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Let {F,.} be the Fibonacci sequence defined by Fop =0, F] =1, Fr41 =
Fo4+ Fo_q (n > 1). It is well known that Fp“( 5) = 0 (mod p) for any odd
prime p, where (—) denotes the Legendre symbol. In 1960 D. D. Wall [13]
asked whether p?| Fp...,( 5) 1s always impossible; up to now this is still open.

In this paper the sum Z (:) is expressed in terms of Fibonacci
k=r (mod 10) . _

numbers. As applications we obtain a new formula for the Fibonacci quo-
tient F ?____ (2) /p and a criterion for the relation p| Fi,,_1)/4 (if p = 1 (mod 4)),
where p # 5 is an odd prime. We also prove that the affirmative answer to
Wall’s question implies the first case of FLT (Fermat’s last theorem); from
this it follows that the first case of FLT holds for those exponents which are
(odd) Fibonacci primes or Lucas primes.

1. Introduction to Fibonacci and Lucas numbers. For later con-
venience we introduce in this section some basic properties of the Fibonacci
sequence {F,,} and its companion — the Lucas sequence {L,}.

The {F,} and {L,} are given by

fo=0, F1 =1, Froy1 = Fu + Frq | (_T& = 1,2,3,.. )
and

Lokm ) : Iq = 1, Ln+'1 = L, + Ln:—=—=1 (n P 1,]2, 3.,_ .o ) .
It is well known that |

F’!‘i. — a_{_;g__E_E__ and L‘n — a.n 4 ﬂn
where @ = (1 +v/5)/2 and 3 = (1 — v/5)/2 are the roots of the equation
z’ —z~1=0.
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From the explicit formulae of F,, and L,,, one can easily obtain

THEOREM A. Forn =10,1,2,... we have

(1) Lp =2F41 — Fp, 5F, = 2L 11 — Ly;

(i) L7, — 5F% = 4(-1)™;

(111) Fg?; — Fn.Lﬁ, Lgn — Li - 2(-—1)”’

Here, part (i) can also be proved by induction, part (ii) is formula 10.14.7
of [2, p. 149}, part (iii) can be found in [4, p. 61].

Let (n1,...,nk) and [nq,...,n,] respectively denote the g.c.d. and l.c.m.
of positive integers ny,...,nt. For Fibonacci numbers we have the nice

THEOREM B. Let m,n be positive integers. Then

() Fran =Y (”) Fr=i Fi F = 0 (mod Fy,),

;
=1
(11) (Fma Fn) = F(m,n)*

Here part (i) is due to H. Siebeck (cf. [1, p. 394]), a generalization was
given by Sun [11]. Part (ii) is a theorem of E. Lucas (see Theorem III of
[1, p. 396}), a proof can be found in [2, pp. 148-149].

Concerning divisibility we have

THEOREM C. Let p be a prime.

(1) If p # 2 then Fp__(%) = 0 (mod p).

(ii) Let A\, m,n be positive integers. Suppose p*|F,, (i.e. p*| F,, and
p*t1 4 F). Then p|n if and only if p*t1| Fy.

Proof. The first part is well known (cf. [1, p. 394]), for a proof one may
see [2, p. 150].
Now let us consider part (ii). By part (i) of Theorem B,

Fon =nF271F,, (mod F2).

Since m > 1 (because p| F.), (Fn-1,Fm) = Fim-1,m) = 1, p*||F,n and
pM1| F2 | we have

p t Fron & p* I nFR2YF, & pn.
This concludes the proof.

Remark 1. It follows from Theorem C (and the fact 2| F3) that any
prime-power divides some positive Fibonacci numbers. Let d = p%’* P

(p1 < p2 < ...< p-) be in standard form, and suppose pf“ | F},, for each

. | . . ey A o |
1= 1,...,7. Since Fy,, divides Fi,, o0, 05| Finy,.omyy forall i =1,...,7
and hence-. d| Fin,,...n;)- Thus, any positive integer d is a divisor of some
positive Fibonacci number.
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2. On the sum Z (;:) . For integers m > 0,n > 0 and r we
k=r (mod 10) !
let "

_ n n "
r(m) = Z (k) and  Ap(r,n) = mI 914 (m) — 2

k=0
=r (mod m)

where [ - ] is the greatest integer function. By using the properties of binomial
coeflicients one can easily prove that

