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Abstract

In this paper, we generalize the concept of Riordan array. A generalized Riordan array with respect to ¢, is an infinite, lower
triangular array determined by the pair (g(¢), f(¢)) and has the generic element dy, ; = [t" /c, 18 () (f (t))k /ck, where ¢, is a fixed
sequence of non-zero constants with cg = 1.

We demonstrate that the generalized Riordan arrays have similar properties to those of the classical Riordan arrays. Based on
the definition, the iteration matrices related to the Bell polynomials are special cases of the generalized Riordan arrays and the
set of iteration matrices is a subgroup of the Riordan group. We also study the relationships between the generalized Riordan
arrays and the Sheffer sequences and show that the Riordan group and the group of Sheffer sequences are isomorphic. From the
Sheffer sequences, many special Riordan arrays are obtained. Additionally, we investigate the recurrence relations satisfied by
the elements of the Riordan arrays. Based on one of the recurrences, some matrix factorizations satisfied by the Riordan arrays
are presented. Finally, we give two applications of the Riordan arrays, including the inverse relations problem and the connection
constants problem.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

The central concepts in this article are Riordan arrays and Sheffer sequences. Let us first make a brief introduction.

In 1978, Rogers [26] introduced the renewal array, which is a generalization of the Pascal, Catalan and Motzkin
triangles. Kettle [16] used the theory of renewal arrays to study other types of combinatorial triangles, especially those
found in walk problems. In 1991, Shapiro et al. [32] further generalized the same concept under the name of Riordan
array, gave a clear formulation of the theory of Riordan arrays and presented many applications. Sprugnoli [35,36]
also investigated the Riordan arrays and showed that they constitute a practical device for solving combinatorial sums
by means of the generating functions and the Lagrange inversion formula. In the following days, many works on the
Riordan arrays have been done, for example [9,13,14,17-22,24,31,44,46]. From the works referred to above, we can
see that the theory of Riordan arrays is indeed a powerful tool to study combinatorial sums and special sequences.
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The Sheffer sequence is a very general concept and includes many polynomial sequences as its special cases. There
are also several similar concepts in the literature, such as sequences of Sheffer A-type zero [33,34] and generalized
Appell sequences [3,5-7], and in the present paper, we will follow the definitions of Rota and Roman. In [28-30], Rota
and Roman et al. developed the theory of modern umbral calculus and studied the Sheffer sequences systematically
by the umbral method. In these papers, a polynomial sequence s, (x) is Sheffer if and only if the generating function
of s, (x) has the following form

00

xB@t) _ Sk(X)
A(t)e _I;)—k! ik,

By the definition, many well-known polynomial sequences are Sheffer, for example, the Hermite polynomials, the
generalized Bernoulli and Euler polynomials and the Laguerre polynomials. In [27], Roman further developed the
theory of umbral calculus and generalized the concept of Sheffer sequence. In this paper, s,(x) is a generalized
Sheffer sequence if and only if the generating function has the form

&)

A)ex(B@) =Y

k=0

s (x) /k

: (1.1)

where &,(t) = Y 2o, xKt% /ey is a generalization of the exponential series. According to the definition (1.1), more
special polynomial sequences are included, such as the Gegenbauer polynomials, the Chebyshev polynomials and the
Jacobi polynomials. The reader is referred to [27-30] for more Sheffer sequences and their properties.

The connection between the Riordan arrays and the Sheffer sequences has already been pointed out by Shapiro
et al. [32] and Sprugnoli [13,35,36]. In fact, the classical Riordan arrays studied by Shapiro and Sprugnoli et al. are
related to the 1-umbral calculus and thus related to the Sheffer sequence defined by (1.1) where ¢, = 1. In the present
paper, we will introduce the concept of generalized Riordan array, and give explicitly the relationships between the
generalized Riordan arrays and the generalized Sheffer sequences defined by (1.1). Moreover, we will consider some
properties and applications of the generalized Riordan arrays.

This article is organized as follows. In Section 2, we will introduce the concepts of generalized Riordan array
and Riordan group. Based on the definitions, some properties will be demonstrated, and it will also be shown that
the iteration matrices related to the Bell polynomials are special cases of the generalized Riordan arrays and the
set of iteration matrices is a subgroup of the Riordan group. Section 3 is devoted to the relationships between the
Riordan arrays and the generalized Sheffer sequences, and we can see that the Riordan group and the group of Sheffer
sequences are in fact isomorphic. Based on the studies of these two sections, in Section 4, we give some special
Riordan arrays from the Sheffer sequences. In Section 5, we concentrate on the recurrence relations satisfied by the
elements of the Riordan arrays, and from one of these recurrences we construct some matrix factorizations for the
Riordan arrays. Finally, in Section 6, we present two applications, including the inverse relations problem and the
connection constants problem. Some results of the present paper can be obtained by other methods but they are given
in order to show the power of the theory of Riordan arrays.

2. Riordan arrays and Riordan group

Since formal series play a predominant role in the present paper, we would like to introduce some basic definitions
first. For more details of formal power series, the reader is referred to the paper of Niven [23] and the book of
Comtet [12, Section 1.12].

Let C be a field of characteristic zero. Let .% be the set of all formal power series in the indeterminate ¢ over C.
Thus an element of .% has the form

fO =) a,
k=0

where ay € Cforall k € N, and N := {0, 1, 2,...}. The order o(f(t)) of a power series f(¢) is the smallest
integer k for which the coefficient of ¥ does not vanish. The series f(r) has a multiplicative inverse, denoted by
f(t)_1 or 1/f(t), if and only if o(f(z)) = 0. We call such a series invertible. The series f () has a compositional
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inverse, denoted by f() and satisfying f( f@®) = f(f(@) =1, ifand only if o(f(t)) = 1. We call any series with
o(f(t)) = 1 adelta series.

If (fu)neN is a sequence of real numbers, the formal power series f (1) = > po fit* /ey is called the generating
function of the sequence, where (c,),eN 1S a fixed sequence of non-zero constants with cg = 1, given once and for
all. Particularly, f(¢) is the ordinary generating function if ¢, = 1, and f (¢) is the exponential generating function if
cp, =nl.

As usual, the notation [¢"] stands for the “coefficient of”” operator, and if f(¢) = Z,fio fktk ,then [t"]f(t) = fu.
Similarly, if f(z) = Z/?O:o fit®/er, then [t /e 1 f (1) = fr. Ttis easy to see that [¢" /¢, 1 f () = c,[t"]f (¢).

Definition 2.1. A generalized Riordan array with respect to the sequence c, is a pair (g(t), f(t)) of formal power
series, where g(f) = Y o git¥/cx and f(1) = Yoe, fet*/Jer with fi # 0, i.e., f(¢) is a delta series. The Riordan
array (g(¢), f(t)) defines an infinite, lower triangular array (dy i )o<k<n<oco according to the rule:

n k
i = [t—} (L @.1)
c Ck

n
where the functions g(1)(f(¢))*/cx are called the column generating functions of the Riordan array.

By the definition, the classical Riordan arrays introduced and studied by Shapiro et al. [32] and Sprugnoli [35]
correspond to the case of ¢, = 1, and the exponential Riordan arrays presented in [9,46] correspond to the case of
c, = nl.

One of the most important applications of the theory of Riordan arrays is to deal with the summation of the form
ZZ:O dn khi. To see this, the reader is referred to [35,36]. In the context of the generalized Riordan arrays, for the
summation given above, we have the following theorem.

Theorem 2.2. Let D = (g(t), f(t)) = (du k)n.keN be a Riordan array with respect to ¢, and let h(t) =y o hit* Jcx
be the generating function of the sequence h,. Then we have

Zdn khi = [ }g(t)h(f(t)) 22)

or equivalently,
(8(®), f(©) * h(t) = g(O)h(f(1)).

Proof. Based on the definition, we have

n n 0 k n
Zdnkhk Z[[] (t)(f OF, [Z_n}g(t)zhk%Z[Z_n}g(t)h(f(t))'

Cn k=0
This completes the proof. [

Analogous to the classical case [35, Theorem 1.2], we can prove the next result, which is the inverse of Theorem 2.2.

Theorem 2.3. Let D = (dy k)o<k<n<co be an infinite triangle such that for every sequence (hi)reN we have
Y icodnikhk = [1"/calg(OR(f (1)), where h(t) = Y i hit* Jcx is the generating function of the sequence hy
and g(t), f(t) are two formal power series not depending on h(t). Then the triangle defined by the Riordan array
(g(®), f(@)) coincides with (dy 1)y keN-
Proof. It is the same as that of [35, Theorem 1.2]. For any k € N, take the sequence which is 0 everywhere except in
the kth element i = 1. Then h(t) = Y 500 hit' fc; = t* /ey and 3 1_q dp ihi = dy i = [t"/cnlg(t)(f () /ck, which
proves the assertion of the theorem. [

With Theorem 2.2, we can further compute the product of two Riordan arrays (g(¢), f(¢)) * (h(¢),I(¢)). In fact,

the column generating function of (h(¢), [(¢)) is h(¢t)( (1)) /cy. Thus, by matrix multiplication, the column generating
function of the product (g(¢), f(¢)) % (h(t),1(?)) is

/ k
()LL) (f 0N
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which means the product is also a Riordan array, i.e.,
&@), f(0) x (h(0), 1(1)) = (§@OA(f (1)), I(f())). (2.3)
Analogous to the classical case, for a fixed sequence c,, the set of all Riordan arrays (g(¢), f(¢)) with g(¢) an

invertible series is a group.

Theorem 2.4. For any fixed sequence c,, the set of all Riordan arrays (g(t), f(t)) with g(t) an invertible series is a
group under matrix multiplication. Moreover, the identity of this group is (1, t) and the inverse of the array (g(1), f (1))
is (1/g(f @), f(t)), where f(t) is the compositional inverse of f(t).

Proof. Denote the set by R. Then R is closed under matrix multiplication according to (2.3) and the multiplication
is associative. The array (1,7) is an element of R and for each array (g(7), f(#)) € R, there exists an array
(1/g(f(@)), f(@)) € R, for which we have

(&), f(@)* (1, 1) = (g@), f(1)) = (1,1) * (g(1), f(1)),

1 - _
(&), f(1)) * (m f(t)) == < ,f(t)> * (g(1), f(2)).

