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1. INTRODUCTION

A Toeplitz matrix is one of the form (¢;_;) where 7 and j run through
some index set and the ¢; are complex numbers. A block Toeplitz matrix
is similar except that the ¢; are themselves square matrices of a fixed
order ». This paper is concerned with asymptotic properties of the finite
block Toeplitz matrices

(ps) O0<ij<N (1.1)

and their determinants.

We shall write
px) = Y e (lz]=1)

j=—e

(This notation will be used consistently throughout the paper; if ¢ is a
scalar- or matrix-valued function then ¢; denotes its jth Fourier, or
Laurent, coefficient which is either a number or a matrix.) The cor-
responding block Toeplitz matrix (1.1) will be denoted by Ty[e] and
its determinant by Dy[¢]; the semi-infinite block Toeplitz matrix
(®:s_;), 0 <14, j < oo will be denoted by T'[¢].

The earliest asymptotic result for block Toeplitz determinants seems
to have been that of Gyires [8] who showed that if ¢(z) is continuous
and positive definite for | z | = 1 then

. 1 on .
lim Dy[g]t/¥ = exp 37; jo log det (e) df].
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Hirschman [11] investigated the asymptotic behavior of Ty[p]™! (for
not necessarily Hermitian ¢) and his results imply that under certain
conditions, including

det p(e¥) £ 0, 4 arg det g(e?) = 0, (1.2)
0027

the limit of Dy[p]/Dy_s[¢] exists and is also given by
| s )
Glol = exp |- J," tog det o) a0}

Here log denotes any continuous logarithm, whose existence is guaranteed
by (1.2).

If we define @(2) = ¢(z!) then Hirschman’s assumptions (aside
from smoothness conditions) were equivalent to T[p] and T[¢] being
invertible as operators (acting on the left) on an appropriate sequence
space. The conditions (1.2) are necessary, but in the matrix case not
sufficient, for this.

In the present paper it will be shown that (again aside from smoothness
assumptions) the conditions (1.2) imply the existence of the limit
Elp] = limy_,, Dy[e]/G[p]"+! and that this limit is nonzero if and only
if T[¢] and T[g] are both invertible. The proof will be based on (what
is really more fundamental) an asymptotic inversion formula for Ty[e]~*.

In the scalar case E[g] is given by the formula

Elg] = exp

3" j(log p)s(log 9»)_5%. (13)

gl

This was proved first by Szego [15] for positive ¢ and subsequently
extended by many authors. We shall see that in the matrix case a formula
similar to this,

E[g] = exp

r-1 2 j(log det @);(log det <p)_,-§, (1.4)

i=1

is sometimes correct (it is if ¢ is a scalar function times a matrix function
extending analytically to an invertible matrix function inside or outside
the unit circle), but is unfortunately usually wrong. In some applications
[12] block Toeplitz determinants arise where only finitely many of the
coefficients ¢; are nonzero, and here E[g] can be evaluated explicitly.
In fact it will be shown that if all the ¢; vanish for j << —a (or forj > o)
then E[p] = D., [¢7"] Gle]~.



286 HAROLD WIDOM

Although we have not been able to find a general expression for E[p],
we have evaluated the Fréchet derivative of log E[@]. In the scalar case
this is easily integrated to give (1.3). Even in the matrix case log Ejgp]
can be expressed as an integral, but this is not entirely satisfactory.

Note that in the scalar case log E[gp] is a bilinear function of the two
sequences

(logg); 1<j<oo

(logp);, 1<j<o.
Such bilinearity, plus computation of simple special cases, is enough to
deduce (1.3). Certain analogous bilinearity relation will be established
in the matrix. These are used to establish (1.4) in the cases described
and may perhaps give someone an idea of what E[y] is in general.

The last part of the paper is concerned with the limiting behavior of
the eigenvalues of Ty[¢] when all but finitely many of the ¢; vanish. In
the scalar case Schmidt and Spitzer [14] found the set of limit points of
the eigenvalues as N — oo and Hirschman [10] refined this by describing
the limiting distribution of the eigenvalues. We extend these results
here. As will be seen the introduction of a modicum of potential theory
permits a considerable simplification, even in the scalar case.

Added in proof. A general expression for E[p] will be derived in
a forthcoming paper.

2. FACTORIZATION OF MATRIX FUNCTIONS

The theory of semi-infinite block Toeplitz matrices was developed
by Gohberg and Krein in [5]. The basic assumption on ¢ was that it
belonged to /, in the sense that

Z ;] < o0,

j=—00
Here what norm is used on the # X # matrices is irrelevant, but because
of what comes later it is most convenient to use the Hilbert-Schmidt
norm. The infinite matrix 7'[p] may be thought of as an operator, acting
on the left, on various spaces of sequences

f={fo,fis}

of r-vectors, including /; . It was shown in [5] that whichever of these
spaces is taken T'[p] is a Fredholm operator (the null space has finite
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dimension and the range is closed and has finite codimension) if and
only if
det p(ei®) % 0 @.1)

and that its index (dimension of its null space minus codimension of its
range) is equal to
— 4 det p(e??).
0482 arg det ¢(e)

Crucial to the investigation of invertibility was a certain factorization
of matrix functions analogous to the Wiener-Hopf factorization for
scalar functions. It was shown that any ¢ belonging to /; and satisfying
(2.1) possessed a “right standard factorization” of the form

g 0
o) =u(®| - |,
0 24

here ut(2)*! and u(2)*! belong to [; , all Fourier coefficients of ut(z)=!

with negative values of the index vanish, and all Fourier coefficients of

u~(2)*! with positive values of the index vanish. The “right exponents”

K1 5.eey K, are (except for ordering) uniquely determined integers.
Similarly there is a left standard factorization

Pay 0
¢(z) = v*(3) .
0 2

The left exponents «y',..., k,’ are generally different from the right
exponents. Indeed one set of exponents may vanish but not the other.

Once one has these factorizations it is easy to see that T[¢] is invertible
if and only if ¢ satisfies (2.1) and all the right exponents of ¢ vanish.
Since the right exponents of $(2) = @(21) equal the negatives of the left
exponents of ¢ the simultaneous invertibility of T[p] and T[¢] is
equivalent to the vanishing of all right and left exponents of .

Now we shall be concerned with a smaller class of matrix functions ¢.
We write

lpl= Y nqo,-u+§§ muqo,-nz{”z

J=—c0 j=-—c0

A={p:llpl < o)
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It is clear that 4 is a Banach space with norm as given. Moreover it is
not hard to prove the identity

w p27 20y 20512
5 el =g 2f2f Lol ) — 2 I 4y, ag,

i ewl —_ 8192 |2
from which it can be deduced that A is even a Banach algebra under
pointwise matrix multiplication.

Since A C I, any element of 4 satisfying (2.1) possesses right and left
standard factorizations, and by a theorem of Gohberg [4] the eight
functions

uE ()L, vE(2)*! 2.2)
all belong to 4.

If T[¢] is invertible as an operator on a space of sequences of vectors
then it is also invertible on the corresponding space of sequences of
matrices. In particular if ¢ € 4 and all right exponents of ¢ vanish then
T[¢] is an invertible operator on the space of sequences of » X » matrices
F ={F,, F,,..} satisfying

ZHF -+ Z]II H2

<OO.

It is not hard to see that in the right standard factorization ¢ = u—u*,
which is not unique, one may take u#*(z) to be the inverse of the matrix
function whose Fourier coeflicients with negative values of the index
vanish and whose sequence of Fourier coeflicients with nonnegative
values of the index is given by T[e]1{Z, 0, 0,...} where I denotes the
r X r identity matrix. This implies that #%, and similarly the other
functions of (2.2), may be chosen so that they vary continuously with
o, a fact which will be useful later.

Let us define 4, = {p € 4: (1.2) holds}, 4, = {p € 4, : all right and
left exponents of ¢ vanish}. Alternatively 4, consists of those ¢ for
which T'[¢] is Fredholm of index zero (as an operator, say, on /; sequences
of r-vectors) and A, consists of those ¢ for which 7T[p] and T'[¢] are
both invertible. These are both open subsets of A.

