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ABSTRACT. In this paper we study [Z]m = 3 k=r(mod m) (%) wherem >0,n >0
and r are integers. We show that [m m (m > 2) can be expressed in terms of some
linearly recurrent sequences with orders not exceeding ¢(m)/2. In particular we

determine [ﬂ explicitly in terms of first order and second order recurrences. It

12
follows that for any prime p > 3 we have

2r—1 _ 1 p—1 (—1)F

— =2(-1)2" d
(1) - (mod p)

A
and . .
3 -1
Z - = ( k:) (mod p).
0<k<p/2 0<k<p/6

1. INTRODUCTION

Let N=1{0,1,2,---} and Z* = {1,2,3,---}. Form € Z*, n € Nand r € Z,

we set
n - n n k=r (T
(1.1) H = ) (k> and {T} = > (== <k)
m k=0 m k=0
k=r (mod m) k=r (mod m)
It is interesting to determine these two kinds of sums, which are closely related

to various number-theoretic quotients (see [W], [SS], [S1-3] and [Sul]), values
of Bernoulli and Euler polynomials at rational points (cf. [GS] and [Su3]), S.
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Jakubec’s investigation ([J]) of divisibility of the class number of a real cyclo-
tomic field of prime degree, and C. Helou’s study of Terjanian’s conjecture con-
cerning Hilbert’s norm residue symbol and cyclotomic units (see Proposition 2
and Lemma 3 of [H]). Observe that

Also,

Nl A W R A

So, it suffices to determine mm with n odd. If n > 0 then

mm —[{SC{1,--- ,n}: S| = (mod m)}| and K‘L - %m = g1,

For explicit formulas of ["], and [7]
[SS].

Throughout this paper, for a real number = we use |x| and {z} to denote the
integral and fractional parts of x respectively. For a,b € Z, as usual (a, b) stands
for the greatest common divisor of @ and b. When a € Z, n € Z* and (a,n) = 1,
(%) denotes the Jacobi symbol if 2 { n; we write g, (a) for (a™~! —1)/n, which is
often called a Fermat quotient if n is a prime p. For an assertion A we set

the reader may consult [S2], [Sul] and

3 10’

(13) Al = { 1 if A holds,

0 otherwise.

Our first aim is to express the sum [!] ~(m > 2) in terms of some linearly
recurrent sequences whose orders belong to {1} U {p(d)/2: d | m & d > 2} where

@ is Euler’s totient function. Namely, we have

Theorem 1. Let Dy(x) =2 and

Ln/2] .
(1.4) D, (z) = Z (—1)* “ _(n,_l)xth_i forn e Z*.

. n—1t 1
=0

Let k,m € Z and m > 2. Write

Jm 2 JT "
1.5 n(k,m) = § Dy (4cos® =) (4 A Z,
(1.5) wy (k,m) |k|( cos m) ( cos m) forn €

0<j<m/2
(J;m)=1
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and

An(@) = ] (:1;—4(:082 %)

0<j<m/2
(1.6) Gt

:x‘p(m)/Q _ alx‘ﬂ(m)/z_l —_ e e — a(p(m)/Q—lx — a’(p(m)/Q-

Then (—1)*"ta, € ZF fors=1,--- ,p(m)/2, and
(17) wn(kym) = alwnfl(kam) +ot acp(m)/an—cp(m)/Z(ka m) Jorn € Z.

Whenever n € N and r € Z, we have

nl 2"+ (=1)"2|m&n=0] 1
(1.8) Hm_ - —l—E;wanﬂj(n—Zr,d).
d>2
Applying Theorem 1 with m = 4 we find that
77.2— n
4m — 9" = s (n,4) = (=1)"F 2" forn=1,3,5---,
0], 2
consequently

p2-1 (2
(-1)"s : (—> =2 {](;] — 271 =1 (mod p) for any odd prime p.
p 4

This provides a new way to determine the quadratic character of 2 modulo an
odd prime. (The author’s brother Z.-H. Sun [S1] employed [}], and [5], to obtain
(2) = (=1)@*=1)/8 )
P
Let m > 2 be an integer and p > 2 be a prime not dividing m. From Theorem

1 we can deduce the following congruence:

west (p,m) — ((m) + p(m)) = pm/(k,m)) (~1)F-!