Then R is a group and the proof is complete. [

1
g(f @)

The group introduced in Theorem 2.4 is called the Riordan group with respect to c,. It should be noticed that, for
any fixed sequence c,, the identity (1, #) of the Riordan group R is the usual infinite identity matrix /. Actually, by
Eq. (2.1), the generic element of (1, #) is

"]t
d i = [—] == P =8,
Cp | Ck Ck

where §,, x is the Kronecker delta defined by 6, , = 1 and §,, x = O forn # k.

A large number of infinite lower triangular arrays are Riordan arrays. Particularly, the iteration matrices are in this
case. With every formal power series f(1) = Y oo, fit* /e, we associate the infinite lower iteration matrix with
respect to ¢, [12, p. 145]:

1 0 0 0
0 Biy 0 0
0

B(f(t) = |0 B2 B2 -
B3,] B3’2 B3’3 ..

where By, x = By 1 (f1, f2, .. .) is the Bell polynomial with respect to c¢,, defined as follows:
1 e "
— () =D Bux—. (2.4)
Ci —~ Cn

Therefore, B, x = [£" /en1(f (1)) /e which implies that the iteration matrix B(f(r)) is the Riordan array (1, f(1)).
Now, the following important property of the iteration matrix [12, p. 145, Theorem A]

B(f(g(1) = B(g(®)) * B(f(1))

is trivial in the context of the theory of Riordan arrays, i.e.,

(1, fg®)) = (1, g®) = (1, f(1));

and the well-known Faa di Bruno formula [12, p. 137, Theorem A] is a specialization of the summation rule (2.2):

> Buk(g1.82. s k) fi = [%] f(g()).
k=1 :
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Additionally, for any delta series f (), (1, f(1)) = B(f(t)) is also an iteration matrix. Thus, the set of iteration
matrices with respect to ¢, denoted by B, is a nonempty subset of the Riordan group R with respect to c¢,,, closed under
multiplication and taking inverses in R. These indicate that B is a subgroup of R and we call it the associated subgroup.

It can be shown that the set of Riordan arrays which have the form (g(z), ), where g(¢) is an invertible series, is
also a subgroup of R. We call it the Appell subgroup and denote it by A. Since

(&), f(1) = (g(0), 1) % (1, f(1)) = (1, f(1)) * (g(f (1)), 1),
then we have AB = BA = R. The reader can see the paper [31] by Shapiro for more subgroups.

3. Riordan arrays and Sheffer sequences

The Riordan arrays determined by an invertible series and a delta series play a very important role in the present
paper, and in this section, we will consider the relationships between such Riordan arrays and the Sheffer sequences.

Definition 3.1 (/27, Theorem 5.3]). Let f(t) be a delta series and let g(¢) be an invertible series; we say that the
sequence s, (x) is Sheffer for the pair (g(t), f(¢)) if and only if

o0

k
t
sk(x)— = ex(f(1)), (3.1
,;) cx (f( N
where &, (1) = Z/Sio xktk/ck is the generalized exponential series (gx (f) = €*' for ¢, = n!and &, () = 1/(1 —xt) for
cp = 1). Particularly, the Sheffer sequence for (1, f(¢)) is called the associated sequence for f(t), and the generating
function (3.1) reduces to

Zskm—k =& (f();

k=0
the Sheffer sequence for (g(¢), t) is called the Appell sequence for g(t), and the generating function (3.1) reduces to

o) k

L
Zskma = o5

k=0
By Definitions 2.1 and 3.1, the following theorem can be established.

Theorem 3.2. For any fixed sequeme Cn, if dn i is the generic element of the Riordan array (g(t), f (1)), then the

polynomial sequence Y ;_q dy, wxX is Sheffer for (1/g(f (1)), f(t)). Conversely, if the sequence s,(x) = Zk 0 5n, exk
is Sheffer for (g(t), f(t)), then the coefficient sy i is the generic element of the Riordan array (1/g(f @), f@)).

Proof. From the definition, we have ank dpit"Jcn = g(O)(f (1)) /ey Thus

00 ood . k_oo nd . o
Z;n,kax—z Z:n,kx a

k=0 n=0

o k _k
Z YO ko 3 (k= gDex(f ().
Ck k=0 K

Therefore, the first statement of the theorem can be proved by means of (3.1). To prove the second statement we
observe that

) ﬁ _ 00 n ) ﬁ _ oo [ 00 ﬁ X
,;sn(x)cn n;) (gsn,kx ) . ];) <n=ksn,kcn> (f( 5P Z(f( N

By equating the coefficients of x* in the last equation, we have

o0

" 1 (fo)t
> B

Spk— = -
= T g(f0)

and then s,  is the generic element of the Riordan array (1/g( f (1)), f_ ). O
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With some specializations, we can obtain from Theorem 3.2 the relationship between the iteration matrices and the
associated sequences, which has already been indicated by Roman [28, Section 4.1.8] for the case ¢, = n!.

1 t

As an example of Theorem 3.2, consider the classical Riordan array (E’ =

) . The generic element is
k
["] ﬁ (ﬁ) = (Z ) then (ﬁ, ﬁ) is the well-known Pascal matrix. The corresponding row generating functions

T+ T+ - T+ T+
whose generic element is (=1n* (Z) Now, the row generating functions are (x — 1)", which form the Sheffer

are (x + 1)", which form the Sheffer sequence for ( 1 ¢ ) The inverse of the array (1—2 ! ) is ( 1 )

sequence for (ﬁ, ﬁ)

As another example, let us consider the exponential Riordan array (1,log(l + #)). The generic element is
[#"/n!(og(1 4 t))k /k! = s(n, k), the Stirling number of the first kind [12, p. 212]; and the row generating functions
are ZZ:O s(n, k)x* = (x),,, which are lower factorial polynomials defined by (x), = x(x—1)(x—2) - - - (x—n+1) and
form the sequence associated to €’ — 1 [28, Section 4.1.2]. The inverse of the array (1, log(1+1)) is (1, ¢’ — 1), whose
generic element is [ /n!](e’ — 1)¥/k! = S(n, k), the Stirling number of the second kind [12, p. 206]. Yo S(n, k)x*
are called the exponential polynomials and denoted by ¢, (x). The sequence ¢, (x) is associated to log(1 + #) [28,
Section 4.1.3]. More Riordan arrays can be found in the next section.

It is instructive to further study the relationship between the Riordan arrays and the Sheffer sequences, from the
group point of view.

If p,(x) and g, (x) = D }_o qn, xxk are two sequences of polynomials, then the umbral composition of g, (x) with
pn(x) is the sequence

n
Gn(x) 0 pu(x) = gu(P(x)) = Y quipr(x).
k=0
Roman [28, Theorem 3.5.5] (see also [30, p. 708, Theorem 7]) shows that in the case of ¢, = n!, the set of Sheffer
sequences is a group under umbral composition. Particularly, if s, (x) is Sheffer for (g(¢), f(¢)) and r, (x) is Sheffer
for (h(t),1(t)), then r,(s(x)) is Sheffer for (g(t)h(f(¢)),I(f(¢))). In the general case, the composition rule still
holds [27, Theorem 8.4] and following the methods developed in [28, Section 3.5] by Roman, we can prove that
the set of Sheffer sequences is also a group with the set of associated sequences and the set of Appell sequences its
subgroups. Moreover, in view of (2.3), it can be readily found that the umbral composition and the Riordan array
product formally follow the same rule. This fact implies the next result.

Theorem 3.3. For any fixed sequence cy, the Riordan group R and the group of Sheffer sequences S are isomorphic.

Proof. Define o : R — S by o(g(t), f(t)) = s,(x), where s, (x) is Sheffer for (1/g(f (1)), f(t)). Because f(z) is
uniquely determined by f(¢) and s, (x) is uniquely determined by the pair (1/g(f(¢)), f(¢)) [27, Theorem 5.1], the
map o is well defined. Now, let us prove that o is an isomorphism.

In fact, if s,(x) is Sheffer for (h(r),[(r)), then there exists a Riordan array (1/h(l(¢)),[(r)) such that
o(l/ h((1)), 1)) = s,(x). This indicates that o is surjective. Next, suppose

o (g1(1), /1)) = 0 (g2(1), f2(1)) = s,(x),
where s, (x) is Sheffer for (h(¢),[(¢)). Then f] =11 = fz(t) and f1(t) = I(t) = J2(1). Additionally, we have
21(f1()) = 1/ h(t) = g2(f>(t)) which leads us to the fact that

si(fifim)) =gi(t) = = 2 (f(L(1) = g@).

o
h(l(1))

Therefore, (g1(¢), f1(t)) = (g2(¢), f>(¢)) and o is injective.
We have shown that o is a bijection, and it remains to check that o preserves the group operation. To do this,

suppose o (g(1), f (1)) = gu(x) where g, (x) is Sheffer for (1/g(f(t)), f (1)), and o (h(1), (1)) = pa(x) where p, (x)
is Sheffer for (1/h(I(1)), I(t)). By the umbral composition, we have

o(g(), f(1)) oa(h(r), [(1)) = gn(x) © pn(x) = gn(P(x)),



6472 W. Wang, T. Wang / Discrete Mathematics 308 (2008) 6466—-6500

where the sequence g, (p(x)) is Sheffer for

— fd@) ).
(h(l(t))g(f(l(t))) s )))
On the other hand, by Eq. (2.3) we have

o ((g(®), (1) * (h(1), (1)) = o (g (f (1)), [(f () = sp(x),
where the sequence s, (x) is Sheffer for

1 _
?7 l t .

(g(f(l(t)))h(l(t)) s )))
Thus, g, (p(x)) = s, (x) which shows that

o ((g(1), (1) * (h(1), (1)) = 0 (g(1), f(1)) oo (h(r), [(1)).
Therefore, o is indeed an isomorphismand R = §. [

Theorem 3.4. The associated subgroup of R (i.e., the group of iteration matrices) and the group of associated
sequences are isomorphic. The Appell subgroup of R and the group of Appell sequences are isomorphic.

4. Special Riordan arrays from Sheffer sequences

According to Theorem 3.2, the Riordan arrays can be obtained from the Sheffer sequences, and in this section, we
will present some Riordan arrays in this way. The Sheffer sequences used here can be found in the works of Roman
[27,28].