It does not seem possible to find a simple necessary and sufficient
condition that an arbitrary ¢ € A, belong to 4, . However if the Fourier
series of ¢ is infinite on one side only there is such a condition. The
following lemma proves its sufficiency; its necessity will be a consequence
of Theorems 4.1 and 5.1(a). (Pattanayak found a similar but more
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complicated characterization in case the entries of ¢ were rational
functions of z).

LeEmMmA 2.1. Suppose p € Ay and ¢; =0 for j < —a« or for j > a.
Then D, , [¢p7*] #~ O implies p € A4, .

Proof. Suppose D, ;[¢~1] 5 0 and ¢; = 0 for j << —a but that not
all the right exponents of ¢ vanish. Then T[p] is a noninvertible
Fredholm operator of index zero so it must have a nontrivial null space.
If f ={fy, f1s-} 7 O belongs to this null space and we set

f(z) = gﬁz"

then the Fourier coefficients of ¢(2) f(2) with nonnegative values of the
index all vanish. Together with the assumption that ¢; = 0 for j < —a
this implies that ¢(2) f(z) is of the form ¢(2)f(2) =gzt + - +
£.2"% But then since f(2) = @(2) 1 (g_1271 4+ - + g_.2™) the
Fourier coefficients of the function on the right with negative values of
the index all vanish; in particular

Y (e Vigs =0, i=1l.,u (2:3)

j=1

Since f = 0 not all the g_; vanish. Thus (2.3) implies D, ;[¢] =0, a
contradiction.

If we apply the immediately preceding argument to the matrix function
@(2)* (¢ = transpose) we deduce that it has all right exponents zero. Thus
¢(2) has all left exponents zero.

Finally if ¢; = O for j > « then by what has just been shown ¢ € 4,
so alsope 4,. ‘

It should be mentioned that the above proof used the equalities
D, _y[¢] = D, 4[¢"] = D,_,[¢] which are easily established.

Lemma 2.2.  The set A, is connected.

Proof. Since the Laurent polynomials

P(z) = i @3

j=—a

607/13/3-3
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are dense in 4 and A, is open, the Laurent polynomials in 4, are dense
in 4,. We shall show that each such polynomial may be joined to a
constant invertible matrix function by a curve lying in A, . (The constant
invertible matrices themselves form a connected set.)

Let ¢ have right factorization #~u*. Note that the Fourier coefficients
of u— = p(u*)~! with index less than —a all vanish. For | ¢ | < 1 define
o(f) = @(t, 2) = u=(t712) ut(tz). Clearly t — ¢(2) is a continuous function
from the unit disc to 4 and each ¢(¢) € 4,. By the preceding lemma
o(t) e 4, if D, j[p(t)71] # 0. This determinant is an analytic function
of ¢ on the open unit disc and is nonzero for ¢ = 0, when ¢ is a constant
invertible matrix function. Hence there is a curve joining £ =0 to
t = 1 at no point of which (except possibly ¢ = 1 itself) the determinant
is zero. The entire curve ¢(t) then belongs to 4, .

The next lemma shows that almost all sufficiently small punctured
discs centered at a point of A4, lie entirely in 4, .

Lemma 2.3. Let o€ A, . Then for every € A with the exception of
those belonging to a nowhere dense subset the matrix functions ¢ + e
belong to A, for all sufficiently small nonzero e.

Proof. Consider first the special case
2 0

P(2) =

where, since we assume @ € A,
wy + 0+ = 0. (2.4)

Suppose ¢ € A is such that ¢ + e has right exponents not all zero for a
nonzero sequence € — (. For each ¢ of this sequence T[p + ef] has a
nontrivial null space. Thus there are f, € [; such that

Tlp +<f1f =0, 2.5)
fe = {fEO ’fe,l 1“'}! Z ”fs;“ = 1.
From (2.5) it follows that lim,_, T[¢]f. = 0 and so

leiil(} Sl feill =0, x = max(—«;).

J=r
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By taking a subsequence if necessary we may assume each sequence
{f;t with 0 <j < « converges. Thus f, converges to some fel,
satisfying T'[p]f = 0, f 5= 0. Moreover since each T[]/, belongs to the
range of T[g], by (2.5), and since T[] has closed range, we deduce that
T[] f belongs to the range of T[g].

Assume the diagonal entries of ¢(2) ordered so that «; < 0,..., x, <0,
Kpi1 == 0,..., 6, = 0. Then the most general element of the null space of
T[g] is the sequence of Fourier coefficients of a vector function of the
form

""'1_(3)
”p.(z)
0 (2.6)
0
where each =, is a polynomial of degree less than —«; = [« |, m; =

@0+ '+ @)1 2" Suppose  Y(3) = (;,4(2)) (1 <4,j <)
Then with f equal to the sequence of Fourier coefficients of (2.6),
T[] f belongs to the range of T[¢] if and only if each ¢, ,; 1(2) (=) + -
+ Ypri.p(2) 7(2) (# =1,...,7 — p) has vanishing Fourier coefficients
for values of the index between 0 and «,,,; — 1 (inclusive).

This gives a system of «,,; + *** + «, homogeneous linear equations
in the a; ; of which there are | k; | + -+ 4 | k,, | and by (2.4) this equals
kp1 1 - + K, . Thus the existence of a nonzero vector f in the null
space of T[e] such that T[] f is in the range of T[¢] is equivalent to the
vanishing of a determinant whose entries are Fourier coefficients of
entries of the matrix function (z), no two of the entries of the deter-
minant being the same Fourier coefficient of the same entry of (). The
set of y € A for which such a determinant can vanish is clearly a closed
nowhere dense subset of 4.

Next consider an arbitrary ¢ € 4, and suppose it has a right standard
factorization

2 0
P(z) = u(2) e e
0 2

Since ¢ -+ e has right exponents zero if and only if (u~)(p + ef)(ut)1
does, it follows from what has already been shown that ¢ 4 ef has
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right exponents zero for all sufficiently small nonzero e as long as
()1 (u*)* does not belong to a certain nowhere dense set, or equiva-
lently as long as i itself does not belong to a certain nowhere dense set.
(Note that left resp. right multiplication by u~ resp. ut is a
homeomorphism of A4.)

Similarly ¢ + e has left exponents zero for all sufficiently small
nonzero ¢ as long as ¢ does not belong to some other nowhere dense set,
and the lemma is established.

3. InversioN oF Ty[g]

In this section we show that if ¢ € 4, then Ty[¢p] is invertible for V
sufficiently large and we give an approximation to T'yx[e]~L. This ap-
proximation will be in the trace norm. Recall that the trace norm of an
operator T on a Hilbert space ( Ty[¢] is an operator on a finite dimensional
Hilbert space) is equal to the sum of the eigenvalues of (7°*T)./2
This norm is denoted by || T'|j; and dominates the Hilbert-Schmidt
norm || T|l, and so also the ordinary operator norm || T{|, . There are
also the inequalities

I T Tl < Tylhll Tello
I T Tl < Tyllofl Tolle -

All this may be found in [6, Chapter II], for example.
If ¢ belongs to A, then so does ¢~!. Therefore it has left and right
standard factorizations

(=) = wt(z) u(2) = v=(2) v*(2). 3.0

This notation will be retained for the rest of the section. We define
Uy[¢] to be the block matrix whose 7, j entry is

@«

((P—l)i—j - z uzt—mu:j—m - Z v:N+z‘— 7141(’-3’+m - (32)
m=1 m=1

The motivation for this definition is that for 7 or j fairly far from NV (3.2)
is close to the 7, j entry of the inverse of the semi-infinite block Toeplitz
matrix (;_;) 0 <j, j < oo while for ¢ or j fairly large (3.2) is close to
the 7, j entry of the inverse of the semi-infinite matrix (p;_;) —o0 <1,
J<N.
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TroEOREM 3.1. If p€ A, then Ty[p] is invertible for N sufficiently
large and limy,,, || Ty[p]™ — Uxl@lll, = 0. The convergence is uniform
for ¢ belonging to any compact subset of A, .

Proof. We shall see that the block matrix Ty[e] Uy[p] — I (where
I is the identity matrix) has 7, j entry

Z Pien—N Z uN+n+m —i—m + Z Pitn Z v—N—n—mvN-—a+m (3.3)

m=1 n=1 m=1

Granting this for the moment let us deduce the assertions of the theorem.

