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Abstract

The main purpose of this paper is to study some sums of powers of
Fibonacci polynomials and Lucas polynomials, and give several interest-
ing identities. Finally, using these identities we shall prove a conjecture
proposed by R. S. Melham in [4].
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1 Introduction

For any variable quantity x, the Fibonacci polynomial F, (x) and the Lucas poly-
nomial L, (z) are defined as Fy(z) = 0, Fi(z) = 1, and F,11(x) = «F,(z) +
Fo_1(z) for all n > 1; Lo(z) = 2, L1(z) = z, and L, 41(z) = 2L, (z) + Lp—1(x)
for all n > 1. If # = 1, then F,(1) = F, and L,(1) = L,, the famous Fi-
bonacci sequence and Lucas sequence, respectively. It is clear that these two
polynomial sequences are the second-order linear recurrence sequences. Letting
z+v;2+4, b == V2””2+4, then from the properties of the second-order linear
recurrence sequences, we have

o =

F,(z) = O‘;:gn and L,(x) =a™ + g™

Concerning F,(z) and L,(x), various authors studied them and obtained
many interesting results. For example, E. Lucas’s classical work [3] first studied
the arithmetical properties of L,,, and obtained many important results. Y. Yuan
and Z. Wenpeng [6] proved some identities involving F, ().

*This work is supported in part by the N.S.F.(11071194) of P.R.China.



96 Wang Tingting and Zhang Wenpeng

Recently, several authors studied the sums of powers of Fibonacci numbers
and Lucas numbers, and obtained a series important identities, see [1], [2] and [5].
At the same time, R. S. Melham [4] also proposed the following two conjectures:

Conjecture 1. Let m > 1 be an integer. Then the sum

LyLsLs - Lomi1 y_ Fyt!
k=1

can be expressed as (Fon41 — 1) Ram—1 (Fant1), where Rop,—1() is a polynomial
of degree 2m — 1 with integer coefficients.
Conjecture 2. Let m > 0 be an integer. Then the sum

LiL3Ls5-- Lomy1 Z LSZH'_1
k=1

can be expressed as (Lap+1 — 1) Qam (Lont1), where Qo () is a polynomial of
degree 2m with integer coefficients.

The main purpose of this paper is to obtain some identities involving Fibonacci
polynomials and Lucas polynomials. As applications, we use these identities to
prove that the above Conjecture 2 is true. That is, we shall prove the following
conclusions:

Theorem 1. For any positive integers h and n, we have the identities

3

—~

o 1 2n)! on \ Farman (@) |
(a). %Fzmﬂ(aﬁ) =@ {<h+ Ve 2 (%) W ’

h

2n _ _1\n (QTL)' S 2n _1\n—k F4k(h+1)(z) .
(b) 7;) L2m+1(x) - (h+ 1)( 1) (n')g + ]; (n—k) ( 1) sz(x) )
h n
2n+1 _ 1 2n+1 F2(2k+1)(h+1)($).
(© mz::OFsz(ﬂﬁ) (2244 kzzo( nirk) Lopia(z)
@) i L2 () = i (2nH1y (pynt Lot 1)(h+1) ()
. — 2m—+1 —~ n—k L2]€+1(JJ) .

Theorem 2. For any positive integers h and n, we have the identities

n

h
o oy _ o (2n)! on \ Forent) (@) — Fa(z) |
(A) 7; L2m(z) =h (’I’L')2 + ; (n—k) FQk((E) s
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Z F2n (z) = =4 h(2n)! n Xn: (,2n) (—1)" For(ani1) () — For(z)

@2+ a7 " ()2 " For() ;
- Lok+1ycen+1)(x) — Logs1(x)
(C) L2n+1 2n+1 :
¥ =3 e
Z F2rH () — - (1) <1y k Ferenene) () — Fapga (2)
IZ + 4 n n= k L2k+1($) ’

k:O

As several applications of Theorem 2, we can deduce the following:
Corollary 1. Let h > 1 and n > 0 be two integers. Then the sum

Ll(ﬂf)L3($)L5($> e L2n+1 Z L2n+1

can be expressed as (Lap+1(x) — ) Q2 (, Lopy1(x)), where Qo (x,y) is a poly-
nomial in two variables z and y with integer coefficients and degree 2n of y.