4.1. The case of ¢, = n!

4.1.1. The Hermite polynomials [28, Section 4.2.1]

The Hermite polynomials H,E”)(x) form the Sheffer sequence for the pair (exp(vt?/2),t). By Theorem 3.2,
Hrka) = [xk]Hrfv)(x) is the generic element of the Riordan array (exp(—vt2 /2),1):

. . U n —k odd,
O _ |- k- ) L0y
Hn,k - |:n!]e : k! - k![t lem 2 = ’l—( 2) i , n—keven. @D
Kb

Therefore, the explicit expression of the Hermite polynomials is

n v ak n v k [ ] X
H(v) = n_'i k _ n! (_5)2 n—k _ _2 (n)2k n—2k.
M= 2k (T 2 w-n G’ k:o( 5) o

n—k even k even

(SR}

The inverse of the Riordan array (exp(—vt2 /2),1) is (exp(vt2 /2), t), whose generic element can be obtained easily
from (4.1) by replacing v with —v.

4.1.2. The generalized Bernoulli polynomials [28, Section 4.2.2]
el—1
t

o
The generalized Bernoulli polynomials B,(,a)(x) are Sheffer for (( ) ,t), then the corresponding Riordan

o
array is ((ﬁ) , t), whose generic element is

K@) — | 1 L P S N )
L8, (X)_[n!:|<e’—l> oot N _(k)B"_k’
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where B(“) B(a) (0) are the generalized Bernoulli numbers. From the equation above, the generic element of

() ) = () )= (o))

is (7) B,(Z i), while if we compute it by [12, p. 141, Theorem B], we have

" (e —1\*tk  n! e AN A e 11
L T L =( ) Buii (== ), 42
[m]( ‘ ) no ol +;i+1i! k ;(O‘)l nki773 (4-2)

where B, ; are the partial exponential Bell polynomials [12, p. 133]. Thus, the following expressions for the
generalized Bernoulli polynomials can be derived:

—k
Bl’(la)('x) = Xn: <Z) Br(loi)kxk = knzo (:) 2(—0{),'3,,_1(’1' <%, %, .. > xk.
= i=

k=0

Moreover, by setting @ = 1, we can obtain from (4.2) the Riordan array

<e’—1 t)_((n) 1 )
r K n—k+1), en

4.1.3. The generalized Euler polynomials [28, Section 4.2.3]
The generalized Euler polynomials E,(La) (x) are Sheffer for ((et

() )= (a0,

and the inverse array is

(55 )= () avo),,, = (D Ewsu-ro)
In fact,

n,keN
" (e + 1\ . o 14\”
AIST RO
AN 11 iy =k y .
(k) ;(O{)ilg"_k*i (5’ E) = <k> ;(Oﬂ)iz S(n —k, i),

where we have made use of the expression of the Bell polynomials [12, p. 134, Eq. (3d)] and the fact that
Bpr(1,1,1,...) = S(n, k) [12, p. 135, Eq. (3g)] in the last step. By means of (4.3), we obtain the formulae for
the generalized Euler polynomials:

E@(x) = i <k> E@ (0)x* = Xn: (Z) nik(—a)iZ_iS(n — k, i)xk,
i=0

k=0 k=0

1

o
) , t), then the corresponding Riordan array is

ol =

When o = 1, the generic element of the Riordan array (et“ ) is 5 ( ) for n # k and 1 for n = k, which can be
deduced directly from (4.3).

4.1.4. The Laguerre polynomials [28, Section 4.3.1]

The Laguerre polynomials Lf,a) (x) form the Sheffer sequence for ((1 — P /(t — 1)) and the corresponding
Riordan array is ((1 — s t/(t — 1)). It is interesting to notice that the inverse of the Riordan array ((1 — s
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Table 1

Some exponential Riordan arrays and the corresponding Sheffer sequences

Riordan array Generic element dj, Sheffer sequence Sheffer pair

(1, log(1 4+ 1)) s(n, k) Lower factorial (x), (I,e! = 1)

(1,e' = 1) S(n, k) Exponential ¢, (x) (1, log(1 4+ 1))

k—
1, e ) (ak)y"* n (1) (ak)rkxk LYy ( ak) L i

( ) %) (ak) k=0l ) (ak) 3l

0,n — k odd
_u? n—k . (v) v?
2, n! (—%) 2 Hermite H, ' (x) e 2 .t

i ,n —k even
Koo

! ) , t) (1) B, Bernoulli B (x)

N TN
@,
|

2 )a , t) (M E@, 0 Euler £ (x)

( (
( (
((1 — el ﬁ) (—Dk n! ("*D‘) Laguerre L'® (x) ((1 -nL ﬁ)
( (
(

oty log(1 +1) bﬁns(?n)_k 1::_1) o1 Bernoulli 11 b, (x) el —1)

i =1k >
(e~ log (14 L)) > (1) v iais b Poisson-Charlier D e’ 1))
(e =D, ate' 1) &3 (1) u-j @S k) (e~ log (1+ 1))
(eﬁ 1—ef) (—1)’<z(’%),3"*15(j,k) Actuarial a$? (x) ((l_ll)ﬂ,log(l—t))
(757 toe1 =) D2 (5) Bnmjsii o (e 1 —e!)

t/(t — 1)) is just itself, that is, ((1 — 1)~ t/(t — 1))? = I. Furthermore, the generic element is

[x ]L(a)( ) = |:t"i| 1 <__1>a+1 <;)k
= K \r—1 r—1

kM kg (kD) n! ”+0‘>
= DR - —cng (0.

This implies that

@ n 1 (nta k
L (x)_k;)k!(n_ )( X"

For convenience, we list some exponential Riordan arrays and their corresponding Sheffer sequences in Table 1.
4.2. Other cases

4.2.1. The polynomials of the Gegenbauer case [27, p. 97]
In this case, the sequence ¢, is taken as 1/ ( ) Let s, (x) be the Sheffer sequence for the pair (g(¢), f(¢)) where

2 *o —t
w-(v=) - O

Then f () = —-2t/(1+ %) and g( f ) =010+ %)%, The sequence s, (x) is related to the Gegenbauer polynomials
and [x¥]s, (x) is the generic element of the Riordan array R = ((1 + t2)™%0, —2¢/(1 + t?)).

by () = | ] QDT ( ~21 )"
[x"]sn(x) = |:an| ” s
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¢ 00 )‘40 k O, n—k Odd,
n krn—k - - 2j

= — —2 t t J = C _)"0 —k

Ck( ) [ ];:0 < i ) =)k ( ) , n—keven,

from which the explicit expression of s, (x) can be obtained:

w (), ] (5 ) (Tro
sp(x) = n_%%en E:}; ( ):;)Tk k)(—Z)kxk :];( 2k)<(k> k )

(_zx)n—2k.

n

Ao
The inverse of R is 2 , —L , with the following generic element:
<<1+ 1—t2> 1+«/1—t2) £8

71 2 *0 —t ke ———\ —ho—k
| :_nz)u() _1/{ n—k 1+ 1_ 2
[ } <1+«/1—t2> (1+v1—t2) Ck D ]< t>

ho (ki § > P E OG0+ k+2) = Dj1 o)
2 0( 1) [t ]Z 2)\.0+k+2jj! t

j=0

0, n —k odd,

=1c, D Go+ 000 +n—Duk_,
= 2 n—keven,
Ck 2n (n k)

where we have used the formula [27, p. 94, Eq. (9.1)]

(VT =Y 2ot 2k Dot

a+2k |
P 2 k!

4.2.2. The polynomials of the Chebyshev case [27, p. 99]

In this case we take ¢, = (—1)". The Sheffer sequence 7}, (x) for the pair

&, f() =

<ﬁ’1+h)

is related to the Chebyshev polynomials of the first kind. Since g( f() =

-2 -2
is (1 il +t2>’ whose generic element is

T = [ 11— =20 \F
X X)=|—|———— | ——=
" cnlex 1412\ 1412
2
Cn krn—k 1 t
= —(=2)"[t — .
Ck( ) [ ]((1+t2)k+1 (1+t2)k+1>
Because
12k - t22k 1:i<_k-_1>t2i_i<_k-_l>t2i+2

& (k-1 k= 1\\ 2 s kH20 (ki— 1
()= =2 ()

i=1 i—1

6475

(4.4)

12 , then the corresponding Riordan array
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we have
0, n —k odd,
(=2)", n—k=0,
(X1, (x) = . .
Cn (D7 fk+55 =1
—(=2) — = Nk , n—kevenand n #k,
Ck 7 -7 -1

which can be used to get the explicit expression for T}, (x):

n=2 D5 (k+ 15k -1
T(x) = (—1)”"(—@"%( T

n—k
k=0 5 = -1

2

)xk + (_z)nxn

n—k
(5] 1wk o (5] 1wk _
( 1) n <I’l k 1> (_Zx)n—Zk + (_2)nxn — Z ( 1) n <I’l k) (_2x)n—2k‘

Tk k-1 Sk \ k

The Sheffer sequence U, (x) for the pair

2-2J1-1¢2 —t

is related to the Chebyshev polynomials of the second kind. Since g(f()) = 1 + £, then the corresponding Riordan

array is ( H% 11%) which has the following generic element:

k
pw = | = L (2
" cn |l 1+12\1+41¢2

c 00 k 1 O, n—=k Odd,
n kp,n—k - 2i
Ck( ) [ ;:0 ( ; ) _CZ (=2 < ok ) , n—keven.