(L9) =o(m) Y.

p

(mod p)

where p denotes the well-known Mobius function.
Our second goal is to obtain an explicit formula for the sum m 1o+ This involves
a special Lucas sequence {5, },ez and its companion {7}, },cz defined as follows:

So=0, S1=1and S,11+S,_1 =4S, forn=0,+1,+2,---;

1.1
(1.10) To=2, Ty =4 and Tpy1 + Tt = 4T, for n=0,£1,£2, - .

It is easy to check that T,, = 45,, —2S5,,_1 and 65,, = 2T, —T,,_1 for all n € Z.
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Theorem 2. Letn € Z*, 2tn and r € Z. Then

(1.11)
12 m —om 1
"l12
35 + (1) (2)(2F 4 Tup) if n—2r = +1 (mod 12),
= =34 (-1)TFT ()T — Tups + Tuss) if n—2r = 43 (mod 12),
—3"F 4 (-1) T (D)2 — Tam) if n—2r = £5 (mod 12).

The author got Theorem 2 in 1988; it has the following application.
Theorem 3. Let n be a positive integer with (6,n) = 1. Set n = (n — (2))/2.

Then
2\ S (—1)%F N (C1)f fn— (1) n—1
1.12) (=) =2 =—— -~ — :
i (2) 5= () X e (D))
k=1 k=1
6|k+n
For any prime p > 3, we have the congruences
L;l k k
3& (=)~ 2\ Sp
k=1 0<k<p/6
and
e o (1
(1.14) 0p(2) = 2(—1)"2 ;; o7 (modp).

Let p > 3 be a prime. The first congruence in (1.13) was announced by the
author [Sul] in 1995. (1.14) provides a quick way to compute g,(2) mod p. In

Section 3 we will determine > o<k<p % mod p explicitly where r € Z.
12|k—r
We will show Theorems 1 and 2 in the next section. Section 3 contains a proof
of Theorem 3 and other applications of Theorems 1 and 2.

2. PrROOFS OF THEOREMS 1 AND 2

Let m € ZT, n € N and a,r € Z. Then

n K n n ak b 1 o )
() T X e
kET\(m;Zle) - Y= Y=
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This is (1.53) of H. W. Gould [G]. If p is a prime not dividing m, then we have

(2.1) 3 (pl?)akz 3 (Z)ak (mod p)

0<k<pn 0<k<n
k=pr (mod m) k=r (mod m)

(and in particular [P"

pr} [n]m (mod p) as observed by A. Granville) because

Zyprl—kcw EZ P14 aPAP n‘ZW (I+avy)" (mod p).

Lemma 2.1. Letk € Z, m € ZT and n € N. Then

2n
: — (2 Hr =
(22 TPIRLCIEIRE o
and
1 k v 2n
23) 3 e L

Proof. Let € € {1,—1}. Observe that

DR B K W A O S B

ym=¢ ym=¢

2n
S e ML) S (u
’Ynl—s

2n
_ 2n E k4+n—s __ 2n ﬂ- 75 ktn—s
s=0 1
Y=
2n l—¢ k+n—s s—k—mn 2n
g —]_ 2 m — m .
g ( . )m( ) m E € ( . )

0<s<2n
m|k+n—s m|s—(k+n)

So (2.2) and (2.3) hold. O
Remark 2.1. Let k € Z, m € Z*, n € N and ¢ € {1,—1}. By Lemma 2.1,

PR e L DN G A R B A

ym=e ym=(=1)me
2n :
ife=(—-1)",
:( 1>k { [kJrn]

{ ot otherwise.
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For n =0,1,2,3,--- the nth Chebyshev polynomial T}, (x) of the first kind is
defined by
cos(nf) = T, (cosh).

