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Abstract

The Fibonacci and Lucas numbers appear in numerous mathematical problems. In this
paper we present some generalized identities involving common factors of Fibonacci and
Lucas numbers. Binet’s formula will employ to obtain the identities. Some identities
involving Fibonacci and Lucas polynomials also explained.
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1. INTRODUCTION

Fibonacci numbers are a popular topic for mathematical enrichment and popularization.
They are famous for a host of interesting and surprising properties, and show up in text
books, magazine articles, and websites.



638 B. Singh, P. Bhadouria and O. Sikhwal

There are a lot of identities of Fibonacci and Lucas numbers described in [1]. M.
Thongmoon [4] defined various identities of Fibonacci and Lucas numbers.

The Fibonacci sequence is defined as

F.., =F +F_ where n>1with initial conditions F, =0,F, =1 [1.1]

Binet’s formula is

F. = (A+V5)" ~@-B)" _a=F , where « :1+\/§ and ﬂ:ﬂ [1.2]
2"./5 a-f 2 2
which gives ¢+ g =1and a.f=-1 [1.3]

The Lucas sequence is defined as

L... =L, +L,,, where n>1 with initial conditions L, =2,L, =1 [1.4]

Binet’s formula for the Lucas sequence is

L, = L++5) 2+n(1—\/§) =a"+ ", where a = 1+2\/§ and ﬂ:# [1.5]
which gives ¢+ g =1and a.f=-1 [1.6]

There are some known identities involving Fibonacci and Lucas numbers in [5].

The fundamental identity

L —5F = 4(-1)" [1.7]
Conjugation relation

L L
Fn — ( n—1; n+1) [18]

Successor relation

_(R+L)
n+l = 2 [19]
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Double angle formula
FZn = I:n Ln [110]

Now, we present generalized identities involving common factors of Fibonacci and Lucas
numbers.

2. GENERALIZED IDENTITIES

Theorem2.1: F,  -F =F,L, wheren=1landp=0,
aZn _ﬂZﬂ
Proof: F, L, , = [—ﬁ} oo 4 poner] [By (1.2) and (1.5)]
a a—
~ a4n+p _ﬂ4n+p ~ 2na2n+p _a2n 2n+p
a-p a-p
1 [ 2n _p 2n p]
Fanep e 7 (D"a®-(D"p [By (1.6)]
1
= Fupp _ﬂ( P - p°)
= I:4n+p - Fp [21]

Corollary2.2: For different values of p, [2.1] can be expressed for even and
odd numbers.

If p=0, then F,, =F,L,, where n>1 [2.2]
If p=1, then F,,,-1=F, L, , where n>1 [2.3]
If p=2, then F,, ., -1=F,L,, , where n>1 and so on. [2.4]

Theorem 2.3: Fanip + Fp = Fanplag wheren=1landp = 0,
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Proof: FoneoLon = {M} e +57]  [By (1.2) and (1.5)]
a-p

|:a4n+p _ﬁ4n+p:|+|:a2n+pﬂ2n _ﬁ2n+pa2n:|

a-p a-p

1
a-p

[c)7a? -7 p°] By (L6)]

F4n+p +

— 1 p_ P
- F4n+p+a_ﬁ( ﬁ )

= Fuup+F, [2.5]

Corollary 2.4: For different values of p, [2.5] can be expressed for even and odd

numbers.
If p=0, then F,, =F, L,, where n>1 [2.6]
If p=1, then F,,, +1= F, L, where n>1 [2.7]
If p=2, then F,,,, +1= F, ,L,, where n>1 and so on. [2.8]
Theorem 2.5: Lancp = Lp =5FanFans where nz land pz 0 |
2n _ p2n 2n+p _ p2n+p
Proof: 5F, F, =5 {0{ p ! [a p } [By (1.2)]
a-p | a—pf
5 [( 4n+p 4n+p 2n p2n+ 2n _2n+
=— (™" +p )— (a L+ e P )]
(a-pB)*
= Lo, - (D78 +(-Da’] [By (16)]
= I-4n+p - (ap +ﬂp)
= I—4n+p - Lp [29]

Corollary 2.6: For different values of p, [2.9] can be expressed for even and odd
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numbers.
If p=0, then L,, —2=5F, F,, where n>1 [2.10]
If p=1, then L,,,, —1=5F, F,,,, where n>1 [2.11]
If p=2, then L,,,, —3=5F, F,,,, where n>1 and so on. [2.12]
Theorem 2.7: Lanep Lo = Lanbon where n=zlandp =0,

Proofe Ly Ly, = [a® + 57 [la™ 4 7] [By (15)]
LG L2n+p — [(a4n+p +ﬂ4n+p)+(a2nﬂ2n+p +ﬂ2n0£2n+p)]