Look at the first term of (3.3). It is the ¢, j entry of the product of
three Hilbert-Schmidt matrices having respective Hilbert-Schmidt
norms

%i k| «p-kn2§”2 <lol

\ k=1

2
Y Noennltl <

0ICKN
1gn<wo

o . 172
g 2 I “N+n+m”2‘ <

oo 1/2
Y Rllwt)?

7,Me=l k=N
i 1/2
> u_g~m||§ 32 k| u;:ll”% <|lu |l
e

The trace norm of the matrix whose i, j entry is given by the first term
of (3.3) is therefore at most {[ || || u— || {Zk=N k| u,* (}/2 which tends
to zero as N — oo.

Similarly the trace norm of the matrix whose ¢, j entry is given by the
second term of (3.3) is at most || ¢ || || + || {Tpen & || 9% |[2}1/2 which also
tends to zero. Therefore limy,, || Tx[e] Unlp] — Iy = 0. It follows
that Ty[¢] is invertible for sufficiently large N and that its inverse is
given by the Neumann series

Talel™ = Unlgl + Unlel Y. (I — Tale] Unlel)
=1
Now | Uy[¢]ll is bounded as N — co. In fact

[Tl le < 3 W1 <llol

j=—e0
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the second term of (3.2) is the 7, j entry of a matrix having trace norm
(and so operator norm) at most

1/2

%Z Rl w* / 3ZkHqull2§ < [ wtlfju]]
k=1 k=1

and similarly the last term of (3.2) is the 7, j entry of a matrix having
operator norm at most | v~ || || o7 ||

Hence Uy[p] Yoy (I — Ty[@] Uy[e])® has trace norm tending to zero
as N — oo and this gives the first conclusion of the theorem.

To prove the asserted uniformity we use the fact, remarked in the last
section, that the factors =, v+ may be chosen so as to vary continuously
with ¢ € 4;. Then on any compact subset of 4, the norms || ¢!,
|| u* ||, || % || are uniformly bounded, and by Dini’s theorem the sequences

IR S W o L
k=N k=N

tend uniformly to zero as N — co. The last statement of the theorem is
now easily verified.

It remains to check that the 7 j entry of Ty[p] Uy[e] — I is given
by (3.3). The  j entry of Ty[p] Uy[e] equals

N N @©
Z <Pi—n(‘p_l)ﬂ—i - Z Pi—n Z uz.+mu:7'—m
n=0 n=0 m=1
N ©
- Z Pi—n Z v:N+n—mv41\—/—:i+m . (34)
n=0 m=1

Since

Z ?)i—n(‘P_l)n—-y’ = 82‘,7'

n=—aw

(the 7 X 7 zero matrix for 7 # j, the identity matrix for 7 = j) the first
term of (3.4) is equal to

Siim Y Pn @Dy — Y Prn@ s (3.5)

n=—a0 n=N+1
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It follows from (3.1) that

o

©
((P—l)i-:i = z uz:l-mu::i—m = Z 'v:a'—m'v;':m .
Me===e00 M=—m

Substituting these expressions for the Fourier coefficients of ¢!
appearing in (3.5) and using the facts #;,* = v, 7 = 0 for £ <0, 4~ =
v~ = 0 for k > 0, we see that (3.5) is equal to

-1 ® @ )
+ - - +
Si.a‘ - z Pi-n Z UprmPejem — z Pi—n z Y_N+n—mYN—j+m -
Nn=—00 m=1 n=N+1 m=1

All this is equal to the first term of (3.4). Hence Ty[p] Ux[e] — 1
has ¢, j entry

N © © @ .
- Z Pien Z u:+mu:j—-m - Z Pi-n Z v:N+n~mv-‘1\_f—j+m . (3-6)
N=—00 m=1 n=0 m=1

Now

P
4
Z Pinlnim
R=—00

equals the 7 + m Fourier coefficient of ¢(z) u*(2) = u~(2)™* and so it
vanishes whenever m > 1, 7 > 0. Similarly

@«
Z Pi_nV_N4n—m

n=-—w

equals the £ — m — N Fourier coefficient of u*(2)~! and so it vanishes
whenever m 2= 1,7 < N. This implies that for 0 < 7 <{ N the expressions
(3.3) and (3.6) are equal, and this is what was to be established.

4. ExISTENCE AND FIrsT PROPERTIES OF E[g]
We retain the notation of the last section.
TueoreM 4.1. If ¢ € A, the limit

Elg] = lim Dyfg)/Glel™**



296 HAROLD WIDOM

exists, is nonzero, and is a continuous function of . If t - o(t) is a
differentiable function from a real closed interval to A, then

log E[g(#)]
is a differentiable function of t with derivative equal to
—tr Y @) Y My U —tr Y @l Y MUV
f=—00 m=1 j=—o0 m=1

(The dependence on ¢ of the last expression is not displayed. The
prime denotes differentiation with respect to ¢.)

Proof. We begin with the well known fact [7] that for any matrix T
depending differentiably on a real parameter ¢

4

_ A
T log det T = tr "7, 4.1y

This gives in our case, for a differentiable function ¢ — @(¢) into A4, ,
d /
P log Du[g] = tr T[] Tale]™

It follows from Theorem 3.1, the inequality
lee T| < || Tlly» (4.2)
and the boundedness of || Ty[¢]||,, for all N and 7 that

tr Tn[e] Tale]™ — tr Tv[e] Unle]

tends to zero as N — oo uniformly in ¢.
Corresponding to the three terms comprising Uy[g] (see (3.2)) are
three terms comprising tr Ty[e"] Uy[ep]. The first of these is

N
tr Y @ ey

1,j=0

—tr Y (N+1—]i) /(e

i=—N

—uN 4+ 1) Y gl — N+ 1) Y el

i=—m IEI>N

—tr Y i@ @D +tr Y |ile/ (7).

i=—0 li|>N
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The first term on the right is exactly
1 i ! ( p39 $0\—1
(N + 1)cr-2;jo () ple?)1 o

(recall that ¢’ denotes the derivative of ¢ = ¢(t, 2) with respect to the
parameter ) which equals

27
(N - 1)2 21 f log det (&%) 6

by (4.1) once again. The second term on the right has absolute value at
most (using (4.2) again and recalling that we have been using the Hilbert-
Schmidt norm on the 7 X 7 matrices)

2 lilled el

[4|>N

which tends to zero as N — o uniformly in ¢, by Dini’s theorem.
Similarly the last term tends to zero.

We have shown that the first of the three terms comprising tr Ty[¢'}
Uy[®] equals

N+hz 103 Glg] — tr 2 Vi) ed (97 (4.3)

f=—w

plus a function of ¢ tending uniformly to zero as N — co.
The second of the three terms is the trace of

N ©
- 2 ‘P;—i z ug—+mu:§—fm

§,J=0 M=l

N-—-j

N
== Z ‘PJ" Z z u¢+m —i—f—m * (4'4)

j=-N i=Max(0,—j) M=l

If j < 0 and i < —j then

o« ©

z Uil g = Z Ui gom = (P -
m=] M2~

Therefore the right side of (4.4) equals

N N-j o

-y ¢ YY whmdiym 2 il @™ 4.5)

j=—N =0 m=1 J=—N
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Since

Yl Y Y N ufml | 2 iimll

Je=mc0 =0 m=1

K

= Y g S ml w4l

=~ m=1

converges uniformly in ¢, and similarly for

Y 15 e @)l

j=—00

the trace of (4.5) differs from

o«

¢ [ee) -1
—tr Z ®; Z Z U s F I Z WARZA o

j=—o0 i=0 m=1 j=—N

——tr Y g Z Wik 05y, + tr Z A
j=—o j=—N
by a function of ¢ tending uniformly to zero as N — co.
Similarly the last of the three terms comprising tr Ty[¢'] Uy[¢]
differs from
© 0 ~1
—tr z (P,—j Z mlv:mv;':—m + tr Z Ij,q”—j((p—l)f
j=—o0 m=1 j=—N

by a function tending uniformly to zero. Combining the results for each

of the three terms comprising tr Ty[¢"] Uyx[¢] shows that this, and so also
(d/dt) log Dy[e], differs from

(N+ 1) IOg G[q’] — tr Z ‘Pt Z muy, u—1—m

f=—00 m=1
2] o]
’ — ot
— tr 2 Pi z MU_pV1m
{=—0 m=1

by a quantity tending to zero uniformly in ¢. Hence

N[‘P]
Nos a’t & Gy

= —tr z @ Y, muy U, —tr Y @l Y mvT,vf, (4.6)

t=—0o0 m=1 i=—c m=1

uniformly in £.
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It follows from Lemma 2.2 that an arbitrary ¢ € 4; may be joined to
the identity I of A by a piecewise linear curve ¢(t) lying entirely in 4, .
Since

DIl

hm log <=1 Gl

trivially exists, and since

o Dafa(t)]
Noo di 8 Glp(H]v

exists uniformly on each linear piece of the curve it follows that

: N[‘P]
}}_I& log =1 Glp|" 1

itself exists. We call it, of course, log E[p]. That (d/dt) log E[p(t)] is
what it is claimed to be follows from (4.6).