Therefore, we have

n Lk (3] _
Un(.x) — Z (_l)n—k(_z)k ( Incik l)xk _ 2 ( n +2k 1) (_2x)n—2k'

k=0
n—k even

4.2.3. The polynomials of the Jacobi case [27, p. 103]

Letc, = m—:g;;, where (x), is the rising factorial defined by (x), = x(x + 1)(x +2) --- (x +n — 1). Suppose

J, (x) is the Sheffer sequence for the pair (g(z), f(¢)), where

(t)_< 2 )”‘“f’ fy = LHE VI
SO\ Vv ’ - t '
From [27, p. 104], we know that J,(x) is related to the Jacobi polynomials. Since f@) = 2t/(1 — 1)? and

g(f(®) = (1 —)!+*+P then [x¥]J,(x) is the generic element of the Riordan array ((1 — r)~1+e+8) 27 /(1 — 1)?).
By the definition, we have

X1 (x) = [Cn] cr (1 — p)l+atp <(1 —t)2) - Ck2 n—k

_ ot 2212k (] b o+ k)i <a +B+n +k)
(14+o+ B+ 2k) -2k n—=k

_ <O‘+ﬂ+n+k> (o +n)p—k 22n—k
n—=k (@ + B+ 2n)—ok
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Thus, the following expression holds:

i: <a+,3+n+k) (@ +n)p—k 22—k k

Ju(x) = n—=k (a + ,3 + 2n)2n—2k

k=0

4.2.4. The polynomials of the q-case [27, p. 107]
In this case, let
A= —gH--(1—g") (g qn

n = |

(1—qr T T
which is the g-analog of n! [1, Section 10.2]. Define the sequence [x], , by

[X]a,O = 1, [_x]a’n = (_x — a)(_x — qu) . (x _ qnila),

and let [x]; := [x];;. From [27, p. 108] we know that [x], , is Sheffer for the pair (¢,(¢), f). Then the generic element
of the Riordan array (1/g,(?), t) is [xk][x]a,,,. Since

= (-t : k kl
8a<f> Z(l—q)(l—q?) a qk)"<2)(‘“’) Zq< ) can

we have
k 22 = 2k (3) i _[”} (") ok
[x ][xla,n—[ Lamck_c ]Zq Can' =) @I
[x]a,n S Z |:Z:| (_a)nikq(n;k)xk, 4.5)
k=0 q
where
|:n:| _ o I-¢q)---d—-4g" _ (9: @n
kl, ek Q=@ 1=g"HA—q)---(1=q"F) (g 9k(q; @nk

is the g-binomial coefficient. In addition to these, by the definition, we can easily find that the Riordan array

1 _1_ _ n n—k
) == ([)

The g-Bernoulli polynomials 98, (x) [27, p. 111] are Sheffer for the pair ((e1(t) — 1)/t, t). Therefore, [xK198,, (x)
is the generic element of the Riordan array (¢/(g1(¢t) — 1), t). According to Definition 3.1, B, (x) has the following
generating function

%k( ) ex(1).
()—

Lettmg x =1 gives

r Bk & q( )( NF B (D)
e1(t) — 1 _51(1)2 Ck _Z Z Cci

k=0 i=0 Ci =0 J

> ’]} )1y, 1(1)—

n=0 i=l Cn

Thus, we have

n k n—k i .
(1B, (x) = [Z—} _ L L |: ] [n k] q(z)(_l)l%nfkfi(l)a
q q

al e — 1 Tt
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Table 2
Some Riordan arrays in various cases of ¢,
cn Riordan array Generic element dj, Sheffer Seq.
0,n —k odd
1 2y—xrg =2t . A0 —k
(—A) ((1 +t2)7"0, 1+;2> ‘j(_z)k ( ’1(1k n—keven Gegenbauer
! Ck I
1k _
o n =D o+ +n 1)%71
i ( 2 ) o o pparay
() 14++/1-12 14+4/1-12 (T)
forn — k even & O for n — k odd
0 forn — k odd
(=2)"forn =k &
iy 2 2 e (kg nk
1) (=5, %) o gD T (K41 Chebyshev I
“k 2 7 1
forn —kevenand n # k
0,n — k odd
_1\n 1 —2t —k—1
=D (1+t2’ 1+12> Cl(,z)k ( ok ) n— k even Chebyshev II
Ck 5=
221 (14a), ( 1 2t ) cn ok <a+ﬂ+n+k .
(I+a+B)2p (1-nl+ath’ (112 ot 2 n—k ) Jacobi
r. n—k
(9:9) 1 n 2 —k
(1*‘1)’1” <5a(f)’t) _k_qq< )(_a)” [xla.n
(q:9) 7] —k
=g (ea(®), 1) el
Lt g
(q:9)n t t [n] Zl’l—k n—k (£>(,1)1% (l) B 1
a—q)" HO-T° K, ==L i, q n—k—i g-bernoulli

which implies that

n r 9 n—k —k i )
Bu) = |y [" } B nyim,
q

k=0 49 i=0

>[e] > [4: k} (3 1k, L xt
q

kel
I
(=)
T
L
_Q
1

n

: ‘Bn_imIZ[}J (—1>"‘kq(i5k)xk=zm B (DI,
q k=0 q q

i=0

N
1
1

Il
(=]
T
L

i
where the last equation comes from (4.5).

The Riordan arrays presented in this subsection are listed in Table 2.

5. Recurrence relations and matrix factorizations

In this section, we study the recurrence relations satisfied by the elements of the Riordan arrays. Additionally,

based on one of the recurrences, we also give some matrix factorizations for the Riordan arrays.

5.1. Recurrence relations

Let us first consider the A-sequence of a Riordan array.
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For the classical Riordan array (g(¢), f(¢)), Rogers [26] found that every element dy, 41 k+1, 7,k € N, can be
expressed as a linear combination of the elements in the preceding row, i.e.,

o0
dny1 k41 = a0dn i + @rdp it + @dn 2+ =Y ajdnis .
—

The sequence A = (ax)reN is fixed and we call it the A-sequence of the Riordan array. Rogers has shown that
the A-sequence only depends on f(r): let A(t) = Y 1oy ayt* be the generating function of the sequence A, then
f(@) =tA(f(¢)). Moreover, Rogers has also shown that the A-sequence determines an infinite triangle as a Riordan
array. The reader is referred to the papers of Rogers [26] and Sprugnoli [35] for more details of this concept.

Based on the theory of A-sequences for the classical Riordan arrays, we can further develop the corresponding
theory for the generalized Riordan arrays.

Theorem 5.1. The quantity dy i is the generic element of the generalized Riordan array (g(t), f(t)) with respect to
cn if and only if cidy i /cy is the generic element of the classical Riordan array (g(t), f(t)).

Proof. By Definition 2.1, we have

n k
i = [’—] gL DL _ pme (it
c Ck

n Ck
which is equivalent to the fact that cxdy, 1 /cn = [*1g (@) (f (1))¥. This completes the proof. [

Despite its simple proof, Theorem 5.1 is an important result, because it shows that the generalized Riordan arrays
can always be reduced to the classical case. From Theorem 5.1, the next two theorems can be obtained without
difficulty.

Theorem 5.2. For any generalized Riordan array (g(t), f(t)) = (dn.k)n.keN, every element dy 1 k+1, 1,k € N, can
be expressed as follows:

00
Cn+1Ck+j
dyprpsr =3 Y g 5.1)
=0 Ck+1Cn

where the sum is actually finite and the sequence A = (ay)ieN IS fixed. It is called the A-sequence of the generalized
Riordan array and it only depends on f(t). That is, let A(t) = Z,fio agt*, then

FO = 1A @), Al) = ——

f@
Proof. According to the results of Rogers [26], for the classical Riordan array (g(¢), f(t)) = (d:, )n, ke, there exists
a unique sequence A = (ax)ren that satisfies the statements of the theorem. Then d; kel = Z‘;":O a jd:’ ket and

f (@) =tA(f(t)). By Theorem 5.1, d;:,k = ckdp k/cn, SO we have

Ck+1

o
Ck+j
Ant1,k+1 = Z aj—=dn i+,
Cn+1 =0 Cn

which leads us to the recurrence (5.1) at once. [

Theorem 5.3. Let ¢, be a sequence of non-zero constants with co = 1, and let D = (d, k)o<k<n<oc be an infinite
triangle such that d, , # 0, Vn € N and for which the relation (5.1) holds true for some sequence A = (ay)reN,
ao # 0. Then D is a generalized Riordan array (g(t), f (1)) with respect to c,, where g(t) = Y 1o dk,otk/ck and
f(t) is the unique solution of f(t) = tA(f(t)) with A(t) = Z,fio apt®.

Proof. Define d;;’k = Cdpk/cn, then dyy , # 0, ¥n € N and d::+1,k+1 = Z;.'.;O ajd;"kﬂ. In view of [26,35], the
infinite triangle D* = (d:,k)n,keN is the classical Riordan array (g(¢), f (1)), where g(t) = > o d,fotk and f(¢) is
the unique solution of f(¢) = tA(f(¢)). Thus, g(¢) = Z,fio codk,otk/ck = Z,fio dk,otk/ck, and by Theorem 5.1,

D = (dp i) keN is the generalized Riordan array (g(¢), f(¢)) with respect to ¢,. [
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Next, we will demonstrate another two recurrences related to the elements of the generalized Riordan arrays.

Theorem 5.4. For any generalized Riordan array (g(t), f(t)) = (dn k)n.keN, We have

n

Cn  ~ Cn n—1[1+1 kcr—1
dnk — dprk=)_ Jn—i+1 di-1k-1, n k=1, (5.2
nep—1 —ciCp-i+1 N Ck

where cfn,k is the generic element of the Riordan array (g'(t), f(t)), g'(t) is the derivative of g(t), and fi are the
coefficients of the delta series f (1) = Y pey fet*cr.

Proof. The column generating function is

n k
Zdn kt_ = (t)(f%. (5.3)

Differentiate (5.3) with respect to ¢,

S (f @) kck 1 (f( ))k !
> dui =g ——+ g f' (1) ~——
C Ck —
o t" kck 1 2 LR ¢/
=Y dy Y dikr— Y G+ Dfi—
=k n ki € j=0 Cj+1
S ka 1 00 n o
sz k_ —(n_l+1)fn l-’r]dlk 1_
=k i’l k n= k ll k 1 clcn l+1 n

and identify the coefficients of #"~!/c,_; in the equation above, then we have

nen—1 kck Ly
dnk— n—1,k + § (n_l)fn i——di k—1,
j=k—1 CiCn—i

which, after some transformations, leads us to (5.2) finally. O
For the iteration matrix with respect to ¢y, c?,,_l, « = 0 because of the fact that g’(r) = 0. Thus, (5.2) reduces to
n

c n—I[1+1 kcg—y
dp i = Z - Jn—t+1 di—1x-1, (5.4)
Z Cl—1Cn—i+1 n Ck

which has been given in [39, Lemma 3.1].

Theorem 5.5. For any generalized Riordan array (g(t), f(t)) = (dn k)n.keN, We have

n
Ck Cn
——dp k= Z ——— fa—i41di—1 k-1, Nk =1, (5.5)
Ck—1 =% Cl-1Cn—i+1
where fi are the coefficients of the delta series f(1) =Y po, fet* /ey

Proof. From (5.3), we have

00 k—1 00 i o] 1
Ck (f( ) ! 1/
S = f 0 S A S
n=k Ck=1  Cn =1 S Cj

o n—1 Cn tn

=2 2 Ik

n=k j=k—1 Jen—y tn

By equating the coefficients of ¢ /c,, we can obtain the desired result. [J
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For convenience, let us give the specializations of the recurrences (5.1), (5.2) and (5.5) for the cases ¢, = 1 and
cn = n!, respectively.