1 — n+l . 7N | n
r{m) — *n—r(m)>? Tr(m) - Tf(m) T T’f’”“l(m) *

From this we have

LEMMA 1. Let m, n be positive inlegers and r, s, t be integers satisfying
r+s=0(modm) and r+t =2 (modm). If n is odd then

Ap(r,n+2)= An(s,n)+24,(r,n)+ An(t,n).
Proof.
An(s,n)+24,(r,n) + A,(t, n)
= 1(T(n /214 s(m) + 2T (/204 r(m) + Tinj2eeem)) = 427

| n n-+2
= Tty j2=r(m) T 2Tty 2r(m) T Tlnt) 242 —r(m)) = 277
= MUTGm1) 24rs10m) T Ty 24 (m) + T(nmt)24r(m)

T -T(iml)/zwml(m)) - 2"

7 N4 n+2 __ -'
= m(T(ntll)/ﬁ—}-r-}-l(m) T T(ntll)/2+r(m)) — 2" = Am(?', n -+ 2) '
Now we can give

THEOREM 1. Let p > 0 be an odd number.
(a) If p=1 (mod4) then

-410(6-5 p) = Lyt — 5(P+3)/4 F(P-H)/? *
(b) If p=3 (mod4) then
A10(0,p) = Lyyq +5PVAL 1y,
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(C) A10(8,p) — —QLP.

Proof. One can easily verify the following simple facts:

A10(0,1) =8 = Ly + 5F, A10(0,3) =22 =Ly + 5Ls;

Ao(2,1)=-2=—~Lo+5Fy, A10(2,3)=2=—-Ly+5Ly;

Ap(4,1)=~-2=—-Lo —5Fy, A(4,3)=-8=—~Ly~5Ly;

A10(6,1) = -2 = Ly - 5F], A10(6,3) = -8 =Ly — 5Ly ;

A(8,1)= -2 = -2L,, A10(8,3) = -8 =-2L3.
Thus Theorem 1 holds for p = 1, 3.

Now let us suppose the odd p is not less than 3, and assume that the
theorem is true for p. Applying Theorem A we get

3F(p41)/2 + Fp-1)/2 = 2F(p41)/2 + F(p13)/2
= 2F(p4s)/2 = F(p+3)72 = L(p+3)/2 5
3L(P+1)/2 T L(p-—-l)/2 = 2L(p41)/2 + L(p+3)/2
= 2L(p4s)/2 = Lip+3)/2 = SF(p+3)/2
20(p-1)/2 + Fip41y/2 = 2F(pr3)2 — Flp41)72 = L(p41)/2 5
2L(p-1)/2 + L(p+1)/2 = 2L(p13)/2 — L(p41)72 = 5F(p41) /2 -
By Lemma 1 and the (inductive) hypothesis we have

A10(0,p+ 2) = A10(0,p) +2410(0,p) + A10(2, p)
3(Lpt1 + 3Pt F 1y 2) = Lp—q + 5P F,_yy

= Ly +5PHIMAL 5y if p=1 (mod4),
3(Lpyr + 5Pt/ AL L1y/a) = Lpoy + 5PHD/AL 15/

= Lyys + 5PT/AF a0 if p=3 (mod4).

wpi———

(Note that 3L,41 — L1 =2Lpy1+ Ly, = Lyy1 + Lypyo = Lyy3.) Also,

At0(2,p+ 2) = A10(8,p) + 2410(2,p) + A10(0, p)

—2Lp — QLp—l +2- 5(p+3)/4F(P-1)/2 + LP+1 T 5(P+3)/4 F(P+1)/2
- —Lp+1 + 5(P+3)/4L(p+1)/2 if D = 1 (mod 4) .