To prove that E, or log E, is continuous at each point ¢, of 4, , let
¢, be a nearby point. Write ¢(f) = (1 — t)py + tp; (0 <2< 1) and
apply the mean value theorem to log E[g(#)] whose derivative we know.
Since ¢'() = ¢, — ¢, we find that

{log E[p,] — log E[go)| < Milp; — @0l

for some constant M if ¢, is sufficiently close to ¢, . This completes the
proof of the theorem.

Carrying the immediately preceding argument a little further shows
that log E is a Fréchet differentiable function on 4, and that its derivative
at @ is the linear functional on A given by

a0 < @ a
p>—tr Y oy Y muntuT g —tr Y o Yy MO0 -

f=—00 m=1 =00 ma=1

Equivalently if we define, for ¢, %€ 4,

YD = tr Y, N
=1
then the linear functional is ¢y > —dut, u=p) — {vtf, v™).
Suppose now that we are in the scalar case, so that in particular
ot =ut, v“ =u and A4, =4,. If pe 4, then any continuously
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determined log ¢ belongs to A, by the Arens-Calderén form of the
Wiener-Lévy theorem [1]. Define

j=—a

(o 9)'(s) = . (og )@, (loge) @) = 3 (oge); =

Then as our factors w* we may take ut = exp{—(log ¢)*},

u~ = exp{—(log ¢)}.
Differentiating the first of these relations with respect to z (for
| | < 1) and equating coefficients of equal powers of z give

—iu;t =Y jui_j(log @)}

j=0

from which it follows that for any ¢ € 4, —<ut, ¢> = {(log p)*, uty).
Replacing ¢ by u~ and using utu— = ¢~ give
—ut, u) = ((log @)*, g7 (4.7)

Similarly
—<ut, ) = Lp7Y, (log 9) . (4.8)

Now consider the function

{(log ¢)*, (log @)= 4.9)

on A, . This has Fréchet derivative  — {(log ¢)*, {(d/dy) (log @)~ }> +

{(d/dp) (log @)™ }b, (log ¢)~>. Since (P, $*> = O whenever ¢! = 0 for
all j >0 or ¢;> =0 for all j < O the derivative may also be written

¢ — {(log 9)*, {(d/de) log p}> + <{(d/dp) log ¢}, (log ¢)~>
= {(log @), o™ + (g7, (log @)7)-

By (4.7) and (4.8) this is just ¢ — —<{ut, uy> — {ut, u—> which, as
we have seen, is the Fréchet derivative of log E.

Thus the function (4.9) has the same derivative as log E. Since both
functions are equal to zero at ¢ = 1 and A, is connected the functions
are equal everywhere. This gives the identity (1.3). (The fact that (1.3)
holds for ¢ € 4, was first proved by Hirschman [9].)
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Let us now return to the matrix case and see what happens when ¢
belongs to 4, but not necessarily to 4, .

THEOREM 4.2. The limit
Elg] = lim Dy[o)/Glp]"+*

exists for all p€ Ay, is a continuous function on Ay, and is nonzero if
and only if pc A4, .
Proof. To prove the first statement take any ¢ € 4, and let e 4

be such that ¢ + e belongs to 4, for sufficiently small nonzero e. The

existence of such a i is guaranteed by Lemma 2.3,
By Theorem 4.1

. Dilpt+ef] _
#QOW—EW-I-EH

uniformly for € on the boundary of a sufficiently small disc centered at
€ = 0. But each Dylp + )]/Glp + e]¥+! is analytic on the entire
disc. Therefore the limit E[gp] exists at ¢ = 0 also.

We also have, if ¢ is sufficiently small but positive,

Blp] = 5 [ o + ] 5

It follows from this, and the continuity of E on 4, , that E is continuous
in a neighborhood of any ¢ € 4, . Thus E is continuous on 4, .

To prove the last statement of the theorem it need only be shown
that E[p] = 0 whenever ¢ ¢ A, . Suppose for example that not all the
right exponents of @ are zero so that ¢! has a left standard factorization

21 0
s t=w@| - |
0 2

with some «; 5 0. If # is sufficiently large

L]
Y, us

Gocaeny
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will have nonvanishing determinant for | 2 | > 1. Define ¢, by

2 0

. 0
pei=w@) | | 2w
j=—n
0 2

which is a left standard factorization. Then ¢,' does not belong to 4,
(since its left exponents are not all zero) and for any o > # -+ max | «; |
all the Fourier coefficients of ¢! with values of the index less than —«
will vanish. It follows from Lemma 2.1 that D, ;[¢,] = 0. Since « is
arbitrarily large this implies E[p,] = 0. Finally, letting » — co0 and
using the continuity of E give E[p] = 0.

5. FURTHER PROPERTIES OF Efgp]

We begin this section with a simple observation about block deter-
minants. If we have any square block matrix of # X » matrices and any
r X r matrix P then the determinant of the first matrix is unchanged if
any block row is multiplied on the left by P and added to any other block
row (since this amounts to left multiplying the given matrix by a matrix
with determinant 1); similarly for columns if multiplication by P is on
the right. Thus row and column operations are available if used with
some care.

This is useful for the evaluation of block Toeplitz determinants
because these operations lead to other block Toeplitz matrices. In fact
consider the block Toeplitz matrix Ty[¢] and denote its block rows by
7o 5--s ¥y - 1f for each 7 > « we replace 7; by

7o+ Py + o+ P, (5.1)

then the resulting matrix has 7, j entry ¢, ; + Py, j 1+ + Pupy_j
for ¢ > «. This is exactly the 7, j entry of the block Toeplitz matrix
associated with (I + Pz + -+ + P,2*) ¢(%). Next, if the columns of
the new matrix are ¢, ,..., ¢y and for each j > « the jth column is replaced
by

¢ +6400+ "+ 6.0 (52)

then the 7, j entry of the resulting matrix is, for 7 >> « and j > «, just
the 7, j entry of the block Toeplitz matrix associated with (z) =
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I+ Piz+ -+ P)p(2)({ + Q1271 4 -+ +O_,2*). Thus apply-
ing to Ty[p] these row and column operations yields a matrix of the form

Ta——l[(P] X ]
Y TN—a[¢]
where X and Y are certain matrices.

Write
P(z) =1+ Pz 4 -+ + Py,

) =T +Qz + - +0 5~

and let P(z) and Q(2) have inverses, as formal power series, Y. o p;%,
2’1,-:0 g_;2~* respectively. These formal inverses always exist. We have
Po = qo = I and if we set p; = g_; = 0 for <0 then

pi +Pypig A+ +Pupie=0 (:>0)
9 + i@+ + Q=0 (#>0).