Corollary 2. Let h > 1 and n > 0 be two integers. Then the sum

h

Li(z)Ls(x)Ls(x) - - - Lopi1(x) Z F2mH ()

m=1

can be expressed as (Fop+1(x) — 1) Hayp, (z, Fopy1(z)), where Hop(x,y) is a poly-
nomial in two variables z and y with integer coefficients and degree 2n of y.

Taking x = 1 in Corollary 1 and Corollary 2, then we have the following

conclusions for Fibonacci and Lucas numbers:

Corollary 3. Let h > 1 be a positive integer. Then the sum
h
LiLsLs- - Lot ) Fop™t

can be expressed as (Fopy1 — 1) Hop (Fopy1), where Hap () is a polynomial of
degree 2n with integer coefficients.

Corollary 4. Let h > 1 be an integer. Then the sum

LiL3Ls5--+ Lopy1 Z Lt
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can be expressed as (Lapt1 — 1) Qon (Lopt1), where Qo () is a polynomial of
degree 2n with integer coefficients.

Taking = 2 in Corollary 1, note that L,(2) = P,, the nth Pell number,
Py =0, P =1and Pyy2 = 2P,11 + P, for n > 0. Then we also have the
following:

Corollary 5. Let h > 1 be an integer. Then the sum

h
P\P3Ps - Pony1 )y Pyt
k=1

can be expressed as (Pap11 — 2) Ran (Pany1), where Ro,(x) is a polynomial of
degree 2n with integer coefficients.

It is clear that our Corollary 1 proves a generalization of Melham’s Conjecture.
Our Corollary 3 make some substantial progress for the Melham’s Conjecture 1.
Corollary 5 give some new identities for the Pell numbers.

2. Proof of the theorems

In this section, we shall give the proofs of our Theorems. First we prove Theorem
1. In fact, for any positive integer n and real number x # 0, by using the familiar

binomial eXpanSion

0
we get

and

(-1 = e e (- o). L9

Now taking z = o*™*! in (1.1), (1.2), (1.3), and (1.4), then 2 = —pg2m+1,
From the definitions of F,(z) and L, (x), we may immediately deduce the iden-
tities
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3

F2277rlz+1(x) = (22 + 4)» (n')2 + . (nsz) L2k(2m+1)(m) ) (1.5)
=1
L2n = (=1 n(2n)' - 2n -1 n—kL 1.6
am1(®) = (=1) (12 +Z () (—1) 2k(2m+1) (7)), (1.6)
’ k=1
n 1 - n
Fyiti(x) = @ ran () Fom1y k41 (2), (1.7)
k=0
and
L2n+1 (.Z‘) _ Z (2n+1) (71)”7]6[1 (:E) (1 8)
2m—+1 n—k (2m+1)(2k+1) . .
k=0

Now taking z = a®™ in (1.1),(1.2), (1.3), and (1.4), we deduce the identities

L, (x) = (27)2' + Z () Lagm (2), (1.9)
(n!) k=1
2n 1 n 2”)' - 2n n—
PR = G |0 o + 25 60 (0 L) (110
L3 (@) =) (0 Lomeers ) (@), (1.11)
k=0
and

P @) = e 2 o) (20" Famanin (@) (112)
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For any integer h > 0, we sum on m in (1.5),

(

h
Z F2272+1((E) 2 n
rt (22 + 4 4) n'

_ h+1 + n (n2nk (a4k(h+1) _ 1) N
(22 +4)n 2 k71h+ att —1
ﬂ2k (ﬁ4k(h+1
Bk — 1
B h+1 (2n)! N
(@244 | (n))?
n [ 2n Akh+2k _ Akh+6k 4kh+2k _ 4kh+6k
R e } (113)
k=1
Note that the identities
QAkh+2k _ (Akh+6k | ﬁ4kh+2k _ ﬁ4kh+6k
_ _ (a4kh+4k _ ﬂ4kh+4k) (a2k _ 52/{:) — _($2 + 4)F4kh+4kF2k:

and
2
4k _ ﬁ‘”“ = - (a% — ﬂ%) = —(m2 + 4)F22k,

from (1.13) we may immediately deduce the identity

h n
on _ 1 (2n)! on \ Fak(hr1) ()
mZ:OF2m+1(z) - (:L‘2 + 4)1'7, {(h + 1) (n!)Q + Z (n—k) ng(m) } '

This proves the identity (a) of Theorem 1.

