p;(x) = ax - b,
pr(x) = axp;(x) = (c + 1)py(x) = a*x? — abx — ¢ — 1. For
n > 1, we have

b-ax 1 0 0 0 0
c+1 —-ax 1 0 0 0 0
0 1 —-ax 1 0 0 0
- ; 0 0 1 —-ax 1 0 0
P(x)=(CD" o 0 1 -ax 1 0
0 0 0 0 0 0 1

0 0 0 0 0 0 - —ax

(38)

Therefore we can give, now, the following.

Definition 9. The Chebyshev polynomial of degree n, denoted
by C,(x,a,b,c), is defined by

Cy(x,a,b,¢) =1,
C, (x,a,b,¢)
b-ax 1 0 0 0 0 - 0
c+1 —-ax 1 0 0 0 - 0
0 1 —-ax 1 0o 0 - 0
; 0 0 1 —ax 1 0 - 0
==D"| o 0 0 1 -ax 1 - 0|
0 0 0 0 0 0 1
0 0 0 0 0 0 —ax
n=1,
(39)



where C, (x,a,b,c) is represented by a Hessenberg determi-
nant of order n.

Note that C,(x,2,0,1) = 2T,(x), C,(x,2,0,0) = U,(x),
C,(x,2,1,0) = V,(x), and C,(x,2,-1,0) = W,(x). Hence,
Definition 9 can be considered as a unified form for the four
kinds of Chebyshev polynomials.
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