It is known that if n € ZT then

[n/2] :
.on (n—i .
Ty = 22T, () — T,— d 2T, (z) = —1)° 22)" .
() = 20T,(x) = Toa(e) and 2Ta) = 3= (1) (" e
Thus 27T}, (z) = D, (422)(22)2™ for any n € N.

Proof of Theorem 1. Let y; = cos2™ and xz; = 4y for j € Z. Asz; —2 =

2 cos(27rm) = e2™i% + 2% | the coefﬁments of A,,(z + 2) are symmetric poly-
nomials in those primitive mth roots of unity with integer coefficients. Since

D, (x) = H (x — 627”%> € Z|z],

1<jsm
(4;m)=1

we have A,,(z + 2) € Z[z]| by the Fundamental Theorem on Symmetric Polyno-
mials, therefore A,,(x) € Z[z].
Let 1 < s < ¢(m)/2. By Viéte’s theorem

—as = Z H(_xjt)a

0<j1<-<js<m/2t=1

(J1-+-js,m)=1
therefore )
0 < (_1)8_1a3 < (@(m)/ )48
s
For any integer n we clearly have
p(m)/2 p(m)/2
ZazZlel%?lzZlel%Zaz“
0<j<m/2 0<j<m/2
(4;m)=1 (4;m)=1
n m)/2 m)/2
0<j<m/2 0<j<m/2
(4,m)=1 (4,m)=1

So (1.7) follows.
For each k € N, if 2 | k then Dy (42%) = 2T} (z); if 21 k then

2Tk($) B kal(x) + Tk+1(x) .

Dy (42%) = =
k(427) 2x 212
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Let n € Nand r € Z. Then

B o CT , cmy L3
ZwL”T“J(n_ 2r,d) —Z Z Dy, oy (4008 ?) <4cos g>

dlm dlm 0<c<d/2
d>2 (e,d)=1
L5+
= Z D\n—Qr\(xj)xj .
0<j<m/2
If 2 | n, then
n/2
Z“’L"T“J(” —2r,d) = Z 2T|n—2r|(yj)%'/
d|lm 0<j<m/2
a>2
J J - i\ "/2
_ Z (ewzﬁ(n—Qr) + e—wza(n—}r)) <2+ 6271*1% —|—€_27mﬁ>
0<j<m/2
= > AT @Ay )R - a2 ()22 & nf2 = O]
ym=1

:mthm_ytw—wp\m&n:m

:mﬁj — 2" — (=1)"[2 | m & n = 0.
When 2 { n, we have

Tn_ r— ] +Tn— r j ntl
ZwLnTJrlJ(TL—ZT,d) = Z n—2r|—1(Y;) |n—2 |+1(yy)x.2
d|

2 J
0<j<m/2 2y]
d>2
] ] n—1
= Z (2 cos(n — 2r — l)J—7T + 2cos(n — 2r + 1)‘7—7T) z;®
, m m
0<j<m/2
ym=1

-1 -1
zml " } —|—m[n } —2"=m[ " } —2”=m[n] — 2",
n—1-—rf_ n—rj,. n—rj,. Tl

This ends the proof. [
Remark 2.2. For any integer m > 2, clearly
Ap (T4+2)1+27Y) =A4n2+z+271)

—_ - Y,
_ H (m—f—x L 2misy _ o 27rzm>

0<j<m/2
(4,m)=1
1 » » P,
— H - (CIZ _ 627713—,1) (.CIZ o 6—2771%,1) _ (ZI?) ‘
x xp(m)/2
0<j<m/2

(4,m)=1
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Now we list A,,(z) for 2 < m < 12:

Az(x) =2 —1, Ay(x) =2 —2, As(x) = 2% -3z +1,
Ag(x) = — 3, A7(x) = 2% — 522 + 62 — 1, Ag(x) = 2% — 4o + 2,
Ag(x) = 3 — 622 4+ 9z — 1, Aio(z) = z? — 5z +5,

A (z) = 2° — 92* 4+ 2823 — 3502 + 152 — 1, Aja(x) = 2% — 4o + 1.