Now define U and ¥V to be the rectangular block Toeplitz matrices

(5.3)

(5.4)

U= (pis) 0<iKN, 0gj<<a—~1
=(g) O0<i<<a—1, 0Kj<KN

where N > o — 1, and consider

[ )

Perform on this matrix exactly those row and column operations resulting
in the operations (5.1) and (5.2) on Ty[g] as described above. Because
of the identities (5.4) the new matrix has the form

U Toale] X
[0 Y Tn_a[vf’]}

0 vV 0
where U and V are the square block Toeplitz matrices
U=(ps)y V=0(s) 0<i<o—1 0<j<a—1

Because U and ¥ are block triangular the determinant of this matrix
is easily reduced. One applies, 2o times, Laplace’s theorem on the
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expansion of determinants by means of certain # X 7 minors and their
conjugate minors. Recalling that p, = g, = I one finds that the deter-
minant is equal to the determinant of Ty_,[4/], which is

DN—&M’} = DN—-&{P(?Q]'

This is one way of evaluating the determinant of (5.5). There is
another way. Assume that T[] is invertible and multiply the matrix
(5.5) on the left by

[ 1 O] [TN[q) -1 0]
-V I 0 1

(here the various I’s have appropriate orders), which has determinant
Dy[¢]. We obtain the matrix

[ Tale] U I]
—VTal[e]*U 0

which has determinant det V Ty[p]*U. Thus the determinant of (5.5)
is also equal to Dy[g] det V Ty[e]*U.

Since we have already shown the determinant of (5.5) to be equal to
Dy_ [PeQ], we have established the identity

DN—a[Pq)Q]
Aol vad — det VT \[otU. 5.6
Note that the determinant on the right is of order a.

We shall use the notations

Ayt = {pe 4y @; = 0forj < 0}

Ay ={pe 4y p; = 0forj > 0}.
Observe that if ¢ belongs to 4,* resp. A,~ then the determinant of ¢
belongs to scalar valued (r = 1) 4A,* resp. A, so the same is true of the
inverse of this determinant. Consequently, the inverse of ¢, which is
computed using the determinant and cofactors, also belongs to Ay*
resp. Ay~ Thus 4A;+ U A~C A4, .

In our applications of (5.6) the polynomials P(z), O(z) will belong to

Ayt resp. Ay~ The formal series

DIV Z DI W
i=0

=0

are then just the Fourier series for P(z)~1, Q(2)~! respectively.
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Lemma 5.1, Suppose

¢(2)™! = wH(z) u(3)

where ut € Agt, u= € Ay~ and that

0@ =0 +04x2 + = + 0 3 (5.7

belongs to A,~. Then we have the identity

BleQ) = S Bl 58)

Proof. Suppose first that Oy =1 and pe 4,. Let us apply (5.6)
with P equal to the identity matrix function. If we write Ty[p]™! =
(w;4.8) 0 <1, j < N, then we obtain

DN—a[ Q] o o
DN[:] = det (Z‘o qu—iw’l’v'N)u.vxo.....a—l ' (5.9)

Now Theorem 3.1 tells us that

Bim || Talgl — Unlglly =0

and so certainly

lim || Tufgl — Unl#]lo = 0.

This implies that in the computation of the determinant on the right
side of (5.9), replacing each w, ; y by the 7, j entry of Uy[g] results in
an error tending to zero as N — co.

Recall now the form (3.2) of Uy[e]. For fixed g, v the sum

N 0

Y Qui Y VNtimONeram
1= Ml

has norm at most

gl o1l S { ofiyunl
m=1

607/13/3-4
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which tends to zero as N — co. The other two terms of (3.2) contri-
buting to the 7, v entry of Uy[g] are

©
((P-l)i—v - Z u;:{—mu:v——m
m=1

] w0 o0
— + - + - _ + -
- Z Uim¥—yem — z Uy = Z Ui ml_yim -

M=—00 m=1 m=0

Consequently the right side of (5.9) converges, as N — oo, to the
determinant

det ( Y
4, M=l

+ -—
Qu—iui—mu—v+m)

0 #,v=0,1,...,0~1

Since %, ., vanishes for m > », and so certainly for m > «, we may write

© a—1 «©
Z Qu—iuz—-—mu:v+m = Z (Z Q;L—iu;——m) Uy «

i,m=0 m=0 \i=0

Therefore the last determinant is equal to the product of the two o X
block determinants

det (z Qu—iu;'k-m)
u,m=0,...,a—1

=0
det(u;t—V)m w=0,..., a1+

The first of these is just D, ;[QO—'u*] while the second is a triangular
determinant equal to (det #,7)* = G[u]*

We shave shown that as V— oo the right side of (5.9) converges to
D, [0 ut] G[u7]*. Since G[Q] = 1 left side converges to (E[pQ]/E[¢])
G[p]™ and we obtain

E[pQl/Elg] = DJQ 'u*] Glou]* = Dy y[Q~u*]/Glut]".
This is equivalent to (5.8) since G[Q] = 1.

To remove the assumption on Q, observe that it is in any case invertible
and that for any ¢ both Dy[] and G[)]¥*1 are multiplied by the same
factor (det Qg)¥** if ¢ is multiplied, on either side, by the constant
matrix Q, . Hence neither side of (5.8) is changed if Q is multiplied on the
right by Qg , so the identity for general Q, follows from the identity for

Oy =1L
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Finally to remove the assumption that ¢ € 4, observe that both sides
of (5.8) are continuous functions of u+ e Ay+. Thus it suffices to show
that for any fixed u— € 4, the set

{ut € Ayt wru € 4,} (5.10)
is dense in Ay*. Since the polynomials

[+ 4
ut(z) = ) uyta®
k=0

of A, are dense in Ayt it suffices to show that any such polynomial is
the limit of polynomials in the set. If we define, for | 2] < 1, UH(#) =
Ut(t, 2) = ut(t2) then clearly each Ut(t) € 4,%. Moreover by Lemma
2.1 we shall have U*(t) u— € 4, if

Doy [(UH(t)um)~] (5-11)

is nonzero. This determinant is analytic for | | < 1 and at ¢ = 0 equals
D, _,[(#gtu~)1] = det(uytuy~)™ 7= 0. Consequently the determinant
(5.11) can only vanish for a discrete set of Z in the unit disc and so there is
a sequence £, — 1 such that each U*(¢,) belongs to the set (5.10). This
completes the proof of the lemma.

TueorReM 5.1.  The function E[¢), ¢ € Ay, has the following properties:

() If all the o; vanish for i << —o or for i > o then Elp] =
Dy_s[¢7"] Gle]™

(b) E[p™'] = Ele].

(©) If ¢, 91, €Ayt and §, ¢y, Yye Ay~ then Efpybp,] =
Elpy] E[p.] and Elfnp,] = Elfg] Elgth].

Proof of (a). Take the special case of (5.8) where u=(2) =1. We
obtain for u* € 4, and Q of the form (5.7),

E[(u*) Q] = (Daa[Q7w*)/G[Qu*]*) E[(»*)7']-

For i belonging to Ayt (or Ay~) each Dy[if] equals (det )N+ = G[]¥+1
and so E[y] = 1. Therefore the last identity may be written simply
E(u*)Q] = D, 4[Q~'u*)/G[Q " ut]".

Now take the given ¢ and suppose that ¢ € 4; and that it has left
standard factorization ¢ = gtp~. Assume all g, vanish for 7 << —a. Then



308 HAROLD WIDOM

¢~ = (p*)~lp also has vanishing Fourier coefficients for values of the
index less than —«. Hence we may apply the last identity with u+ =
(), O = ¢~ and E[p] = D, ,[¢7"}/G[p]" results.

If ¢ does not belong to A, then E[p] =0 by Theorem 4.2 and
D, ,[¢7'] = 0 by Lemma 2.1. The equality therefore holds trivially in
this case.

Proof of (b). This follows immediately from (a) if, say, ¢(2) is a
Laurent polynomial

k3
Z P2

i=—n

For then we obtain E[p] = D, ;[¢7!]/G[¢]* for all « > n and we
just let « — c0. The identity for general ¢ € 4, follows by the usual
density and continuity argument.

Proof of (c). Go back to the identity (5.8) and let o« — c0. We
obtain, using (b) twice, E[Q~'utu~] = E[Q~'u*] E[utu~]. This is the
special case of the second of the asserted identities with 71 = Q of the
form (5.7). The general case is obtained from this as usual.

Remark. Theorems 4.1 and 5.1(a) implies that if ¢; =0 for all
J < —aorallj > «andif o € 4, then D, ,[¢p] 5 0. Thus this condi-
tion is both necessary and sufficient for ¢ to belong to 4, .