~2Lp = 2Lp 1 +2-5PHVAL G a4 Lppr + 5PV L0y
= —Lp41 +5PIAE L1y, if p=3(mod4);

Aro(4,p+2) = A1o(6,p) + 2410(4,p) + A10(8, p)
Lpyr = 8Py y1yp = 2Lpoq = 2 5PFIAF G _yy )y — 2L,

= — L, — 5Pt3)/4 Lip+1y2 if p=1(mod4),
Lpy1 —5P3ALiye — 2Ly —2-5PFD/AL 1y — 2L,

= —Ly41 — 5(P+5 )/4F( +1y/2 i p=3 (mod 4)

ke
L
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A10(6,p+ 2) = Aro(4,p) + 2410(6,p) + A10(6, p)
L,y — 5(p+3)/4 Fl-pml)/z +3L,41 —3- 5(p+3)/4 F(_p+1)/2
= Lpps — 5L o s if p=1(mod4),
=L = 5PFVAL L 4y +3Lpy1 = 3-5PHDAL 1y
= Lpa = 5P/ F 132 if p=3 (mod4);

=L,y + 53/ Fip—1)y2 —4Lp = Lyq — 51(15*4-3)/}:*UL,,_M)/2
. = “—2(21-/;, -+ L;,....}) QL?.;.Q if P = 1 (mod 4)
—Lpa +5PFVAL 1y g — 4L, - Lpo1 - 5P+ DALy 1)/
' = —2(2L, + L, ) ~2Lpyo if p=3 (mod4).
This shows that the theorem holds for p 4+ 2.
By the above, Theorem 1 is proved by induction.

wh—
i

]
wolnlessplnlls .

Re‘ma,rk 2. For the values of A,,(r,n) (r € Z,n € Z1) in the cases
= 3,4,5,6,8,12, one may consult [6]-[10].

3. Congruences with Fibonaccli numbers

-P""l_ _(ml)k—-i
Tf(m) =P Z - k e (mOdpz)
k=r f;;d m)

where £ denotes the number of elements in {0, p} which are congruent to r
modulo m.

Proof. Since

kl(p; 1) =(p-1(p-2)...(p= k) = (-1)"k! (mod p),

we have
(p; l) = (-1)* (modp) foreveryk=1,...,p—1.
Therefore
p—1 p—1 k—1
) =5 ,‘?_: k(k—’l)“£+p ; g (med?)
k= r(mﬁd m) k=r (god m)

By Lemma 2, provided that p is a prime we have

P _ 9 Tg(‘l) -9 ¢l _1)k-1

— Z *g_**“é—*“- (de p)
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which was first given by G. Eisenstein (cf. [1, p. 105]).

THEOREM 2. Let p # 2,5 be a prime and let
P 1

N Z 1
k=1
k=r {(mod 5)

Then

pKp(0) = —pK,(p)
1 + (—1)[(r=5)/10]5(p-1)/4 F(p+(§;))/2 (mod p?)

. if p=1 (mod4),
1+ (--1)[(1?“5)/10]5(?"3)/4L(p+(§))/2 (mod pz_)

if p=3 (mod4);

pK,(2p) = —pK,(4p)
5! —
("‘1)[(?“5)/1&] (‘5) S(P 1)/4 F(p-—(%))ﬂ (mOd PE)
. if p=1(mod4),

. .
(—1)i{p=35)/10] <;)5(P 3)/4 L(p—(%))/2 (mod p?)
if p=3 (mod4);

K,(3p) = 0 (mod p).
Proof. Note that

p~1 1 p—1 _1
Kp(p—r)= > T = ~—— = —K(r) (modp).
k=1 k=1 p
k=p—r (mod 5) p—k=r (mod 5)

So we have

K,(0) = ~K,(p) (modp),  Kp(2p) = —Kp(=p) = —K,(4p) (mod p).
Kp(3p) = —Kp(—2p) = ~K,(3p) (modp) hence K,(3p)=0 (modp).

By Theorem 1, if an integer m is not divisible by 5 then
A10(8 + 2m, p) — A1o(8 — 2m, p)

+2-5PH)/AE L 1y2 if p=1(modd),

+[410(0,p) — A10(6,p)] = { £2- 5PV L4y if p=3 (mod4),

when m = £1 (mod 5);

- +2.5(P+I/MAE 1, if p=1 (mod4),

+[A10(2,p) — A10(4,p)] = { +2.5(P+D/AL 1y if p=3 (mod4),
when m = 2 (mod 5)
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L
———

(—=1)2m/51 .10 . 5(?--1)/4}7(?_‘_(%))/2 if p=1 (mod4),
(=1)i2m/51 .10 - 5(p“3)/4L(p+(—§'-))/2 if p=3 (mod4).