Let m,n € Z and m > 2. Clearly w,(0,m) = 2w,(1,m) since Dy(x) =
2D1(x) = 2. For k,l € Z we have

(2.4) wp (k,m) = w,(l,m) if k =+l (mod 2m),
and
(2.5) wp(m —k,m) = —w,(k,m) if m=0 (mod 2).

(Thus w,(m/2,m) = 0 when m is even.) This is because

i g\ P i ik
Dy | 4 cos? = 2 cos — = 2T\ | cos=— | =2cos | —m ).
|| m m || m m

When m € {5,8,10,12} (i.e. p(m)/2 =2) we will express w,,(k,m) (k,n € Z)
in terms of several second order recurrences of integers, namely the Fibonacci
sequence {F, }necz and its companion {L,, },cz, the Pell sequence {P,},ecz and
its companion {@Q, }nez, and the sequence {S,}nez and its companion {7}, },cz
given by (1.10). The sequences {F}, }nez, { Ln fnez, { Pn}nez, {@n }nez are defined
as follows:

Fo=0, Fi=1 Foy1=F,+F,_1 (n=0,%£1,4+2,---);
Ly=2 Li=1 Lyy1 =L, + L1 (n=0,£1,%£2,---);
Py=0, PA=1, Poy1 =2P,+P,_1 (n=0,£1,£2,---);
Qo=2, Q1 =2, Qn+1 =2Qn +Qn-1 (n=0,£1,£2,--).

(2.6)

It is easy to check that for each n € Z we have

(5 - (5), e () (5

Po= = (V2" = (1=V2)"),  Qu=(14V2)"+(1- V)"

-2]-3l

So=——= (@+V3)" = 2-VB)"), T.=(2+V3)"+@2-V3)"

B
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For those m € Z* with p(m) = 2 or 4, we give below values of w,, (k,m) (n € Z)
where 1 < k< mif 24 m, and 0 < k < m/2 if 2 | m. They can be obtained
through trivial computations.

wp(1,3) =1, w,(2,3) = -1, w,(3,3) = —2.
wp(1,4) =2"; w,(1,6) = w,(2,6) = 3.
wn(1,5) = Loy, wn(2,5) = Lap—1, wn(3,5) = —Lap_2,
wn(475) - _L2n—|—17 wn(5a 5) - _2L2n—1-
wy(1,8) wn(2,8) wn(3,8) wy (1, 10) wy(2,10)

) * n 2(n+3)/2pn 2(n+1)/2Qn 2(n+3)/2pn_1 5(n—|—1)/2Fn 5(n—|—1)/2Fn+1

9 | n 2n/2Qn 2(n+4)/2pn 2n/2Qn—1 5n/2Ln 5n/2Ln—|—1

5(ntD/2E 1 if 24,
wn(3,10) = wy (4, 10) = { b f
5"2L, 4 if 2 | n.

wn(1,12) = w,(4,12) = T, wn(2,12) = 65,
wn(3,12) = 65, — Ty, = 2(Sn + Sp—1) = T — Ta—1, wn(5,12) = Tpr_1.

Proof of Theorem 2. Let k =mn — 2r. By Theorem 1,
12|"] —27 = wan (k,d) = by + o
b ol k k

T
d|12
d>2

where
b = wnTH(k:,?)) + wnT-i-l(k,G) and ¢ = wnTH(k,él) + wnTH(k, 12).
Observe that

br=1+3"3, by =2, by =wu (1,3) — wapa (1,6) = 1 - 373"

Also, ¢; = 2"5 —|—TnT+1,

n+1

e5 = —wusr (1,4) + wagr (5,12) = =25 4 Tuor.

Let [ be the unique integer in {1,3,5} such that k is congruent to [ or —I
modulo 12. Then by = b; by (2.4). If k = +I (mod 8), then k = 4+ (mod 24) and
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hence ¢, = ¢; by (2.4). In the case k # £l (mod 24), 12 — k = £[ (mod 24) and
hence

—cp = wnTH(4 —k,4) +wnT+1(12 —k,12) = wnTH(l,él) + wnTH(l, 12) = ¢.