Next we prove the validity of the identity

log E[g] = r1 Y’ j(log det ¢);(log det p)_, (5.12)

J=1

for a certain class of matrix functions. We shall say that a matrix function
belonging to A, is semi-scalar if one of its left or right factors is a scalar
valued function times the identity matrix. In this case of course the left
and right standard factorizations coincide.

THEOREM 5.2. If o belongs to A, and is semi-scalar then (5.12) holds.

Proof. Let ¢ have standard factorization ¢ = pt(p=I) where ¢~ is
a scalar valued function. We are to prove

log Elg] = Y. jlog det g*)(log ¢-); . (5.13)

J=1
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We may assume Gl¢*] = G[p~] =1 since neither side of (5.13) is
changed if g+ or ¢~ is multiplied by a constant.

Consider first the special case ¢=(2) = (1 — {z1), | {| < 1. Then the
hypothesis of Theorem 5.1(a) is satisfied with « = 1 and so

1 27
Elg] = Dufy™] = det 5[ " g(e) db.
But

1
Bl e B =] =Dt ds = et

by the Cauchy integral formula. (The matrix function ¢*(2)! extends
analytically throughout the unit disc.) Therefore

log Efg] — —log det g*(¢) = — 3 (log det p); £,

i=1

(The term corresponding to j = 0 vanishes since G[e*] = 1.) Since

log ) = — 3. 505

j=1

this establishes (5.13) in the special case.

It follows from Theorem 5.1(c) that for arbitrary scalar functions
@17(2)yee, P~ (2) belonging to Ay~ we have Efpte,” - @,7] =
E[p*e,7] -+ E[p*e,”]. Consequently (5.13) holds whenever ¢~ is of
the form

() =(01~Le ) (1= Ll <le, L] <L

Since functions of this form are dense in the scalar valued functions of
Ay~ (with geometric mean 1) and since both sides of (5.13) are continuous
functions of ¢~ € 4,~ the identity holds in general.
Lest the reader doubt the lack of generality of (5.12), consider the
2 X 2 matrix function
o) =0 2]

a z1

with @ # 0, -1. Then ¢ € 4, . Since det ¢ is constant formula (5.12),
if it held, would give E[p] = 1. But E[¢] is easily computed by Theorem
5.1(a) with « = 1 and in fact E[p] = a*(a® — 1)L
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Finally we state a formula which reduces the computation of E[g]
to the case of matrix functions with determinant identically 1:

Elg] == E[(det ¢)7/g] exp jr= } j(log det p);(log det ¢)_y;.
j=1

This is established by writing down factorizations (det ¢)™'/" = 6+3-,
¢ = ¢tp~, applying Theorem 5.1(c) a few times to obtain
E[(det )¢} = E[p] E[6+¢p~] E[6-¢*] E[6* §-I], and evaluating the
last three factors by (5.12). The details are left to the reader.

6. LiMiTiNG BEHAVIOR OF THE EIGENVALUES

Throughout this section ¢(z) will be a Laurent polynomial

8
g =Y ot (x=1,8=0). (6.1)

]

We denote by py the discrete measure in the plane which assigns to
each eigenvalue of Ty[p] its algebraic multiplicity multiplied by
(N + 1)™.. Thus the total measure of uy is 7. The limiting set of the
eigenvalues will be denoted by 4; a point A belongs to A if

A = lim ),

1 ®

where J; is an eigenvalue of Ty [¢] and N; — co.

We shall be concerned with the determination of the weak limit u
of py (if it exists) and of the set 4. As in [14] and [10] which dealt with
the scalar case these things can be determined once there is enough
information about the asymptotic behavior of Dy[p — AI]. The following
lemma shows how. We denote by 4 the Laplacian in the sense of distribu-
tions and refer the reader to [3] for the little bit of potential theory
which will be used from time to time in this section.

LemMmaA 6.1. Let C be a compact set of two dimensional Lebesgue
measure zero in the A-plane, I its complement. Suppose that the relation

lim Dyfp — M]g)¥* = e()
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holds uniformly on compact subsets of I, where g(A) and e(}) are analytic
in I, g(X) is nonzero, and e(}) has only isolated zeros. Then h(X) = log | g(})|
is locally integrable in the complex plane, p = (2n)™ Ah is a measure, and
pn converges weakly to . If h cannot be continued harmonically to any
point of C then the support of p is exactly C and A is the union of C and the
set of zeros of e(]A).

Proof. We have (N + 1) log | Dy(p — M| = [log | { — A| duy(d)
and all the p,, are supported in a fixed compact set. Choose a subsequence
N; — o such that py converges weakly to a measure u. For each
bounded set B in the plane [zlog|{ — A| dA (dA denotes two-dimen-
sional Lebesgue measure) is a continuous function of { so

[ dum@ [ rog1 £ =21 x— [ du(t) [ tog 12— 21an

Since log | { — A ] is bounded above on the domains of integration we
can interchange the orders of integration in the double integrals. We
deduce that if B is any bounded set on which the convergence of
flog| L — A| duy (L) to A(}) is uniform f5 A(A) dA = f5 @A flog | { — A |
du(g). It follows that A(Q) = [log|{ — Al du({) a.e. in I' and so
a.e. in the complex plane. Consequently % is locally integrable and
4k = 2mp.

Since p was any weak limit of the uy the first statement of the lemma
is established. The second follows from Hurwitz’s theorem on the
limits of zeros of sequences of analytic functions [16, §3.45] together
with the fact that the support of p is the smallest closed set on the
complement of which [ log | { — A | du({) is harmonic.

Theorem 5.1(a) provides enough information to determine p and
A in almost all cases. These will be worked out here in detail. Afterwards
we shall derive an exact formula for Dy[p] from which the necessary
asymptotic information can be derived even in those cases Theorem
5.1(a) could not handle.

For any ¢ of the form (6.1) the determinant Dy[p — Al] is unchanged
if ¢(z) is replaced by ¢(£2) for any positive number £. This replacement
results in multiplying the 7th block row of Ty by #' and the jth block
column by #-4 so that Dy, is unaffected. Thus the condition ¢(z) — Al € 4,
needed to apply the results of the preceding sections may be replaced by

o(tz) —Mecd, forsomet >0. (6.2)
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If we write 8(z, A) = det [p(2) — AI] then (6.2) holds unless &(z, A)
satisfies one of the following mutually exclusive conditions.

(1) 8(x, A) extends to be analytic and zero at 2 =0 or 2 = o0;

(ii) 8(z, A) has poles of order p > 0atz =0and g > 0at 2z = o0
and if ,(A),..., 2,.,(A) are the zeros of §(z, A) ordered so that | z;(A)| <
| 2i4(A)] then [ 2,(A)] = | 2, ().

If neither (i) nor (ii) holds then (2, A) has poles of order p> 0 at
=0 and ¢ >0 at £ = o0 and (with the zeros ordered as before)
[ 2p(A)] <] 2p41(A)l. In this case (6.2) holds for all ¢ in the interval
IA = (I 2p(A)[’ l zp+1()‘)[); if P = 0) I/\ = (09 | zl(A)])’ and if also q= 01
I, = (0, ).

Write

2w
Glp, \] = exp 3_21; fo log 8(te%, ) do]  tel,.

Then Theorem 5.1(a) gives
lim Dy[p — M/Glp, ] = E[p, A] (63)

where E[gp, A] = Gp, A]* D,_,[(p(¢2) — AI)"1]. The convergence is
locally uniform in A. (It was not part of the statement of Theorem 4.2
but its proof could easily have been expanded slightly to give uniformity
of convergence on compact subsets of 4, .)

Our first assumption on ¢ will be that (i) or (ii) only holds for A in a
set of measure zero. If 8(z, A) = X §,(A)2* then each §, is a polynomial;
8, has degree exactly r and the other §, have lower degrees. Since (i) is
equivalent to the simultaneous vanishing of §y(A), 8_;(}),... or of §4(A),
8,(A),... we see that (i) holds for at most 7 values of A. Thus the set
C; = {A : 8(2, A) has property (i)} is finite.

Similarly we define C, = {A : §(z, A) has property (ii)}. The structure
of C, is more complicated. Any point A, has a neighborhood whose
intersection with C, is either empty, the entire neighborhood, or a finite
set of analytic arcs emanating from A,. We assume that the second
alternative never arises.

ConpiTiON A.  The interior of set C, is empty.