For mi = (p + (=1)(P*1)/25)/4 and my = 3m; we have

)-(5)-()- () (3)-)(2)=-C
#)=(5)=()=G) (3)-6)F)--6):

(=1 /3l = (—1)(p=1)/2 . (=1)lp=5)/10]

(_1)[2m2'/51 — (_1){5m1/5']

-1=1:-(-1) ifm; =1 (modb),
) 1=(-1)-(-1) ifm;=-1(mod5),
“Y1=1-1 if my = 2 (mod 5),

—-1=(-1)-1 ifm; =-2 (mod5)

3m 5

(1 [zm1/51< 1) (Y= . (_le=5)/10] ( B
= (~1) = (—1) (-1) ;

P

é,nd therefore
(—1)(p-1)/2 _
M“Td“-—“_[ﬂw(g + 27’?’31,}3) "'"' A'IG(8 - levp)]
2m 5
(—1)Ema/3l5(p=1)/4 Fipt(m1y) /2
= (- 1)[(:0 5)/10] 5(p— 1)/4}:’(p+( 5))/2 if p=1 (mod 4)’
| —(=1)ma/Bl5e=DAL

= (=1)l(r- 5)/1701,5(1?'~~-"----3)/4L(?_q_(%))/2 if p=3 (mod4);

———
"

+(=32))/2

5 _
= (—1)Ip=3)/10 (5) 5(?3“1)/4}?(;?*-(%))/2 if p=1(mod4),

S

\[2m2 /5] = (p—3)
(—1)[2m=2/5]5(p )/4L(F+(-”—21))/2
5 |
- (_1)t<p--s>/1ax(;> 5C-IML, 2y, if p=3 (mod4).
To complete the proof, we notice that
k—1 p—1
PKP(O) = Z ( 1)
k=1
10 | kot 5 10 | &
=T 510 — (Tg’(w) 1) (mod p*) (by Lemma 2)

=1+ Tois00) ~ Toao) = 1~ (T3o) — Tao)
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_ _1\p—1)/217p - TP
=1 + ( 1) [Tp+3+£_1)(2!?+1,)/2 _5(10) TW-S('IO)]

—1)(p—-1)/2 1 34 (—1)P+1)/2

10 2 2
1—-p 3+ (=1)p~D/2 )}
— A SrAT)
10( > + : 9, P
—1)(p-1)/2 1)(p+1)/25
=1+( ) A10 8+p+( ) , P
10 2
1+ (—1)(p+1)/25
— AIO (8 — £ ( ; y P
(—1)(P—1)/2
= 14 L [Ag(8 + 2m1,p) — Aro(8 — 21, p)]
and that
p—1 k-1 p—1 k—1
-1 —1
pKy(2p)=p > ( 2 -p ) ( ;
k=2p+5 __f od 10) kszpk(ialod 10)

=T, 2p45(10) ~ 2p(10) (mod p*) (by Lemma 2)

T Tfp+5(10) Tfp(l()) — ( 2p(10) Tpp+5(10))
— (=1)p+1)/2[ P — TP
( ) [ 2p+ g.._lz(P*l'l)/? 5(10) _p+ 1+(_1)(2p+1)/2 ‘5(10)]
(—1)(p+1)/2 (p +1 1 4+ (—1)p+1)/2
10 0\ TP > TP
+1 1 + (=1)(pt1)/2
— Ay 2 —2P+“—t—'—(——-—)—————'5ap
2 2
(_1)(p+1)/2 ( p+ (=1)Pt1)/25
= Ao 8 — -3
10 10O T > ) D
+ (=1)P+1)/25
—Alo(S"‘P"“""’L%'“"'_—'gap

(—1)(p+1)/2
— -——-—-———————-——-[Al()(S +- sz,p) — AIO(S T 2m2ﬁp)] ‘

10
COROLLARY 1. Let p # 2,5 be a prime, and ¢,(5) = (5771 - 1)/p.
(a) If p=1 (mod4) then

Fos(syy = (~1)I- 5’/"’1( )5<P-l>/4[p<ffp<0) + 14,(5)) — 1] (mod p?)