Corollary 5.6. For any classical Riordan array (g(t), f(t)) = (dn i)n keN, We have

o0
Ant1,k+1 = Zajdn,k-‘rja (5.6)
j=0
1- "k
Ao — ~dprx =Y~ =1+ 1) furr1di-1 41, (5.7)
n =k n
n
dug =Y far1di1x-1. (5.8)
I=k

Corollary 5.7. For any exponential Riordan array (g(t), f(t)) = (dnk)n.keN, We have

Sn+1 k+jY\ .
i1 k41 =§0 P ( ; )J!a,,dn,k+,,~, (5.9)
- “/n—1
dnf — dn—1k = 11 fo—ivrdi—1 k-1, (5.10)
1=k -
n n
kd, r = _J1di—1 k—1. 5.11
.k ;(l_l)fn 1+1di—1 k-1 (5.11)

It should be noticed that, according to Theorem 5.1, the recurrences presented in Corollaries 5.6 and 5.7 are in fact
equivalent to the general ones (i.e., recurrences (5.1), (5.2) and (5.5)).

5.2. Matrix factorizations

The lower triangular matrices and matrix factorizations problem have catalyzed many investigations in recent
years. The Pascal matrix and several generalized Pascal matrices first received wide concern [2,4,42,43,45]; some
other lower triangular matrices were also studied systematically, for example, the Stirling matrices of the first kind
and of the second kind [10,11], the Lah matrix [38], and the matrix related to the idempotent numbers [41]. From [12,
Sections 3.3 and 3.7], we know that the matrices referred to above are all special iteration matrices. Based on this fact,
we have presented in [39] a unified approach to the matrix factorizations problem.

Peart and Woodson [24] did some researches on this problem with a different method. They showed that some
classical Riordan arrays have triple factorization of the form R = PCF, where P, C, F are also Riordan arrays.

Particularly, P = (ﬁ, ﬁ) is a Pascal-type matrix, C = (c(M?), te(At?)) involves the generating function c(r)

for the Catalan numbers, and F = <+2,
1—et—46t

Here, we will give some factorizations satisfied by the Riordan arrays. Our results are based on the third recurrence
(5.5) obtained in Section 5.1.
Actually, from (5.5), we have

t) involves the Fibonacci generating function.

n

Cn
Crdp gk = ) ———— fu-tr1k—1di-1 k1. (5.12)
1=k Cl—lcn—l+l

Now, defining R, and P, to be the n x n matrices by

Ci s
A ——fi—j+1, ifj =1, o
(Rp)i,j =cjd j, (Pp)i,j = 4 Cj—1Ci—j+1 o fori, j e N,
di,Oa lfJ = 0’
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and using the notation @ for the direct sum of two matrices, we can obtain a matrix factorization from Eq. (5.12),
ie., R,, =P, (16 Rn 1). Moreover, let R, and D, be the n x n matrices satisfying

(Ri’l)l,_] :di,j7 Dn :diag{c()scls"'acl’l—l}’ foriaj ENs

and analogous to [4,10,39,42,43], for any k x k matrix Py, define the n x n matrix 13k by

s (I O
Py —( o P)
Then R, = R,D,, P, = P,, and we have the next theorem.

Theorem 5.8. The following factorizations hold:

Ién = R,D, = P,([1]® Iénfl) =P,P,_1---P.

Because ¢, # 0, the matrix D, has the inverse D, - diag {%, } by which we obtain the

A n
Cn—

factorizations for all Riordan arrays.

Theorem 5.9. The Riordan array R has the following factorizations:
Ry, = P,(11®R,_1)D;' = P,Py_y--- P D; . (5.13)
If the Riordan array R has the inverse R™', then

R,'=D,(11e D \RHP ' =D, P P P

n

5.3. Examples
Now, let us give some examples for the recurrences and matrix factorizations.

5.3.1. The Pascal matrix
The classical Riordan array R = (1/(1 — ¢),¢/(1 — t)) is just the Pascal matrix ((Z))

1/(1 — 1)?, we have

11y —
nkeN’ Because g'(t) =

5 _pn—17,7 k _ pon—l—kqyq1 _ k=2 _ n
dp—1k =" 18 O(f(0)" =1t (I —1) _(k+1>'

Thus, in view of f; = 1, we deduce from (5.7) that

n+1 L [—1
= —[+1 .
(k+1) 1;(” + )<k—1)
The other two recurrence relations for R given by Corollary 5.6 are trivial. Since f(t) = t/(1 + 1), then A(r) =
t/f(t) =1+t and (5.6) gives (Zﬂ) =(7)+ (kj’r]> Next, (5.8) gives (}) = >_/_¢ ( ) Finally, we consider

the factorizations of R. Since D,, = I, then ﬁn = R,. Moreover, (P,); j = fi—j+1 = 1. Thus, we have

Ry = Py([11® Ry—1) = PyPy_y - Py. (5.14)
When n = 4, (5.14) turns to

1 1 1

11 R 1
121 B DR 11
13 3 1 1111 121
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1 1

—
—
—
—_—

5.3.2. The Stirling matrices of both kinds
The Riordan array (1, log(1+1)) = (s(n, k)), xen is the Stirling matrix of the first kind and the generating function
of the A-sequence is

t t O 4

where B; are the Bernoulli numbers (see, e.g., [12, p. 48]). Then (5.9) reduces to

o0

n+1 (k+j
s(n+1,k+1)=z—< , )Bjs(n,k—i—j).
j:0k+1 J

Additionally, because f; = (—1)¥~!(k — 1)!, we obtain from (5.10) and (5.11) that
s n—1 n—l
sk =" D" =DIs =1,k = 1),

= \l-1

ks(n, k) =3 (1 " 1) (=" =Dsl — 1,k — 1),
1=k

Let us turn to the matrix factorization. Now (R,);.; = jls(i, j) and (P,);; = (ji]) (—1)i~i@ — j)l for j > 1.
When n =5, (5.13) gives

1
1 1 1 1
1 1 1 1

—1 1 = -1 2 1 2 |

2 =3 1 2 -3 3 -1 2 -
—6 11 —6 1 —6 8 —6 4 2 -6 6 6
24
The Riordan array (1, e’ — 1) = (S(n, k)), xen is the Stirling matrix of the second kind. For this array,

t t > ti
Aty = —— = =) bj(0)—,
f(@) log(l1+1) ]X:(:) T

where b (0) are the Bernoulli numbers of the second kind [28, p. 114] and they are also called the Cauchy numbers
of the first kind (see [12, p. 294] and [21]). Then we have

o0

n+1(k+j .
S Lk+1)= —_— bi(0)S(n, k .
(n+1,k+1) ;)k+l< J ),()<n +J)
Next, because f; = 1, (5.10) and (5.11) lead us at once to

S(n,k):Z(r;:ll)S(l—l,k—l),

I=k

kS(n,k):Z(lf1>S(l—l,k—1).

I=k
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By means of [12, p. 209, Eq. (3f)], we obtain

n

k'S(n, k) = Z<1_1>(k—1)'5(1—1k—1)—k" Z(k)jS(n .

Finally, from the fact that (Ién)i, i =J!S3, j)and (Py);; = ( jil ), we can give the factorization of the array. When
n=>5itis

—_
N =

e e
U S I

5.3.3. The Riordan array related to the polynomials of the Gegenbauer case
According to the discussion of Section 4.2.1, we know that

0, n — k odd,

1 —2t
, = —Xo—k
((1 +12)%0" 1 + t2>”,k E—Z(—Z)k < no_k ) , n—keven.

Because f (1) = —L_ the generating function of the A-sequence is
F @ T i hee g q

A(;)—L__l_/l_tz__z i(é)l )i = 2+Z (2i —2)! _@=Dt
Cf@ D= A 2T — )

Therefore, when n — k is even, (5.1) gives

—do—k—1 X1 (2 =2\ [(—ro—k —2i

n—k Zz:_ . n—k _ . :

=1 — i \i—1 2 —i
i=1 2

Upon setting n — 2n + k, this reduces to

—do—k—1 _il 2i =2\ [ —Aro—k —2i
n—1 B =EANES n—i '
2

It is interesting to notice that the quantity (21_1> is a Catalan number [12, p. 53]. Next, by computation,
g’ (t) = —2xot (1 +t%)~*0~1 Thus, when n — k > 2 and n — k is even, we have

n—1 k
3 I:t i|g/(t) (f(t)) _ C
Ck

dn_1x oL (o) [ R (1 2y R Ik
Cn—1 Ck

o
Cn—1 e —2—1—k . Cp—1 —d—1—k
n—(—Z)k—H)\.O[l‘n k 2] Z ( ) ) t2l — n_(_z)k-’rl)"o ( ek ,
C P ! Ck 7 1
by which, we can compute the left-hand side of (5.2):

Cn o 20—k Cn  Cn—1 k1 —2—1—k k(o +n) Mo —k
=2 - Ly NESVY = Dok .
oY < & ) T B U vyl G
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From

f0 =1

1 Z( 1)1t21+1

we deduce that f,,_j+1 = —2(—1)%4cn_1+1 if n —lis even and O if n — [ is odd. Furthermore, if n — k and n — [ are
even, then / — k is even, so the right-hand side of (5.2) yields

c k< nd (—=Xo—k+1
2(=2F= Y =14+ (=D ( N >
Ck noA= v

I—k even

Combining with the left-hand side and doing some computation, we have

Py —Ao — o —k+1
Agi;( % ) Z(n—k 2j + (= 1)—f< Oj +> for n — k even.

Once again, let n — 2n + k, then the identity above turns to

rF2n+k (—hg—k ! ) _if=d—k+1
- = 2n —2j 4+ DH(=DH"/ )
Py ( i ) ;O(n j+DED ;

Finally, when n — k is even, the recurrence (5.5) gives

n—k
—)\.()_k n—k _)"O_k+1 n —k e k+1 n—k _;
( o - )=Z . =Y (T -7,
2 j=0 2 j=0

Jj even

which is equivalent to [12, p. 10, Eq. (5h)]

—Ao—k) n n_,<_xo_k+1>
=3 (=1 .
( L )= .