Under this condition
C=CuUC, 6.4)

is a finite union of analytic arcs and points.
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Condition A may be violated. If

0 2l —2
o) =) | . z—1+z=]

then 8(z, A) = (22 — A+ 1) (22 — A — 1) so that | 2,(A)] = | 2,(A)| =
|]A 4122 whenever |A+4 1|Y2 <|A— 1|t In the scalar case
however Condition A does hold without exception. This is easily
deduced from Lemma 3.1 of [14].

Condition A enables us to use the asymptotic formula (6.3) for almost
all A. The function E[gp, A] is analytic in I', the complement of C. More-
over this function, when restricted to any connected component I'; of I',
is algebraic. Thus on any component it either vanishes identically or has
only finitely many zeros.

ConpITION B. The function' E[p, A] does not vanish identically on
any component of I.

Since E[p, A] is nonzero if A is sufficiently large, it cannot vanish
identically on the component of I' containing infinity. In particular
Condition B is safisfied if I' is connected. Of course it is always satisfied
in the scalar case. In the simple example

z 0
#(z) = [0 z—l]

C is the unit circle and E[p, A] = 0if | A | < 1 so Condition B is violated.

THEOREM 6.1. Suppose ¢ satisfies Conditions A and B, let the set C
be defined by (6.4), and define h(X) =log | Glp, All, AeI. Then h is
locally integrable in the complex plane, p = (2m)™* Ah is a measure with
support exactly C, and py converges weakly to w. The limiting set A is the
union of C and the set of zeros of the function Elgp, A].

Proof. 'This will follow from Lemma 6.1 once it has been shown that
h()) cannot be continued harmonically to any point of C. Hirschman
[10, §4] showed in the scalar case what in our notation can be described
as follows: If ¢ is any arc of C, and h,(A) and ky(A) are the values of A(})
on either side of the arc then each 4; continues harmonically to the other
side of the arc but neither continuation is equal to the other function.
The same argument applies in this case and will not be given here. The
conclusion from this is that % cannot be continued harmonically to any
point of C, .
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It remains to check that % cannot be continued harmonically to any
isolated point of C, which necessarily belongs to C, . Let A, be such a
point and suppose for example that 6(z, A,) has a zero at & =0 of
multiplicity p > 0. Suppose there are no other zeros inside or on the
circle | 2 | == #,. Then for all A in some deleted neighborhood of A, the
function 6(z, A) will have at 2 = 0 a pole of fixed order ¢ >0 and
exactly p 4 g zeros inside the circle | 2 | = t,. We denote these zeros
by 2z;A) and order them as usual so that | z;(A)] <[ 2(A)] < - <

2p14A)|. Each z,(2) tends to zero as A — A, .

Since A, is an isolated point of C we have for A 52 Ay, | 2,(A)] < | 2,,,(A)].
We apply the general Jensen formula [16, §3.62] to the function 8(z, A)
and each of the two circles | x| = ¢, | 2] = ¢, where | 2,(A)] <t <

%,41(A)), and substract. The result is

-l—fzﬂlo | 8(2,¢%, V)| dO——l—fzﬂlo [ 8(te®®, X)| do
277 o g o 277 o g ’

= —log | #12(A) *** 24,(A)| — log #,”.
Thus

1 (2 )
HO) = 108 | 50a(X) 5o = 5~ [ log | 8(tae®, )] b + log 7

which is bounded as A — A, . Since each z;(A) tends to zero as A — A it
follows that A(A) is unbounded near A, . This completes the proof of the
theorem.

A more concrete description of the measure g can be obtained
as follows. (A different method was used in [10] to obtain the same
description in the scalar case.)

Let ¢ be an arc of C, and take a little disc D that ¢ cuts into two parts
D, and D, . Denote the restrictions of A(A) to these parts by %,(A) and
hy(A). Then for A ¢ oD, we have

zﬂf ;611,({)1 [_hi(g)—ai—iloglﬁ—)‘l | dC |

kN, AeD;
~ lo, Aé¢D;.

Here | d{ | denotes arc length measure and d/dn; denotes the normal
derivative at the point { € 2D; in the direction interior to D; .
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If we take the sum of these two equalities and use the fact that A, = A,
on ¢ [10, §4] we find that '

HO) — 5o [ (@h@)ioms) + @h(Dfom)}log | L — A 1L |

continues harmonically throughout D. Hence on ¢, u = (2n)21 4k is
absolutely continuous with respect to arc length and

(@u(D1 dt]) = —21;{(5’11@)/3”1) + (8hy(8)/omy)}. (6.5

Since A(}) is bounded in a neighborhood of each point C, no point
where two or more arcs meet can have positive u measure. Therefore (6.5)
completely describes u on C, .

A more geometric interpretation of p on ¢ is the following. Let G, , G,
denote the limiting values of G[g, A] from the two sides of ¢. Then G,/G,
maps ¢ into the unit circle and p is the measure on ¢ induced by this
mapping from normalized Lebesgue measure on the circle.

The description of u on C, is easy. If A, € C;

W) = fim B)log |2 = Xy .

In case A, is an isolated point of C then this number must be an integer
since G[g, A] is single valued and analytic in a deleted neighborhood
of A .

A slight variant of this shows that the measure of any connected
component of C must be a positive integer. Since the total measure of p
is 7 there can be at most r components. This argument was used by
Ullman [17] to prove connectedness in the scalar case.

We shall next derive an exact expression for Dy[p] which can be used
to find a substitute for (6.3) when it holds for too small a A-set (Condition
A fails) or the right side is too often zero (Condition B fails). Two
algebraic lemmas are needed.

LemMmA 6.2. If P(z) is a matrix with polynomial entries whose deter-
minant has a simple zero at 2 = [ then the matrix

p = lim (z — ) P(a)™

has rank one.
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Proof. The theory of matrices over Euclidean rings [18, §108] tells
us that

2169) 0
P(z) = U(z) e V(2)
0 2:(2)
where U and V are invertible polynomial matrix functions and each
p; divides p;,, . Since det P(z) has a simple zero at z = { each p,({) with

£ << r must be nonzero and p,(2) must have a simple zero at 2 = {. The
desired conclusion follows.

LemMa 6.3. Suppose A, (s€ F) are n X n matrices of rank one
and a, are scalars. Then

det Y ad, =3 (H as) det ) A4,

€& S \se§ seS

where S runs over all subsets of & containing n elements.

Proof. Denote the ith row of 4, by Af. Then we have

a0 At
det Y a4, =) det

ad 4 &) Af ()

where f runs over all functions from {l,..., n} to &. Since each A, has
rank one the determinant on the right vanishes unless f is a one-one
function. Therefore

a;004%a)
det Y ad, =3 Y det
N

e ! as (n)A? (n)

where S runs over all subsets of % containing 7 elements and f runs over
all one-one functions with range S. The inner sum is just

(1) [A} ([} 3 4.

seS K A?(n) €S LAY
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The formula for Dy[g] involves various expressions which we now

introduce. As before §(2) = det ¢(2). If () has a pole of order p >0
at 2 = 0 and S is any set of p zeros of 8(z) we write

Gelo] = exp |5+ | 1og 3(s) dfa]

Do) = det (—1— f #o(z)? dz/z)“.

27”' =

Here o is a simple closed curve enclosing z = 0, the points of S, but
no other zeros of §(z).

LeMMA 6.4. If S = {2} then
Gl = (=17 ([] 57*) limy 75().

Proof. Both §(z) and zP [](z — 2,)~! have continuously defined
logarithms on o. Cauchy’s theorem applied to the interior of o gives

-% J; log [S(z) 2]z — za)—1] da/z
= log [(—1)? ([T #") timg °8(2)]

and applied to the exterior of o gives

2—11-,;,[ log [zp H (z— z,)—l] dz[z = 0.

The assertion of the lemma follows.
We can now state and prove the formula for Dy[g].

THEOREM 6.2. Assume 8(2) has a pole of order p >0 at 2 =0
and only simple zeros. Then for sufficiently large N

Daly] = Es: Gig]¥*=+! D[] (6.6)

wheie the summation extends over all sets S of p zeros of 8(2).