P
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and
Flp—(3y2 = (=1)P=05P=Dp K, (2p) (mod p?).
(b) If p=3 (mod4) then
5

Lipacgyn = (=197 (25008 (0) + 1a5(5)) - 1] (mod 7

and
L(p-(.g.))/z = (“1)[(p_s)/w]5(p+1)/4Pﬁ’p(2p) (mod Pz)-
Proof. Observe that

%pqp(S) = %(5(}”‘1)/2 + (%)) (5“’"”/2 ~ (%))
()3 () = G-t

Now let us prove part (b). (Part (a) can be proved similarly.) Suppose
p = 3 (mod 4). From Theorem 2 and the above observation we have

(15_) 5(P+1)/4P(Kp(0) + %Qp(g)))

P |
= 5P/ (pK,(0) + Lpg,(5))/5P~1/2 (mod p?)

_ s(p+1)/4 (1 b (=105

+ (g) 5(?"'1)/2 _ 1)/5(P—1)/2 (modpg)

— (_1)[(P—5)/10] L(p-{-(%))/? + (%) 5(p+1)/4

and

| d p
5(”+1)/4p1{p(2p) — (5) 5(p+1)/4pr(2p)/5(p—1)/2 (mod p?)

_ (_5_>5(p+1)/4 ((_1){(p—5)/101 (r’i) 5= s /2) / 5172 (1mod p?)

P P
— (_1)[(10—-5_)/10] L(p_(:'-i))/z _
This yields the desired result.
COROLLARY 2. Let p # 2,5 be a prime. We have
(i) 2K,(0) — Kp(2p) + 395(5) = 0 (mod p).
(ii) If p =1 (mod 4) then
Lp+(sy)/2 = (=D)IP=05=DA(3 K (2p) - K4(0)) — 1] (mod p*)
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Lip-(3y)/2 = (=DIP=/10 (;)5@ D74 (1pgy(5) — 2) (mod p?).

(iii) If p =3 (mod4) then
Flot(sy = (= IP=8)/1005(P=3)/4[p(3 K, (2p) — K,(0)) — '1] (mod p*),

(=1)le=9)/10] (5)5&’“3}“( Lpgs(5) - 2) (mod p?).

III

_ F‘(pm_( £))/2 P

Proof. By part (i) of Theorem A one has
Lip-1y2 = 2Fp41)72 = Fp-1)j2,
Lip+1)/2 = 2H(p43)72 — Fip1)2 = 2F(p-1)/2 + F(p+1)/2 :
SEp-1)/2 = 2Lp+1)2 = L(p-1)/2
SFp+1y/2 = 2Lp43y/2 = Lip+ry2 = 2L(p-1)2 + Lip41y/2
It follows from Corollary 1 that

(1) P“f’)fmi(f;) =D/ [p(2K,(0) + 4,(5) — K, (2p)) — 2]
’

2F i (52 — (p)F(? ~(2))/2 = Lip—(3))/2 (mod p?)

if p=1 (m0d4)

5 (25(p+( 2)/2 (p>5(p (2 ))/2) - Flp—(37)/2 (mod p?)
if p=3 (mod4)

and that
(=)= 5lr=D/4[p(2 K, (2p) + Kp(0) + Lgu(5)) ~ 1]

f 5
Q‘F}w( 2))/2 + (

p)F(?H =N/~ L(z}*i-( > /2 (mod p*)

if p=1 (mod4),

4 ﬁ .
(QL(:»--( s))/2 + (p)ﬁ(pﬁé))/z) Fpt(s))/2 (modp?)
if p=3 (mod4).

For (i)-(iii) to hold it is sufficient to prove

5) 5(?"‘1}/2 — ( )

2K,(0) — K,(2p) + ¢,(5) = (-—-ﬂ - .

P, = 79p(5)) (mod p),

1.e.,
75\

11— p(,?-fi’ﬁ(.(}) T qp (5) — -K?(zﬂ})}f’(“w/g = <;> (mod pg) *
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To show this we note that
4{1 = DREK(0) + g5(3) - Ky(2)) 5P/

_ ((_1)[(2?—5)/101 (é) 5(P—1)/4{p(2}(p(9) + g,(5)

P
| .
— K,(2p)) - 2]) ~5-0% (modp?) if p=1 (mod 4),
| (e (2) st p2,00) + 4,05

— K,(2p)) — 2]) — 0% (mod p?) if p =3 (mod4)

2 e

2 2
sy L

H

(p—(2))/2 (mod p*) ifp=3(mod4)

(By Corollary 1, p| F(p_(%))/z if p=1(mod4), p| L-(p__(_i_))/g if p=3 (mod4).)