Lun.y + (D" B° + (<D 7" ] [By (L.6)]

Linep + (a'“ +,Bp)

+L [2.13]

4n+p p

= L

Corollary 2.8: For different values of p, [2.13] can be expressed for even and odd

numbers.
If p=0,then L,, +2=1L,,L,, where n>1 [2.14]
If p=1, then L,,,+1=L, L, ., where n>1 [2.15]
If p=2, then L, ., +3=L,,L,,,, where n>1 and so on. [2.16]

Theorem 2.9: Fany =Fp = FiliLonsy where n= landp = 0

Theorem 2.10: Lanep =Ly =5F Lo Py where n=1landp = 0
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Using [1.10] in Theorem [2.1] and Theorem [2.5] respectively, to get above two

identities.

-(-D)"F, =FL

Theorem 2.11: Fanip 2n+p ywhere nglandp =0

Proof: Folyn,, = {u} le® + p2*] By (1.2) and (1.5)]
a-p
_ a3n+p _ﬂ3n+p ﬂn 2n+p anIB2n+p
a-p a-p
1 n_n+p ¢ q\N pn+p
FoLonp = Fane —ﬁ[(—l) a™? —(-1)" ™" [By (1.6)]

— F _ (_1)n (an+p _ﬂn+p)

3n+p O!—ﬂ

-(-D"F,, [2.17]

3n+p

In theorem [2.1] to [2.11], values of p give various generalized identities of Fibonacci
and Lucas numbers.

Now we state some identities. Their proof can be given same as theorem [2.1].

+(-1)"F,,, = Fyy.,L

Theorem 2.12: Fane 21 “where n& land p = 0

-(-D"L,,, =5F,F

Theorem 2.13: Lons 21+p where n= 1andp = 0

+(-)"L,,, =L,L

L
Theorem 2.14: —3np 2P where nz1landp 20,
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3. SOME IDENTITIES WITH FIBONACCI AND LUCAS POLYNOMIALS
Lupas Alexandru [3] has defined Fibonacci polynomials by the recurrence relation
f )=xf (X)+ f,_,(X),n>2 with f,(x)=1 f,(x) =X [3.1]

The Binet’s form is given by

e ra] = a] Atz

A=A
f(x)= - [3.2]
2"Vx?+4 A =4
[,2 [y
where ﬂ'l - w and 22 - u [33]
2 2
which gives 4,.4, =-1 [3.4]

Now, Lupas Alexandru [3] has defined Lucas polynomials by the recurrence relation
[, (X)=xI, (X)+1,,(x),n>2 with 1,(x) =2,1,(x) = x [3.5]

The Binet’s form is given by

SR S B Y

I,(x) = [3.6]
[,2 o ]y2
where A4, :w and 4, =u [3.7]
2 2
which gives 4,.4, =-1 [3.8]
Theorem 3.1: f,  (x)— f . (X)= f,,(X),,.,(x) where n>1 and s>0.
ﬂ'_l_zn B ﬂ*zzn 2n+s 2n+s
Proof: £, (0, (X) = S 4,2+ 2,2 By (3.2) and(3.6)]
Iy

114n+s - ﬁz4n+s :| 1 2n+s 2n 2n+s 4 2n
= = YRy R Ry
{ Ay =2, (A—ﬂz)[ oaal]
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_ WA s

- f4n+s (X) (ﬂl _22)[1’1 12 ]

= 4n+s [B 38]
(- ( . l —l-2] ¥(38)

=f 4n+s(X) - fs(X) [39]

Corollary 3.2: For different values of s, [3.9] can be expressed for even and odd

number of Fibonacci and Lucas polynomials.

If s=0, then f, (X) = f,, (X)I,,(x) where n>1 [3.10]
If s=1,then f, ,(xX)-1=f, (X)I,,.,(X) where n>1 [3.11]
If s=2, then f, ., (X)—x=f,,(X)l,,,,(X) where n>1 and so on. [3.12]

Now we state some identities. Their proof can be given same as theorem [3.1].

Theorem 3.1: f, (x)+ f (X) = f,,.(X)],,(X) where n>1 and s>0.

Theorem 3.1: 1, (x) -1 .(X) = (x* +4) f,, (X) f,,.. (X) where n>1 and s>0.

2n+s

Theorem 3.1: I, (X)+1,(x) =1,,(X)I,,..(X) where n=1 and s=>0.

4. CONCLUSION

This paper explained generalized identities involving common factors of Fibonacci and
Lucas numbers. Mainly Binet’s formula employ for the identities. Some identities
involving Fibonacci and Lucas polynomials also developed and derived. The concept can
be executed for generalized Fibonacci and Lucas sequences as well as polynomials.
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