Let us consider the factorization of the Riordan array. If i — j is even,
ci Ci Ci i-j
(Po)ij = ———— fi—j+1 = —( 2)(-1) 7 ¢ —j+l = —(—2)(—1) 7,
Ciji—1Ci—j+1 Ci—1Ci—j+1 Cj—1

and if i — j is odd, (P,); j = 0. Then for n = 4 we have

1 1
0 ) 0 '—':Z(fl
(&)
—CcAo 0 4 = | —c2)0 0 —ZC—
Cc3 1
0 zc—l(x0+1) 0 -8 0 23 0o 28
e
1
1 1
1 €1 1
x 0 —2c 1
—CoAQ 0 4cy 2 1
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5.3.4. The Riordan array related to the polynomials of the Jacobi case
From Section 4.2.3, we know that

( 1 2t )_(ank a+pB+n+k
(1—nHet’ (1-n2 )~ ¢ n—k nkeN

Since f ) = 1+t+ V1+2t, then

r 12

f(y 1+4+t—J1+2t

(=DI71@2i —2)! 1 "“1 2i —2\ .

=2 2t —t =2 2t —= — tl,
+ +Z ili — 1)12i-1 + +, —~ i\i—1

i=2

A(r) = =1+4+t+/1+2t

where the Catalan numbers can be found again. With some computation, we have

atp+n+k+2\ (a+B+n+k s at+p+ntk+1\ _ (a+B+n+k
n—k n—k n—k—1 - n—k—2 ’

Thus, the recurrence (5.1) gives
a+B+n+k nk 2\ fa+B+n+k+i
I} .
( n—k—2 ) Z( '3 (l—l)( n—k—i
Next, because g'(1) = (1 + a + B)(1 — 1)~ @+*+P) we have
- "1 (fank ¢
[ }g’(t) TOF _
Ck

A1,k =

"Lt ot (“*“””).
k

—k—1

n—1

Making use of the fact that f; = 2kck, we obtain from (5.2) that

2n 41 k < I+k-2
a+pB+2n+1 (a+p+n+ =Z(n—l+1)2 a+p+1+ .
a+p+2k+1 n—k I—k

I=k
Also, (5.5) gives

a+ Btk &Ko a+B+1+k—2
( n_k >_l§(n l+1)< L )

Additionally, since (P,);,; = ZC;'il (i — j + 1), then the following matrix factorization holds:

1

(a—i—ﬂ—i—l)
cl ]
Cz<a+ﬂ+2> 26—2

4
cl( ")

<a+ﬂ+3 20_3< +,3~|-4> 4c_3(a+ﬂ+5> g
e

c3
Cl 1

1
a+,3+> 2er
2
a+,3+> 4es 22
c
3
“+’3+> 63 43 22
C1l (6]
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1
1

(o:+,3+1>
X c ] 2cy

2

Cz<a+,3+2> 2C2(0{+,3+3) dcs

1

6487

Finally, we would like to give the factorization of the Riordan array (1/e,(¢),t), whose generic element is

k
q
1 1
—a 1 —a
1— 2
qa2 7 4 a 1 = qa2
-4
1 — 3 1 — 3
33 4q ga® — 7, 1 — 3
l—¢q l—gq
1
1 1
1 c1
X —a 1 1
1— 2 1— 2 -
qa2 - el a el €
l—¢q l—¢q

n—k i
[”] q( 2 )(—a)”_k. Now (Pp)i,j = ll_TZ fori = j and O for i # j. Therefore, we have

In the following examples, we will concentrate on the three recurrence relations.

5.3.5. The Riordan arrays related to the Poisson—Charlier polynomials

According to Table 1, the Riordan array R = (e™", log (1 + L)) with the generic element

n

NEDY (’;) (=" a Is(j, k)

j=0

corresponds to the Poisson—Charlier polynomials [28, Section 4.3.3]. Since f (t) = a(e’ — 1), then

A = t _liBti
Cae -1 e

and (5.9) turns to

n+1 (k+j\ Bj
dn+1,k+1 = Z ( . ) _jdn,k—&—ja
= k+1 j a
where B; are the Bernoulli numbers. Next, from g'(t) = —e™!, we have
~ n—l1 n—1 . .
diik=-) ( . ) =" a s, k.
- J
j=0

Then the left-hand side of (5.10) gives

n

j=0

n—1
> (”) (=D"a s+ ) (" B 1) (=D""a s, k)
J o\
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n—1 n— 1 . . n n — 1 . .
=> (. D" Ja s k) +a st k) =Y (. (=" a5, k).
Jj=1 i\l
Because f; = (—1)¥"1(k — 1)!/a*, by series rearrangement, the right-hand side of (5.10) yields

~(n—1 ; " oali
2 1V Uy — iVl . .
<j—l>( D"/ (n—j)la <[=Ej (l—j)!)s(] 1,k—1).

Jj=k

Thus, the following identity holds:

n _1 . n
Z(jq)(—“)”ﬂsu,k):ZEn 1).(— yi (;Z ) ~ k-1,

j=k Jj=k

Finally, with some computation, we deduce from (5.11) that
n al—i

kZ( )( a)"Is(j, k) = 2};( 1)‘(_ )y J(Z 7= ])!(n—l—}—l))s(j_l’k_l)'

Jj=

Recall that ¢, (x) are the exponential polynomials (see the second example given below Theorem 3.2 and [28,
Section 4.1.3]). From Table 1, we know that the Riordan array

(e ae =) = ( Z( >¢” SO k)>

is the inverse of R. Because the generating function of the A-sequence is

t . b (0
A(t):—;:az k(k)tk’
log(1 + 7) = kla

n,keN

we obtain the following recurrence:

Xon+1k+j\ _;
dysigrr =y ( j])al Tbj 0V i
J

— k + 1

where b;(0) are the Bernoulli numbers of the second kind (see Section 5.3.2 and [28, p. 114]). Additionally, since
g (t) = e®©~Dge! then

~ tn—l ak el —1 k
dn—l,k = [ ilea(et_l)aet¥

(n—1)! k!
tnfl . akJrl (et o l)k+1 ak(et _ l)k
— ae'—1)
_[(n—l)!]e ((Hl) G+Dl T )
n—1 1 n—1 -1
ah+1y (” ; ) bn1-j@SG k+ 1) +a* Y (” ; ) bn1-j(@S(j. k)
j=0 Jj=0

n—1 1
=d*ty (” ; )¢>n_1_,-<a)S(j +1k+ 1.
j=0

Based on the fact that [28, p. 64, Eq. (4.1.5)] ¢p4+1(x) = x ZZ:O (Z) ¢k (x) and by the method of series rearrangement,
the right-hand side of (5.10) gives

N (n—1
=ty ('J’ _ 1) Gnj11@SG — 1.k = 1),
Jj=k
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Then from (5.10) we have

n n—1 -1
ay’ (”) $nj(@S(j, k) —a®y (” . ) $n-1-j (@S + 1,k + 1)
i=k \J =%\ ]

" n—1 .
=> (J. ~ 1) n—jr1 (@S =1,k = 1),
j=k

With a similar method, we can obtain from (5.11) that

kY (’;)%,-(a)S(j,k) =y (J. " 1) (‘p‘faﬂ —¢n_,~+1<a>) SG —1.k—1).
=k

j=k

6489

(5.15)

(5.16)

In particular, because ¢, (1) = %, where %, are the Bell numbers [12, p. 210], (5.15) and (5.16) will further give

the next two identities:

n n—1 _1
Z(’;)%an(j,k) —Z(" ; )%nljS(j+ 1Lk+1)

j=k j=k

" n—1 )
=) (J. ~ 1>%nj+lsu —1Lk—1),
j=k

> (’;) PSR =Y (J. " 1) (Buj2 — B js1)SG = 1,k = 1).

j=k Jj=k

5.3.6. The Riordan arrays related to the Actuarial polynomials
From Table 1, it can be seen that the Riordan array R = (e?, 1 — ') with the generic element

Y (’;) B IS, )
j=0

corresponds to the Actuarial polynomials [28, Section 4.3.4]. In the light of

t O o t
A= ——— =) (=1)/*b;0)—,
log(1 — 1) ;) R
we have
~n+1 (k+j el
durgrr =Y —— ( . ) (=175 (0)dn st j-
.i=0k+1 J

Next, since g’ (1) = Bef!, then
B n—1 n—1 )
dyrx=(=1F)" ( . )ﬂ"fS(j, k).
=0 N/
Based on (5.10) and (5.11), the following two identities hold:

1 n—1 Ny n n—1 o
Z(-_1>ﬂ ’S<J,k)=Z(j_1)(1+ﬂ) IS(j—1,k—1),

j=k J j=k

> (’;) B ISR =) (,- : 1) (A + )" H =" ThHS( —1,k—1).
Jj=k

=k
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The inverse of R is

(1 =1y~ log(1 — 1)) = ((—1)" 3 (’;) (=Bln—js (. k))

j=0 n,keN

For this array,

t O )

which leads us to the recurrence

Sn+1 (k+j
dpyrhsr ==Y < : )Bjdn,k+j-
j=0k+1 J

Since g/(r) = B(1 — 1)~ P!, then
. n—1 n—1
Ao =(=D"Y ( . ) (=Bn—js(J, k).
=0 N/
With some computation, we deduce from (5.10) and (5.11) that

"1 n o -1
H)m - o

=k =k 1=0

. ! ' 1—1 1
26, < () P

j=k =0

5.3.7. Some classical Riordan arrays
Let us consider the classical Riordan array [36, p. 227]

1 1 t p+n+(q— Dk
log , >=<H++(—l)k—H+k< .
((l—t)f’+1 L—t" (1—1) (Hprtiq ) n—k nkeN

where H, = Y ;_, 1/k are the Harmonic numbers. From

Pl 1
A—nr2 BT/ T a—pr2’

g1 =

we obtain that

p+(61—1)k+n+1>+(p+(q—1)k+n+1>

=(p+1 H
dni = (p ) ( p+(g—Dk+n+1 — p+qk+1) ( p+agk+1 p+qk+1

Additionally, f; = (q+k 2) Therefore, (5.7) and (5.8) give

_H p+gn+1(p+n+(g— Dk
prgnt1 ek = Hprgrt ) S n—k
qg+n—1-1 p+l—k+qk—-1)
= Z(n —l+1 < w1 ) (Hp+1—k+q—1) — Hptqe—1) < Ik :
+n+(q— Dk
(Hp+n+(q—1)k - Hp+qk) (p ! )
n—k
n
g+n—1-1 pH+l—k+qk—1)
= Z ( n—1 ) (Hp+l—k+q(k—l) - Hp+q(k—l)) ( I —k :
I=k
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When p = 0 and g = 1, the above two identities reduce to

1 1 [ —1
(Hn+1—Hk+1><”+ ) Z(ﬂ—l-l-])(Hz | — Hi- 1>( 1),

k+1
n - -1
Hy— Ho) (7)) = (Hioy = Hi- :
(H, — Hy) r ;(11 kl)(k_1>
The classical Riordan array (e”’, te?") has d, ; = % as its generic element [36, p. 218]. By computation

n—k k—
dp_ 14 = p% and fi = (ZT;)!* then from (5.7) and (5.8) we have

—k
’l‘_ k) (n=1+1Dg" " (p+qk—g)'*,

(p+an)(p+q)" ' =3" (
I=k

" n—k
(p+ah) =3 (l . ) ¢"(p+ gk — '
1=k

The second identity is trivial. Let/ — [ 4+ k and n — n + k, then the first identity turns to

n
_ n _
(p+am+0)(p+g0" " =Y () =1+ 1g" " (p+ gk — ).
=0
Finally, for the classical Riordan array ((1 +at)?,t(1+at)?) = ((thkk) a”_k> (e (see [36, p. 224]), we have
n,Ke
duore = p (5795 ) o *and fi = (,2,) @+, then (5.7) and (5.8) yield

k ! k —
p+qn (p+q :Z q p+gq q (n—1+1),
p+qgk \ n—k n—1 [—k

1=k

(LS00

1=k

where the second identity is also a trivial one.