2
n—=(2))/2 SF(P-(%))N)
= 4(=1)P=1/2+(=(5))/2 (by Theorem A)

= 4(~1)1=GN/2 = 4(%) ..

= (=1){P=1/2([2

This concludes the proof,.

COROLLARY 3. Let p # 2,5 be a prime. Then
p-1 - p—1

F.o_s
p—(2) 1 1
= =2 E - =2 E — dpj.
P k=1 R =1 K mod?)
k=2p (mmad 5) 5 l;+k
Proof. By Theorem A and Corollaries 1, 2 we have
— O ~1)/2.. 17
Foets) = Fp-(s)2Lip-(3) 2 = 2 (5) 5P~ D2 p K ,(2p)

= —2pK,(2p) = 2pK ,(—p) (mod p*).
This yields the desired result.

Remark 3. For the Fibonacci quotient F£,_(sy/p (p # 2,5 is a prime),
H. C. Williams [14] obtained the following formula:

Fp—(%) 9 p—1-—{p/5] (__1)5;;

— Z 7 (mod p).

k=1
Compared with Williams’ result, our Corollary 3 seems simple and beautiful.
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4. A criterion for p| F(,_1)/4. Let p # 5 be a prime of the form 4k + 1.
By Corollary 1 if p = 13 or 17 (mod 20) then

Flo—1)/4L(p-1)/4 = Flp-1)2 = Flp4(2))2

_ ___(___1)[(;::--5),/1()] (%) 5(p—1)/4 #£ 0 (mod p)

and thus p{ F,—1)/4; if p=1 or 9 (mod20) then
Fo-1)7aL(p-1)/a = Flp-1)/2 = Fip—(3))/2 = 0 (mod p)
and hence either p| F{,_1y/4 of p| L(p_1)/4-
LEMMA 3. Let p=1 or 9 (mod 20) be a prime. Then
p| Fip—1y/4 #f and only if (---»---~5)(’3‘”"1}/’ﬁi = (wl)t(”“"f’}/?g] (mod p).
Proof. By Theorem A we have

2Fpy1)/2 = Flp-1)72 = L(p-1)/2 = L(zp—--])/d — 2("1)(?_1)/4

= 5F¢, 1y +2(=1)P7D

Since p = 1 or 9 (mod20), p| Fp-1)/2 follows from Corollary 1. If

P{ Flp-1)/4 then p|L(p_1)s4 (because Fip_1)/2 = Fp-1)/4L(p-1)/4) and
hence (by the above)

2F 4172 — 0= 02 — 2(=1)P"V/* (mod p) .
If p| Fip—1)/4 theﬁ we have
2F 5412 — 0= 5-0% + 2(=1)P~D/4 (mod p).
Now it is clear that
pl Fip—1yya i Fpyye = (-DP7D/* (modp).
By Corollary 1

_ {9\ /. _
F(.P-!-l)/? = ﬂp+(%))/2 = ,..__(._1)[(? 5}/10] (;) 5(P 1)/4

— (_,._1)[(?4-5)/10]5(?—1)/4 (mod p).
Therefore
pl Fip_1ya iff  (=5)P~D/ = (_1)lP+9/10 (104 p).

THEOREM 3. Let p be a prime such that p =1 or 9 (mod 20) and hence
p = z* + 5y* for some integers z, y. Then p| F,_1y,4 if and only if 4| zy.

Proof. Since p is a prime different from 5, without loss of generality
we may suppose that z and y are positive integers. Obviously p, =, y are
pairwise coprime.
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Observe that z% = p — Sy = p (mod5). If p=1 (mod 20) then z = 1 or
-1 (mad 5) and hence _ ' ' .

If p = 9 (mod20) then 2? = p = 4 (mod5), z = 2 or —2 (mod5) and
therefore 7 - R

'_ (Ei)ﬁ (z*)P=1/ 4 = (- 5y2)(P=1/4 = (_5)(P=1)/4, \ (mod p) )

by using Jacobi’s symbol we have

Applying Lemma 3 we get

_' Casel. zis odd. In this case o = 0 ﬂ > G (v must be even. ) Ifﬁ =1
- thenp= 45y =u? + 200 =1 + 20-1=5 {mr}d 8) and hence .