Proof. We first make the temporary assumption that ¢, and ¢_,,
the extreme coefficients of ¢(2), are both invertible. This implies that
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8(z) has poles of order ar at ¥ = 0 and Br at 2 = co. The polynomial
matrix function 2°p(z) is invertible near ¥ = 0 and so we may write
gp(2)™t = i, + ¢z + - for sufficiently small 2. One has the identity
Dy_1[¢] = (—1)¥> det @™ det(ynu—v)uvo.....aw1 - LThis was proved in
the scalar case » = 1 by Baxter and Schmidt [2, §2] and the derivation
is no different here.

It follows from our temporary assumption on ¢ that 37 ¢(2)™! is
analytic at 2 = 0 and vanishes at ¥ = co0. Therefore if {z} is the set of
zeros of §(z) we may write 27 ¢(2)™! = Y(¢ — 2,)~1 p, where p, are
certain 7 X r matrices. By Lemma 6.2 they all have rank one. Since
Pniuy = —2 %7 #P1p. an application of Lemma 6.3 with n = ar
gives

det(¥nru)uw=o....,a-1

8§ \2,.8 2,8 2v=0,...,
— (=073 (T =) Dals ™
§ \zES

where S runs over all sets of or zeros of 8(z). Thus
Dl = (1) 5 det gt T ) D™
A 2,E8
= ). Gslp]V+* D[p]
s

by Lemma 6.4 and the fact that
N+ De=(N+a)x (mod?2).

To remove the temporary assumption of invertibility of ¢_, and
g let @ (2) = ¢(2) + (3] — 2—=A4) where A is any invertible matrix
with distinct eigenvalues a; . As € — 00 (sic) §(2) = € IT; (2 — a;27) +
o(¢") uniformly for z in any compact set not containing ¥ = 0. It follows
from Hurwitz’s theorem that for e sufficiently large 8.(z) will have
(x + B)» simple zeros near the (« -+ B)th roots of the a;. Since §.(2)
is & times a polynomial of degree (« + B)r there are no other zeros.

A necessary and sufficient condition that a polynomial in & have only
simple zeros is that its discriminant, which is a polynomial in the coefhi-
cients, be nonzero. Since the coeflicients of 2 §,(2) are polynomials in e
and the discriminant does not vanish for large ¢ it can only vanish for
finitely many e. It follows that for ¢ in some deleted neighborhood of
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zero ¢, satisfies the conditions under which (6.6) has already been
established.

If we cut the deleted neighborhood along the negative real axis so that
what remains is {€:0 <|e| <¢,, |arge| <w} then the zeros of
34(2) are analytic functions of e. Some of these tend to zero as e — 0,
some tend to infinity, and the rest tend to the zeros of 8(z). Suppose
S, is a set of zeros of 8(z) either not containing all zeros which tend to
zero or else containing some zero which tends to infinity. Let {; = {(¢)
(¢ = 1,..., ;) be the zeros of 8,(z) tending to zero but not in S, and
¢; = €fe) (J = 1,..., jo) those zeros in S, which tend to infinity. Then if
o, encloses 2 = 0 and S, but no other zeros of §(2) we have

f log 8.(z) dz/z
— [ 1og [8m) # [T (e — L T1 (1 — 28] de
+ f log [[[ (z — z;i)] dz/z '—fa log (z"»r[(l ——z/f,-)—l) da/z.

The expression in brackets in the first integral on the right side is
analytic and nonzero at all the {; and §; so the integral may be taken over
a fixed closed contour o. Therefore as € — 0 the first integral tends to a
finite limit.

The second integral on the right equals 277 log TT(—{;) and the last
equals 27 log TT(—¢;). Hence G; [¢ ] is asymptotically a constant times
[1¢;/T1¢; and this tends to zero as € — 0 since 7, - j, > 0.

Consider now the formula

Dilp] =Y. GsJed" "' Dggl"]
Se

where S. runs through all subsets of or zeros of 8(z). If S, is as in the
preceding paragraphs, i.e., it does not contain all zeros tending to zero or
else contains some zero tending to infinity, then we have seen that G [¢.]
tends to zero. Although Ds [¢;"] might at the same time tend to infinity
they are both algebraic functions of ¢, so the former must tend to zero at
least as fast as some power of € and the latter can tend to infinity no faster
than some power of 1. Therefore for N sufficiently large

lisy G [pd™*** D] = 0

for these S, .
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What remains are those subsets .S, which contain all the ar — p zeros
of §,(2) tending to zero, none tending to infinity, and p others tending to
zeros of 8(2). It follows that Dy[g], which equals

lim Dy[pd,

is exactly as given by the statement of the theorem.

Remark 1. The passage from the special case where (6.6) was
established for all NV to the general case was very crude. The formula may
very well hold for all N in all cases. However the result as stated will be
enough for applications once the following is pointed out: All the
functions Gs [g.] arising in the perturbation argument used for passage
to the general case, which were seen to be o(1) as e — 0, are in fact O(e%)
where # > 0 depends only on «, 8 and r; similarly all the Dse[qfl] are
O(e*) where v > 0 depends only on o, § and . It follows that the
“sufficiently large” of the statement of the theorem depends only on «,
B and r and not on the specific ¢. In particular if we apply the formula
to ¢ — Al the same N works for all A.

Remark 2. 1t follows from Lemma 6.4 that if S; and S, are two
sets of p zeros of 8(z) then

Gs[9)Gsfol = T1 =/ T1 -

SZ_ Sl sl— S2

Consequently if there is a circle | 2| =# containing no zeros but
enclosing a set S, of p zeros then G [¢] is larger in absolute value than
any other G¢[¢] and so

lim Dy[g]/Gs[]¥**! = Ds,[¢7]-

This is just (6.3) once again, with A = (.
Let us consider now the two examples given earlier where Theorem
6.1 could not be applied. If
z 0
#(z) = [0 z‘l]
then Condition B is violated, but Theorem 6.2 gives easily Dy[p — Al =
A2N+D) Therefore, by Lemma 6.1 the limiting measure is a mass of 2
at A =0 and the limiting set is {0}. Of course these statements are
hardly interesting since all the eigenvalues of Ty[g] are trivially zero.
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More interesting is the example

z“l—-z]

0
=) = [1 +2z 2zt 3

where Condition A fails. We have here
8(2, ) = (21 — A + 1)(z2 — A — 1),

For A 5£ 0, —1 we have p =1 and 8(2, A) has the simple zeros 2z, =
A=D1z, =@A+ )2 2, = —(A 4 1)1/2% Write

Co = A | + 112 — 1)) = 1},

This consists of two mutually exterior simple closed curves, one sur-
rounding A = —1 and passing through A = 0, the other surrounding

A = 1. For A exterior to C, the zero 2, has smaller absolute value than
the others, G\l — M} =A% — 1, and so

lim Dplp — MJ/(2* — 1)+ = Dy[(p — M) ]

uniformly on compact subsets of the exterior of C;, . For A interior to C, ,
but excluding A = —1, the zeros 2, , 2, have smaller absolute value than

%, Goglp — M] = (A + 117, Geylp — M = —A+ 1) and we
find that

Dylp — M]JQA + DIV = Digyl(p — A7) + (—1)Y Dgyl(e — AI)7'] + o(1).

Now we apply Lemma 6.1 modified to allow the functions g(A) and
¢(A) to be multiple valued and to allow subsequences (in the present
case the sequences of even and odd N). This is no problem and we
deduce that the limiting distribution p exists and has support C =
Cou{—1}L1If
Ay — logiA®—1] exterior to C,

tlog| A 41| interior to C,
then p on C, is given by (6.5); and u({—1}) = 4. The limiting set A is C
together with whatever zeros Dy,;[(p — AI)~'] may have exterior to C,
and - whatever zeros Dy,[(p — AI)7'] & Dgyl(e — A1} may have
interior to C, .

Note that C' has three components. This appears to contradict an
earlier statement that in the r X r case the support of the limiting

607/13/3-5
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di

stribution had at most r components. That statement. however assumed

the applicability of Lemma 6.1 with single valued g(}) as was the case
when Conditions 4 and B held.

Finally it should be remarked that the methods of this section can be

used to investigate the distribution of zeros of quite general determinants
of the form Dy[gp(A)] where @(}) is a Laurent polynomial depending
analytically on the parameter A.
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