5.3.8. The Riordan arrays related to the generalized Bernoulli and Euler polynomials

o
According to Section 4.1.2, we know that the exponential Riordan array ((e,%l) ,t) = ((’Z) B,(loi)k) e
n,ke

corresponds to the generalized Bernoulli polynomials. Since

» o\ le —1—re r \l/o t t
= = — — ,
§ e — 1 (e — 1)2 e — 1 e —1 e—1 (¢—1)2

5 tn—l
dp—1% = |:(n 1)‘} g )—
NGty A R S A R S A R
e ]<t<e’—1> (e’—l) t<e’—1)
o n—1 o « ”
= () (s B

@ (n=1\/p@ _ p@th
=n_k( ) )(B,fik—B;ik m).

then
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where the last step comes from the fact that [28, p. 95, Eq. (4.2.6)] B (x + 1) = B (x) + nB,(l‘i_ll) (x). Now, the
recurrence (5.10) gives

n\ L) o (n—1 (@) (@+1) n—1\
(k)Bnak_n_k< k )(Bnak_Bnak (1))=<k_]>Bnak'

Replacing k by n — k and doing some simplification, we have

o k o
BV (1) = (1 _ E) B (0).

- 2 \* )\ o @)
Analogously, for the Riordan array ((e,+] ) , t) = <(Z) E”’k(o))n,keN’ we have

Lo 2\ 1/ 2 \*"!
g0 = (T) —z(m)

n—1 1
k=« ( L ) (Ef,“_)l_k(m - EE,E‘)LT_),Cw)) :

Therefore, (5.10) yields

n o n—1 o I _(« n—1 o
() £ +a< ) ) (E,i%k((» - EE,iﬁ”kw)) = (k _ 1) E,7(0).

Making use of the formula [28, p. 103, Eq. 4.2.1D] EX” (x + 1) = 2E7 P (x) — E (x), we get

§~.1

2E0) = —aESTV ().

6. Some applications
6.1. Inverse relations

The problem of inverse relations is one of the most interesting subjects in combinatorics and there is a vast literature
on it. For a fundamental discussion, the reader is referred to the famous book [25] by Riordan.

The theory of matrices is an important tool to study the inverse relations. In fact, let A = (an.x)o<k<n<oco
and B = (bnik)o<k<n<oco be two infinite lower triangular matrices. Then A and B are inverse to each other
(i.e., Y1y an.ibrk = 8,.x) is equivalent to the existence of the following inverse relation

n n
Yn = Zan,kxk, Xpn = an,kyk' 6.1)
k=0 k=0

According to the rule explained above, it is easy to see that the Riordan arrays can be used to study the inverse
relations. In particular, given a Sheffer sequence, by Theorem 3.2, we can get the corresponding Riordan array R and
then the inverse array R~L. From R and R™!, an inverse relation can be established. Thus, we have a method to find
the inverse relations systematically and we can further get the inversion of a given combinatorial sum. The reader can
read the paper [32] by Shapiro et al. to see some examples.

It should be noticed that Corsani, Merlini and Sprugnoli [13] have also investigated the problem of inverting
combinatorial sums by the theory of Riordan arrays. However, the combinatorial sums they dealt with, such as
an = ) ; dn ki, could not be inverted in terms of the orthogonality relation because the infinite, lower triangular
array P = (dy,k)n keN’s diagonal elements were equal to zero (except dp,o). They presented that for these sums, a
left-inverse P such that PP = I could be found and therefore they could left-invert the original combinatorial sum
and obtain b, = ), c?n, xar. More results on both the problem of inverse relations and the theory of Riordan arrays
can be found in [14,20,22].
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Additionally, in the book [28], Roman presented an interesting approach to the inverse relations based on the
theories of Sheffer sequences and umbral calculus (see [28, Theorem 5.5.1]). In this section, we will also show that
Roman’s approach is trivial from the theory of Riordan arrays point of view; it is equivalent to giving a Riordan array
R and its inverse R~!.

Let us go into the details. All the Riordan arrays presented from now on have inverse, in other words, they are all
determined by an invertible series and a delta series. As just introduced, from such a Riordan array (g(z), f(¢)) =
(an,i)n keN and its inverse (l/g(f(t)), f(t)) = (by,k)n keN, an inverse relation which has the form (6.1) can be
obtained, and we can deduce the inversion of a combinatorial sum by the corresponding inverse relation.

A particular instance is the generalized Stirling number pair introduced and studied by Hsu [15]. Let f () be a
delta series and let

—(f(t))" ZAl(n k) (f(t))" ZAz(n k)—.

Then Aj(n, k) and Ax(n, k) are called a generalized Stirling number pair. In the context of the theory of Riordan
arrays, A1 (n, k) and Ay (n, k) are generic elements of the Riordan arrays (1, f(¢)) and (1, f(¢)), respectively. So we
have

n n
Vp = ZAl(n, k)xy, X, = ZA2(n, k) vk.
k=0 k=0

The interested readers can see the relative papers, e.g., [15,46], for the applications of the generalized Stirling number
pairs.

o
From Section 4.1.2, we can see that the Riordan array ((e,%l) ,t) = (( )Br(la)k) . has the inverse
n,ke

—1\* ) = (—a)
((et ) ,t) = ((’Z) B¢ )n,keN' Thus, we have
n n
Yn =Z<k>B,(la)kxk, Xn =Z<k)Br(l i)yk

k=0 k=0

Particularly, when o = 1, the inverse relation above will reduce to

=3 () B w=Y (1) (6.2)

k=0 k=0

t" t 1 m
H @D

!
T U LY TS Ry
m! m

=

<Z> B3 S(k, m)

then the inverse relation (6.2) gives

n n 1 { .
kg,;,<k>n—k+l Sk — 1’m_1)_1712(k—l)S(k_l’m_l):S(n’m)'

k=m

Also by (6.2), from

n

> () Buosxt = Buo),

k=0
we have

k=0
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From Section 4.1.3, we know that the Riordan array (ﬁ, t) = ((") n_k(O))n kN

. ’
has the inverse (e £l t),

whose generic element d, x is 5 ( ) for n # k and 1 for n = k. Thus, from

3 (1) Evs0* = Byt

k=0

i% () Eeo) + Eao) = x".

Next, from Section 4.2.1, we know that the inverse of the Riordan array ((1 + 12—, —2t/(1 + %)) is

Ao
2 =t . In view of the generic elements of these two arrays, we have the following inverse
((1+v 2) ' 1+\/1—t2> & ye g

pair:

. 31 (L, %) (_—:o_knﬂk) oty
=2 C

3] (, 7)) (=" Go+ 11 = 200(ho +1 = Dy
Xp = Yn—2k- (6.4)

= (7) 2nk!

For instance, since the polynomials s, (x) of the Gegenbauer case have the expression (4.4), then x” can be expressed
as a linear combination of s, (x) by (6.4).

Finally, from Section 4.2.4, the inverse of the Riordan array (1/g,(t), t) is (¢,(¢), t). Thus, based on their generic
elements, the following inverse relation holds:

(6.3)

nor A

Yn = Z Z (_a)n_kq(ngk)xk’ Xn = i |:Zi| an_k)’k'
q

k=0L% g k=0
As an example, from (4.5), we have

nor A

=3 Z a"Fxlak-

k=0% -¢q

We could give more inverse relations by this way; instead in the following we will focus on the theorem below.

Theorem 6.1. For any invertible series h(t), and any delta series f(t) and [(t), we can construct two Riordan arrays
which are inverse to each other:

R = (h(f(), L(f(1))), R = (
(h(f @), I(f(@))) ha@)

Suppose the generic elements are a, . and by i, respectively, then we have the following inverse pair:

n n
Yn = Zan,kxk’ Xp = an,k)’k-
k=0 k=0

f(()))

From the theory of Riordan arrays point of view, this theorem is trivial. But it is actually equivalent to the following
theorem, which generalizes the result of Roman [28, Theorem 5.5.1] and is not trivial.
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Theorem 6.2. Let p,(x) be associated to f(t) and let g,(x) be associated to [(t). Then for any invertible series h(t)
we have the inverse pair

b — Z (OO Ipa))

Ck

n -1 k
W=y (h()~ (f () an(X)>yk

Ck

’

k=0 k=0

The proof of Theorem 6.2 is the same as that of [28, Theorem 5.5.1], and in this theorem, the notation (L|p(x))
denotes the action of a linear functional L on a polynomial p(x) and if f(t) = thio art®, then (f(H)|x") =
[t"/cnlf () = cpan. For more details, the reader is referred to [27,28]. Now, let us verify the equivalence of
Theorems 6.1 and 6.2.