Thus

and so

n rin=r) (2 121
12 — 2" =) —1 — | (=1)"5 ¢.
[7’1 12 vk (1) (n> S

Since we have computed b; and ¢;, (1.11) follows immediately. [

3. APPLICATIONS OF THEOREMS 1 AND 2
Theorem 1 implies the following result.

Theorem 3.1. Let m,n € N, m > 2 and n > § where 6 € {0,1}. Then

2n—4§ .
s

for all k € Z. If p is a prime not dividing 2m, then (1.9) holds.

Proof. Let k be any integer. By Theorem 1,

2n — ¢
l[kn+n} — 220 _(—)M2 | 1 & 2n = 6]
!
:ZMLQn—25+1J(2n —0—2k—2n,d) = an(Qk +6,d)
d|l d|l
d>2 d>2

forall l =1,2,3,---. Applying the M6bius theorem we then get that

o (2k + 8,m) = Z#( )( {Hﬂ —22”_5—(—1)k+”[2]d&?n:é]).

As m > 2, we have }_, . (%) =0 and

2Y=0 if2|m

I



ON THE SUM 34—, (mod m) (}) AND RELATED CONGRUENCES 11

Therefore
2n—46
e -Su@] 2@ £ )
am am ai L en)
2n—46

2n —
- (" )Zu( ald |~k —n]
For the equality (3.1), it remains to show that for any ¢ € Z we have

Zu( ) dld | c] = p(m) AT

p(m/(c,m))

This can be verified directly when m is a prime power, also both sides are mul-
tiplicative with respect to m. So (3.1) holds.
When n is prime to 2m, we have

I e T
—otm AR ) = et 3= e ()
(LG ) o 5 i £ ()
=p(m) + pu(m) + nip(m) k_ Z%EZ Zg; ! (Z - D

If p is a prime with p { 2m, then (1.9) follows from the above since

(—U‘(p;l) :0£[<l (1—3) =1-p Z (mod p?)

O<]<l

forany 1 =0,1,2,--- ,p—1. We are done. [
As examples we apply Theorem 3.1 and Theorem 1 with m = 4, 5.

Corollary 3.1. Let n be a positive odd integer. Then

oy CUEET oL 0t eony e ooy

k=1 k=1
2|k 21k
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and

3
—
3
w0
—
3
I
—

33 23 %(n_l) @)+ (- E) T2 Sl e

4 -7

Proof. Observe that

wai (1,4) =2"2  if n=+1 (mod ),

’lUnT-i—l(’l”L,éL) - { ’ n41

wnTH(3,4:):_2 if n = £3 (mod 8).

Thus, by the proof of Theorem 3.1, we have

(1) 2% -1 wan(n,4) = 9(4) — p(4)

n a nep(4)
-1\ a4/ (k,4) S (CD)E (-1
_,; k (k— 1> p(4/(k.4) =k (k; - 1)

2lk
_ - (_1)ngk n—1 _n_l (—1)n2k n—1
=N <n—’f—1) =k (k—1)
2ln—k 2tk

this and (3.2) yield (3.3). O
Corollary 3.2. Let n be a positive integer not divisible by 2 or 5, and

= 1/n-1
K,(r)= Z E(k—l) forr e Z.

5|]l€€i}"n
Then
(3.4) F"n(i) — K, (4) — Kn(3)
and
(2)F, -1 5 1 2
(3.5) = 5 Kn(0) + 5 Kn(3) — 5 Kn(4) — 50n(2)
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Proof. By Theorem 1, for any r € Z we have
Lyt ifn—2r =41 (mod 10),
5 m — 2" =wup (n—2r,5) = —L,_1 if n—2r = £3 (mod 10),
T
> —2L, ifn—2r =45 (mod 10).
—

As 5FJ = 2Lj+1 — Lj = Lj + 2Lj,1 for j € Z, 5Fn—(§)
hence

Fy s = LZL - {37;}5 - ni([s) [k~ dn] — [5 | K~ 3n]) " (Z - 1)

k=1

w)Ln-(g) and

So (3.4) follows.
Observe that

wnt1(1,5) = L1 = 3F, + Fr—1 if n =41 (mod 10),
wnTH(n, 5) = :

wnT-&-l(3,5) =—L,_1=-3F,+ F,+1 if n= 43 (mod 10).