Z.Xf,{?}chenpmmz-}-ﬁy -m§2+5 Qwﬁ - '1%-—5 le{mmm) and th"ﬁﬁ

}:3 -ml m? ;‘ 1_ =0 (mod2).

Casa 2 T is even. Izz ‘!;h;s case a > 0 m‘sdﬁ = 0. (y must b% %:aéd) H

“a =1 then p= 4u® + 5?:: =4-1+5-1=1 (mod %) anéi

Ntk SRS ;i =1 (mod 2}
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If « > 2then p=2%2%u*+5v"=0+5-1=5 (mod8) and

a+(a+ﬁ)p i a<l+p2;1) =0 (mod2).

Combining the above we get

p* -1

plFpo1ya € a+ (a+ ) =0 (mod2) & a+8>2s 4]|zy.

This completes the proof.

Remark 4. In a quite different way E. Lehmer [3] proved Theorem 3
in the cases p =1, 9 (mod 40).

5. Connections with Fermat’s last theorem. Fermat’s last theorem
(FLT) states that for every n = 3,4,5,... there are no integer solutions to
the equation

| 4yt =2" zyz #£0.
Since the case n = 4 was settled by Fermat, without loss of generality we
may consider FLT with odd prime exponents. Let p be an odd prime, if

z? + yP = 2P has no integer solution with p{ zyz then we say that the first
case of FLT (FLT1) holds for the exponent p, otherwise FTL1 fails for p.

In 1909 A. Wieferich (cf. [5]) proved that if 277! # 1 (mod p?®) (p is an
odd prime) then FLT1 holds for the exponent p. In 1914 H. S. Vandiver [12]
obtained the following result.

LEMMA 4. If FLT1 fails for an odd prime p, then we have
(2) Pl4p(5), ive. 5771 =11 (modp?), ‘
1
b) 5Kp(0)=1+ + + . +—-—-—-—-—---=O mod p).
(b) 5K,(0) = 1+ 5 75 =0 (modp)

Now we are ready to grve

*THEOREM 4. Suppose that FLT1 fails for an odd prime p. Then
(i) Fp—(z) =0 (mod p*),

. 5 _
(ii) Lp__(%) = (;) (mod p*),
(ii1) 1+ "12- -+ ! + :

3 .--+W

Proof. Since FLT holds for the exponents 3, 5 we have p > 5. By
Lemma 4 and Corollary 2,

K,(0) =0=¢y(5) (modp) and K,(2p)=2K,(0)+ 5¢,(5) =0 (mod p).
Therefore part (i) follows from Corollary 3.

= 0 (mod p).
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As for part (ii), note that
_o(_1\p=(2))/2 _ =2 (_1\(p—(2))/2
Lp—(2) = Lip—(zyy2 = 2=1) 5 p-(anya T 2=
(by Theorem A). If p = 1 (mod4) then p?| F(F“(';?)) /2 (by p| K;(2p) and
Corollary 1) and hence

If p = 3 (mod4) then p* | L,_ (372 (by p| Kp(2p) and Corollary 1) and
thus

Lp—(3)=5-0+2(- 1)P=(N/2 .........2(

~5-) (mod p*).

— r—(2))/2 _ o
me(%) =0-2(-1)P-GN/2 2 2(p
This proves part (ii).

Cancemmg part (iii) we have
1 1
14 = + + .
[P/ 10}

??f& [p/5] ( l)k ?3/5]( k

*-Z F =

k=1

k

[p/5]
-3 &

- (mod p)

(by Lemma 4)

p~—1 - _ p~1-[p/5]
— (=1 (— 1)"“ (=1)F
=7 Z L (Z Z ko )

k=p—[p/5] k=1 k=1

o —2 5 Fp_(2))
m< " +§, pp(p)) (mﬁd}’))

(by Eisenstein’s and Williams’ results)
= 0 (modp) (by Wieferich’s result and part (i)).

i

This concludes the proof.
Remark 5. By Theorem 4, FLT1 is implied by the positive answer to
Wall’s question (see [13]). According to Williams [14], p*  F,_(s :) for every

odd prime p less than 10°.