In fact, let p, (x) = Y_}_gan, jx/, then

n .
2 anjx’

=0

1 k 1 k
—(h@®) (@) |pn(x)) = — (h(OU(@))
Ck Ck

—Zan, (h(OUD) ) Zan, [ } (roa*). (6.5)

Since p; (x) is the Sheffe{ sequence for the pair (1, f(¢)), then according to Theorem 3.2, a,_; is the generic element
of the Riordan array (1, f(¢)). By the summation rule (2.2), the right-hand side of (6.5) equals

1 [ . . l k
- [I—} HFOAFON = [ s (:)))

Cn

} h(f (@)

Cn

which means — (h(t)(l (t))k | pn(x)) is the generic element of the Riordan array (/4 ( f (1)), I( f (¢))). Analogously, we

can prove that (h(t) 1(f(t))k |gn(x)) is the generic element of (

two theorems is verlﬁed
Because the examples presented in [28, Section 5.5] are all special cases of Theorem 6.2, they can also be deduced
from Theorem 6.1. To show the power of the theorem, we would like to give two instances.

1) = ENE ) = B2V

J’_, /
These series come from the pair =2 ”zl_tz, 1 which corresponds to the Sheffer sequence U, (x)
4 1+a/1-12

W)’ fa (t))). Therefore, the equivalence of these

6.1.1. f(t) =

=2t

introduced in Section 4.2.2. From these series, we have f (t) = (el

l(t) = 4+[2 and then

- _ 2 - _ ) 1 .
h(f) =1+ I(f@) =21 IR

- 1
fa@) = 5!

The generic element of (2 (£ (1)), [(f(1))) is

g = [Z—] 1+ rz)(_iiktk = SDHPI 4 1) = P2 B+ B,
that is,
=", ifn=k
g = E—Z(—z)k, ifn=k+2,

0, else.

. 1 7 .
The generic element of (h(f(t)) , fd (t))) is

M 4 NNk e/ 1\ (—1)
b = —_ — - — = | == tn 21
ok [Cn]4+t2< 2) Ck Ck( 2) [ ]Z 22

i=0
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0, n — k odd,

n— 1
E—Z(—l)k(—l)Tkz—n, n — k even.

Because these two Riordan arrays are inverse to each other, we have

1
1 1
0 -2 0 =3 1
e oc 4 _41162 0 4_11 1 1

3 =
0 —22 0 -8

A 0 la 0 1 1
o o0 4= o 16)|, B 8 !

(&) 4
16 16 ¢2 16

By Theorem 6.1, the following inverse relation holds:

C _
Yn = (=2)"xy + ——(=2)""2x,_2,
Cp—2

n (5]

Cn X n—k 1 Cn n—k 1

Xp = —(=D"(=D"7 —=w = =" —Yn—2ks

’ ; Ck 2" ;)Cn—Z 2not
n—k even

which, by letting y,/c, — y, and (—2)"x, /¢, — x,, reduces to

2
Yn = Xp + Xp—2, Xn = Z(_l)k)’n—Zlo

1+o
6.1.2. f(t) = H=EA ) = ) .

_ 2
o 0 = (e

2 )““”’3 11— /T2
1+ 1421 t

J, (x) introduced in Section 4.2.3. By computation, we have f (1) =

These series come from the pair (( which corresponds to the Sheffer sequence

9

= 1)2’ I(1) =" ;’2’ and then

— _ 2 1 2 1+a+p _
B = =0 = h(l.(t))=< ;t> o) =

The generic element of (h( £ (1)), [(f(1))) is

"1 1 27 \* 1 _k
nk = | — —(1 - t)l+a+ﬁ P = 2kc—n to+ /3 (—l)n_k;
Cn ] Ck 1—1t Ck n—k

and the generic element of (h(l(t)) f(l(t)))

po [P (2T N e (Tt Bk
M e a2 211) "« n—k 2

Therefore, we have the inverse pair

"¢ l+a+p—k _
Yn =Z—”< >(—1)” 2k,

=5k n—=k
n
e (1+a+B8—k\ 1
x"_,;)czc( e >2,,yk

Upon letting y, /¢y, — yn, 2"xn/cn — X, and =2 — o — B — p, this inverse pair will reduce to
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y i(nH’)x X i("ﬂ’)( D"y
n = k7 n = - k’
= \n—k o \n—k
which is the ¢ = 1 case of [25, p. 69, Table 2.6, Entry 5].
Now, we briefly introduce the Riordan inverse chain. Let A, B, C be three Riordan arrays defined by
A = (g(), f(1)) = (ani)n keN- B = (h1(0), [1(1)) = (bp,k)n keN,
C = (ha(0), 12(1)) = (Cn,k)n keN-

Suppose the sequences x,, y, satisfy the relation y, = > }_ an xxx and construct two sequences x;;, y as follows:

n n
XP=D baxXe Y= Cakdke
k=0 =0

Ify =37 an X, then (A; B, C) is called a Riordan inverse chain. Additionally, we say that the sequences x;,,
yn form a Riordan pair of A and we denote it by (A; x,,, V).

Ma [17] investigated the Riordan inverse chains for the classical case ¢, = 1 and gave some applications to
combinatorial sums. It can be verified that the results established for the classical case in [17] are valid for the general
case. We present here the main theorem of [17].

Theorem 6.3. Let A, B, C be the three Riordan arrays defined above, then the Riordan inverse chain (A; B, C) exists
if and only if

hi(0)g(f (1) = ha(f(0)ga(f (1)), L@ = f(f®)),

where f(t) is the compositional inverse of f(t).
6.2. Connection constants problem

The connection constants problem is to determine the connection constants a, ; in the expression r,(x) =
ZZ:O an kSk(x), where r,, (x) and s, (x) are sequences of polynomials. Roman shows that the umbral methods give an
explicit solution to this problem when the sequences involved are Sheffer (see [27, Theorem 8.5] and [28, Section 5.1]).
In this section, we will consider this problem in the context of the theory of Riordan arrays. Our result (Theorem 6.4)
is equivalent to Roman’s one [27, Theorem 8.5], but easier to follow.

Theorem 6.4. Let s,(x) be Sheffer for (g(t), f(t)) and let r,(x) be Sheffer for (h(t),[(t)). Suppose r,(x) =

Y k0 An,kSk(X), then ay  is the generic element of the Riordan array

g((®)

(hda»’f00”>’

Proof. We prove the theorem by the technique of matrix representation. Let
SIx] = (so(x), s1(x),.. )", RIx] = (o), ri(x), .. 0", X =(,x,2% .. )",

According to Theorem 3.2,

1 - 1 _
— _ , t X’ R = — ,l t X.
. <mfu»‘ﬂ)>* w <haa» ())*
Then X = (g(¢), f(¢)) * S[x] and by (2.3), we have

g(1)
h(l(1))

1 -
R[x] = <m,l(t)> *(g(0), (1) * S[x] = (

This completes the proof. [

,fMoQ*Suy
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Corollary 6.5. Let s,(x) be Sheffer for (g(t), f(t)) and suppose x" = Y | _ an isk(x), then ay i is the generic
element of the Riordan array (g(t), f(1)).

Let 5,(x) = ZZ:O s,,,kxk. According to Theorem 3.2, we know that (s, x), xen is just the inverse of the Riordan
array (g(t), f(¢)). This fact also leads us to Corollary 6.5. The reader can find some examples in Section 6.1. Now let
us give some applications of Theorem 6.4.

6.2.1. The polynomials of the Chebyshev case

From Section 4.2.2 or [27, p. 99], we know that T,,(x) form the Sheffer sequence for the pair (ﬁ, ﬁ)
. 2-24/1—12 —t _ n
and U, (x) form the Sheffer sequence for the pair 2 ) Suppose U, (x) = Zk:o an i Tx (x), then by
/1=t
Theorem 6.4, ay,  is the generic element of the Riordan array (1/(1 — 12), ) with respect to ¢, = (—1)", 50 a, x = 1
if n — k is even and O if n — k is odd, and we have

n

" [5]
Un@) =Y aniTex) = Y Tr(x) =Y Tyok(x).
k=0 k=0

k=0
n—k even

Next, suppose T, (x) = ZZ:O by kUi (x), then b, is the generic element of the Riordan array (1 — 12, t). By
computation, we have b, = 8,k — 8 k+2, then

T (x) = Up(x) = Up—2(x).

6.2.2. The generalized Bernoulli and Euler polynomials

In 2003, Cheon [8] studied the classical Bernoulli polynomials B,(x) and the classical Euler polynomials
E, (x), by making use of the technique of matrix representation. Srivastava and Pintér [37] followed Cheon’s work
and established two relations involving the generalized Bernoulli polynomials B,(f‘) (x) and the generalized Euler
polynomials E ,(,a)(x).

We also presented two relations between B,ga)(x) and E,ﬁ“) (x) with matrix representation [40], which are in fact
the generalizations of the results of [8,37], and in this section we will give them again by the theory of Riordan arrays.

1 o
From Sections 4.1.2 and 4.1.3, we know that B,ga)(x) are Sheffer for the pair ((e t_l> , t) and E,(,a)(x) are Sheffer

o
for the pair ((Ct;1> , t). Suppose B,ga)(x) = > j_odnk E,gﬂ)(x), then a,  is the generic element of the Riordan

2
o (20
I R O N S S A IR o Y L S
we= |l (G51) (677) m=mt L E O LB 0%
P

2
n—k

n n—k _

0 ( l. )E} P08, ;).

-8 o
(e,t—_l) , t>. By computation, we have

i=0
Since
o] i —B 00
— 2 Lernfe LS (P)em
Y ETO0 = (e,H) FE =50 () )e
—0 m=0
I K[ B\eam'tt K1 (B i\
=2_ﬂz<m>z i! :Z 2_l32 m> il
m=0 i=0 i=0 m=0
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=l m=0

n k 1 00 ” 00 ”
an,k— Z()(n )FZ(Z) ,(, )k ,(0)— (Z)Z(Z) B! )k(m)
1

Next, suppose E,(,“) x) =Y bn,kB,Eﬁ ) (x), where B € N, then b, is the generic element of the Riordan array

7/3 2 o
<<ef;]) (m) ,t).By computation,
t" t -F 2 @tk n nk n—k (-B) (@)
= [2](e5) " () B= QS () oo

i=0

Since [28, p. 99] S(n, k) = ( ) B k)(O) where S(n, k) are the Stirling numbers of the second kind, then
SG+ B, B) = (";ﬁ) B (0) and we have

K i —k i+p -t o
bn,k=(k)z< l. )( 5 ) SG + B, BIE,,_, 0),

i=0

@ =S (VSR (Y g (@) ®
0@ = (}) . S+ B, HE,_ OB ().

=0 i=0 ! p
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