Thus, by the proof of Theorem 3.1, we have

%(3(%)1?”“? 2) —3>_4Z (”_1>%
(12

=4, (0) = (Kn(1) + Kn(2) + Kn(8) + Kn(4)) = 5K, (0) = -——

This, together with (3.4), yields (3.5). O

Remark 3.1. Let p be an odd prime. Various congruences for F,_ (s /p mod p
can be found in [W], [SS] and [S3]. In 1995 the author [Sul] showed that

2 ]
k

)
NI

_9% —Pp -2

Pl k-1 \k
) C —a+ Y S (moa ),

k=1 0<k<p/4

Il
WMM\

which was reproved by Z. Shan and Edward T. H. Wang [SW], and extended by
W. Kohnen [K]. Therefore 2(2%1Pp —-1)/p= Zo<k<p/4(—1)k_1/k (mod p). As

<2)Qp—<i>:4(2>PP—QPE4—<1+¢§+(1—@)’“52<m0dp)7

p p

123_(123) 4 = 8P2 (2 = 0 (mod p?) and hence (%)Pp_(%) =P, — %Qp_(%) =
By — (%) (mod p? ) Thus
“hw @
p—(2) 5P =1 (=D q(2) 1 (=1)*
P = = — = — d »).
p P ST y =3 2 g (wedw)
0<k<h L<k<%

Theorem 2 has the following consequence.
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Theorem 3.2. Let n be a positive odd integer. Then

n o=l _ 1 [3 f n 4+ T‘] |m=2rdl | n-1
(3.7) MG =+ ((—1) 3 +1> forr € Z.

Providing n # 3 (mod 6) we have

!

k=1

l\')IH

Proof. As [V, =[] 5+ [, tel ., and (T+6)(g_r_6) - r(n;r) =1 (mod 2), (3.7)
follows from Theorem 2.
Now assume that (6,n) = 1. Clearly

bl G D ot [ B o[

k=1 =1 k=1
6|k 6k—3
1 P e P G V e e V e PO S € St
n 2n n n
and
n—1 k+1 1 n—1 n—1
(D= m—1 _ 1/n\ 1/n
k=1 r=—1 " k=1 k=1
6lk—r 6|k—r—3
B 21: [l = [ 3ale i [6]7]+[6|n—r]
_"“:—1 " r=—1 n

This completes the proof. [

Remark 3.2. For n € ZT and r € Z, mm in the cases m = 4,5,6 was also
determined by the author’s brother Z.-H. Sun [S1] but he did not present unified
formulas like (3.3) and (3.7).

From Theorem 2 we can also deduce the following result written in number-
theoretic language.

Theorem 3.3. Let n be a positive integer prime to 6. Set n = (n—(2))/2. For
any r € 7 we have

n—1

R RO

k=1
k=r (mod 6)

r+1 r+1
1+(=D)L3 J(g)s_ﬁJr 1+3(—§)L 5 J(%)Tﬁ;2(%) if3tn+r

_ 2 n’ n n

—(2)5a — (&) *—Gi( n) if3|n+r.

(3.9)
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Proof. Let §, =[6 | r]+[6 | n — 7] = [n — 2r = £n (mod 12)], and

vee B )06 ()

k=r (mod 6)
Then
2 + " k(n—k) (TN r(n=r) | T
A+ (2)2" —2465, =6 (- _6(—
k=0
6|k—r

where in the last step we note that

_ _ _ 2 _ .2 _
k(n—%k) r(n—r) _ k ’r’n_k r_ k—r (mod 2)
2 2 2 2 6

if K =r (mod 6). In view of the above and Theorem 2,

(2) a2 (2)
o (3) ([, 2,) -+

Tni if n —2r = +1 (mod 12),
—Tus if n — 2r = +5 (mod 12).