Let d € Zt. By Remark 1, d is a divisor of some positive Fibonacci
number. Let n(d) denote the least positive integer n such that d divides F),.
From Theorem B we have

d| Fn & d|(Fo,y Fua)) € d| Fononga)) © (myn(d)) = n(d) & n(d) | m
and
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LEMMA 5. Let p # 2,5 be a prime. Suppose p| F,, and p{m. Then

_ n(p) = n(p*) iff p°|Fm.
In particular, n(p) = n(p*) if and only if p* | F,_s,.

Proof. Since p| F, we have n(p)|m, Fyp) | Fm. If n(p) = n(p*) then
2 2
p* | Fu(py and hence p* | Fyy,.

Observe that p{ %5 If n(p) # n(p*®) then p||Fy(,) and hence by The-
orem C we have p* ¢ Fn(p)._?_j. '

To end the proof we note that p divides F,_s,.

LEMMA 6. Let m and n be integers greater than one. Then F,,, > F> F=.

Proof. By Theorem B,

an:i(t‘)F‘;:‘lF;;Ft and F2n:i(?;)Fi~

1=1 1—1
From Theorem A it follows that
Z (n)F1 = Fop — (7;) = Fply—n= Fn(an+1 ""Fn)""n

: (A
1 =2

= F(F, +2F,.1)—n>F*.
(Note that F3 < F3 < Fy < ...and that 2F,, F,_1 > F, > F5 +(n—-2) =

n—1.) So we have

Fan> Y () FaniFar2 Y () Rl 2 F2F2.
1=2 t=2

-

Remark 6. Provided that ny,...,nx (kK > 2) are integers greater than
one (by Lemma 6), we have

Fryoony > Fi F? >F F;

-¢-nk.—.1 nk — nl"'nk_]. nk

> Fryomg_ Fo F2 >...>Fy ...F. .

Now we are able to give

THEOREM 5. FLT1 holds for any odd prime of the form
Frng e [[Fnyso s Fupl

Proof. Suppose that p = Fion,..n./[Fnyy---, Fn,] is an odd prime.
Without loss of generality we may let ny > nq > ... 2 ng 2> 1.

Now we claim that p||Fiun,..n, . In the case ny = ... = ng =1 this holds
trivially (since p = Fiun,..n, ). For the other cases we will obtain the result
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by showing

2
Fongone > Féz - Fﬁk > [Fm,,..f...:,,.r.‘.}"’m]2 (and hence p* > Fin, . .n.)-

Anleiviil:

In fact,if ny > 1 =mny =...=ng then m > 1 (since Fiup, = pFn, > Fp,)
and hence by Lemma 6

— | 22 _ o2 L op2 2
anl.“nk — anl;:FZ”1>F2FR1_F711‘"F711'“F

NngE I

ifng2nyg>...2ns>1=mn41=...=n (s> 2) then by Remark 6
an;.”%k — aniumﬁ 2 an..n, > Fél FTEE — F?E} Fik .

This completes the proof of the claim.

Since FLT holds for the exponents 3, 5 we assume p > 5. By the claim
Pl Fmny .- Since n(p)| mny...ng and Fyop) | Fmng..n, We have Pl Fn(p)
and hence n(p) # n(p*). Applying Lemma 5 we get p? ¢ F,_(sy. From this
and Theorem 4 it follows that FLT1 holds for the exponent p.

EXAMPLES. Since 7 = 21/3 = FS/F,;} 61 = 610/(2 5) = F}5/[F37 F5-}3 by
Theorem 5 FLT1 holds for the exponents 7 and 61.

COROLLARY 4. FLT1 holds for all (odd) Fibonacci primes and Lucas
PTrimes.

Proof. Observe that F, = F,.q¢/Fy and that L, = F;,/F,. Applying
Tllgzorexn 5 we obtaln the desired result.

Acknowledgement. The authors thank the referee for his valuable
advice to make the paper readable.

Added in proof. Prof. A. Schinzel informs us that part (iii) of Theorem 4 has beer
claimed earlier by L. Skula, Fermat’s Last Theorem and the Fermat qugtient at the 9th
Czechoslovak Conference on Number Theory (Rackova Dolina 1989).
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