Similarly, from formulae (1.6), (1.7) and (1.8) we can deduce the other three
identities of Theorem 1.
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Now we prove Theorem 2. From (1.9), we have

h

Z Z 4km + Bélkm)

B (Qn)! n o a4k(h+1) ot 64k(h+1) o 54k
B h(n!)2 * ;; ) ath —1 + Bk —1
(Qn)' n . atkh _ a4k(h+1) —24 otk + 54kh _ /B4k(h+1) + ﬁ4k
= h (n!)2 * Z (n"%) 2 — oAk — ik
k=1
_ h(2n)! N z": () (atkher2k _ gakR+2kY (02k _ G2R) _ (q2k — ﬁgk)2
n!)2 Pt n-k (a2k — B2k)?

(
n)! - on FQ 2h+1)\L — Fop(x
(2n) +Z( ) k( h+1;2(k()x) o ( ).

This proves the identity (A) of Theorem 2.

Similarly, from formulae (1.10), (1.11) and (1.12) we can also deduce the other
three identities of Theorem 2.

Now we use (C) of Theorem 2 to prove Corollary 1. It is clear that if P(z) €
Z(x), then a — b divides P(a) — P(b). From this properties and note that the
1dent1ty L2k+1 (L2n+1(£€)) = L(2n+1)(2k+1) (.I) we can deduce

(Lont1(w) — ) | Lokt (Lont1(x)) — Lokt (z) =

= Lian+1)2k+1)(®) = Logs1(2). (1.14)

Combining (C) of Theorem 2, (1.14) and note that (Logy1(x) — 2, Logy1(2)) =1
we may immediately deduce the identity

h
L1 (.13)[4,(3?)[15( L2n+1 Z L2n+1

m=1

= Ly(x)Ls(z)Ls(x) - Lopt1(x (Z 2n+1 2h+1)(2k+1)(x)_)L2k+1(x)>

o Lo y1(x
= (Lons1(z) — ) Qon (2, Lopg1(x)),

S

where Qo (z,y) is a polynomial in two variables z and y with integer coefficients
and degree 2n of y. This proves Corollary 1.

To prove Corollary 2, from (D) of Theorem 2 we know that we only to prove
the polynomials 22 + 4 and (Fbp41(z) — 1) satisfying (Fop1(z) — 1,22 +4) =1
and (Fopq1(z) — 1) | (Foht1)2k+1)(2) — Fagqa(x)) for all integers k& > 0.
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First from the definition of F,(z) and binomial expansion we can easy to
prove (Fapi1(z) — 1,22 + 4) = 1. Therefore, (Fopi1(z) — 1, (22 +4)") = 1.

Next, we prove that the polynomial (Fbpy1(2) — 1) divide (Fiopt1)2k41) (%) —
Forq1(x)). In fact note the fact that

Fo(z) — Fy(x) = Fla—eb)/2(T) Liayen) /2()

valid for all @ = b (mod 2) with ¢ € {1,—1} given by e = 1 if a = b (mod 4)
and e = =1 if a—b =2 (mod 4). Take a =2h+1, b =150 a—b = 2h and
a1 = (2k+1)a, by =2k + 1. Then a1 — by = (2k+ 1)(a — b), so € is the same for
(a,b) as for (a1,b1) (namely it is 1 if h is even and —1 if h is odd). Thus,

Fopt1(x) = 1= Fopqa(x) — Fi(2) = Fa(z)Lnga (@) or Fipa(2)Ln(2)

according to whether h is even or odd, respectively, and also

Fonyeer) (@) = Farp1() = Foryrn (@) Lk () (T)

or

Fiok1)(h1) () Lo 1y ()
again according to whether h is even or odd respectively. Now the claim follows
from the fact that F,(z)|F,(z) whenever u|v and if additionally v/u is odd, then
also L, (z)|L,(z). This completes the proof of Corollary 2.
It seems that using our method we can not solve the Melham’s Conjecture 1
completely. But we believe that it is true.
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