Observe that
GSLH —TLH :Tm _Tﬂ :3TL*1 _T@ :GSE +TL*1-
2 2 2 2 2 2 2 2
If n — 2r = £1 (mod 12), then 6, = [n = £1 (mod 12)|, therefore

(%) Ay =Tuzr + (2 - 65,) (%)

6Sn_1 +2Tn1 —4(2) if (
| T +2(2) if (

s Q)42 ()

15
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If n —2r = +£3 (mod 12) (i.e. 3| n+r), then 6, = [n = £3 (mod 12)] = 0 and

hence
(g) Ay =Tus — Tuss + (2 66,) (3)
n 2 2 n

2 2
=—6Sn-1 —Tn-1 +2 (—) = —6Snt1 +Ths1 +2 (—)
3 p) n 2 2 n

~os- (2 (m-2(2)).

If n — 2r = £5 (mod 12), then 6, = [n = +5 (mod 12)] and so

(%) Av=—Tucs + (2 65,) (%)

~Tus +2(3) if
| 68up — 2T —4(2) f (

S ()52 ()

When 3t n(n —2r), we have {23} >
which implies that 3 | n — 2r), thus Ln-l—lJ L
and hence

(—nL= @) — (L { 1 ifn—2r =41 (mod 12),
n —1 if n—2r =45 (mod 12).

(otherw1se 6|n+1land3|r—1,
J — n+3 r—i—IJ — Ln 2T+1J
L 6 3 6

In view of the above, (3.9) can be easily verified. [

Proof of Theorem 3. Applying (3.9) with » = 3, —n we obtain that

ij —(y 2y )©1k-s - k)

S

If £ = 3 (mod 6) then k(”Q_k) =12k =l % (mod 2); if kK = —n (mod 6)

then M =kn _ f=kn_1 (mod 2). Thus (1.12) follows.

Now suppose that p is a prime greater than 3. Applying (3.9) with r = 3, we
find that p divides T — 2(%). Observe that

k(n k)

1253 = (24 VAP + (2 VB)P) — 402+ VBP (2~ VB

t1= (52 (0) () -o(2)
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So p | Sp and p? | Tp —2(%).
Notice that

3
6Sp+r1 — Tpt1 =6Sp—1 +Tp—1 = 6513 + (—) Tﬁ
2 2 2 2 P

6 p=1 p=1 p=1 p=1
:2—\/§<(2+\/§) = —(2-3)" >+(2+\/§) = +(2-3)"

=1+ V3)2+V3)'T +(1-V3)(2-V3)'T
=27 (L4 VBT 4 (1 - V)T

3 () (B + (AP

k=0
20k
p—1 k
_ L &2 (p—1
9.9 % Lot ,
* pz_: 2k \2k — 1

Therefore

o G ()8
=6 (%) % + (2"51 + (%)) # =6 (%) % +¢p(2) (mod p).

Taking r = 0,3 in (3.9) we then have

TG ()2 () 55

and

L

k]
o[+
£

S )0 TR0

Consequently,

>
I
—_
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and (1.14) holds. This completes the proof. [
Remark 3.3. Let p > 3 be a prime and p = (p — (%))/2 By the proof of Theorem

3,
()58 (3 (2522 s (3] i

Since 25p-1 = 4S5p+1 — Tp+1 and 25p+1 = 8Sp-1 —25p-3 =4S5p-1 +Tp-1,

S 3 - (2) 5 Ty —2(; p
(P+(3))/2 p) _ 2& 4 (%) p—(PJ — & (mod p).

As Sp—(%) = 5213 = SﬁTﬁ, we have

S, _(s _ T —2(8 3
p—(3) .y (§> Sp _ Sp 4p Q(p)pz 3 (Q) (&) p? (mod p?).
p p) p p p p p

Note also that

3
M =4 (9) Sp (mod p)
p p/ p
because S, = Sﬁ# — S%,%l = (%)(S?p+(%))/2 —-S2) = (%)((%) +255)? (mod p?).
In [SS] Z.-H. Sun and Z.-W. Sun employed the sum [?] 1o to determine when
p| Fp—1)/4 if p is a prime with p =1 (mod 4).
Let p > 3 be a prime. We assert that

(3.10) p[ S| pr1) <= p=1,19 (mod 24); p [T ptr) <= p=7,13 (mod 24).

Put n = L%Llj. Clearly
To,, = ((2 +V3)" - (2 - \/§)”)2 +2(24+V3)"(2 - V3)" = 1252 4-2.

If p = 5,11 (mod 12), then p + (%) = 4n, hence p 1 S, and p 1 T;, because
S, T, = S, = (%) (mod p) by Remark 3.3. When p = 1,7 (mod 12), clearly
dn =p — (%) = 2p, therefore

plSn <:>T15=12S,%+252(m0dp), i.e.p}?(g)—z

2
— (—> = (§> , i.e. p=1,19 (mod 24),
b

p

and
T, =85/S, =0 (mod p) <= p1S, < p=7,13 (mod 24)

since S; = 0 (mod p) and T2 — 1252 =4 # 0 (mod p).
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Corollary 3.3. Let p > 3 be a prime. Let r € Z,
1 4ifr=0,1(mod 6),

1
(3.11) Ky(r12) = Y -oond e =9 =1 if3[r+1,
102<|:_<£7 0  otherwise.
Then
9+ (—1)lr/2) 3
(1) Ky (r12) =2 ED o) g -yl 2
(312 2\ So-(2))/2
()2 (2) 2R (od
Proof. By Theorem 3.2,
1/p—1
6]rpl+[61p—rpl+p Y E(k—1>
0<k<p
6|k—rp
[p] 27t —=1  [Btp+rp | p=2rptl
_{rp] B 3 * 2 <( 2 1) '
Since (pjl) = (—1)! (mod p) for i =0,1,--- ,p—1, and

0<k<p
6|k—rp

E[?ﬂ(r-l—l]

Lp+1 2TPJ7 . mo
o (( 1) 3% 1 1-2[r=0,1( d6)]>

2p
Set p= (p— (%))/2 AsT; = 2(%) (mod p?), Theorem 3.3 implies that

k(p—k)

(U )
O<Zk<p —(=1) 5
6|k—rp

_ (3> ﬁ(” (_?LWSHJ Bir+1]—[3]r+ 1]) (mod p).

19

Br+1 s (( 1)L 3est _1> = [3+r+1](—1)L§Jq’T(3> (mod p).
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Clearly | % | = | 5] (mod 2) if 317+ 1, so

J[3Tr+1]—[3|r+1]: [2| {gJ &3+r+1}—[3|r+1]=er.

If K =rp (mod 6), then k(p;k) = k_;pp+ Tp(pz_rp) = k_Grp — | 5] (mod 2). Thus

21T K (r12) = 3 %(uenwﬁ“%‘“)

0<k<p
6|k—rp
;‘JP?()Q) + 317+ 1=t q’T@ +(=1)te) (%@) ter (;) %) (mod p),

which is equivalent to (3.12). O

Remark 3.4. Let p > 3 be a prime and r be an integer. Clearly

1 12 L 12
Z == Z 7= = 12K,(—r,12) (mod p).

J
T - _r+1 l<(7"—|—1) k=1
T5Pp<g< p Tp< p
' ' 12]1 12]

Thus, for a = 1,5,7,11 we can also deduce the congruence

a 3\ 3 3
Bt (13) = B = () Sy + 30020+ 50s®) (o )

given in [GS] from our Corollary 3.3, where B,_; = B,_1(0), and B,_;(x) de-
notes the Bernoulli polynomial of degree p — 1. If 0 < r < 12 then we can
determine (LPL_ ; J) mod p? since

(_1)L{2pJ<p_1)51—p > % (mod p?).

r
Ll?pJ 0<j<{5p

The reader may consult [Su2] for [T;; ., » (Lp %, plj) mod p? where n is any positive
integer not divisible by p. ’

Acknowledgment. The author is indebted to the referee for his helpful com-
ments.
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